Instructor�s Manual forComputer ArithmeticALGORITHMS AND HARDWARE DESIGNSVol. 2: Presentation MaterialBehrooz ParhamiDepartment of Electrical and Computer EngineeringUniversity of CaliforniaSanta Barbara, CA 93106-9560, USAE-mail: parhami@ece.ucsb.edux0x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15s0s1s2s3s4s5s6s7s8s9s10s11s12s13s14s15� Oxford University Press, 2000.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000) Page ii�2000, Oxford University PressB. Parhami, UC Santa BarbaraThis instructor�s manual is forComputer Arithmetic: Algorithms and Hardware Designs, by Behrooz Parhami(ISBN 0-19-512583-5, QA76.9.C62P37)� 2000 Oxford University Press, New York (http://www.oup-usa.org)All rights reserved for the author. No part of this instructor�s manual may be reproduced,stored in a retrieval system, or transmitted in any form or by any means, electronic, mechanical,photocopying, recording, or otherwise, without written permission. Contact the author at:ECE Dept., Univ. of California, Santa Barbara, CA 93106-9560, USA (parhami@ece.ucsb.edu)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000) Page iii�2000, Oxford University PressB. Parhami, UC Santa BarbaraPreface to the Instructor�s Manual, Volume 2This instructor�s manual consists of two volumes. Volume 1 presents solutions to selectedproblems and includes additional problems (many with solutions) that did not make the cut forinclusion in the text Computer Arithmetic: Algorithms and Hardware Designs (Oxford UniversityPress, 2000) or that were designed after the book went to print. Volume 2 contains enlargedversions of the figures and tables in the text in a format suitable for use as transparency masters,along with other presentation material.The August 1999 edition of Volume 1 of the Instructor�s Manual consists of the following parts:Volume 1Part ISelected solutions and additional problemsPart IIQuestion bank, assignments, and projectsPart IIIAdditions, corrections, and other updatesPart IVSample course outline, calendar, and formsA more complete edition of Volume 1 is planned for release in the summer of 2000.The January 2000 edition of Volume 2 is currently available as a postscript file through theauthor�s Web address ( http://www.ece.ucsb.edu/faculty/parhami ):Volume 2Parts I-VIIPresentation material for the seven text partsThe author would appreciate the reporting of any error in the textbook or in this manual,suggestions for additional problems, alternate solutions to solved problems, solutions to otherproblems, and sharing of teaching experiences. Please e-mail your comments toparhami@ece.ucsb.eduor send them by regular mail to the author�s postal address:Department of Electrical and Computer EngineeringUniversity of CaliforniaSanta Barbara, CA 93106-9560, USAContributions will be acknowledged to the extent possible.Behrooz ParhamiSanta Barbara, CaliforniaJanuary 2000

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000) Page iv�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable of ContentsPreface to the Instructor�s Manual, Volume 2iiiPart INumber Representation1 1Numbers and Arithmetic2 2Representing Signed Numbers9 3Redundant Number Systems17 4Residue Number Systems21Part IIAddition/Subtraction2 8 5Basic Addition and Counting29 6Carry-Lookahead Adders36 7Variations in Fast Adders41 8Multioperand Addition51Part IIIMultiplication5 9 9Basic Multiplication Schemes6010High-Radix Multipliers7211Tree and Array Multipliers7912Variations in Multipliers90Part IVDivision9 9 13Basic Division Schemes10014High-Radix Dividers10815Variations in Dividers11516Division by Convergence127Part VReal Arithmetic1 3 5 17Floating-Point Representations13618Floating-Point Operations14219Errors and Error Control14920Precise and Certifiable Arithmetic157Part VIFunction Evaluation1 6 1 21Square-Rooting Methods16222The CORDIC Algorithms17123Variations in Function Evaluation18024Arithmetic by Table Lookup191Part VIIImplementation Topics1 9 5 25High-Throughput Arithmetic19626Low-Power Arithmetic20527Fault-Tolerant Arithmetic21428Past, Present, and Future225

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 1�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 2�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart INumber RepresentationPart GoalsReview conventional number systemsLearn how to handle signed numbersDiscuss some unconventional methodsPart Synopsis Number representation is is a key elementaffecting hardware cost and speedConventional, redundant, residue systemsIntermediate vs endpoint representationsLimits of fast arithmeticPart ContentsChapter 1Numbers and ArithmeticChapter 2Representing Signed NumbersChapter 3Redundant Number SystemsChapter 4Residue Number Systems

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 3�2000, Oxford University PressB. Parhami, UC Santa Barbara1Numbers and ArithmeticChapter GoalsDefine scope and provide motivationSet the framework for the rest of the bookReview positional fixed-point numbersChapter HighlightsWhat goes on inside your calculator?Various ways of encoding numbers in k bitsRadix and digit set: conventional, exoticConversion from one system to anotherChapter Contents1.1What is Computer Arithmetic?1.2A Motivating Example1.3Numbers and Their Encodings1.4Fixed-Radix Positional Number Systems1.5Number Radix Conversion1.6Classes of Number Representations

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 4�2000, Oxford University PressB. Parhami, UC Santa Barbara1 . 1 What Is Computer Arithmetic?Pentium Division Bug (1994-95): Pentium�s radix-4 SRTalgorithm occasionally produced an incorrect quotientFirst noted in 1994 by T. Nicely who computed sums ofreciprocals of twin primes: 1/5 + 1/7 + 1/11 + 1/13 + . . . +1/p + 1/(p + 2) + . . .Worst-case example of division error in Pentium:4 195 8353 145 7271.333 820 44...1.333 739 06...c==Correct quotientcirca 1994 Pentium double FLP value;accurate to only 14 bits(worse than single!)Top Ten New Intel Slogans for the Pentium:9.999 997 325It�s a FLAW, dammit, not a bug8.999 916 336It�s close enough, we say so7.999 941 461Nearly 300 correct opcodes6.999 983 153You don�t need to know what�s inside5.999 983 513Redefining the PC —— and math as well4.999 999 902We fixed it, really3.999 824 591Division considered harmful2.999 152 361Why do you think it�s called �floating� point?1.999 910 351We�re looking for a few good flaws0.999 999 999The errata inside

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 5�2000, Oxford University PressB. Parhami, UC Santa BarbaraHardware (our focus in this book)Software———————————————————————————————— ———————————————————————————Design of efficient digital circuits forNumerical methods for solvingprimitive and other arithmetic operationssystems of linear equations,such as +, —, ·, ‚, �‘˚, log, sin, and cospartial differential equations, etc.Issues: AlgorithmsIssues: AlgorithmsError analysisError analysisSpeed/cost tradeoffsComputational complexityHardware implementationProgrammingTesting, verificationTesting, verification General-PurposeSpecial-Purpose —————————————————————————————— Flexible data paths Tailored to application Fast primitive areas such as: operations like Digital filtering +, —, ·, ‚, �‘˚Image processing BenchmarkingRadar trackingFig. 1.1The scope of computer arithmetic.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 6�2000, Oxford University PressB. Parhami, UC Santa Barbara1 . 2 A Motivating ExampleUsing a calculator with �, x2, and xy functions, compute:u = �‘‘‘‘‘�‘‘‘‘˚ . . . ˚ �‘2=1.000 677 131 �the 1024th root of2�----------- 10 times v = 21/1024 = 1.000 677 131Save u and v; If you can�t, recompute when needed. 10 times -----------x = (((u2)2)...)2 =1.999 999 963x’ = u1024 = 1.999 999 973 10 times -----------y = (((v2)2)...)2 =1.999 999 983y’ = v1024 =1.999 999 994Perhaps v and u are not really the same value.w = v — u = 1 · 10—11Nonzero due to hidden digitsHere is one way to determine the hidden digits for u and v:(u — 1) · 1000 =0.677 130 680 [Hidden ... (0) 68](v— 1) · 1000 =0.677 130 690 [Hidden ... (0) 69]A simple analysis:v1024 = (u + 10—11)1024» u1024 + 1024 · 10—11u1023» u1024 + 2 · 10—8

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 7�2000, Oxford University PressB. Parhami, UC Santa BarbaraFinite Precision Can Lead to DisasterExample: Failure of Patriot Missile (1991 Feb. 25)Sourcehttp://www.math.psu.edu/dna/455.f96/disasters.htmlAmerican Patriot Missile battery in Dharan, Saudi Arabia,failed to intercept incoming Iraqi Scud missileThe Scud struck an American Army barracks, killing 28Cause, per GAO/IMTEC-92-26 report: �software problem�(inaccurate calculation of the time since boot)Specifics of the problem: time in tenths of secondas measured by the system�s internal clockwas multiplied by 1/10 to get the time in secondsInternal registers were 24 bits wide1/10 = 0.0001 1001 1001 1001 1001 100 (chopped to 24 b)Error » 0.1100 1100 · 2—23 » 9.5 · 10—8Error in 100-hr operation period » 9.5 · 10—8 · 100 · 60 · 60 · 10 = 0.34 sDistance traveled by Scud = (0.34 s) · (1676 m/s) » 570 mThis put the Scud outside the Patriot�s �range gate�Ironically, the fact that the bad time calculationhad been improved in some (but not all) code partscontributed to the problem,since it meant that inaccuracies did not cancel out

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 8�2000, Oxford University PressB. Parhami, UC Santa BarbaraFinite Range Can Lead to DisasterExample: Explosion of Ariane Rocket (1996 June 4)Sourcehttp://www.math.psu.edu/dna/455.f96/disasters.htmlUnmanned Ariane 5 rocketlaunched by the European Space Agencyveered off its flight path, broke up, and explodedonly 30 seconds after lift-off (altitude of 3700 m)The $500 million rocket (with cargo) was on its first voyageafter a decade of development costing $7 billionCause: �software error in the inertial reference system�Specifics of the problem: a 64 bit floating point numberrelating to the horizontal velocity of the rocketwas being converted to a 16 bit signed integerAn SRI* software exception arose during conversionbecause the 64-bit floating point numberhad a value greater than what could be representedby a 16-bit signed integer (max 32 767)*SRI stands for Syst�me de R�f�rence Inertielleor Inertial Reference System

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 9�2000, Oxford University PressB. Parhami, UC Santa Barbara1 . 3 Numbers and Their EncodingsEncoding of numbers in 4 bits:Unsigned integer–Signed integerSigned fraction2’s-compl fractionFloating pointLogarithmicFixed point, 3+1–eslogxRadixpoint—20 —18 —16 —14 —12 —10 —8 —6 —4 —2 0 2 4 6 8 10 12 14 16 18 20Unsigned integers o o o o o o o o o o o o o o o o Signed-magnitude o o o o o o o o o o o o o o o o3+1 fixed-point, xxx.x oooooooooooooooo Signed fractions, –.xxx oooo oSigned fractions, 2’s-complement ooooo2+2 floating point, s 2 ooooo o o o e in {—2,—1,0,1}, s in {0,1,2,3} ooo o o o2+2 logarithmic oooo o o o o o o o ooooooooooo oooo·eFig. 1.2Some of the possible ways of assigning 16distinct codes to represent numbers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 10�2000, Oxford University PressB. Parhami, UC Santa Barbara1 . 4 Fixed-Radix Positional Number Systems( xk—1xk—2 . . . x1x0 . x—1x—2 . . . x—l )r =�i=—lk—1˚ x i˚r iOne can generalize to:arbitrary radix (not necessarily integer, positive, constant)arbitrary digit set, usually {—a, —a+1, ... , b—1, b} = [—a, b]Example 1.1.Balanced ternary number system:radix r = 3, digit set = [—1, 1]Example 1.2.Negative-radix number systems:radix —r, r ‡ 2, digit set = [0, r — 1]The special case with radix —2 and digit set [0, 1]is known as the negabinary number systemExample 1.3.Digit set [—4, 5] for r = 10:(3 -1 5)ten represents 295 = 300 — 10 + 5Example 1.4.Digit set [—7, 7] for r = 10:(3 -1 5)ten = (3 0 -5)ten = (1 -7 0 -5)tenExample 1.7.Quater-imaginary number system:radix r = 2j, digit set [0, 3].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 11�2000, Oxford University PressB. Parhami, UC Santa Barbara1 . 5 Number Radix Conversionu =w . v=( xk—1xk—2 . . . x1x0 . x—1x—2 . . . x—l )r Old=( XK—1XK—2 . . . X1X0 . X—1X—2 . . . Xx—L )RNewRadix conversion: arithmetic in the old radix rConverting the whole part w:(105)ten = (?)fiveRepeatedly divide by fiveQuotientRemainder1050211440Therefore, (105)ten = (410)fiveConverting the fractional part v:(105.486)ten = (410.?)fiveRepeatedly multiply by fiveWhole PartFraction .4862 .4302 .1500 .7503 .7503 .750Therefore, (105.486)ten » (410.22033)five

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 12�2000, Oxford University PressB. Parhami, UC Santa BarbaraRadix conversion: arithmetic in the new radix RConvertingthewholepartw ((((2 · 5) + 2) · 5 + 0) · 5 + 3) · 5 + 3 |-----| : : : : 10 : : : : |-----------| : : : 12 : : : |---------------------| : : 60 : : |-------------------------------| : 303 : |-----------------------------------------| 1518Fig. 1.AHorner�s rule used to convert (22033)five todecimal.Converting the fractional part v:(410.22033)five = (105.?)ten(0.22033)five · 55=(22033)five=(1518)ten1518 / 55=1518 / 3125=0.48576Therefore, (410.22033)five = (105.48576)ten (((((3 / 5) + 3) / 5 + 0) / 5 + 2) / 5 + 2) / 5 |-----| : : : : 0.6 : : : : |-----------| : : : 3.6 : : : |---------------------| : : 0.72 : : |-------------------------------| : 2.144 : |-----------------------------------------| 2.4288|-----------------------------------------------| 0.48576Fig. 1.3Horner�s rule used to convert (0.22033)five todecimal.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 13�2000, Oxford University PressB. Parhami, UC Santa Barbara1 . 6 Classes of Number RepresentationsIntegers (fixed-point), unsigned: Chapter 1Integers (fixed-point), signedsigned-magnitude, biased, complement: Chapter 2signed-digit: Chapter 3(but the key point of Chapter 3 isuse of redundancy for faster arithmetic,not how to represent signed values)residue number system: Chapter 4(again, the key to Chapter 4 isuse of parallelism for faster arithmetic,not how to represent signed values)Real numbers, floating-point: Chapter 17covered in Part V, just before real-number arithmeticReal numbers, exact: Chapter 20continued-fraction, slash, ... (for error-free arithmetic)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 14�2000, Oxford University PressB. Parhami, UC Santa Barbara2Representing Signed NumbersChapter GoalsLearn different encodings of the sign infoDiscuss implications for arithmetic designChapter HighlightsUsing a sign bit, biasing, complementationProperties of 2�s-complement numbersSigned vs unsigned arithmeticSigned numbers, positions, or digitsChapter Contents2.1Signed-Magnitude Representation2.2Biased Representations2.3Complement Representations2.4Two�s- and 1�s-Complement Numbers2.5Direct and Indirect Signed Arithmetic2.6Using Signed Positions or Signed Digits

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 15�2000, Oxford University PressB. Parhami, UC Santa BarbaraWhen Numbers Go into the Red! �This can�t be right ... It goes into the red.�

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 16�2000, Oxford University PressB. Parhami, UC Santa Barbara2 . 1 Signed-Magnitude Representation 0+1+2+3+4—7—6+—+5+6+7—5—4—3—2—10000000100100011010001010110011110001001101010111100110111101111 Bit Pattern (Representation) Signed Values (Signed-Magnitude)Increment—0Fig. 2.1F o u r - b i t s i g n e d - m a g n i t u d e n u m b e r representation system for integers. AdderccsxySign xSign ySignSign s Selective Complement Selective ComplementoutinComp x ControlComp sAdd/Sub__Fig. 2.2Adding signed-magnitude numbers usingprecomplementation and postcomplementation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 17�2000, Oxford University PressB. Parhami, UC Santa Barbara2 . 2 Biased Representations—8—7—6—5—4+7+6—+—3—2—1+5+4+3+20+10000000100100011010001010110011110001001101010111100110111101111 Bit Pattern (Representation) Signed Values (Biased by 8)IncrementFig. 2.3Four-bit biased integer number representationsystem with a bias of 8.Addition/subtraction of biased numbersx + y + bias = (x + bias) + (y + bias) — biasx — y + bias = (x + bias) — (y + bias) + biasA power-of-2 (power-of-2 minus 1) bias simplifies the aboveComparison of biased numbers:compare like ordinary unsigned numbersfind true difference by ordinary subtraction

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 18�2000, Oxford University PressB. Parhami, UC Santa Barbara2 . 3 Complement Representations 012340+1+2+3+4+PP—N M—NM—1M—2—1—2+— Signed ValuesIncrement Unsigned RepresentationsFig. 2.4Complement representation of signed integers.Table 2.1Addition in a complement number system withcomplementation constant M and range [—N, +P].———————————————————————————————————————————————————————DesiredComputation to beCorrect resultOverflowoperationperformed mod Mwith no overflowcondition———————————————————————————————————————————————————————(+x) + (+y)x + yx + y x + y > P(+x) + (—y)x + (M — y) x — y if y £ xN/AM — (y — x) if y > x(—x) + (+y)(M — x) + yy — x if x £ yN/AM — (x — y) if x > y(—x) + (—y)(M — x) + (M — y) M — (x + y)x + y > N———————————————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 19�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample -- complement system for fixed-point numbers:complementation constant M = 12.000fixed-point number range [—6.000, +5.999]represent —3.258 as 12.000 — 3.258 = 8.742Auxiliary operations for complement representationscomplementation or change of sign (computing M — x)computations of residues mod MThus M must be selected to simplify these operationsTwo choices allow just this for fixed-point radix-r arithmeticwith k whole digits and l fractional digitsRadix complementM = rkDigit complementM = rk — ulp(diminished radix complement)ulp (unit in least position) stands for r -lit allows us to forget about l even for nonintegers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 20�2000, Oxford University PressB. Parhami, UC Santa Barbara2 . 4 Two�s- and 1�s-Complement NumbersTwo�s complement = radix complement system for r = 22k — x=[(2k — ulp) — x] + ulp=xcompl + ulpRange of representable numbers in a 2�s-complementnumber system with k whole bits:from—2k—1to2k—1 — ulp012340+1+2+3+4—1—2+—+5+6+7—3—4—5—6—8—756789 10 11 12 13 14 150000000100100011010001010110011110001001101010111100110111101111 Unsigned Representations Signed Values (2’s Complement)Fig. 2.5Four-bit 2�s-complement number representationsystem for integers.Range/precision extension for 2�s-complement numbers. . . xk—1xk—1xk—1xk—1xk—2 . . . x1x0 . x—1x—2 ... x—l 0 0 0 . . .

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 21�2000, Oxford University PressB. Parhami, UC Santa BarbaraOne�s complement = digit complement system for r = 2(2k — ulp) — x=xcomplMod-(2k — ulp) operation is done via end-around carry(x + y) — (2k — ulp) = x — y — 2k + ulpRange of representable numbers in a one�s-complementnumber system with k whole bits:from—2k—1to2k—1 — ulp012340+1+2+3+4—0—1+—+5+6+7—2—3—4—5—7—656789 10 11 12 13 14 150000000100100011010001010110011110001001101010111100110111101111 Unsigned Representations Signed Values (1’s Complement)Fig. 2.6Four-bit 1�s-complement number representationsystem for integers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 22�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 2.2Comparing radix- and digit-complement numberrepresentation systems———————————————————————————————————————————————————————Feature/PropertyRadix complementDigit complement———————————————————————————————————————————————————————Symmetry (P = N?)Possible for odd rPossible for even r(radices of practicalinterest are even)Unique zero?YesNoComplementationComplement all digitsComplement all digitsand add ulpMod-M additionDrop the carry-out End-around carry——————————————————————————————————————————————————————— Adder Selective Sub/Addcc x – yxy Complement inout0 for addition1 for subtraction y or y compl__Fig. 2.7A d d e r / s u b t r a c t o r a r c h i t e c t u r e f o r t w o� s - complement numbers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 23�2000, Oxford University PressB. Parhami, UC Santa Barbara2 . 5 Direct and Indirect Signed Arithmeticxyfxyf(x, y) Sign logic Unsigned operationSign removalf(x, y) AdjustmentFig. 2.8Direct vs indirect operation on signed numbers.Advantage of direct signed arithmeticusually faster (not always)Advantages of indirect signed arithmeticcan be simpler (not always)allows sharing of signed/unsigned hardwarewhen both operation types are needed

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 24�2000, Oxford University PressB. Parhami, UC Santa Barbara2 . 6 Using Signed Positions or Signed DigitsA very important property of 2�s-complement numbers thatis used extensively in computer arithemetic:x=(10100110)two’s-compl —27 26 25 2423 22 21 20 —128+32+ 4+2=—90Check: x=(10100110)two’s-compl—x = (01011010)two —2726 25 2423 22 21 2064 + 16 + 8+2 = 90Fig. 2.9Interpreting a 2�s-complement number as havinga negatively weighted most-significant digit.Generalization: associate a sign with each digit positionl=(lk—1lk—2 ... l1l0 . l—1l—2 ... l—l ) li in {—1, 1}(xk—1xk—2 ... x1x0 . x—1x—2 ... x—l )r, l=�i=—lk—1˚li xi ril=111...1111positive-radixl=—111...1111two�s-complementl=...—1 1 —1 1negative-radix

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 25�2000, Oxford University PressB. Parhami, UC Santa BarbaraSigned digits: associate signs not with digit positions butwith the digits themselves312023Original digits in [0, 3] œ œ œ œ œ œ—11202—1Rewritten digits in [—1, 2]� � � �100001Transfer digits in [0, 1] ——————————————————1—11203—1Sum digits in [—1, 3] œ œ œ œ œ œ œ1—1120—1—1Rewritten digits in [—1, 2]� � � �000010Transfer digits in [0, 1] ——————————————————1—1121—1—1Sum digits in [—1, 3]Fig. 2.10Converting a standard radix-4 integer to a radix-4 integer with the non-standard digit set [—1, 2].312023Original digits in [0, 3] œ œ œ œ œ œ—11—20—2—1Interim digits in [—2, 1]� � � �101011Transfer digits in [0, 1] ——————————————————1—12—21—1—1Sum digits in [—2, 2]Fig. 2.11Converting a standard radix-4 integer to a radix-4 integer with the non-standard digit set [—2, 2].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 26�2000, Oxford University PressB. Parhami, UC Santa Barbara3Redundant Number SystemsChapter GoalsExplore the advantages and drawbacksof using more than r digit values in radix rChapter HighlightsRedundancy eliminates long carry chainsRedundancy takes many forms: tradeoffsConversions between redundantand nonredundant representationsRedundancy used for endpoint values too?Chapter Contents3.1Coping with the Carry Problem3.2Redundancy in Computer Arithmetic3.3Digit Sets and Digit-Set Conversions3.4Generalized Signed-Digit Numbers3.5Carry-Free Addition Algorithms3.6Conversions and Support Functions

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 27�2000, Oxford University PressB. Parhami, UC Santa Barbara3 . 1 Coping with the Carry ProblemThe carry problem can be dealt with in several ways:1. Limit carry propagation to within a small number of bits2. Detect the end of propagation; don�t wait for worst case3. Speed up propagation via lookahead and other methods4. Ideal: Eliminate carry propagation altogether!578249+629389Operand digits in [0, 9]—————————————————1191751218 Position sums in [0, 18]But how can we extend this beyond a single addition?11917101218+612910818Operand digits in [0, 18]—————————————————172126202036Position sums in [0, 36] | œ œ œ œ œ7111601016Interim sums in [0, 16]� � � �111212Transfer digits in [0, 2] ———————————————————18121811216Sum digits in [0, 18]Fig. 3.1Adding radix-10 numbers with digit set [0, 18].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 28�2000, Oxford University PressB. Parhami, UC Santa BarbaraPosition sum decomposition[0, 36]= 10 · [0, 2] + [0, 16]Absorption of transfer digit[0, 16] + [0, 2] = [0, 18]So, redundancy helps us achieve carry-free additionBut how much redundancy is actually needed?111071138+7291098Operand digits in [0, 11]——————————————————181216211216Position sums in [0, 22] œ œ œ œ œ œ826126Interim sums in [0, 9]� � � �111211Transfer digits in [0, 2] ————————————————————1938236Sum digits in [0, 11]Fig. 3.3Adding radix-10 numbers with digit set [0, 11].si+1s i—1six i—1,y i—1,xixi+1,yi+1yix i—1,y i—1,xixi+1,yi+1yi(b) Two-stage carry-free.si+1s i—1siti(c) Single-stage with lookahead.si+1s i—1six i—1,y i—1,xixi+1,yi+1yi(a) Ideal single-stage carry-free. (Impossible for positionalsystem with fixed digit set)Fig. 3.2Ideal and practical carry-free addition schemes.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 29�2000, Oxford University PressB. Parhami, UC Santa Barbara3 . 2 Redundancy in Computer ArithmeticOldest example of redundancy in computer arithmetic is thestored-carry representation (carry-save addition):001001First binary number+011110Add second binary number——————————————————012111Position sums in [0, 2]+011101Add third binary number——————————————————023212Position sums in [0, 3] œ œ œ œ œ œ001010Interim sums in [0, 1]� � � �011101Transfer digits in [0, 1]——————————————————112020Position sums in [0, 2]+001011Add fourth binary number——————————————————113031Position sums in [0, 3] œ œ œ œ œ œ111011Interim sums in [0, 1]� � � �001010Transfer digits in [0, 1]——————————————————121111Sum digits in [0, 2]Fig. 3.4Addition of 4 binary numbers, with the sumobtained in stored-carry form.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 30�2000, Oxford University PressB. Parhami, UC Santa BarbaraPossible 2-bit encoding for binary stored-carry digits:0represented as001represented as01or102represented as11BinaryFullAdder(Stage i)cincoutDigit in [0, 2]Binary digitDigit in [0, 2]To Stage i+1FromStagei — 1xysFig. 3.5C a r r y - s a v e a d d i t i o n u s i n g a n a r r a y o f independent binary full adders.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 31�2000, Oxford University PressB. Parhami, UC Santa Barbara3 . 3 Digit Sets and Digit-Set ConversionsExample 3.1: Convert from digit set [0, 18]to the digit set [0, 9] in radix 10.1 1 91 7 1 0 1 2 18 Rewrite 18 as 10 (carry 1) + 81 1 91 7 1 0 1 3 8 13 = 10 (carry 1) + 31 1 91 7 1 1 3 8 11 = 10 (carry 1) + 11 1 91 8 1 3 818 = 10 (carry 1) + 81 1 1 0 8 1 3 810 = 10 (carry 1) + 01 2 0 8 1 3 812 = 10 (carry 1) + 2 1 2 0 8 1 3 8Answer; all digits in [0, 9]Example 3.2: Convert from digit set [0, 2]to digit set [0, 1] in radix 2. 1 1 2 0 2 0Rewrite 2 as 2 (carry 1) + 0 1 1 2 1 0 02 = 2 (carry 1) + 0 1 2 0 1 0 02 = 2 (carry 1) + 0 2 0 0 1 0 02 = 2 (carry 1) + 0 1 0 0 0 1 0 0Answer; all digits in [0, 1]Another way: Decompose the carry-save numberinto two numbers and add them: 1 1 1 0 1 0 First number: �Sum� bits + 0 0 1 0 1 0Second number: �Carry� bits ———————————————————— 1 0 0 0 1 0 0 Sum of the two numbers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 32�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample 3.3: Convert from digit set [0, 18]to the digit set [—6, 5] in radix 10(same as Example 3.1, but with anasymmetric target digit set)1 1 91 7 1 0 1 2 18 Rewrite 18 as 20 (carry 2) — 21 1 91 7 1 0 1 4 —2 14 = 10 (carry 1) + 4 [or 20 — 6]1 1 91 7 1 1 4—2 11 = 10 (carry 1) + 11 1 91 8 1 4— 218 = 20 (carry 1) + —21 1 1 1 — 2 1 4— 211 = 10 (carry 1) + 11 2 1— 2 1 4— 212 = 10 (carry 1) + 2 1 2 1— 2 1 4— 2Answer; all digits in [0, 9]Example 3.4: Convert from digit set [0, 2]to digit set [—1, 1] in radix 2(same as Example 3.2, but with thetarget digit set [—1, 1] instead of [0, 1])Carry-free conversion: 1 1 2 0 2 0Given carry-save number — 1— 1 0 0 0 0Interim digits in [—1, 0] 1 1 1 0 1 0 Transfer digits in [0, 1] ———————————————————— 1 0 0 0 1 0 0Answer; all digits in [0, 1]

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 33�2000, Oxford University PressB. Parhami, UC Santa Barbara3 . 4 Generalized Signed-Digit NumbersRadix rDigit set [—a, b]feasibility requirement a + b + 1 ‡ rRedundancy indexr = a + b + 1 — rRadix-r Positionalr = 0r ‡ 1Non-redundanta = 0a ‡ 1ConventionalNon-redundantsigned-digitGeneralizedsigned-digit (GSD)r = 1r ‡ 2MinimalGSDNon-minimalGSDa = b(even r)a „ bSymmetricminimal GSDr = 2BSD orBSBAsymmetricminimal GSDa = 0a = 1(r „ 2)Stored-carry (SC)Non-binarySBSymmetric non-minimal GSDa = ba „ bAsymmetric non-minimal GSDa <rOrdinarysigned-digitMinimallyredundant OSDMaximallyredundant OSDBSCBSCBr = 2a = 1b =ra = 0Unsigned-digitredundant (UDR)r = 2BSCa =r — 1a = º ßr/2 + 1Fig. 3.6A taxonomy of redundant and non-redundantpositional number systems.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 34�2000, Oxford University PressB. Parhami, UC Santa BarbaraBinary vs multivalue-logic encoding of GSD digit setsxi 1—10—10BSD representation of +6(s,v) 01 11 00 11 00 Sign & value encoding2�s-compl 01 10 00 10 002-bit 2�s-complement(n,p) 01 10 00 10 00 Negative & positive flags(n,z,p) 0011000101000101-out-of-3 encodingFig. 3.7Four encodings for the BSD digit set [—1, 1].The hybrid example in Fig. 3.8, with a regular pattern ofbinary (B) and BSD positions, can be viewed as animplementation of a GSD system withr = 8Three positions form one digitdigit set [—4, 7]—1 0 0 to111 BSD B BBSD B BBSD B BType101—101—101xi+011—110010yi——————————————————————————————————————112—211—111pi œ œ œ—10—1wi� � �1—100ti+1 ——————————————————————————————————————————1—111011—111si Fig. 3.8Example of addition for hybrid signed-digitnumbers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 35�2000, Oxford University PressB. Parhami, UC Santa Barbara3 . 5 Carry-Free Addition Algorithmsx i—1,y i—1,xixi+1,yi+1yisi+1s i—1sitiCarry-free addition of GSD numbersCompute the position sums pi = xi + yiDivide pi into a transfer ti+1 and an interim sum wi = pi — rti+1Add the incoming transfers to get the sum digits si = wi + tiIf the transfer digits ti are in [—l, m], we must have:—a + l£pi — rti+1£b — m| interim sum |||Smallest interim sum Largest interim sumif a transfer of —l if a transfer of mis to be absorbable is to be absorbableThese constraints lead tol ‡ ar ˚ — ˚ 1 m ‡ br ˚ — ˚ 1

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 36�2000, Oxford University PressB. Parhami, UC Santa BarbaraConstantsC—l C—l+1 C—l+2 ... C0 C1 ... Cm—1 Cm Cm+1 —¥|||||| +¥pi range [---) [----)[---) ... [---)[---) ... [---) [----)ti+1 chosen —l—l+1 —l+2 0 1 m—1 mFig. 3.9Choosing the transfer digit t i+ 1 based oncomparing the interim sum pi to the comparisonconstants Cj.Example 3.5: r = 10, digit set [—5, 9] � l ‡ 5/9, m ‡ 1Choose the minimal values:lmin = mmin = 1 i.e., transfer digits are in [—1, 1]—¥ = C—1—4 £ C0 £ —16 £ C1 £ 9C2 = +¥Deriving the range of C1: The position sum pi is in [—10, 18]We can set ti+1 to 1 for pi values as low as 6We must transfer 1 for pi values of 9 or moreFor pi ‡ C1, where 6 £ C1 £ 9, we choose ti+1 = 1For pi < C0, we choose ti+1 = —1, where —4 £ C0 £ —1In all other cases, ti+1 = 0If pi is given as a 6-bit 2�s-complement number abcdef,good choices for the constants are C0 = —4, C1 = 8The logic expressions for the signals g1 and g—1:g—1 = a (‘c +‘d )generate a transfer of —1g1 =‘a ( b + c )generate a transfer of 1

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 37�2000, Oxford University PressB. Parhami, UC Santa Barbara3—49—28 xi in [—5, 9]+8—4981yi in [—5, 9]———————————————11—81869pi in [—10, 18] œ œ œ œ œ 1286—1wi in [—4, 8]� � � �1—1101ti+1 in [—1, 1] —————————————————10387—1si in [—5, 9]Fig. 3.10Adding radix-10 numbers with digit set [—5, 9].The preceding carry-free addition algorithm is applicable ifr > 2, r ‡ 3r > 2, r = 2, a „ 1, b „ 1In other words, it is inapplicable forr = 2r = 1r = 2 with a = 1 or b = 1Fortunately, in such cases, a limited-carry algorithm isalways applicable

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 38�2000, Oxford University PressB. Parhami, UC Santa Barbara(a) Three-stage carry estimate.(b) Three-stage repeated-carry.si+1s i—1sieitix i—1,y i—1,xixi+1,yi+1yisi+1s i—1siti t’ix i—1,y i—1,xixi+1,yi+1yi(c) Two-stage parallel-carries.si+1s i—1siti(2)ti(1)x i—1,y i—1,xixi+1,yi+1yiFig. 3.11Some implementations for limited-carry addition.1—10—10 xi in [—1, 1]+0—1—101yi in [—1, 1]———————————————1—2—1—11pi in [—2, 2]� � � �high low high low high highei in {low:[—1, 0], high:[0, 1]} œ œ œ œ œ 101—1—1wi in [—1, 1]� � � �0—1—101ti+1 in [—1, 1] —————————————————00—110—1si in [—1, 1]Fig. 3.12Limited-carry addition of radix-2 numbers withdigit set [—1, 1] using carry estimates. A positionsum of —1 is kept intact when the incomingtransfer is in [0, 1], whereas it is rewritten as 1with a carry of —1 for incoming transfer in [—1, 0].This guarantees that ti „ wi and thus —1 £ si £ 1.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 39�2000, Oxford University PressB. Parhami, UC Santa Barbara113 12 xi in [0, 3]+0 0 221yi in [0, 3]———————————————11533pi in [0, 6]� � � � low low high low low lowei in {low:[0, 2], high:[1, 3]} œ œ œ œ œ1—1111wi in [—1, 1]� � � �01211ti+1 in [0, 3] —————————————————02 122 1si in [0, 3]Fig. 3.13Limited-carry addition of radix-2 numbers withthe digit set [0, 3] using carry estimates. Aposition sum of 1 is kept intact when theincoming transfer is in [0, 2], whereas it isrewritten as —1 with a carry of 1 if the incomingtransfer is in [1, 3].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 40�2000, Oxford University PressB. Parhami, UC Santa Barbara3 . 6 Conversions and Support FunctionsBSD-to-binary conversion example 1—1 0—1 0BSD representation of +6 1 0 0 0 0Positive part (1 digits) 0 1 0 1 0Negative part (—1 digits) 0 0 1 1 0 Difference = conversion resultZero test: zero has a unique code under some conditionsSign test: needs carry propagationxk—1xk—2 . . . x1 x0 k-digit GSD operands+yk—1yk—2 . . . y1 y0————————————————————pk—1pk—2 . . . p1 p0Position sums œ œ œ œwk—1wk—2 . . .w1w0Interim sum digits � � � �tktk—1 . . . t2 t1Transfer digits ——————————————————————sk—1sk—2. . . s1 s0k-digit �apparent� sumFig. 3.16. Overflow and its detection in GSD arithmetic.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 41�2000, Oxford University PressB. Parhami, UC Santa Barbara4Residue Number SystemsChapter GoalsStudy a way of encoding large numbersas a collection of smaller numbersto simplify and speed up some operationsChapter HighlightsRNS moduli, range, & arithmetic operationsMany sets of moduli are possible: tradeoffsConversions between RNS and binaryThe Chinese remainder theoremWhy are RNS application domains limited?Chapter Contents4.1RNS Representation and Arithmetic4.2Choosing the RNS Moduli4.3Encoding and Decoding of Numbers4.4Difficult RNS Arithmetic Operations4.5Redundant RNS Representations4.6Limits of Fast Arithmetic in RNS

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 42�2000, Oxford University PressB. Parhami, UC Santa Barbara4 . 1 RNS Representation and ArithmeticChinese puzzle, 1500 years ago:What number has the remainders of 2, 3, and 2 whendivided by the numbers 7, 5, and 3, respectively?Pairwise relatively prime moduli: mk—1 > ... > m1 > m0The residue xi of x wrt the ith modulus mi is akin to a digit:xi = x mod mi = ÆxæmiRNS representation contains a list of k residues or digits: x=(2 | 3 | 2)RNS(7|5|3)Default RNS for this chapter RNS(8 | 7 | 5 | 3)The product M of the k pairwise relatively prime moduli isthe dynamic rangeM = mk—1 · ... · m1 · m0For RNS(8 | 7 | 5 | 3), M = 8 · 7 · 5 · 3 = 840Negative numbers: Complement representation withcomplementation constant MÆ—xæmi = ÆM —xæmi 21 =(5 | 0 | 1 | 0)RNS—21 =(8 — 5 | 0 | 5 — 1 | 0)RNS= (3 | 0 | 4 | 0)RNS

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 43�2000, Oxford University PressB. Parhami, UC Santa BarbaraHere are some example numbers in RNS(8 | 7 | 5 | 3):(0 | 0 | 0 | 0)RNSRepresents 0 or 840 or ...(1 | 1 | 1 | 1)RNSRepresents 1 or 841 or ...(2 | 2 | 2 | 2)RNSRepresents 2 or 842 or ...(0 | 1 | 3 | 2)RNSRepresents 8 or 848 or ...(5 | 0 | 1 | 0)RNSRepresents 21 or 861 or ...(0 | 1 | 4 | 1)RNSRepresents 64 or 904 or ...(2 | 0 | 0 | 2)RNSRepresents —70 or 770 or ...(7 | 6 | 4 | 2)RNSRepresents —1 or 839 or ...Any RNS can be viewed as a weighted representation.For RNS(8 | 7 | 5 | 3), the weights associated with the 4positions are:105120336280Example: (1 | 2 | 4 | 0)RNS represents the numberÆ105·1 + 120·2 + 336·4 + 280·0æ840 = Æ1689æ840 = 9mod 8 mod 7 mod 5 mod 3Fig. 4.1Binary-coded format for RNS(8 | 7 | 5 | 3).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 44�2000, Oxford University PressB. Parhami, UC Santa BarbaraRNS Arithmetic(5 | 5 | 0 | 2)RNSRepresents x = +5(7 | 6 | 4 | 2)RNSRepresents y = —1(4 | 4 | 4 | 1)RNSx + y :Æ5 + 7æ8 = 4, Æ5 + 6æ7 = 4, etc.(6 | 6 | 1 | 0)RNSx — y :Æ5 — 7æ8 = 6, Æ5 — 6æ7 = 6, etc.(alternatively, find —y and add to x)(3 | 2 | 0 | 1)RNSx · y :Æ5 · 7æ8 = 3, Æ5 · 6æ7 = 2, etc.mod 8 mod 7 mod 5 mod 3Mod-8 UnitMod-7 UnitMod-5 UnitMod-3 Unit3332Operand 1Operand 2ResultFig. 4.2The structure of an adder, subtractor, ormultiplier for RNS(8 | 7 | 5 | 3).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 45�2000, Oxford University PressB. Parhami, UC Santa Barbara4 . 2 Choosing the RNS moduliTarget range: Decimal values [0, 100 000]Pick prime numbers in sequence:m0 = 2, m1 = 3, m2 = 5, etc. After adding m5 = 13:RNS(13 | 11 | 7 | 5 | 3 | 2)M = 30 030 InadequateRNS(17 | 13 | 11 | 7 | 5 | 3 | 2)M = 510 510Too largeRNS(17 | 13 | 11 | 7 | 3 | 2)M = 102 102Just right! 5 + 4 + 4 + 3 + 2 + 1 = 19 bitsCombine pairs of moduli 2 & 13 and 3 & 7:RNS(26 | 21 | 17 | 11)M = 102 102Include powers of smaller primes before moving tolarger primes.RNS(22 | 3)M = 12RNS(32 | 23 | 7 | 5)M = 2520RNS(11 | 32 | 23 | 7 | 5)M = 27 720RNS(13 | 11 | 32 | 23 | 7 | 5)M = 360 360Too largeRNS(15 | 13 | 11 | 23 | 7)M = 120 120 4 + 4 + 4 + 3 + 3 = 18 bitsMaximize the size of the even modulus within the 4-bitresidue limit:RNS(24 | 13 | 11 | 32 | 7 | 5)M = 720 720Too largeCan remove 5 or 7

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 46�2000, Oxford University PressB. Parhami, UC Santa BarbaraRestrict the choice to moduli of the form 2a or 2a — 1:RNS(2ak—2 | 2ak—2 — 1 | . . . | 2a1 — 1 | 2a0 — 1)Such �low-cost� moduli simplify both the complementationand modulo operations2ai and 2aj are relatively prime iff ai and aj are relativelyprime.RNS(23 | 23—1 | 22—1)basis: 3, 2M = 168RNS(24 | 24—1 | 23—1)basis: 4, 3M = 1680RNS(25 | 25—1 | 23—1 | 22—1)basis: 5, 3, 2M = 20 832RNS(25 | 25—1 | 24—1 | 24—1)basis: 5, 4, 3M = 104 160ComparisonRNS(15 | 13 | 11 | 23 | 7)18 bitsM = 120 120RNS(25 | 25—1 | 24—1 | 23—1)17 bitsM = 104 160

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 47�2000, Oxford University PressB. Parhami, UC Santa Barbara4 . 3 Encoding and Decoding of NumbersConversion from binary/decimal to RNSÆ(yk—1 ... y1y0)twoæmi = ÆÆ2k—1yk—1æmi + ... + Æ2y1æmi + Æy0æmi æmiTable 4.1Residues of the first 10 powers of 2 ———————————————————————————i2iÆ2iæ7Æ2iæ5Æ2iæ3 ———————————————————————————01111122222444138132416211532422664141712823282564119512122 ———————————————————————————High-radix version (processing 2 or more bits at a time) isalso possible

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 48�2000, Oxford University PressB. Parhami, UC Santa BarbaraConversion from RNS to mixed-radixMRS(mk—1 | ... | m2 | m1 | m0)is a k-digit positional systemwith position weightsmk—2...m2m1m0 . . . m2m1m0m1m0 m01and digit sets [0, mk—2—1] . . . [0,m2—1] [0,m1—1] [0,m0—1](0 | 3 | 1 | 0)MRS(8|7|5|3)= 0·105 + 3·15 + 1·3 + 0·1 = 48RNS-to-MRS conversion problem:y = (xk—1 | ... | x2 | x1 | x0)RNS = (zk—1 | ... | z2 | z1 | z0)MRSMixed-radix representation allows us to compare themagnitudes of two RNS numbers or to detect the sign of anumber.Example: 48 versus 45RNS representations(0 | 6 | 3 | 0)RNS vs (5 | 3 | 0 | 0)RNS(000 | 110 | 011 | 00)RNSvs(101 | 011 | 000 | 00)RNSEquivalent mixed-radix representations(0 | 3 | 1 | 0)MRS vs (0 | 3 | 0 | 0)MRS(000 | 011 | 001 | 00)MRS vs (000 | 011 | 000 | 00)MRS

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 49�2000, Oxford University PressB. Parhami, UC Santa BarbaraTheorem 4.1 (The Chinese remainder theorem)The magnitude of an RNS number can be obtained from:x = (xk—1 | ... | x2 | x1 | x0)RNS = Æ�k—1i=0 Mi Æaixiæmi æMwhere, by definition, M i = M /m i and a i = ÆM i—1æmi is themultiplicative inverse of Mi with respect to miTable 4.2Values needed in applying the Chineseremainder theorem to RNS(8 | 7 | 5 | 3)————————————————————————————————————imixiÆMi Æaixiæmi æM————————————————————————————————————380 0 1105 2210 3315 4420 5525 6630 7735270 0 1 120 2 240 3 360 4 480 5 600 6 720150 0 1 336 2 672 3 168 4 504030 0 1 280 2 560————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 50�2000, Oxford University PressB. Parhami, UC Santa Barbara4 . 4 Difficult RNS Arithmetic OperationsSign test and magnitude comparison are difficultExample: of the following RNS(8 | 7 | 5 | 3) numberswhich, if any, are negative?which is the largest?which is the smallest?Assume a range of [—420, 419]a=(0 | 1 | 3 | 2)RNSb=(0 | 1 | 4 | 1)RNSc=(0 | 6 | 2 | 1)RNSd=(2 | 0 | 0 | 2)RNSe=(5 | 0 | 1 | 0)RNSf=(7 | 6 | 4 | 2)RNSAnswer:d = —70 < c = —8 < f = —1 < a = 8 < e = 21 < b = 64

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 51�2000, Oxford University PressB. Parhami, UC Santa BarbaraApproximate CRT decoding: Divide both sides of theCRT equality by M, we obtain the scaled value of x in [0, 1):x/M= (xk—1 | ... | x2 | x1 | x0)RNS/M = Æ�k—1i=0mi—1Æaixiæmi æ1Terms are added modulo 1, meaning that the whole part ofeach result is discarded and only the fractional part is kept.Table 4.3Values needed in applying approximate CRTdecoding to RNS(8 | 7 | 5 | 3).————————————————————————————————————imiximi—1Æaixiæmi ————————————————————————————————————380 .0000 1.1250 2.2500 3.3750 4.5000 5.6250 6.7500 7.8750270 .0000 1 .1429 2 .2857 3 .4286 4 .5714 5 .7143 6 .8571150 .0000 1 .4000 2 .8000 3 .2000 4 .6000030 .0000 1 .3333 2 .6667————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 52�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample: Use approximate CRT decoding to determinethe larger of the two numbersx = (0 | 6 | 3 | 0)RNS y = (5 | 3 | 0 | 0)RNSReading values from Table 4.3, we get:x/M» Æ.0000 + .8571 + .2000 + .0000æ1» .0571y/M» Æ.6250 + .4286 + .0000 + .0000æ1» .0536Thus, x > y, subject to approximation errors.Errors are no problem here because each entry has amaximum error of 0.00005, for a total of at most 0.0002RNS general divisionUse an algorithm that has built-in tolerance to imprecisionExample —— SRT algorithm (s is the partial remainder)s < 0quotient digit = —1s » 0quotient digit = 0s > 0quotient digit = 1The partial remainder is decoded approximatelyThe BSD quotient is converted to RNS on the fly

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 53�2000, Oxford University PressB. Parhami, UC Santa Barbara4 . 5 Redundant RNS RepresentationsThe mod-mi residue need not be restricted to [0, mi — 1](just as radix-r digits need not be limited to [0, r — 1])AdderAdderxyzcout0 0DropFigure 4.3Adder design for 4-bit mod-13 pseudo-residues.sum insum outMux02hoperand residuecoefficientresidueh2h+1hLatch—mLSBs h2h h h2hMSB·++01Figure 4.4A modulo-m multiply-add cell that accumulatesthe sum into a double-length redundant pseudo-residue.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 54�2000, Oxford University PressB. Parhami, UC Santa Barbara4 . 6 Limits of Fast Arithmetic in RNSTheorem 4.2: The ith prime pi is asymptotically i ln iTheorem 4.3: The number of primes in [1, n]is asymptotically n/ln nTheorem 4.4: The product of all primes in [1, n]is asymptotically en.Table 4.4The ith prime p i and the number of primes in[1, n] versus their asymptotic approximations ———————————————————————————————————————————————————————ipii ln iErrornNo of n/ln nError( % )primes( % ) ———————————————————————————————————————————————————————120.000100523.10755231.386541044.3439353.296341565.5398475.545212086.676175118.047272597.76714102923.032130108.82012154740.6214401210.8410207159.9116501512.781530113102.0101002521.711340173147.6152004637.751850229195.6155009580.4615100521460.5121000170144.815 ———————————————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 55�2000, Oxford University PressB. Parhami, UC Santa BarbaraTheorem 4.5: It is possible to representall k-bit binary numbers in RNS with O(k / log k) modulisuch that the largest modulus has O(log k) bitsImplication: a fast adder would need O(log log k) timeTheorem 4.6: The numbers 2a — 1 and 2b — 1are relatively prime iff a and b are relatively primeTheorem 4.7: The sum of the first i primesis asymptotically O(i2 ln i).Theorem 4.8: It is possible to representall k-bit binary numbers in RNSwith O(�‘‘‘‘‘‘‘k˚/˚log˚k) low-cost moduli of the form 2a — 1such that the largest modulus has O(�‘‘‘‘‘‘k˚log˚k) bits.Implication: a fast adder would need O(log k) time,thus offering little advantage over standard binary

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 56�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 57�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart IIAddition/SubtractionPart GoalsReview basic adders and the carry problemLearn how to speed up carry propagationDiscuss speed/cost tradeoffs in fast addersPart Synopsis Addition is a fundamental operation(arithmetic and address calculations)Also a building block for other operationsSubtraction = negation + additionCarry speedup: lookahead, skip, select, ...Two-operand vs multioperand additionPart ContentsChapter 5Basic Addition and CountingChapter 6Carry-Lookahead AddersChapter 7Variations in Fast AddersChapter 8Multioperand Addition

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 58�2000, Oxford University PressB. Parhami, UC Santa Barbara5Basic Addition and CountingChapter GoalsStudy the design of ripple-carry adders,discuss why their latency is unacceptable,and set the foundation for faster addersChapter HighlightsFull-adders are versatile building blocksWorst-case carry chain in k-bit additionhas an average length of log2kFast asynchronous adders are simpleCounting is relatively easy to speed upChapter Contents5.1Bit-Serial and Ripple-Carry Adders5.2Conditions and Exceptions5.3Analysis of Carry Propagation5.4Carry Completion Detection5.5Addition of a Constant: Counters5.6Manchester Carry Chains and Adders

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 59�2000, Oxford University PressB. Parhami, UC Santa Barbara5 . 1 Bit-serial and ripple-carry adderscs(b) NOR-gate half-adder.xyxy(c) NAND-gate half-adder with complemented carry.xycsscxyxy(a) AND/XOR half-adder.___Fig. 5.1Three implementations of a half-adder.Single-bit full-adder (FA)InputsOperand bits x, y and carry-in cin (or xi, yi, ci for stage i)OutputsSum bit s and carry-out cout (or ci+1 for stage i)s= x ¯ y ¯ cin(odd parity function)= x y cin +‘x‘y cin +‘x y‘cin + x‘y‘cincout= x y + x cin + y cin(majority function)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 60�2000, Oxford University PressB. Parhami, UC Santa BarbaraHAHAxycincout(a) Built of half-adders.s(b) Built as an AND-OR circuit.(c) Suitable for CMOS realization.coutscinxy01230123xycincouts01MuxFig. 5.2Possible designs for a full-adder in terms of half-adders, logic gates, and CMOS transmissiongates.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 61�2000, Oxford University PressB. Parhami, UC Santa Barbara(a) Bit-serial adder.FAxiyicici+1siCarryLatchFAFAxy11x0y0c0c1s0s1FAFAxy33x2y2c2c3s2s3c4coutcin(b) Four-bit ripple-carry adder.Clocks4xyShiftsShiftFig. 5.3Using full-adders in building bit-serial and ripple-carry adders.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 62�2000, Oxford University PressB. Parhami, UC Santa Barbaraxy11x0y0c1c2coutcinc3x2y2x3y3Clocks1s0s2s3150760ll7 inverters Two4-to-1Mux’sVDDVSSFig. 5.4The layout of a 4-bit ripple-carry adder in CMOSimplementation [Puck94].Tripple-add = TFA(x,yficout) + (k — 2)·TFA(cinficout) + TFA(cinfis)FAFAxy11x0y0c0c1s0s1FAFAc2sk—1coutcinsk...ck—1ck—2sk—2ckxk—2yk—2xk—1yk—1Fig. 5.5Critical path in a k-bit ripple-carry adder.0xy0z1w10xyxyzw+xyzw+xyzw+xyzBit 3Bit 2Bit 1Bit 0c1cincoutc2c3Fig. 5.6Four-bit binary adder used to realize the logicfunction f = w + xyz and its complement.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 63�2000, Oxford University PressB. Parhami, UC Santa Barbara5 . 2 Conditions and exceptionsIn an ALU, it is customary to provide information aboutcertain outcomes during addition or other operationsFlag bits within a condition/exception register:couta carry-out of 1 is producedoverflowthe output is not the correct sumnegative Indicating that the addition result is negativezeroIndicating that the addition result is zerooverflow2�s-compl = xk—1 yk—1‘sk—1 +‘xk—1‘yk—1 sk—1overflow2�s-compl = ck ¯ ck—1 = ck‘ck—1 +‘ck ck—1FAFAxy11x0y0c0c1s0s1FAc2sk—1coutcin...ck—1ck—2sk—2ckxk—2yk—2xk—1yk—1FAOverflowNegativeZeroFig. 5.7Two�s-complement adder with provisions fordetecting conditions and exceptions.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 64�2000, Oxford University PressB. Parhami, UC Santa Barbara5 . 3 Analysis of carry propagationBit #15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0----------- ----------- ----------- ----------- 1 0 1 1 0 1 1 0 0 1 1 0 1 1 1 0cout 0 1 0 1 1 0 0 1 1 1 0 0 0 0 1 1 cin \__________/\__________________/ \________/\____/ 4 6 3 2 Carry chains and their lengthsFig. 5.8Example addition and its carry propagationchains.Given binary numbers with random bit values, for eachposition i we have:Probability of carry generation= 1/4Probability of carry annihilation= 1/4Probability of carry propagation= 1/2The probability that carry generated at position i propagatesup to and including position j — 1 and stops at position j (j > i)2—(j—1—i) · 1/2 = 2—(j—i)Expected length of the carry chain that starts at bit position i2 — 2—(k—i—1)Average length of the longest carry chain in k-bit addition isless than log2k ; it is log2(1.25k) per experimental results

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 65�2000, Oxford University PressB. Parhami, UC Santa Barbara5 . 4 Carry Completion Detection(bi, ci)=00Carry not yet known01Carry known to be 110Carry known to be 0. . .. . .. . .. . .x y = x +y alldoneFrom other bit positionsi+1c = c b = cb = 1: No carryc = 1: Carrybi+1c0iiiiibicx + yiix y iix y ii0inin}di+1iic = c koutb kFig. 5.9The carry network of an adder with two-railcarries and carry completion detection logic.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 66�2000, Oxford University PressB. Parhami, UC Santa Barbara5 . 4 Addition of a Constant: CountersEnableLoad CounterOverflowoutcCount Register0 1MuxData InClearResetCount/InitializeData OutClock(—1) Incrementer(Decrementer)1Fig. 5.10An up (down) counter built of a register, anincrementer (decrementer), and a multiplexer.TQQTQQTQQTQQIncrement00112233Count OutputFig. 5.11Four-bit asynchronous up counter built only ofnegative-edge-triggered T flip-flops.LoadLoadIncrementControl 1Control 2Incrementer1Incrementer1Count register divided into three stagesFig. 5.12Fast three-stage up counter.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 67�2000, Oxford University PressB. Parhami, UC Santa Barbara5 . 6 Manchester Carry Chains and AddersSum digit in radix rsi=(xi + yi + ci) mod rSpecial case of radix 2si=xi ¯ yi ¯ ciComputing the carries is thus our central problemFor this, the actual operand digits are not importantWhat matters is whether in a given position a carry isgenerated, propagated, or annihilated (absorbed)For binary addition:_____gi = xi yi pi = xi ¯ yiai =‘xi ‘yi =xi + yiIt is also helpful to define a transfer signal:ti=gi + pi=‘ai=xi + yiUsing these signals, the carry recurrence can be written asci+1 = gi + ci pi = gi + ci gi + ci pi = gi + ci tipgaLogic 1Logic 0cc i+1iiii010101(a) Conceptual representation c’i+1ic’ClockipVDDVSSig(b) Possible CMOS realization.Fig. 5.13One stage in a Manchester carry chain.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 68�2000, Oxford University PressB. Parhami, UC Santa Barbara6Carry-Lookahead AddersChapter GoalsUnderstand the carry-lookahead methodand its many variationsused in the design of fast addersChapter HighlightsSingle- and multilevel carry lookaheadVarious designs for logarithmic-time addersRelating the carry determination problemto parallel prefix computationImplementing fast adders in VLSIChapter Contents6.1.Unrolling the Carry Recurrence6.2.Carry-Lookahead Adder Design6.3.Ling Adder and Related Designs6.4.Carry Determination as Prefix Computation6.5.Alternative Parallel Prefix Networks6.6.VLSI Implementation Aspects

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 69�2000, Oxford University PressB. Parhami, UC Santa Barbara6 . 1 Unrolling the Carry RecurrenceRecall gi (generate), pi (propagate), ai (annihilate/absorb),and ti (transfer)gi =1 iff xi + yi ‡ rCarry is generatedpi = 1 iff xi + yi = r — 1Carry is propagatedti =‘ai = gi + pi Carry is not annihilatedThese signals, along with the carry recurrenceci+1 = gi + ci pi = gi + ci tiallow us to decouple the problem of designing a fast carrynetwork from details of the number system (radix, digit set)It does not even matter whether we are adding orsubtracting; any carry network can be used as a borrownetwork by defining the signals to represent borrowgeneration, borrow propagation, etc. ci= gi—1 + ci—1pi—1= gi—1 + (gi—2 + ci—2pi—2)pi—1= gi—1 + gi—2pi—1 + ci—2pi—2pi—1= gi—1 + gi—2pi—1 + gi—3pi—2pi—1 + ci—3pi—3pi—2pi—1= gi—1 + gi—2pi—1 + gi—3pi—2pi—1 + gi—4pi—3pi—2pi—1 + ci—4pi—4pi—3pi—2pi—1=. . .

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 70�2000, Oxford University PressB. Parhami, UC Santa BarbaraFour-bit CLA adder: c4=g3 + g2p3 + g1p2p3 + g0p1p2p3 + c0p0p1p2p3 c3=g2 + g1p2 + g0p1p2 + c0p0p1p2 c2=g1 + g0p1 + c0p0p1 c1=g0 + c0p0Note the use of c4 = g3 + c3p3 in the following diagramg0g1g2g3c0c4c1c2c3p3p2p1p0Fig. 6.1Four-bit carry network with full lookahead.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 71�2000, Oxford University PressB. Parhami, UC Santa BarbaraFull carry lookahead is impractical for wide wordsThe fully unrolled carry equation for c31 consists of 32product terms, the largest of which contains 32 literalsThus, the required AND and OR functions must be realizedby tree networks, leading to increased latency and costTwo schemes for managing this complexity:High-radix addition (i.e., radix 2g)increases the latency for generatingthe auxiliary signals and sum digitsbut simplifies the carry network (optimal radix?)Multilevel lookaheadExample: 16-bit additionRadix-16 (four digits)Two-level carry lookahead (four 4-bit blocks)Either way, the carries c4, c8, and c12 are determined firstc16 c15 c14 c13 c12 c11 c10 c9 c8 c7 c6 c5 c4 c3 c2 c1 c0cout??? cin

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 72�2000, Oxford University PressB. Parhami, UC Santa Barbara6 . 2 Carry-Lookahead Adder Designg[i,i+3]=gi+3 + gi+2pi+3 + gi+1pi+2pi+3 + gipi+1pi+2pi+3p[i,i+3]=pi pi+1 pi+2 pi+3gigi+1gi+2gi+3cici+1ci+2ci+3pi+3pi+2pi+1pigp[i,i+3]Block Signal GenerationIntermediate Carries[i,i+3]Fig. 6.2Four-bit lookahead carry generator.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 73�2000, Oxford University PressB. Parhami, UC Santa Barbaraic4-bit lookahead carry generatorgpgpgpgp [i,i+3]p i+1c i+2c i+3cgiii+1i+1i+2i+2 i+3 i+3 [i,i+3]Fig. 6.3Schematic diagram of a 4-bit lookahead carrygenerator.j +1j +1c0ic4-bit lookahead carry generatorgp0i0i1i2i3j0j1j2j3j +1c1c2gpgpgpgpFig. 6.4Combining of g and p signals of four (contiguousor overlapping) blocks of arbitrary widths intothe g and p signals for the overall block [i0, j3].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 74�2000, Oxford University PressB. Parhami, UC Santa Barbaracccc4-bit lookahead carry generator4-bit lookahead carry generatorgpcccgp12840483216[0,63]16-bitCarry-LookaheadAdder[0,63][48,63][48,63]gp[32,47][32,47]gp[0,15][0,15]gp[16,31][16,31]gp[12,15][12,15]gp[8,11][8,11]gp[4,7][4,7]gp[0,3][0,3]Fig. 6.5Building a 64-bit carry-lookahead adder from 164-bit adders and 5 lookahead carry generators.Latency through the 16-bit CLA adder consists of finding:g and p for individual bit positions (1 gate level)g and p signals for 4-bit blocks (2 gate levels)block carry-in signals c4, c8, and c12 (2 gate levels)internal carries within 4-bit blocks (2 gate levels)sum bits (2 gate levels)Total latency for the 16-bit adder = 9 gate levels(compare to 32 gate levels for a 16-bit ripple-carry adder)Tlookahead-add=4 log4k + 1 gate levelscout=xk—1yk—1 +‘sk—1(xk—1 + yk—1)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 75�2000, Oxford University PressB. Parhami, UC Santa Barbara6 . 3 Ling Adder and Related DesignsConsider the carry recurrence and its unrolling by 4 steps:ci =gi—1 + gi—2ti—1 + gi—3ti—2ti—1 + gi—4ti—3ti—2ti—1+ ci—4ti—4ti—3ti—2ti—1Ling�s modification:propagate hi = ci + ci—1 instead of cihi=gi—1 + gi—2 + gi—3 ti—2 + gi—4 ti—3 ti—2 + hi—4 ti—4 ti—3 ti—2CLA:5 gatesmax 5 inputs19 gate inputsLing:4 gatesmax 5 inputs14 gate inputsThe advantage of hi over ci is even greater with wired-OR:CLA:4 gatesmax 5 inputs14 gate inputsLing:3 gatesmax 4 inputs 9 gate inputsOnce hi is known, however, the sum is obtained by a slightlymore complex expression compared to si = pi ¯ cisi=(ti ¯ hi+1) + hi gi ti—1Other designs similar to Ling�s are possible [Dora88]

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 76�2000, Oxford University PressB. Parhami, UC Santa Barbara6 . 4 Carry Determination as Prefix Computationg"p"i0i1j0j1gpg’p’Block B’Block B"Block B(g, p)(g", p") (g’, p’)¢g = g" + g’p"p = p’p"Fig. 6.6Combining of g and p signals of two (contiguousor overlapping) blocks B’ and B" of arbitrarywidths into the g and p signals for block B.The problem of carry determination can be formulated as:Given (g0, p0) (g1, p1)...(gk—2, pk—2)(gk—1, pk—1)Find (g[0,0],p[0,0])(g[0,1],p[0,1])...(g[0,k—2],p[0,k—2])(g[0,k—1],p[0,k—1])The desired pairs can be found by evaluating all prefixes of(g0, p0) ¢ (g1, p1) ¢ ... ¢ (gk—2, pk—2) ¢ (gk—1, pk—1)Prefix sums analogy:Givenx0 x1x2. . . xk—1Find x0 x0+x1x0+x1+x2. . . x0+x1+...+xk—1

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 77�2000, Oxford University PressB. Parhami, UC Santa Barbara6 . 5 Alternative Parallel Prefix Networks. . .Prefix Sums k/2Prefix Sums k/2. . .xk—1xk/2xk/2—1x0sk—1sk/2sk/2—1s0++. . .. . .. . .. . .. . .. . .. . .Fig. 6.7Parallel prefix sums network built of two k / 2 - input networks and k/2 adders.Delay recurrenceD(k) = D(k/2) + 1 = log2kCost recurrenceC(k) = 2C(k/2) + k/2 = (k/2) log2kPrefix Sums k/2xk—1xk—2x3x2x1x0sk—1sk—2s3s2s1s0+++++. . .. . .. . .. . .Fig. 6.8Parallel prefix sums network built of one k / 2 - input network and k — 1 adders.Delay recurrenceD(k) = D(k/2) + 2 = 2 log2k — 1 (—2 really)Cost recurrenceC(k) = C(k/2) + k — 1 = 2k — 2 — log2k

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 78�2000, Oxford University PressB. Parhami, UC Santa Barbarax0x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15s0s1s2s3s4s5s6s7s8s9s10s11s12s13s14s15123456LevelFig. 6.9Brent-Kung parallel prefix graph for 16 inputs.x0x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15s0s1s2s3s4s5s6s7s8s9s10s11s12s13s14s15Fig. 6.10Kogge-Stone parallel prefix graph for 16 inputs.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 79�2000, Oxford University PressB. Parhami, UC Santa Barbarax0x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15s0s1s2s3s4s5s6s7s8s9s10s11s12s13s14s15123456Levelx0x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15s0s1s2s3s4s5s6s7s8s9s10s11s12s13s14s15B-K: Six levels, 26 cellsK-S: Four levels, 49 cellsHybrid: Five levels, 32 cellsx0x1x2x3x4x5x6x7x8x9x10x11x12x13x14x15s0s1s2s3s4s5s6s7s8s9s10s11s12s13s14s15Brent-KungBrent-KungKogge-StoneFig. 6.11A Hybrid Brent-Kung/Kogge-Stone parallel prefixgraph for 16 inputs.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 80�2000, Oxford University PressB. Parhami, UC Santa Barbara6 . 6 VLSI Implementation AspectsExample: Radix-256 addition of 56-bit numbersas implemented in the AMD Am29050 CMOS microThe following description is based on the 64-bit versionIn radix-256 addition of 64-bit numbers, only the carriesc8, c16, c24, c32, c40, c48, and c56 are neededFirst, 4-bit Manchester carry chains (MCCs) of Fig. 6.12aare used to derive g and p signals for 4-bit blocksPH2g2PH2g3PH2g1PH2g0p3p2p1p0g[0,3]PH2p[0,3](a)PH2PH2g2g3g1g0p3p2p1p0g[0,3]p[0,3]g[0,2]p[0,2]g[0,1]p[0,1]PH2PH2(b)PH2PH2PH2PH2PH2PH2PH2PH2Fig. 6.12Example four-bit Manchester carry chaindesigns in CMOS technology [Lync92].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 81�2000, Oxford University PressB. Parhami, UC Santa BarbaraThese signal pairs,denoted [0, 3], [4, 7], ... at the left edge of Fig. 6.13,form the inputs to one 5-bit and three 4-bit MCCsthat in turn feed two more MCCs in the third levelThe MCCs in Fig. 6.13 are of the type shown in Fig. 6.12b[60,63][56,59][52,55][48,51][44,47][40,43][36,39][32,35][28,31][24,27][20,23][16,19][12,15] [8,11] [4,7] [0,3][48,63][48,59][48,55][32,47][32,43][32,39][16,31][16,27][16,23] [0,15] [0,11] [0,7] [0,55][0,47][0,31][0,39][0,31][0,23] cccccccc 56484032241680 c0[48,55][32,47][16,31] [0,15][32,39][16,31][16,23] [0,15] MCCMCCMCCMCC MCC MCC ManchesterCarry ChainLevel 2Level 3[i,j] represents the pair of signals p and g .[i,j][i,j][0,j] should really be [—1,j], as c is taken to be g .0—1Fig. 6.13S p a n n i n g - t r e e c a r r y - l o o k a h e a d n e t w o r k [Lync92]. The 16 MCCs at level 1, that producegenerate and propagate signals for 4-bit blocks,are not shown.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 82�2000, Oxford University PressB. Parhami, UC Santa Barbara7Variations in Fast AddersChapter GoalsStudy alternatives to the CLA methodfor designing fast addersChapter HighlightsMany methods besides CLA are available(both competing and complementary)Best adder design is technology-dependent(often hybrid rather than pure)Knowledge of timing allows optimizationsChapter Contents7.1Simple Carry-Skip Adders7.2Multilevel Carry-Skip Adders7.3Carry-Select Adders7.4Conditional-Sum Adder7.5Hybrid Adder Designs7.6Optimizations in Fast Adders

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 83�2000, Oxford University PressB. Parhami, UC Santa Barbara7 . 1 Simple Carry-Skip AddersccccccccccppppSkipSkipSkip4-BitBlockSkip logic (2 gates)16128400481216[12,15][8,11][4,7][0,3](a) Ripple-carry adder.(b) Simple carry-skip adder. 3 2 1 0Ripple-carry stages4-BitBlock4-BitBlock4-BitBlock4-BitBlock4-BitBlock3 2 1 0Fig. 7.1Converting a 16-bit ripple-carry adder into asimple carry-skip adder with 4-bit skip blocks.Tfixed-skip-add = (b — 1) + 0.5 + (k/b — 2) + (b—1)in block 0OR gate skips in last block»2b + k/b — 3.5 stagesdTfixed-skip-adddb = 2 — k/b2 =0 �b opt =�‘‘k/2Toptfixed-skip-add »2�‘‘2k — 3.5Example: k = 32, b opt = 4, Toptfixed-skip-add = 12.5 stages(contrast with 32 stages for a ripple-carry adder)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 84�2000, Oxford University PressB. Parhami, UC Santa Barbarabbbb. . .RippleSkipCarry path (1)01t—1t—2Block widthsCarry path (3)Carry path (2)Fig. 7.2Carry-skip adder with variable-size blocks andthree sample carry paths.Optimal variable-width blocksb b + 1 . . . b + t/2 — 1 b + t/2 — 1 . . . b + 1 bThe total number of bits in the t blocks is k:2[b + (b+1) + ... + (b+t/2—1)] = t(b + t/4 — 1/2) = kb = k/t — t/4 + 1/2Tvar-skip-add = 2(b — 1) + 0.5 + t — 2 = 2k/t + t/2 — 2.5dTvar-skip-adddt= —2k/t2 + 1/2 = 0 � t opt = 2�‘kNote: the optimal number of blocks with variable-widthblocks is �‘2 times larger than that of fixed-width blocksToptvar-skip-add»2�‘‘k˚ — 2.5which is roughly a factor of �‘2 smaller than that obtainedwith optimal fixed-width skip-blocks

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 85�2000, Oxford University PressB. Parhami, UC Santa Barbara7 . 2 Multilevel carry-skip addersccoutinS1S1S1S1S1Fig. 7.3Schematic diagram of a one-level carry-skipadder.ccSinout2S1S1S1S1S1Fig. 7.4Example of a two-level carry-skip adder.ccSinout2S1S1S1Fig. 7.5Two-level carry-skip adder optimized byremoving the short-block skip circuits.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 86�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample 7.1Each of the following operations takes one unit of time:generation of gi and pi, generation of level-i skip signal fromlevel-(i—1) skip signals, ripple, skip, and computation of sumbit once the incoming carry is knownBuild the widest possible single-level carry-skip adder witha total delay not exceeding 8 time unitsccbbbbbbb023456782inoutS1S1S1S1S10123456Fig. 7.6Timing constraints of a single-level carry-skipadder with a delay of 8 units.Max adder width = 1 + 3 + 4 + 4 + 3 + 2 + 1 = 18 bitsGeneralization of Example 7.1:For a single-level carry-skip adder with total latency of T,where T is even, the block widths are:123. . .T/2. . . 321This yields a total width of T2/4 bitsWhen T is odd, the block widths become:123. . .(T — 1)/2 (T — 1)/2 . . . 321This yields a total width of (T2 — 1)/4Thus, for any T, the total width is ºT2/4ß

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 87�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample 7.2Each of the following operations takes one unit of time:generation of gi and pi, generation of level-i skip signal fromlevel-(i—1) skip signals, ripple, skip, and computation of sumbit once the incoming carry is knownBuild the widest possible two-level carry-skip adder with atotal delay not exceeding 8 time unitsFirst determine the number of blocks and timing constraintsat the second levelThe remaining problem is to build single-level carry-skipadders with Tproduce = b and Tassimilate = acc80765343bbbbbb{8, 1}{7, 2}{6, 3}{5, 4}{4, 5}{3, 8}inoutABCDEFS2S2S2S2S2TproduceTassimilate(a)345762t=0t=8coutcin23Block EBlock DBlock CBlock BBlock AF(b)Fig. 7.7Two-level carry-skip adder with a delay of 8units: (a) Initial timing constraints, (b) Finaldesign.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 88�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 7.1S e c o n d - l e v e l c o n s t r a i n t s T p r o d u c e andTassimilate, with associated subblock and blockwidths, in a two-level carry-skip adder with atotal delay of 8 time units (Fig. 7.7)——————————————————————————————————————————————BlockTproduceTassimilateNumber ofSubblockBlock subblockswidthswidthb amin(b—1, a)(bits)(bits)——————————————————————————————————————————————A3821, 34B4532, 3, 38C5442, 3, 2, 18D6333, 2, 16E7222, 13F81111—————————————————————————————————————————————— Total width: 30 bitsBlock of b full-adder unitsLevel-h skipInputsE (b) hS (b) hG(b)I(b)A(b)Fig. 7.8Generalized delay model for carry-skip adders.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 89�2000, Oxford University PressB. Parhami, UC Santa BarbaraElaboration on Example 7.2Given the delay pair {b, a} for a level-2 block in Fig. 7.7a,the number of level-1 blocks in the correspondingsingle-level carry-skip adder will be g = min(b — 1, a)This is easily verified from the following two diagrams.ccbb0123ainoutS1S1S1S1S112— 1a— 2aS1b0S1b—1ab—2aSingle-level carry-skip adder with Tassimilate = accbb234binoutS1S1S1S1S112— 1b— 2bb—3bb—2bS1b0S11Single-level carry-skip adder with Tproduce = bThe width of the ith level-1 blockin the level-2 block characterized by {b, a}is bi = min(b — g + i + 1, a — i)So, the total width of such a block is:�i=0g—1˚min(b — g + i + 1, a — i)The only exception occurs in the rightmost level-2 block Afor which b0 is one unit less than the value given abovein order to accommodate the carry-in signal

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 90�2000, Oxford University PressB. Parhami, UC Santa Barbara7 . 3 Carry-Select Addersc01Mux01c , high k/2 bitslow k/2 bitsk/2k/2+1outink/2+1k/2-bit adderk/2-bit adder0k/2—1k/2k—1k/2-bit adderck/2Fig. 7.9Carry-select adder for k-bit numbers built fromthree k/2-bit adders.Cselect-add(k)= 3Cadd(k/2) + k/2 + 1Tselect-add(k)= Tadd(k/2) + 1cink-bit adderlow k bitsk01Mux01k+1k+101kk01Mux01k+1k+1Cout, high 2k bitsmiddle k bitskMux012k+1cinoutck/4-bit adderHigh k/2 bitsMiddle k/4 bitsLow k/4 bitsk/4k/4+1k/4+1k/4k/4k/4k/4+1 k/2+1ck/4ck/20k/4—1k/4k/2—1k/23k/4—13k/4k—1k/4-bit adderk/4-bit adderk/4-bit adderMuxk/4+1Fig. 7.10Two-level carry-select adder built of k / 4 - b i t adders.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 91�2000, Oxford University PressB. Parhami, UC Santa Barbara7 . 4 Conditional-Sum AdderMultilevel carry-select idea carried out to the extreme, untilwe arrive at single-bit blocks.C(k) » 2C(k/2) + k + 2 » k (log2k + 2) + k C(1)T(k) = T(k/2) + 1 = log2k + T(1)where C(1) and T(1) are the cost and delay of the circuit ofFig. 7.11 used at the top to derive the sum and carry bitswith a carry-in of 0 and 1The term k + 2 in the first recurrence represents an upperbound on the number of single-bit 2-to-1 multiplexersneeded for combining two k/2-bit adders into a k-bit adderscxysciiii+1i+1iFor c = 0iFor c = 1iFig. 7.11Top-level block for one bit position of aconditional-sum adder.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 92�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 7.2Conditional-sum addition of two 16-bit numbers.The width of the block for which the sum andcarry bits are known doubles with eachadditional level, leading to an addition time thatgrows as the logarithm of the word width k. x 0 0 1 0 0 1 1 0 1 1 1 0 1 0 1 0 y 0 1 0 0 1 0 1 1 0 1 0 1 1 1 0 1 1 0 s 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 1 c 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 s 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 c 0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 2 0 s 0 1 1 0 1 1 0 1 0 0 1 1 0 1 1 1 c 0 0 0 1 1 0 1 0 1 s 1 0 1 1 0 0 1 0 0 1 0 0 1 0 c 0 0 1 1 1 1 1 4 0 s 0 1 1 0 0 0 0 1 0 0 1 1 0 1 1 1 c 0 1 1 1 1 s 0 1 1 1 0 0 1 0 0 1 0 0 c 0 1 1 8 0 s 0 1 1 1 0 0 0 1 0 1 0 0 0 1 1 1 c 0 1 1 s 0 1 1 1 0 0 1 0 c 016 0 s 0 1 1 1 0 0 1 0 0 1 0 0 0 1 1 1 c 0 1 s cBlockwidthBlockcarry-inBlock sum and block carry-out 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0cincout

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 93�2000, Oxford University PressB. Parhami, UC Santa Barbara7 . 5 Hybrid Adder DesignsLookahead Carry GeneratorCarry-Selectcg, pinMuxMuxMuxcout010101BlockFig. 7.12A hybrid carry-lookahead/carry-select adder.cccc4-Bit Lookahead Carry Generatorc128401616-bit Carry-Lookahead Addergp[12,15][12,15]gp[8,11][8,11]gp[4,7][4,7]gp[0,3][0,3]c32c48(with carry-out)Fig. 7.13Example 48-bit adder with hybrid ripple-carry/carry-lookahead design.Other possibilities:hybrid carry-select/ripple-carryhybrid ripple-carry/carry-select. . .

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 94�2000, Oxford University PressB. Parhami, UC Santa Barbara7 . 6 Optimizations in Fast AddersWhat looks best at the block diagram or gate level may notbe best when a circuit-level design is generated (effects ofwire length, signal loading, ...)Modern practice:optimization at the transistor levelVariable-block carry-lookahead adderOptimization based on knowledge of given input timing orrequired output timing1510 5 0Bit PositionLatency from inputsin XOR-gate delays0 20 40 60Fig. 7.14Example arrival times for operand bits in thefinal fast adder of a tree multiplier [Oklo96].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 95�2000, Oxford University PressB. Parhami, UC Santa Barbara8Multi-Operand AdditionChapter GoalsLearn methods for speeding up the additionof several numbers (as required formultiplication or inner-product computation)Chapter HighlightsRunning total kept in redundant formCurrent total + Next number —> New totalDeferred carry assimilationWallace/Dadda trees and parallel countersChapter Contents8.1Using Two-Operand Adders8.2Carry-Save Adders8.3Wallace and Dadda Trees8.4Parallel Counters8.5Generalized Parallel Counters8.6Adding Multiple Signed Numbers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 96�2000, Oxford University PressB. Parhami, UC Santa Barbara8 . 1 Using Two-Operand Adders ¥ ¥ ¥ ¥ a ¥ ¥ ¥ ¥ x ---------- ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ----------------¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ p·012301232222 ¥ ¥ ¥ ¥ ¥ ¥ p ¥ ¥ ¥ ¥ ¥ ¥ p ¥ ¥ ¥ ¥ ¥ ¥ p ¥ ¥ ¥ ¥ ¥ ¥ p ¥ ¥ ¥ ¥ ¥ ¥ p ¥ ¥ ¥ ¥ ¥ ¥ p ¥ ¥ ¥ ¥ ¥ ¥ p -----------------¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ s (0)(1)(2)(3)(4)(5)(6)Fig. 8.1M u l t i o p e r a n d a d d i t i o n p r o b l e m s f o r multiplication or inner-product computation indot notation.Adderxk bitsk + log n bits� xj=0i—1(i)2(j)Partial Sum RegisterFig. 8.2Serial implementation of multi-operand additionwith a single 2-operand adder.Tserial-multi-add =O(n log(k + log n))Because max(k, log n) < k + log n £ max(2k, 2 log n)we have log(k + log n) = O(log k + log log n) and:Tserial-multi-add =O(n log k + n log log n)Therefore, addition time grows superlinearly with n when kis fixed and logarithmically with k for a given n

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 97�2000, Oxford University PressB. Parhami, UC Santa BarbaraOne can pipeline this serial solution to get somewhat betterperformance.(i—10)(i—9)DelayDelaysReady tocomputes(i—12)x(i—1)x(i)x +(i)x(i—1)x +(i—8)x +(i—11)x +x (i—7)x +(i—6)x (i—5)x +(i—4)x Fig. 8.3Serial multi-operand addition when each adderis a 4-stage pipeline.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 98�2000, Oxford University PressB. Parhami, UC Santa BarbaraAdderAdderAdderAdderAdderAdderkk+1k+2k+3k+2k+1k+1kkkkkkFig. 8.4Adding 7 numbers in a binary tree of adders.Ttree-fast-multi-add=O(log k + log(k + 1) + . . .+ log(k + Ølog2nø — 1))=O(log n log k + log n log log n)Ttree-ripple-multi-add =O(k + log n). . . . . .Level iLevel i+1HAFAHAFAtt+1tt+1t+1t+1t+1t+2t+2t+2t+2t+3t+2t+3Fig. 8.5Ripple-carry adders at levels i and i + 1 in thetree of adders used for multi-operand addition.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 99�2000, Oxford University PressB. Parhami, UC Santa Barbara8 . 2 Carry-Save AddersFAFAFAFAFAFAFAFAFAFAFAFACutFig. 8.6A ripple-carry adder turns into a carry-saveadder if the carries are saved (stored) ratherthan propagated. ¥˚¥˚¥˚¥˚¥ ¥ ¥˚¥ ¥˚¥˚¥˚¥ ˚ ¥------------- ¥˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥ ¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥------------- ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ Carry-propagate adderCarry-save adder (CSA)or(3; 2)-counteror3-to-2 reduction circuitcincoutFig. 8.7Carry-propagate adder (CPA) and carry-saveadder (CSA) functions in dot notation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 100�2000, Oxford University PressB. Parhami, UC Santa Barbara ¥˚¥ ¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚------------- ¥˚¥˚¥˚¥˚¥˚¥¥˚¥˚¥˚¥˚¥˚¥Half adderFig. 8.8Specifying full- and half-adder blocks, with theirinputs and outputs, in dot notation.CSACSACSACSACSAFig. 8.9Tree of carry-save adders reducing sevennumbers to two.Tcarry-save-multi-add=O(tree height + TCPA)=O(log n + log k)Ccarry-save-multi-add=(n — 1)CCSA + CCPA

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 101�2000, Oxford University PressB. Parhami, UC Santa Barbara ¥˚¥ ¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚¥˚¥˚¥˚¥˚¥˚ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚˚˚ ˚¥˚¥˚¥˚¥˚¥--------------- ¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚˚ ---------------¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥ 12 FAs6 FAs6 FAs4 FAs + 1 HATotal cost = 7-bit adder + 28 FAs + 1 HA¥Fig. 8.10Addition of seven 6-bit numbers in dot notation.8 7 6 5 4 3 2 1 0 Bit position7777776 · 2 = 12 FAs25555536 FAs34444416 FAs 123333214 FAs + 1 HA222221217-bit adder——— Carry-propagate adder ———111111111Fig. 8.11Representing a seven-operand addition intabular form.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 102�2000, Oxford University PressB. Parhami, UC Santa Barbarak-bit CPAk-bit CSAk-bit CSAk-bit CSAk-bit CSA0k+2The index pair [i, j] means that bit positions from i up to j are involved.k-bit CSA[0, k—1] [0, k—1] [0, k—1] [0, k—1] [0, k—1] [0, k—1] [0, k—1] [0, k—1] [0, k—1] [1, k][1, k][1, k][1, k][0, k—1] [2, k+1] [2, k+1] [2, k+1] [2, k+1] [1, k—1] 1[1, k+1] Fig. 8.12Adding seven k-bit numbers and the CSA/CPAwidths required.CSAInputSum registerCarry registerOutputCPAFig. 8.13Serial carry-save addition using a single CSA.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 103�2000, Oxford University PressB. Parhami, UC Santa Barbara8 . 3 Wallace and Dadda Trees. . . inputsn2 outputslevelshh(n) =1 + h(Ø2n/3ø)n(h) =º3n(h — 1)/2ß2 · 1.5h—1< n(h) £ 2 · 1.5hTable 8.1The maximum number n(h ) of inputs for an h -level carry-save-adder tree—————————————————————————————————hn(h)hn(h)hn(h)—————————————————————————————————027281447413842157112496316106636109417159949111411823985131221119359761913316205395—————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 104�2000, Oxford University PressB. Parhami, UC Santa BarbaraIn a Wallace tree, we reduce the number of operands at theearliest possible opportunity ¥˚¥ ¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚¥˚¥˚¥˚¥˚¥˚ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚˚˚ ˚¥˚¥˚¥˚¥˚¥--------------- ¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚˚ ---------------¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥ 12 FAs6 FAs6 FAs4 FAs + 1 HATotal cost = 7-bit adder + 28 FAs + 1 HA¥Fig. 8.10Addition of seven 6-bit numbers in dot notation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 105�2000, Oxford University PressB. Parhami, UC Santa BarbaraIn a Dadda tree, we reduce the number of operands at thelatest possible opportunity that leads to no added delay(target the next smaller number in Table 8.1) ¥˚¥ ¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ------------- ¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚ ˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚¥˚¥˚¥˚¥˚¥˚ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚˚˚ ˚¥˚¥˚¥˚¥˚--------------- ¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚˚ ---------------¥˚¥˚¥ ¥˚¥˚¥ ¥˚¥ 6 FAs11 FAs7 FAs4 FAs + 1 HATotal cost = 7-bit CPA + 28 FAs + 1 HA¥ ¥˚¥ ¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚¥ ------------- ¥ ¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥˚¥˚¥˚¥˚ ˚¥˚ ˚¥˚¥˚¥˚¥˚¥˚¥˚ ¥˚¥˚¥˚¥˚¥˚¥˚ ------------- ˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚˚˚ ˚¥˚¥˚¥˚¥˚¥--------------- ¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥˚¥ ¥ ˚¥˚˚ ---------------¥˚¥˚¥˚¥˚¥˚¥ ¥˚¥ 6 FAs10 FAs + 1 HA6 FAs + 1 HA4 FAs + 1 HATotal cost = 7-bit CPA + 26 FAs + 3 HAs¥Fig. 8.14Adding seven 6-bit numbers using Dadda�sstrategy (left).Fig. 8.15Adding seven 6-bit numbers by taking advantageof the final adder�s carry-in (right).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 106�2000, Oxford University PressB. Parhami, UC Santa Barbara8 . 4 Parallel CountersSingle-bit full-adder = (3; 2)-counterCircuit reducing 7 bits to their 3-bit sum = (7; 3)-counterCircuit reducing n bits to their Ølog2(n + 1)ø-bit sum= (n; Ølog2(n + 1)ø)-counter ˚¥ ˚¥ ˚ ¥ ˚ ¥ ˚ ¥ ¥ ¥ ¥ ¥ ¥ ----- ˚ ¥˚ ¥˚¥ ¥ ¥ ¥ ¥ ----- ¥ ¥ ¥ ¥ ¥-------¥ ¥ ¥ ¥010101021101021323-bitripple-carryadderFAFAHAHAFAFAFAFAFig. 8.16A 10-input parallel counter also known as a (10;4)-counter.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 107�2000, Oxford University PressB. Parhami, UC Santa Barbara8 . 5 Generalized Parallel Counters ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ------- ˚ ¥˚¥˚¥˚¥˚˚ ˚ ˚¥˚¥ ˚¥˚¥... ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ------- ˚ ¥˚¥˚¥˚¥˚˚ ˚ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ --- ˚ ¥˚¥˚¥˚¥˚˚ ˚ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ˚¥˚¥ ------- ˚ ¥˚¥˚¥˚¥˚˚ ˚Fig. 8.17Dot notation for a (5, 5; 4)-counter and the useof such counters for reducing 5 numbers to 2numbers.(n; 2)-countersii — 1i — 2i — 3. . .n inputsy1y2y3To i + 1To i + 2To i + 3One circuit slicen + y1 + y2 + y3 + ... £ 3 + 2y1 + 4y2 + 8y3 + . . .

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 108�2000, Oxford University PressB. Parhami, UC Santa Barbara8 . 6 Adding Multiple Signed NumbersExtended positions SignMagnitude positionsxk—1xk—1xk—1xk—1xk—1 xk—1xk—2xk—3xk—4. . .yk—1yk—1yk—1yk—1yk—1 yk—1 yk—2yk—3yk—4. . .zk—1zk—1zk—1zk—1zk—1 zk—1zk—2zk—3zk—4. . . (a)Extended positions SignMagnitude positions1 1 1 1 0‘xk—1xk—2xk—3xk—4. . .‘yk—1 yk—2yk—3yk—4. . .‘zk—1zk—2zk—3zk—4. . .1 (b)Fig. 8.18Adding three 2’s-complement numbers usingsign extension (a) or by the method based onnegatively weighted sign bits (b).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 109�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 110�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart IIIMultiplicationPart GoalsReview shift-add multiplication schemesLearn about faster multipliersDiscuss speed/cost tradeoffs in multipliersPart Synopsis Multiplication is an often-used operation(arithmetic and array index calculations)Division = reciprocation + multiplicationMultiplication speedup: high-radix, tree, ...Bit-serial, modular, and array multipliersPart ContentsChapter 9Basic Multiplication SchemesChapter 10High-Radix MultipliersChapter 11Tree and Array MultipliersChapter 12Variations in Multipliers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 111�2000, Oxford University PressB. Parhami, UC Santa Barbara9Basic Multiplication SchemesChapter GoalsStudy shift/add or bit-at-a-time multipliersand set the stage for faster methods andvariations to be covered in Chapters 10-12Chapter HighlightsMultiplication = multioperand additionHardware, firmware, software algorithmsMultiplying 2�s-complement numbersThe special case of one constant operandChapter Contents9.1.Shift/Add Multiplication Algorithms9.2.Programmed Multiplication9.3.Basic Hardware Multipliers9.4.Multiplication of Signed Numbers9.5.Multiplication by Constants9.6.Preview of Fast Multipliers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 112�2000, Oxford University PressB. Parhami, UC Santa Barbara}At least one good reasonfor studying multiplication and division is thatthere is an infinite number of waysof performing these operationsand hence there is an infinite number of PhDs(or expenses-paid visits to conferences in the USA)to be won from inventing new forms of multiplier.~Alan ClementsThe Principles of Computer Hardware, 1986

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 113�2000, Oxford University PressB. Parhami, UC Santa Barbara9 . 1 Shift/Add Multiplication AlgorithmsNotation for our discussion of multiplication algorithms:aMultiplicandak—1ak—2 . . . a1a0xMultiplierxk—1xk—2 . . . x1x0p Product (a · x)p2k—1p2k—2 . . . p1p0Initially, we assume unsigned operands ¥ ¥ ¥ ¥ a ¥ ¥ ¥ ¥ x ---------- ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ----------------¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ p·012301232222Fig. 9.1Multiplication of two 4-bit unsigned binarynumbers in dot notation.Multiplication with right shifts: top-to-bottom accumulationp(j+1) =(p(j) + xj a 2k) 2—1 withp(0) = 0and|———add———|p(k) = p = ax + p(0)2—k|——shift right——|Multiplication with left shifts: bottom-to-top accumulationp(j+1) =2p(j) + xk—j—1a withp(0) = 0and |shift|p(k) = p = ax + p(0)2k |————add————|

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 114�2000, Oxford University PressB. Parhami, UC Santa Barbara Right-shift algorithm Left-shift algorithm=======================================a 1010a1010x 1011x1011=======================================p(0) 0000p(0)0000+x0a 10102p(0)00000——————————————————————+x3a10102p(1)01010—————————————————————p(1) 01010p(1)01010+x1a 10102p(1)010100——————————————————————+x2a00002p(2)011110—————————————————————p(2) 011110p(2)010100+x2a 00002p(2)0101000——————————————————————+x1a10102p(3)0011110—————————————————————p(3) 0011110p(3)0110010+x3a 10102p(3)01100100——————————————————————+x0a10102p(4)01101110—————————————————————p(4) 01101110p(4)01101110=======================================Fig. 9.2Examples of sequential multiplication with rightand left shifts.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 115�2000, Oxford University PressB. Parhami, UC Santa Barbara9 . 2 Programmed MultiplicationR0RcCounter0RaRxRpRqMultiplicandMultiplierProduct, highProduct, low{Using right shifts, multiply unsigned m_cand and m_ier,storing the resultant 2k-bit product in p_high and p_low.Registers: R0 holds 0 Rc for counter Ra for m_cand Rx for m_ier Rp for p_high Rq for p_low}{Load operands into registers Ra and Rx} mult: loadRa with m_cand loadRx with m_ier{Initialize partial product and counter} copyR0 into Rp copyR0 into Rq loadk into Rc{Begin multiplication loop} m_loop: shift Rx right 1 {LSB moves to carry flag} branch no_add if carry = 0 add Ra to Rp {carry flag is set to cout} no_add: rotate Rp right 1 {carry to MSB, LSB to carry} rotate Rq right 1 {carry to MSB, LSB to carry} decr Rc {decrement counter by 1} branch m_loop if Rc „ 0{Store the product} store Rp into p_high store Rq into p_low m_done: ...Fig. 9.3Programmed multiplication using the right-shiftalgorithm.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 116�2000, Oxford University PressB. Parhami, UC Santa Barbara9 . 3 Basic Hardware MultipliersMultiplierkkPartial ProductMultiplicandMux0k-bit adderkFig. 9.4H a r d w a r e r e a l i z a t i o n o f t h e s e q u e n t i a l multiplication algorithm with additions and rightshifts.Partial Productkk—1 Adder’scarry-outAdder’s sum Unused part of the multiplierTo mux controlkTo adderk—1Fig. 9.5Combining the loading and shifting of thedouble-width register holding the partial productand the partially used multiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 117�2000, Oxford University PressB. Parhami, UC Santa Barbara2k2kPartial ProductMultiplierMux0Multiplicand2k-bit adderkFig. 9.6Hardware realization of the sequential multipli-cation algorithm with left shifts and additions.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 118�2000, Oxford University PressB. Parhami, UC Santa Barbara9 . 4 Multiplication of Signed Numbers=========================a 10110x 01011=========================p(0) 00000+x0a 10110———————————————————————————2p(1)110110p(1) 110110+x1a 10110———————————————————————————2p(2)1100010p(2) 1100010+x2a 00000———————————————————————————2p(3)11100010p(3) 11100010+x3a 10110———————————————————————————2p(4)110010010p(4) 110010010+x4a 00000———————————————————————————2p(5)1110010010p(5) 1110010010=========================Fig. 9.7Sequential multiplication of 2�s-complementnumbers with right shifts (positive multiplier).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 119�2000, Oxford University PressB. Parhami, UC Santa Barbara=========================a 10110x 10101=========================p(0) 00000+x0a 10110———————————————————————————2p(1)110110p(1) 110110+x1a 00000———————————————————————————2p(2)1110110p(2) 1110110+x2a10110———————————————————————————2p(3)11001110p(3) 11001110+x3a 00000———————————————————————————2p(4)111001110p(4) 111001110+ ( — x4a)01010———————————————————————————2p(5)0001101110p(5)0001101110=========================Fig. 9.8Sequential multiplication of 2�s-complementnumbers with right shifts (negative multiplier).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 120�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 9.1Radix-2 Booth�s recoding————————————————————————————————————xixi—1yiExplanation————————————————————————————————————000No string of 1s in sight011End of string of 1s in x10 -1Beginning of string of 1s in x110Continuation of string of 1s in x————————————————————————————————————Example1001110110101110 Operand x(1) -1 0 1 0 0 -1 1 0-1 1 -1 1 0 0 -10 Recoded version yJustification2j + 2j—1 + . . . + 2i+1 + 2i =2j+1 — 2i

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 121�2000, Oxford University PressB. Parhami, UC Santa Barbara=========================a 10110x 10101Multipliery -1 1 -1 1 -1Booth-recoded=========================p(0) 00000+y0a 01010———————————————————————————2p(1)001010p(1) 001010+y1a 10110———————————————————————————2p(2)1110110p(2) 1110110+y2a 01010———————————————————————————2p(3)00011110p(3) 00011110+y3a 10110———————————————————————————2p(4)111001110p(4) 111001110+y4a01010———————————————————————————2p(5)0001101110p(5) 0001101110=========================Fig. 9.9Sequential multiplication of 2�s-complementnumbers with right shifts using Booth�s recoding.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 122�2000, Oxford University PressB. Parhami, UC Santa Barbara9 . 5 Multiplication by ConstantsExplicit multiplications, e.g.y : = 12 * x + 1Implicit multiplications, e.g.A[i, j] := A[i, j] + B[i, j]Address of A[i, j] = base + n * i + jAspects of multiplication by integer constants:Produce efficient code using as few registers as possibleFind the best code by a time- and space-efficient algorithmUse binary expansionExample: multiply R1 by 113 = (1110001)twoR2 ‹R1 shift-left 1R3 ‹R2 + R1R6 ‹R3 shift-left 1R7 ‹R6 + R1R112 ‹R7 shift-left 4R113 ‹R112 + R1Only two registers are required; R1 and anotherShorter sequence using shift-and-add instructionsR3 ‹R1 shift-left 1 + R1R7 ‹R3 shift-left 1 + R1R113 ‹R7 shift-left 4 + R1

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 123�2000, Oxford University PressB. Parhami, UC Santa BarbaraUse of subtraction (Booth�s recoding) may helpExample: multiply R1 by 113 = (1110001)two = (100-10001)twoR8 ‹R1 shift-left 3R7 ‹R8 — R1R112 ‹R7 shift-left 4R113 ‹R112 + R1Use of factoring may helpExample: multiply R1 by 119 = 7 · 17 = (8 — 1) · (16 + 1)R8 ‹R1 shift-left 3R7 ‹R8 — R1R112 ‹R7 shift-left 4R119 ‹R112 + R7Shorter sequence using shift-and-add/subtract instructionsR7 ‹R1 shift-left 3 — R1R119 ‹R7 shift-left 4 + R7Factors of the form 2b – 1 translate directly into a shiftfollowed by an add or subtractProgram execution time improvement by an optimizingcompiler using the preceding methods: 20-60% [Bern86]

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 124�2000, Oxford University PressB. Parhami, UC Santa Barbara9 . 6 Preview of Fast MultipliersViewing multiplication as a multioperand addition problem,there are but two ways to speed it upa.Reducing the number of operands to be added:handling more than one multiplier bit at a time(high-radix multipliers, Chapter 10)b.Adding the operands faster:parallel/pipelined multioperand addition(tree and array multipliers, Chapter 11)In Chapter 12, we cover all remaining multiplication topics,including bit-serial multipliers, multiply-add units,and the special case of squaring

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 125�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 High-Radix MultipliersChapter GoalsStudy techniques that allow us to handlemore than one multiplier bit in each cycle(two bits in radix 4, three bits in radix 8, . . .)Chapter HighlightsHigh radix gives rise to �difficult� multiplesRecoding (change of digit-set) as remedyCarry-save addition reduces the cycle timeImplementation and optimization methodsChapter Contents10.1Radix-4 Multiplication10.2Modified Booth�s Recoding10.3Using Carry-Save Adders10.4Radix-8 and Radix-16 Multipliers10.5Multibeat Multipliers10.6VLSI Complexity Issues

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 126�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 . 1 Radix-4 MultiplicationRadix-r versions of multiplication recurrences of Section 9.1Multiplication with right shifts: top-to-bottom accumulationp(j+1) =(p(j) + xj a r k) r—1 withp(0) = 0and|———add———|p(k) = p = ax + p(0)r —k|——shift right——|Multiplication with left shifts: bottom-to-top accumulationp(j+1) =r p(j) + xk—j—1a withp(0) = 0and |shift|p(k) = p = ax + p(0)r k |————add————| ¥ ¥ ¥ ¥ a ¥ ¥ ¥ ¥ x ---------- ¥ ¥ ¥ ¥ ¥ ¥ (x x ) a 4¥ ¥ ¥ ¥ ¥ ¥ (x x ) a 4----------------¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ p·0123twotwo01Fig. 10.1Radix-4, or two-bit-at-a-time, multiplication indot notation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 127�2000, Oxford University PressB. Parhami, UC Santa Barbara0a2a3aMultiplierTo the adder2-bit shifts00 01 10 11Muxxi+1xiFig. 10.2The multiple generation part of a radix-4multiplier with precomputation of 3a.=============================a 01103a010010x 1110=============================p(0) 0000+(x1x0)twoa001100————————————————————————————————4p(1)001100p(1) 001100+(x3x2)twoa010010————————————————————————————————4p(2)01010100p(2) 01010100=============================Fig. 10.3Example of radix-4 multiplication using the 3amultiple.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 128�2000, Oxford University PressB. Parhami, UC Santa Barbara0a2a—aMultiplierTo the adder+cFFSet if = = 1 or if = c = 1c00 01 10 11Mux2-bit shiftsmod 4Carryxi+1xixi+1xi+1xiFig. 10.4The multiple generation part of a radix-4multiplier based on replacing 3a with 4a (carryinto next higher radix-4 multiplier digit) and —a.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 129�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 . 2 Modified Booth�s RecodingTable 10.1Radix-4 Booth�s recoding yielding (zk/2...z1z0)four—————————————————————————————————————————————xi+1xixi—1yi+1yi zi/2Explanation—————————————————————————————————————————————000000No string of 1s in sight001011End of a string of 1s in x010011Isolated 1 in x011102End of a string of 1s in x100-10-2Beginning of a string of 1s in x101-11-1End one string, begin new one1100-1-1Beginning of a string of 1s in x111000Continuation of string of 1s in x——————————————————————————————————————————————Example: (21 31 22 32)four1001110110101110 Operand x —— —— ———— —— —— —— —— (1) -22 -12 -1 -10 -2 Recoded radix-4 version z

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 130�2000, Oxford University PressB. Parhami, UC Santa Barbara========================a 0110x1010z -1 -2Recodedversionofx========================p(0)000000+z0a110100——————————————————————————4p(1)110100p(1) 11110100+z1a111010——————————————————————————4p(2)11011100p(2) 11011100========================Fig. 10.5Example radix-4 multiplication with modifiedBooth�s recoding of the 2�s-complementmultiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 131�2000, Oxford University PressB. Parhami, UC Santa Barbaratwonon0a 2aEnableSelect z anegii+1i—1i/20 1Muxk+10, a, or 2aTo adder inputAdd/subtract controlxMultiplierxxRecoding LogicMultiplicand0k02-bit shiftInit. 0Fig. 10.6The multiple generation part of a radix-4multiplier based on Booth�s recoding.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 132�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 . 3 Using Carry-Save AddersMux02a0aMultiplierNew Cumulative Partial ProductOld Cumulative Partial ProductCSAMuxxi+1xiAdderFig. 10.7Radix-4 multiplication with a carry-save adderused to combine the cumulative partial product,xia, and 2xi+1a into two numbers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 133�2000, Oxford University PressB. Parhami, UC Santa Barbara0Multiplierkkk-Bit CSA kPartial ProductkMuxk-Bit AdderMuxMultiplicandCarrySumFig. 10.8Radix-2 multiplication with the upper half of thecumulative partial product in stored-carry form.MultiplierNew Cumulative Partial ProductCSAxi+1xiAddera Booth Recoder & Selectorxi—1z ai/2Old Cumulative Partial ProductFFTo the Lower Half of Partial Product2-BitAdderExtra "Dot"Fig. 10.9Radix-4 multiplication with a carry-save adderused to combine the stored-carry cumulativepartial product and zi/2a into two numbers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 134�2000, Oxford University PressB. Parhami, UC Santa Barbarax x x xRecoding Logictwonon0a 2aEnableSelect z anegii+1i—1i/2i—20 1Muxk+10, a, or 2ak+2Selective Complement 0, a, —a, 2a, or —2a Extra "Dot"for Column ixi+2Fig. 10.10Booth recoding and multiple selection logic forhigh-radix or parallel multiplication.Mux02a0aMultiplierCSAMuxxi+1xiAdderCSANew Cumulative Partial ProductOld Cumulative Partial ProductFF2-BitAdderTo the Lower Half of Partial ProductFig. 10.11Radix-4 multiplication with two carry-save adders.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 135�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 . 4 Radix-8 and Radix-16 MultipliersMultiplierCSACSACSACSAPartial Product (Upper Half)Mux08aMux04aMux02aMux0axi+3xi+2xi+1xiCarrySum4-BitShiftFFTo the Lower Half of Partial Product34-BitAdder44Fig. 10.12Radix-16 multiplication with the upper half of thecumulative partial product in carry-save form.Remove the mux corresponding to xi+3and the CSA right below it to get a radix-8 multiplier(the cycle time will remain the same, though)Must also modify the small adder at the lower right

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 136�2000, Oxford University PressB. Parhami, UC Santa BarbaraRadix-16 multiplier design can become a radix-32 designif modified Booth�s recoding is applied firstBasic binaryAdderAdder NextmultiplePartial product... SeveralmultiplesAdder. . .All multiplesSmall CSA treeFull CSA treeHigh-radix or partial treeFulltreeSpeed upEconomizePartial productFig. 10.13High-radix multipliers as intermediate betweensequential radix-2 and full-tree multipliers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 137�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 . 5 Multibeat MultipliersAdderCSASumCarryCSASumCarryFFTo the Lower Half of Partial Product6-BitAdder665 Pipelined Radix-8 Booth Recoder& Selector3a a3a a44Twin Multiplier Registers Pipelined Radix-8 Booth Recoder& SelectorFig. 10.14Twin-beat multiplier with radix-8 Booth�srecoding.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 138�2000, Oxford University PressB. Parhami, UC Santa BarbaraCSA & LatchesCSA & LatchesCSA & LatchesBeat-1 InputBeat-3 InputBeat-2 InputNode 1Node 2Node 3Fig. 10.15Conceptual view of a three-beat multiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 139�2000, Oxford University PressB. Parhami, UC Santa Barbara1 0 . 6 VLSI Complexity IssuesRadix-2b multiplicationbk two-input AND gatesO(bk) area for the CSA treeTotal area:A=O(bk)Latency:T=O((k/b) log b + log k)Any VLSI circuit computing the product of two k-bit integersmust satisfy the following constraints ATgrows at least as fast as k�‘k.AT2is at least proportional to k2For the preceding implementations, we have:AT=O(k2 log b + bk log k)AT2=O((k3/b) log2b)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 140�2000, Oxford University PressB. Parhami, UC Santa BarbaraSuboptimality of radix-b multipliersLow costHigh speedOptimal wrtb constant b = k AT or AT2AT = O(k2)AT = O(k2 log k)AT = O(k�‘k)AT2 = O(k3)AT2 = O(k2 log2k)AT2 = O(k2)Intermediate designs do not yield better AT and AT2 valuesThe multipliers remain asymptotically suboptimal for any bBy the AT measure (indicator of cost-effectiveness)slower radix-2 multipliers are better thanhigh-radix or tree multipliersWhen many independent multiplications are required,it may be appropriate to use the available chip areafor a large number of slow multipliersas opposed to a small number of faster unitsLatency of high-radix multipliers can actually be reducedfrom O((k/b) log b + log k) to O(k/b + log k)through more effective pipelining (Chapter 11)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 141�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 Tree and Array MultipliersChapter GoalsStudy the design of multipliers for highestpossible performance (speed, throughput)Chapter HighlightsTree multiplier = reduction tree+ redundant-to-binary converterAvoiding full sign extension in multiplyingsigned numbersArray multiplier = one-sided reduction tree+ ripple-carry adderChapter Contents11.1Full-Tree Multipliers11.2Alternative Reduction Trees11.3Tree Multipliers for Signed Numbers11.4Partial-Tree Multipliers11.5Array Multipliers11.6Pipelined Tree and Array Multipliers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 142�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 . 1 Full-Tree MultipliersBasic BinaryAdderAdder NextMultiplePartial Product... SeveralMultiplesAdder. . .All MultiplesSmall CSA TreeFull CSA TreeHigh-Radix orPartial-TreeFull-TreeSpeed upEconomizePartial ProductPreviously coveredOur next topicFig. 10.13High-radix multipliers as intermediate betweensequential radix-2 and full-tree multipliers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 143�2000, Oxford University PressB. Parhami, UC Santa BarbaraHigher-order product bitsMultiplieraaaa. . .. . .Some lower-orderproduct bits aregenerated directlyRedundant resultRedundant-to-Binary ConverterMultiple-FormingCircuits(Multi-Operand Addition Tree)Partial-Products Reduction TreeFig. 11.1General structure of a full-tree multiplier.Variations in tree multipliers are distinguished bythe designs of the following three elements:multiple-forming circuitspartial products reduction treeredundant-to-binary converter

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 144�2000, Oxford University PressB. Parhami, UC Santa Barbara1234321FAFAFAHA--------------------1323211FAHAFAHA----------------------22221114-BitAdder----------------------11111111Wallace Tree(5 FAs + 3 HAs + 4-Bit Adder) 1234321FAFA--------------------1322321FAHAHAFA----------------------22221216-BitAdder----------------------11111111Dadda Tree(4 FAs + 2 HAs + 6-Bit Adder) Fig. 11.2Two different binary 4 · 4 tree multipliers.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 145�2000, Oxford University PressB. Parhami, UC Santa Barbara10-bit CPA7-bit CSA7-bit CSA7-bit CSA10-bit CSA2IgnoreThe index pair [i, j] means that bit positions from i up to j are involved.7-bit CSA[0, 6] [1, 7] [2, 8] [6, 12] [3, 11] [1,8] [3, 9] [4, 10] [5, 11] [2, 8][5, 11][6, 12][2,12][3, 12] [4,13] [4,12] [4, 13] [3,9] 3[3,12] [2, 8][3,12][1, 6] 01Fig. 11.3Possible CSA tree for a 7·7 tree multiplier.CSA trees are generally quite irregular,thus causing problems in VLSI implementation

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 146�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 . 2 Alternative Reduction TreesFAFAFAFAFAFAFAFAFAInputsLevel-1carriesLevel-2carriesLevel-3carriesLevel-4carryOutputsFig. 11.4A slice of a balanced-delay tree for 11 inputs.CSACSA4-to-24-to-24-to-24-to-24-to-24-to-24-to-24-to-2 reduction moduleimplemented with twolevels of (3; 2)-countersFig. 11.5Tree multiplier with a more regular structurebased on 4-to-2 reduction modules.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 147�2000, Oxford University PressB. Parhami, UC Santa BarbaraM u l t i p l i c a n dM u l t i p l e s e l e c t i o n s i g n a l s Multiple generation circuitsRedundant-to-Binary Converter. . .Fig. 11.6Layout of a partial-products reduction treecomposed of 4-to-2 reduction modules. Eachsolid arrow represents two numbers.If 4-to-2 reduction is done by using two CSAs,the binary tree will often have more CSA levels,but regularity will improveUse of Booth�s recoding reduces the gate complexitybut may not prove worthwhile due to irregularity

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 148�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 . 3 Tree Multipliers for Signed NumbersSign extension in multioperand addition (from Fig. 8.18)Extended positions SignMagnitude positionsxk—1xk—1xk—1xk—1xk—1 xk—1xk—2xk—3xk—4. . .yk—1yk—1yk—1yk—1yk—1 yk—1 yk—2yk—3yk—4. . .zk—1zk—1zk—1zk—1zk—1 zk—1zk—2zk—3zk—4. . .The difference in multiplication is the shifting sign positionsFAa b g5 redundant copies removedaaaaaaaaxxxxxxxbbbbbbbxxxxxxxxggggggxxxxxxxxxSignsSign extensionsFig. 11.7Sharing of full adders to reduce the CSA width ina signed tree multiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 149�2000, Oxford University PressB. Parhami, UC Santa Barbara 4 0 3 0 2 0 1 0 0 0 4 1 3 1 2 1 1 1 0 1 4 2 3 2 2 2 1 2 0 2 4 3 3 3 2 3 1 3 0 3 4 4 3 4 2 4 1 4 0 4 · 4 3 2 1 0 4 3 2 1 0 a a a a a x x x x x ---------------------------- a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x --------------------------------------------------------- p p p p p p p p p p a a a a a x x x x x ---------------------------- -a x a x a x a x a x -a x a x a x a x a x -a x a x a x a x a x -a x a x a x a x a x a x -a x -a x -a x -a x --------------------------------------------------------- p p p p p p p p p p a a a a a x x x x x ---------------------------- a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a a 1 x x --------------------------------------------------------- p p p p p p p p p p a a a a a x x x x x ---------------------------- a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x a x --------------------------------------------------------- p p p p p p p p p p 1 1 4 0 3 0 2 0 1 0 0 0 4 1 3 1 2 1 1 1 0 1 4 2 3 2 2 2 1 2 0 2 4 3 3 3 2 3 1 3 0 3 4 4 3 4 2 4 1 4 0 4 4 4 4 4 4 3 2 1 0 4 3 2 1 0 4 3 2 1 0 4 3 2 1 0 4 0 3 0 2 0 1 0 0 0 4 1 3 1 2 1 1 1 0 1 4 2 3 2 2 2 1 2 0 2 4 3 3 3 2 3 1 3 0 3 4 4 3 4 2 4 1 4 0 4 4 0 3 0 2 0 1 0 0 0 4 1 3 1 2 1 1 1 0 1 4 2 3 2 2 2 1 2 0 2 4 3 3 3 2 3 1 3 0 3 4 4 3 4 2 4 1 4 0 4 ···9 8 7 6 5 4 3 2 1 09 8 7 6 5 4 3 2 1 09 8 7 6 5 4 3 2 1 0 4 3 2 1 0 4 3 2 1 09 8 7 6 5 4 3 2 1 0Unsigned2’s-complementBaugh-WooleyModified B-WFig. 11.8Baugh-Wooley 2�s-complement multiplication.—a4 x0 = a4(1 — x0) — a4 = a4‘x0 — a4

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 150�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 . 4 Partial-Tree Multipliers. . .CSA Treeh inputsAdderLower part of the cumulativepartial productFFh-BitAdderSumCarryUpper part ofthe cumulativepartial product(stored-carry)Fig. 11.9General structure of a partial-tree multiplier.High-radix versus partial-tree multipliersdifference is quantitative rather than qualitativefor small h, say < 8 bits, the multiplier of Fig. 11.9is viewed as a high-radix multiplierwhen h is a significant fraction of k, say k/2 or k/4,then we view it as a partial-tree multiplier

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 151�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 . 4 Array Multipliers0x ax ax ax ax aCSACSACSACSARipple-Carry Adder01234axFig. 11.10A basic array multiplier uses a one-sided CSAtree and a ripple-carry adder.p0p1p2p3p4p6p7p8a x 0 0a x 1 0a x 2 0a x 3 0a x 4 00000a x 0 1a x 1 1a x 2 1a x 3 1p9p5a x 4 1a x 4 2a x 4 3a x 4 4a x 0 2a x 1 2a x 2 2a x 3 2a x 0 3a x 1 3a x 2 3a x 3 3a x 0 4a x 1 4a x 2 4a x 3 40Fig. 11.11Details of a 5 · 5 array multiplier using FA blocks.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 152�2000, Oxford University PressB. Parhami, UC Santa Barbarap0p1p2p3p4p6p7p8a x 0 0a x 1 0a x 2 0a x 3 0a x 4 00000a x 0 1a x 1 1a x 2 1a x 3 1p9p5a x 4 1a x 4 2a x 4 3a x 4 4a x 0 2a x 1 2a x 2 2a x 3 2a x 0 3a x 1 3a x 2 3a x 3 3a x 0 4a x 1 4a x 2 4a x 3 41a4x4x4a 4 Fig. 11.12Modifications in a 5 · 5 array multiplier to dealwith 2�s-complement inputs using the Baugh-Wooley method or to shorten the critical path.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 153�2000, Oxford University PressB. Parhami, UC Santa Barbarap0p1p2p3p6p7p8p9p5p4x0x1x2x3x44a0a1a2a3aFig. 11.13Design of a 5 · 5 array multiplier with twoadditive inputs and full-adder blocks that includeAND gates.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 154�2000, Oxford University PressB. Parhami, UC Santa Barbarai+1ii+1iiiMuxMuxMuxk[k, 2k—1]1i—1ii+1k—1Level ikk0Mux......Bi+1BiFig. 11.14Conceptual view of a modified array multiplierthat does not need a final carry-propagateadder.Bi+1Bi¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥Dots in row iDots in row i + 1i conditional bitsi + 1 conditional bits of the final productFig. 11.15Carry-save addition, performed in level i,extends the conditionally computed bits of thefinal product.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 155�2000, Oxford University PressB. Parhami, UC Santa Barbara1 1 . 6 Pipelined Tree and Array Multipliers. . .CSA Treeh inputsAdderLower part of the cumulativepartial productFFh-BitAdderSumCarryUpper part ofthe cumulativepartial product(stored-carry)Fig. 11.9General structure of a partial-tree multiplier.. . .CSA Treeh inputsLatchAdderPipelinedLatchesLatchesLatchesLatchesLower part of the cumulativepartial productFFh-BitAdderCSACSA(h+2)-inputCSA treeFig. 11.16Efficiently pipelined partial-tree multiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 156�2000, Oxford University PressB. Parhami, UC Santa Barbarap0p1p3p6p7p8p9p5p4x0x1x2x3x44a0a1a2a3ap2FA withAND gateFALatchFig. 11.17Pipelined 5 · 5 array multiplier using latched FAblocks. The small shaded boxes are latches.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 157�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 Variations in MultipliersChapter GoalsLearn additional methods for synthesizingfast multipliers as well as other typesof multipliers (bit-serial, modular, etc.)Chapter HighlightsSynthesizing a multiplier from smaller unitsPerforming multiply-add as one operationBit-serial and (semi)systolic multipliersUsing a multiplier for squaring is wastefulChapter Contents12.1Divide-and-Conquer Designs12.2Additive Multiply Modules12.3Bit-Serial Multipliers12.4Modular Multipliers12.5The Special Case of Squaring12.6Combined Multiply-Add Units

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 158�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 . 1 Divide-and-Conquer Designsa·pRearranged partial products in 2b-by-2b multiplication2b bits3b bitsHaLxHxLaLxHaLxLaHxLxHaHaHxLaLxHaLxLxHaHb bitsFig. 12.1D i v i d e - a n d - c o n q u e r s t r a t e g y f o r synthesizing a 2b·2b multiplier from b·bmultipliers.2b-by-2b3b-by-3b4b-by-4bb-by-bFig. 12.2Using b · b multipliers to synthesize2b·2b, 3b·3b, and 4b·4b multipliers.2b · 2buse (3; 2)-counters3b · 3buse (5; 2)-counters4b · 4buse (7; 2)-counters

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 159�2000, Oxford University PressB. Parhami, UC Santa Barbaraa x a x a x a xAddAddAddAddAddpppp000881212HLHHHLLL[4, 7][4, 7][0, 3][4, 7][4, 7][0, 3][0, 3][0, 3][12,15][8,11][8,11][4, 7][8,11][4, 7][4, 7][0, 3][4, 7][4, 7][8,11][8,11][12,15][12,15][8,11][0, 3][4, 7]MultiplyMultiplyMultiplyMultiplyFig. 12.3Using 4· 4 multipliers and 4-bit adders tosynthesize an 8·8 multiplier.Generalization2b · 2cuse b · c multipliers and (3; 2)-counters2b · 4cuse b · c multipliers and (5; 2)-countersgb · hcuse b · c multipliers and (?; 2)-counters

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 160�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 . 2 Additive Multiply Modulesp = ax + y + zyzax ¥˚ ¥˚ ¥˚ ¥ y ˚˚¥˚˚¥˚˚¥˚˚¥ ˚˚¥˚˚¥˚˚¥˚˚¥˚˚ ˚˚¥˚˚¥ z ˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ˚˚¥˚˚¥˚˚¥˚˚¥˚˚ ¥¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ pax}cin4-bit adderFig. 12.4Additive multiply module with 2 · 4 multiplier (ax)plus 4-bit and 2-bit additive inputs (y and z).b · c AMMb-bit and c-bit multiplicative inputsb-bit additive inputc-bit additive input(b + c)-bit output(2b — 1) · (2c — 1) + (2b — 1) + (2c — 1) = 2b+c — 1

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 161�2000, Oxford University PressB. Parhami, UC Santa Barbara [0, 1] [2, 3] [4, 5] [6, 7][8, 9][10,11][12,15][0, 1][2, 3][4,5][6, 7]xxxx [0, 3]a[0, 3]a[0, 3]a[0, 3]appppppp [0, 1]x [2, 3] [4, 5] [6, 7]xxx[10,11][8, 9][4, 7]a[4, 7]a[4, 7]a[4, 7]a[8, 9][0, 1][2, 3][4, 5][6, 7][4,5][6, 7][8, 11][10,13][2, 5][4,7][6, 9][8, 11][6, 9]******Legend:2 bits4 bitsFig. 12.5An 8 · 8 multiplier built of 4 · 2 AMMs. Inputsmarked with an asterisk carry 0s.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 162�2000, Oxford University PressB. Parhami, UC Santa Barbara[8, 9]p****** [0, 1] [2, 3] [4, 5] [6, 7]xxxx[10,11][12,15][0, 1][2, 3][4,5][6, 7]pppppp [0,3] [4, 7]aaLegend:2 bits4 bitsFig. 12.6Alternate 8 · 8 multiplier design based on 4 · 2AMMs. Inputs marked with an asterisk carry 0s.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 163�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 . 3 Bit-Serial MultipliersMultiplicand (parallel in)Multiplier(serial in)LSB-firstCarrySumFAProduct(serial out)FAFAFAa3a2a1a0x0x1x2x3Fig. 12.7Semi-systolic circuit for 4·4 multiplication in 8clock cycles.CutCLCRCLCRefghe+df+dg—dh—d+d—d—d+dOriginal delaysAdjusted delaysFig. 12.8Example of retiming by delaying the inputs to CLand advancing the outputs from CL by d units.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 164�2000, Oxford University PressB. Parhami, UC Santa BarbaraMultiplicand (parallel in)Multiplier(serial in)LSB-firstCarryFAProduct(serial out)FAFAFAa3a2a1a0x0x1x2x3SumCut 1Cut 2Cut 3Fig. 12.9A retimed version of our semi-systolic multiplier.Multiplicand (parallel in)Multiplier(serial in)LSB-firstSumFAProduct(serial out)FAFAFAa3a2a1a0x0x1x2x3CarryFig. 12.10Systolic circuit for 4·4 multiplication in 15 cycles.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 165�2000, Oxford University PressB. Parhami, UC Santa BarbaraMux(5; 3)-counter01012a xaxssccttinoutininoutoutpiiii(i—1)Fig. 12.11Building block for a latency-free bit-serialmultiplier.axssccttinoutininoutoutpii. . .. . .. . .. . .. . .iLSB0Fig. 12.12The cellular structure of the bit-serial multiplierbased on the cell in Fig. 12.11.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 166�2000, Oxford University PressB. Parhami, UC Santa Barbara ¥˚ ¥˚ ¥˚ ¥˚ ¥˚ ¥˚ ¥˚ ¥ a ¥˚ ¥˚ ¥˚ ¥˚ ¥˚ ¥˚ ¥˚ ¥ x ---------------------- ˚˚ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚ ˚˚ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ˚˚ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ˚˚ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ---------------------------------------------- ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ p ¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚ ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ---------------- ¥˚˚¥˚˚¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥ ¥˚˚ ¥˚˚¥˚˚¥˚˚¥Alreadyaccumulatedinto threenumbersa(i—1)x(i—1)aixiAlready outputaixix(i—1)aia(i—1)xi·}p(i—1)aixix(i—1)aia(i—1)xi}2p(i)Shift right to obtain p(i)Fig. 12.13 Bit-serial multiplier design in dot notation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 167�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 . 4 Modular Multipliers. . .FAFAFAFAFAFig. 12.14Modulo-(2b — 1) carry-save adder. ¥˚ ¥˚ ¥˚ ¥ ˚˚¥˚˚¥˚˚¥˚˚¥ ˚˚¥˚˚¥˚˚¥˚˚¥˚˚ ¥˚˚¥˚˚¥˚˚¥ ˚˚¥˚ ¥˚ ¥˚ ¥ ¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚ ¥˚˚¥˚˚¥˚˚¥ ˚˚Mod-15 CSAMod-15 CSAMod-15 CPA44444Divide by 16Fig. 12.15Design of a 4 · 4 modulo-15 multiplier.¥˚ ¥˚ ¥˚ ¥ ¥˚˚¥˚˚¥˚˚¥ ¥˚˚¥˚˚¥˚˚¥˚˚ ¥˚˚¥˚˚¥˚˚¥¥˚˚¥˚˚¥˚˚ ˚˚¥˚˚¥˚˚ ˚˚˚ ˚¥˚˚ ˚˚ ˚˚˚˚ ˚˚ ¥˚ ¥˚ ¥˚ ¥ ˚˚¥˚˚¥˚˚¥˚˚¥ ˚˚¥˚˚¥˚˚¥˚˚¥˚˚ ¥˚˚¥˚˚¥˚˚¥ ˚ ˚ ¥˚ ¥ ˚ ˚ ¥˚ ¥ ˚ ˚ ¥˚ ¥ ˚ ¥˚ ¥ ˚ ¥˚ ¥ ¥˚ ¥ ˚ ˚ ˚˚Fig. 12.16One way to design of a 4 · 4 m o d u l o - 1 3 multiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 168�2000, Oxford University PressB. Parhami, UC Santa Barbara. . .Tablen inputsCSA Treesum mod m 3-inputModulo-m Adder...AddressDataFig. 12.17A method for modular multioperand addition.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 169�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 . 5 The Special Case of SquaringMultiply x by x x x x x x x x x x x ---------------------------- x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x x --------------------------------------------------------- p p p p p p p p p p Reduce the bit matrix x x x x x x x x x x ---------------------------- x x x x x x x x x x x x x x - x x x x x x x x x x x --------------------------------------------------------- p p p p p p p p x 4 3 4 2 4 1 4 0 3 0 2 0 1 0 0 4 3 2 3 1 2 1 1 3 2 4 3 2 1 0 4 3 2 1 0 4 0 3 0 2 0 1 0 0 0 4 1 3 1 2 1 1 1 0 1 4 2 3 2 2 2 1 2 0 2 4 3 3 3 2 3 1 3 0 3 4 4 3 4 2 4 1 4 0 4 ··9 8 7 6 5 4 3 2 09 8 7 6 5 4 3 2 1 0 4 3 2 1 0 4 3 2 1 00Move to nextcolumnReduceto x0Fig. 12.18Design of a 5-bit squarer.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 170�2000, Oxford University PressB. Parhami, UC Santa Barbara1 2 . 6 Combined Multiply-Add UnitsDot matrix for the4 4 multiplication¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥(a) ¥ ¥ ¥ ¥ · Additive input¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥(c) ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥(d) ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥(b) ¥ ¥ ¥ ¥ }}CSA-tree output}}Carry-save additive inputCSA-tree outputAdditive inputDot matrix for the4 4 multiplication·Carry-save additive inputFig. 12.19Dot-notation representations of various methodsfor performing a multiply-add operation inhardware.Multiply-add versus multiply-accumulateMultiply-accumulate units often have wider additive inputs

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 171�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 172�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart IVDivisionPart GoalsReview shift-subtract division schemesLearn about faster dividersDiscuss speed/cost tradeoffs in dividersPart Synopsis Division: the most complex basic operationFortunately, it is also the least commonDivision speedup: high-radix, array, ...Combined multiplication/division hardwareDigit-recurrence vs convergence divisionPart ContentsChapter 13Basic Division SchemesChapter 14High-Radix DividersChapter 15Variations in DividersChapter 16Division by Convergence

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 173�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 Basic Division SchemesChapter GoalsStudy shift/subtract or bit-at-a-time dividersand set the stage for faster methods andvariations to be covered in Chapters 14-16Chapter HighlightsShift/sub division vs shift/add multiplicationHardware, firmware, software algorithmsDividing 2�s-complement numbersThe special case of a constant divisorChapter Contents13.1Shift/Subtract Division Algorithms13.2Programmed Division13.3Restoring Hardware Dividers13.4Nonrestoring and Signed Division13.5Division by Constants13.6Preview of Fast Dividers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 174�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 . 1 Shift/Subtract Division AlgorithmsNotation for our discussion of division algorithms:zDividendz2k—1z2k—2 . . . z1z0dDivisor dk—1dk—2 . . . d1d0qQuotientqk—1qk—2 . . . q1q0s Remainder (z — d · q) sk—1sk—2 . . . s1s0 ¥ ¥ ¥ ¥ q ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ z ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ sd321032102222Fig. 13.1Division of an 8-bit number by a 4-bit number indot notation.Division is more complex than multiplication:Need for quotient digit selection or estimationPossibility of overflow: the high-order k bits of zmust be strictly less than d; this overflow checkalso detects the divide-by-zero condition.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 175�2000, Oxford University PressB. Parhami, UC Santa BarbaraFractional division can be reformulated as integer divisionInteger division is characterized by z = d · q + smultiply both sides by 2—2k to get2—2kz = (2—kd) · (2—kq) + 2—2kszfrac = dfrac · qfrac + 2—ksfracDivide fractions like integers; adjust the final remainderNo overflow condition in this case is zfrac < dfracSequential division with left shiftss(j) =2s(j—1) — qk—j (2k d)withs(0) = zand | shift |s(k) = 2k s |——— subtract ———|There is no division algorithm with right shifts

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 176�2000, Oxford University PressB. Parhami, UC Santa Barbara Integer division Fractional division=======================================z 0 1 1 1 0 1 0 1zfrac. 0 1 1 1 0 1 0 124d1 0 1 0dfrac. 1 0 1 0=======================================s(0) 0 1 1 1 0 1 0 1 s(0). 0 1 1 1 0 1 0 12s(0)01 1 1 0 1 0 1 2s(0)0. 1 1 1 0 1 0 1—q3 24d 1 0 1 0 {q3 = 1}—q—1d. 1 0 1 0 {q—1=1}———————————————————————————————————————————s(1) 0 1 0 0 1 0 1 s(1). 0 1 0 0 1 0 12s(1)01 0 0 1 0 1 2s(1)0. 1 0 0 1 0 1—q2 24d 0 0 0 0 {q2 = 0}—q—2d. 0 0 0 0 {q—2=0}———————————————————————————————————————————s(2) 1 0 0 1 0 1 s(2). 1 0 0 1 0 12s(2)10 0 1 0 1 2s(2)1. 0 0 1 0 1—q1 24d 1 0 1 0 {q1 = 1}—q—3d. 1 0 1 0 {q—3=1}———————————————————————————————————————————s(3) 1 0 0 0 1 s(3). 1 0 0 0 12s(3)10 0 0 1 2s(3)1. 0 0 0 1—q0 24d 1 0 1 0 {q0 = 1}—q—1d. 1 0 1 0 {q—4=1}———————————————————————————————————————————s(4) 0 1 1 1 s(4). 0 1 1 1s 0 1 1 1 sfrac0. 0 0 0 0 0 1 1 1q 1 0 1 1qfrac. 1 0 1 1=======================================Fig. 13.2Examples of sequential division with integer andfractional operands.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 177�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 . 2 Programmed DivisionRsRqRd0 0 . . . 0 0 0 02 dkCarry FlagShifted Partial RemainderShifted Partial QuotientPartial Remainder (2k — j Bits)Partial Quotient (j Bits)NextquotientdigitinsertedhereDivisor dFig. 13.3Register usage for programmed division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 178�2000, Oxford University PressB. Parhami, UC Santa Barbara {Using left shifts, divide unsigned 2k-bit dividend,z_high|z_low, storing the k-bit quotient and remainder.Registers: R0 holds 0 Rc for counter Rd for divisor Rs for z_high & remainder Rq for z_low & quotient}{Load operands into registers Rd, Rs, and Rq} div: load Rd with divisor load Rs with z_high load Rq with z_low{Check for exceptions} branch d_by_0 if Rd = R0 branch d_ovfl if Rs > Rd{Initialize counter} load k into Rc{Begin division loop} d_loop: shift Rq left 1 {zero to LSB, MSB to carry} rotate Rs left 1 {carry to LSB, MSB to carry} skip if carry = 1 branch no_sub if Rs < Rd sub Rd from Rs incr Rq{set quotient digit to 1} no_sub: decr Rc {decrement counter by 1} branch d_loop if Rc „ 0{Store the quotient and remainder} store Rq into quotient store Rs into remainder d_by_0: ... d_ovfl: ... d_done: ...Fig. 13.4Programmed division using left shifts.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 179�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 . 3 Restoring Hardware DividersDivision with signed operands: q and s are defined byz = d · q + ssign(s) = sign(z)|s| < |d|Examples of division with signed operandsz=5d=3�q=1s=2z=5d=—3�q=—1s=2z=—5d=3�q=—1s=—2z=—5d=—3�q=1s=—2Magnitudes of q and s are unaffected by input signsSigns of q and s are derivable from signs of z and dWill discuss direct signed division laterQuotientkPartial RemainderDivisorLoadsubk-bit adderTrial DifferencekcoutcinComplementqk—j2s(j—1)MSB ofFig. 13.5Shift/subtract sequential restoring divider.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 180�2000, Oxford University PressB. Parhami, UC Santa Barbara========================z 01110101No overflow, since:24d01010(0111)two < (1010)two—24d10110========================s(0) 0011101012s(0)01110101+(—24d) 10110——————————————————————————s(1) 00100101Positive, so set q3 = 12s(1)0100101+(—24d) 10110——————————————————————————s(2) 1111101Negative, so set q2 = 0s(2)=2s(1)0100101and restore2s(2)100101+(—24d) 10110——————————————————————————s(3) 010001Positive, so set q1 = 12s(3)10001+(—24d) 10110——————————————————————————s(4) 00111Positive, so set q0 = 1s0111q1011========================Fig. 13.6Example of restoring unsigned division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 181�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 . 4 Nonrestoring and Signed DivisionThe cycle time in restoring division must accommodateshifting the registersallowing signals to propagate through the adderdetermining and storing the next quotient digitstoring the trial difference, if requiredLater events depend on earlier ones in the same cycleSuch timing dependencies tend to lengthen the clock cycleNonrestoring division algorithm to the rescue!assume qk—j = 1 and perform a subtractionstore the difference as the new partial remainder(the partial remainder can become incorrect,hence the name �nonrestoring�)Why it is acceptable to store an incorrect valuein the partial-remainder register?Shifted partial remainder at start of the cycle is uSubtraction yields the negative result u — 2kdOption 1: restore the partial remainder to its correct value u,shift, and subtract to get 2u — 2kdOption 2: keep the incorrect partial remainder u — 2kd,shift, and add to get 2(u — 2kd) + 2kd = 2u — 2kd

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 182�2000, Oxford University PressB. Parhami, UC Santa Barbara========================z 01110101No overflow, since:24d01010(0111)two < (1010)two—24d10110========================s(0) 0011101012s(0)01110101Positive,+(—24d) 10110so subtract——————————————————————————s(1) 001001012s(1)0100101Positive, so set q3 = 1+(—24d) 10110and subtract——————————————————————————s(2) 11111012s(2)111101Negative, so set q2 = 0+24d 01010and add——————————————————————————s(3) 0100012s(3)10001Positive, so set q1 = 1+(—24d) 10110and subtract——————————————————————————s(4) 00111Positive, so set q0 = 1s0111q1011========================Fig. 13.7Example of nonrestoring unsigned division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 183�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample(0 1 1 1 0 1 0 1)two / (1 0 1 0)two( 1 1 7 ) ten / (10)t e n 3002001000—10011723474148—12136272112Partial Remainder s(0)s(1)s(2)s(3)s =16s(4)—160·2·2·2·2—160—160148296—160Trial difference negative;restore previous value(a) Restoring3002001000—10011723474148—12—24136272112Partial Remainder s(0)s(1)s(2)s(3)s =16s(4)—160·2·2·2·2—160+160—160(b) NonrestoringFig. 13.8Partial remainder variations for restoring andnonrestoring division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 184�2000, Oxford University PressB. Parhami, UC Santa BarbaraRestoring divisionqk—j = 0 means no subtraction (or subtraction of 0)qk—j = 1 means subtraction of dNonrestoring divisionWe always subtract or addAs if the quotient digits are selected from the set {1, -1} 1 corresponds to subtraction-1 corresponds to additionOur goal is to end up with a remainderthat matches the sign of the dividendThis idea of trying to match the sign of s with the sign z,leads to a direct signed division algorithmIf sign(s) = sign(d) then qk—j = 1 else qk—j = -1Two problems must be dealt with at the end:1.Converting the quotient with digits 1 and -1 to binary2.Adjusting the results if final remainder has wrong sign(correction step involves addition of –d to remainderand subtraction of –1 from quotient)Correction might be required even in unsigned division(when the final remainder is negative)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 185�2000, Oxford University PressB. Parhami, UC Santa Barbara========================z 00100001Dividend = (33)ten24d11001Divisor = (—7)ten—24d00111========================s(0) 0001000012s(0)00100001sign(s(0)) „ sign(d),+24d 11001so set q3 = -1 and add——————————————————————————s(1) 111010012s(1)1101001sign(s(1)) = sign(d),+(—24d) 00111so set q2 = 1 and sub——————————————————————————s(2) 00001012s(2)000101sign(s(2)) „ sign(d),+24d 11001so set q1 = -1 and add+(—24d) 10110——————————————————————————s(3) 1101112s(3)10111sign(s(3)) = sign(d),+(—24d) 00111so set q0 = 1 and sub——————————————————————————s(4) 11110sign(s(4)) „ sign(z)+(—24d) 00111Corrective subtraction——————————————————————————s(4) 00101s0101Remainder = (5)tenq -11-11Ucorrected BSD formq2�s-compl 1100Corrected q = (—4)ten========================Fig. 13.9Example of nonrestoring signed division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 186�2000, Oxford University PressB. Parhami, UC Santa BarbaraQuotientkPartial RemainderDivisoradd/subk-bit adderkcoutcinComplementqk—j2s(j—1)MSB ofDivisor Sign Complement of Partial Remainder SignFig. 13.10Shift-subtract sequential nonrestoring divider.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 187�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 . 5 Division by ConstantsMethod 1: find the reciprocal of the constant and multiplyMethod 2: use the property that for each odd integer dthere exists an odd integer m such that d · m = 2n — 11d=m2 n ˚— ˚ 1 =m2 n˚( 1 ˚ — ˚ 2 — n )=m2n (1 + 2—n) (1 + 2—2n) (1 + 2—4n) . . .Number of shift-adds required is proportional to log kExample: division by d = 5 with 24 bits of precisionm = 3, n = 4 by inspectionz5=3z2 4 ˚— ˚ 1 =3z16(1˚—˚2—4) = 3z16 (1 + 2—4)(1 + 2—8)(1 + 2—16)q‹ z+z shift-left 1{3z computed}q‹ q +q shift-right 4{3z (1 + 2—4)}q‹ q+q shift-right 8{3z (1 + 2—4)(1 + 2—8)}q‹ q +q shift-right 16{3z (1 + 2—4)(1 + 2—8)(1 + 2—16)}q‹ q shift-right 4{3z (1+2—4)(1+2—8)(1+2—16)/16}This divide-by-5 algorithm uses 5 shifts and 4 adds

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 188�2000, Oxford University PressB. Parhami, UC Santa Barbara1 3 . 6 Preview of Fast Dividers ¥ ¥ ¥ ¥ a ¥ ¥ ¥ ¥ x ---------- ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a ¥ ¥ ¥ ¥ x a----------------¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ p· ¥ ¥ ¥ ¥ q |----------------¥ ¥ ¥ ¥ | ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ z ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ —q d ¥ ¥ ¥ ¥ —q d ---------------- ¥ ¥ ¥ ¥ sd012332100123222222223210(a)integer multiplicationkk·(b)integer divisionkk2 /Fig. 13.11( a ) M u l t i p l i c a t i o n a n d ( b ) d i v i s i o n a s multioperand addition problems.Like multiplication, division is multioperand additionThus, there are but two ways to speed it up:a.Reducing the number of operands(high-radix dividers)b.Adding them faster(use carry-save partial remainder)There is one complication that makes division more difficult:the terms to be subtracted from (added to) the dividendare not known a priori but become knownas the quotient digits are computed;quotient digits in turn depend on partial remainders

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 189�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 High-Radix DividersChapter GoalsStudy techniques that allow us to obtainmore than one quotient bit in each cycle(two bits in radix 4, three bits in radix 8, . . .)Chapter HighlightsHigh radix � quotient digit selection harderRedundant quotient representation as cureCarry-save addition reduces the cycle timeImplementation methods and tradeoffsChapter Contents14.1Basics of High-Radix Division14.2Radix-2 SRT Division14.3Using Carry-Save Adders14.4Choosing the Quotient Digits14.5Radix-4 SRT Division14.6General High-Radix Dividers

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 190�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 . 1 Basics of High-Radix DivisionRadix-r version of division recurrence of Section 13.1s(j) = r s(j—1) — qk—j (rkd) with s(0) = zand s(k) = rksHigh-radix dividers of practical interest have r = 2b(and, occasionally, r = 10) ¥ ¥ ¥ ¥ q |----------------¥ ¥ ¥ ¥ | ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ z ¥ ¥ ¥ ¥ ¥ ¥ —(q q ) d ¥ ¥ ¥ ¥ ¥ ¥ —(q q ) d ---------------- ¥ ¥ ¥ ¥ sd32104410twotwoFig. 14.1Radix-4 division in dot notation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 191�2000, Oxford University PressB. Parhami, UC Santa Barbara Radix-4 integer divisionRadix-10 fractional division===================================z 0 1 2 3 1 1 2 3zfrac. 7 0 0 344d1 0 0 3dfrac. 9 9===================================s(0) 0 1 2 3 1 1 2 3 s(0). 7 0 0 34s(0)01 2 3 1 1 2 3 10s(0)7. 0 0 3—q3 44d 01 2 0 3 {q3 = 1}—q—1d6. 9 3 {q—1 = 7}———————————————————————————————————————s(1) 0 0 2 2 1 2 3 s(1). 0 7 34s(1)00 2 2 1 2 3 10s(1)0. 7 3—q2 44d 00 0 0 0 {q2 = 0}—q—2d0. 0 0 {q—2 = 0}———————————————————————————————————————s(2) 0 2 2 1 2 3 s(2). 7 34s(2)02 2 1 2 3 sfrac. 0 0 7 3—q1 44d 01 2 0 3 {q1 = 1}qfrac. 7 0——————————————————————===============s(3) 1 0 0 3 3 4s(3)10 0 3 3 —q0 44d 03 0 1 2 {q0 = 2}——————————————————————s(4) 1 0 2 1 s 1 0 2 1 q 1 0 1 2====================Fig. 14.2Examples of high-radix division with integer andfractional operands.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 192�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 . 2 Radix-2 SRT DivisionRadix-2 nonrestoring division, fractional operandss(j) = 2s(j—1) — q—j d with s(0) = zand s(k) = 2ks—2d2dd—dq =—1q =12s(j—1)s(j)—j—jd—dFig. 14.3The new partial remainder, s(j), as a function ofthe shifted old partial remainder, 2s(j—1), in radix-2 nonrestoring division.—2d2dd—dq =—1q =0q =12s(j—1)s(j)—j—j—jd—dFig. 14.4The new partial remainder, s(j), as a function of2s(j—1), with q—j in {—1, 0, 1}.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 193�2000, Oxford University PressB. Parhami, UC Santa Barbara—2d2dd—d=—1=0 =12s(j—1)s(j)1/2—1/21—11/2—1/2q—jq—jq—jFig. 14.5The relationship between new and old partialremainders in radix-2 SRT division.SRT algorithm (Sweeney, Robertson, Tocher)2s(j—1) ‡ +1/2 = (0.1)2�s-compl� 2s(j—1) = (0.1u—2u—3 . . .)2�s-compl2s(j—1) < —1/2 = (1.1)2�s-compl� 2s(j—1) = (1.0u—2u—3 . . .)2�s-complSkipping over identical leading bits by shiftings(j—1) = 0.0000110 . . .Shift left by 4 bits and subtract;append q with 0 0 0 1s(j—1) = 1.1110100 . . .Shift left by 3 bits and add;append q with 0 0-1Average skipping distance in variable-shift SRT division:2.67 bits (obtained by statistical analysis)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 194�2000, Oxford University PressB. Parhami, UC Santa Barbara=========================z.01000101In [—1/2, 1/2), so OKd. 1 0 1 0In [1/2, 1), so OK—d1. 0 1 1 0=========================s(0)0.010001012s(0)0.1000101‡ 1/2, so set q—1 = 1+(—d)1.0110and subtract———————————————————————————s(1)1.11101012s(1)1.110101In [—1/2, 1/2), so q—2 = 0———————————————————————————s(2) = 2s(1)1.1101012s(2)1.10101< —1/2, so set q1 = -1+d0.1010and add———————————————————————————s(3) 0.010012s(3)0. 1 0 0 1‡ 1/2, so set q0 = 1+(—d)1.0110and subtract———————————————————————————s(4) = 2s(3)1.1111Negative,+d0.1010so add to correct———————————————————————————s(4)0.1001s0.00001001q0.10-11Ucorrected BSD formq0.0110Convert & subtract ulp=========================Fig. 14.6Example of unsigned radix-2 SRT division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 195�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 . 3 Using Carry-Save Adders—2d2dd—dq =—1q =0q =12s(j—1)s(j)—j—j—jd—d—1/20Choose —1Choose 0Choose 1—1/00/+1OverlapOverlapFig. 14.7Constant thresholds used for quotient digitselection in radix-2 division with qk—j in {—1, 0, 1}.Sum part of 2s(j—1): u = (u1u0 .u—1u—2 . . .)2�s-complCarry part of 2s(j—1): v = (v1v0 .v—1v—2 . . .)2�s-complt = u[—2,1] + v[—2,1] {Add the 4 MSBs of u and v}if t < —1/2then q—j = —1else if t ‡ 0then q—j = 1else q—j = 0endifendif

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 196�2000, Oxford University PressB. Parhami, UC Santa BarbaraNon0Signd0, d, or d’dd’CSASumCarry+ulp for2’s complv (carry)u (sum)Mux4 bits{2sShift LeftSelect q —jAdderEnableSelect01Fig. 14.8Block diagram of a radix-2 divider with partialremainder in stored-carry form.—2d2dd—d=—1=0 =12s(j—1)s(j)1—11/2q—jq—jq—j—dd1 — d—1/21 — dFig. 14.9Overlap regions in radix-2 SRT division.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 197�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 . 4 Choosing the Quotient DigitsWorst-caseerror margin incomparisonp01.101.000.100.011.111.010.110.0 .100 .101 .110 .111Choose 0Choose —1Choose 1Choose 01max0max—1max1min—1min0min Infeasible Region(p cannot be ‡ 2d)d Infeasible Region(p cannot be < —2d)—00.1—01.0—01.1—10.0 1.0002dd—d—2d10—1OverlapOverlapFig. 14.10A p -d plot for radix-2 division with d ˛ [1/2,1),partial remainder in [—d, d), and quotient digits in[—1, 1].Approx. shifted partial remainder t = (t1t0.t—1t—2)2�s-compl ____Non0= ‘t1 +‘t0 +‘t—1 =t1 t0 t—1Sign= t1 (‘t0 +‘t—1 )

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 198�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 . 5 Radix-4 SRT division—4d4dd—d4s(j—1)—3—2—10+1+2+3s(j)Fig. 14.11New versus shifted old partial remainder inradix-4 division with q—j in [—3, 3].p11.111.010.110.001.101.000.100.0 .100 .101 .110 .111dChoose 1Choose 0Choose 2Choose 1Choose 3Choose 21max0max2max1min3min2min Infeasible Region(p cannot be ‡ 4d)4d3d2ddOverlapOverlapOverlap0123Fig. 14.12p -d plot for radix-4 SRT division with quotientdigit set [—3, 3].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 199�2000, Oxford University PressB. Parhami, UC Santa Barbara4dd—d4s(j—1)—3—2—10+1+2+38d/3—8d/32d/3—2d/3s(j)—4dFig. 14.13New versus shifted old partial remainder inradix-4 division with q—j in [—2, 2].p11.111.010.110.001.101.000.100.0 .100 .101 .110 .111dChoose 1Choose 0Choose 2Choose 11max0max2max1min2min Infeasible Region(p cannot be ‡ 8d/3)8d/35d/34d/32d/3d/3012Fig. 14.14p -d plot for radix-4 SRT division with quotientdigit set [—2, 2].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 200�2000, Oxford University PressB. Parhami, UC Santa Barbara1 4 . 6 General High-Radix DividersqdSumCarry+ulp for2’s complv (carry)u (sum){2sShift LeftSelect q —jAdder —j MultipleGeneration / Selectionq —jdor its complementCSA Tree...Fig. 14.15Block diagram of radix-r divider with partialremainder in stored-carry form.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 201�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 Variations in DividersChapter GoalsDiscuss practical aspects of designinghigh-radix dividers and coverother types of fast hardware dividersChapter HighlightsBuilding and using p-d plots in practicePrescaling simplifies quotient digit selectionParallel hardware (array) dividersShared hardware in multipliers and dividersSquare-rooting not special case of divisionChapter Contents15.1Quotient-Digit Selection Revisited15.2Using p-d Plots in Practice15.3Division with Prescaling15.4Modular Dividers and Reducers15.5Array Dividers15.6Combined Multiply/Divide Units

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 202�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 . 1 Quotient-Digit Selection Revisited—rdrdd—dr s(j—1)......rhd—rhdhd—hds(j)dad—adr—1—r+1— —101+ ......aaFig. 15.1The relationship between new and shifted oldpartial remainders in radix-r division withquotient digits in [—a, +a].Radix-r division with quotient digit set [—a, a], a < r — 1Restrict the partial remainder range, say to [—hd, hd)From the solid rectangle in Fig. 15.1, we getrhd — ad £ hd or h £ a/(r — 1)To minimize the range restriction, we choose h = a/(r — 1)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 203�2000, Oxford University PressB. Parhami, UC Santa Barbarapd +14 bits of d4 bits of p(h+ )d(—h+ )d(h+ +1)d(—h+ +1)dNote: h = /(r—1)BAChooseChooseddminmaxbbbbbba3 bits of d3 bits of pFig. 15.2A part of p-d plot showing the overlap region forchoosing the quotient digit value b or b +1 inradix-r division with quotient digit set [—a, a].pdb +1(h + )d(—h + )d(h + + 1)d(—h + + 1)dNote: h = /(r—1)bbb bbabb+1bbbbbbbbb+1b+1b+1b+1b+1b+1b+1b+1ord+1dOriginFig. 15.3A part of p-d plot showing an overlap region andits staircase-like selection boundary.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 204�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 . 2 Using p-d Plots in PracticepdDd(h + — 1)d(—h + )da-1dmindmax(h+ —1)dminOverlapregionDpaaaa+dminDdmin(—h + )daFig. 15.4Establishing upper bounds on the dimensions ofuncertainty rectangles.Smallest Dd occurs for the overlap region of a and a — 1Dd = dmin 2 h ˚ — ˚ 1 — h ˚ + ˚ aDp = dmin (2h — 1)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 205�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample: For r = 4, divisor range [0.5, 1), digit set [—2, 2],we have a = 2, dmin = 1/2, h = a/(r — 1) = 2/3Dd = (1/2) 4 / 3 ˚ — ˚ 1 ˚ — 2 / 3 ˚ + ˚ 2 = 1/8Dp = (1/2) (4/3 — 1)= 1/6Since 1/8 = 2—3 and 2—3 £ 1/6 < 2—2, we must inspect at least3 bits of d (2, given its leading 1) and 3 bits of pThese are lower bounds and may prove inadequateIn fact, 3 bits of p and 4 (3) bits of d are requiredWith p in carry-save form, 4 bits of each component mustbe inspected (or added to give the high-order 3 bits)pdb+1dmindmaxb-(b+1)-bb+1-bABFig. 15.5The asymmetry of quotient digit selectionprocess.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 206�2000, Oxford University PressB. Parhami, UC Santa Barbarad00.0100.1000.1101.0001.0101.1011.1111.1011.0111.0010.1110.104d/35d/32d/3d/3—d/3—2d/3—4d/3—5d/32222211111,21,21,211,200.000.1000.1010.1100.1111.0001.0011.0101.0111.100

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 207�2000, Oxford University PressB. Parhami, UC Santa Barbarapdb +1bbbbbbdbb+1b+1b+1b+1b+1b+1ord+1d****Fig. 15.6Example of p-d plot allowing larger uncertaintyrectangles, if the 4 cases marked with asterisksare handled as exceptions.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 208�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 . 3 Division with PrescalingOverlap regions of a p-d plot are wider toward the high endof the divisor rangepdb+1dmindmaxb-(b+1)-bIf we can restrict the magnitude of the divisor to an intervalclose to dmax (say 1 — e < d < 1 + d, when dmax = 1), quotientdigit selection may become simplerThis restriction can be achieved by performing the division(zm)/(dm) for a suitably chosen scale factor m (m > 1)Of course, prescaling (multiplying z and d by the scalefactor m) should be done without real multiplications

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 209�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 . 4 Modular Dividers and ReducersGiven a dividend z and divisor d, with d ‡ 0, a modulardivider computesq = ºz / d ßands = z mod d = ÆzædThe quotient q is, by definition, an integerbut the inputs z and d do not have to be integersExample:º—3.76 / 1.23ß = —4 andÆ—3.76æ1.23 = 1.16The modular remainder is always positiveA modular reducer computes only the modular remainder

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 210�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 . 5 Array Dividerszz—5—6 s s s —4 —5 —6qqq—1—2—3FSCellz z z z—1 —2 —3 —41 0 d d d —1 —2 —3000 —1 —2 —3 —4 —5 —6 —1 —2 —3 —1 —2 —3 —4 —5 —6Dividend z = .z z z z z zDivisor d = .d d dQuotient q = .q q qRemainder s = .0 0 0 s s sFig. 15.7Restoring array divider composed of controlledsubtractor cells.The similarity of the array divider of Fig. 15.7 to an arraymultiplier is somewhat deceivingThe same number of cells are involved in both designs, andthe cells have comparable complexitiesHowever, the critical path in a k · k array multiplier containsO(k) cells, whereas in Fig. 15.7, the critical path passesthrough all k2 cells (the borrow signal ripples in each row)Thus, an array divider is quite slow, and, given its high cost,not very cost-effective

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 211�2000, Oxford University PressB. Parhami, UC Santa BarbaraDividend z = z .z z z z z zDivisor d = d .d d dQuotient q = q .q q qRemainder s = 0 .0 0 s s s s0 —1 —2 —3 —4 —5 —60 —1 —2 —30 —1 —2 —3 —3 —4 —5 —6zzz—4—5—6s s s s—3 —4 —5 —6qqq0—1—2q—3d d d d0 —1 —2 —3z z z z0 —1 —2 —3FAXORCell1Fig. 15.8Nonrestoring array divider built of controlledadd/subtract cells.Speedup method:Pass the partial remainder between rows in carry-save formHowever, we still need to know the carry-out or borrow-outfrom each row to determine the action in the following row:subtract/no-change (Fig. 15.7) or subtract/add (Fig. 15.8)This can be done by using a carry- (borrow-) lookaheadcircuit laid out between successive rowsNot used in practice

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 212�2000, Oxford University PressB. Parhami, UC Santa Barbara1 5 . 6 Combined Multiply/Divide Unitskk-bit adderkcoutcinqk—jDivisor SignMultiplier or QuotientMultiplicandor DivisorShift ControlxjMultiply/DivideControlMulDivPartial Productor RemainderTrueComplMuxEnableSelectMSB of 2s(j—1)MSB of p(j+1)Fig. 15.9Sequential radix-2 multiply/divide unit.Multiplicand or DivisorMultiplierProduct orRemainderQuotientMul/DivAdditive Input or DividendFig. 15.10I/O specification of a universal circuit that canact as an array multiplier or array divider.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 213�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 Division by ConvergenceChapter GoalsShow how by using multiplication as thebasic operation in each iteration of division,the number of iterations can be reducedChapter HighlightsDigit-recurrence as a convergence methodConvergence by Newton-Raphson iterationComputing the reciprocal of a numberHardware implementation and fine tuningChapter Contents16.1General Convergence Methods16.2Division by Repeated Multiplications16.3Division by Reciprocation16.4Speedup of Convergence Division16.5Hardware Implementation16.6Analysis of Lookup Table Size

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 214�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 . 1 General Convergence Methodsu(i+1) = f(u(i), v(i))u(i+1) = f(u(i), v(i), w(i))v(i+1) = g(u(i), v(i))v(i+1) = g(u(i), v(i), w(i))w(i+1) = h(u(i), v(i), w(i))We direct the iterations such that one value, say u,converges to some constant.The value of v (and/or w) then converges tothe desired function(s)The complexity of this method depends on two factors:a.Ease of evaluating f and g (and h)b.Rate of convergence (no. of iterations needed)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 215�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 . 2 Division by Repeated Multiplicationsq = zd = z˚x(0)x(1)˚.˚.˚.˚x(m — 1 ) d ˚ x (0)x (1)˚.˚.˚.˚x (m — 1 ) Converges˚to˚qMade˚to˚converge˚to˚1To turn the above into a division algorithm,we face three questions:1.How to select the multipliers x(i)?2.How many iterations (pairs of multiplications)?3.How to implement in hardware?Formulate as convergence computation, for d in [1/2, 1)d(i+1) = d(i)x(i)Set d(0) = d; make d(m) converge to 1z(i+1) = z(i)x(i)Set z(0) = z; obtain z/d = q » z(m)Q1:How to select the multipliers x(i)?x(i)=2 — d(i)This choice transforms the recurrence equations into:d(i+1) = d(i) (2 — d(i))Set d(0) = d; iterate until d(m) » 1z(i+1) = z(i) (2 — d(i))Set z(0) = z; obtain z/d = q » z(m)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 216�2000, Oxford University PressB. Parhami, UC Santa BarbaraQ2:How quickly does d(i) converge to 1?d(i+1) = d(i) (2 — d(i)) = 1 — (1 — d(i))21 — d(i+1) = (1 — d(i))2If 1 — d(i) £ e, we have 1 — d(i+1) £ e2: quadratic convergenceIn general, for k-bit operands, we need2m — 1 multiplications and m 2�s complementationswhere m = Ølog2køTable 16.1Quadratic convergence in computing z /d byrepeated multiplications, where 1/2 £ d = 1 — y < 1——————————————————————————————————————————————id(i) = d(i—1)x(i—1), with d(0) = d x(i)= 2 — d(i)——————————————————————————————————————————————01 — y = (.1xxx xxxx xxxx xxxx)two ‡ 1/21+y11 — y2 = (.11xx xxxx xxxx xxxx)two ‡ 3/41 + y221 — y4 = (.1111 xxxx xxxx xxxx)two ‡ 15/161 + y431 — y8 = (.1111 1111 xxxx xxxx)two ‡ 255/2561 + y841 — y16 = (.1111 1111 1111 1111)two = 1 — ulp——————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 217�2000, Oxford University PressB. Parhami, UC Santa Barbara11 — ulpdzq — Iteration i dz0123456(i)(i)qeFig. 16.1. Graphical representation of convergence indivision by repeated multiplications.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 218�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 . 3 Division by ReciprocationTo find q = z/d, compute 1/d and multiply it by z.Particularly efficient if several divisions byd are requiredNewton-Raphson iteration to determine a root of f(x) = 0Start with some initial estimate x(0) for the rootIteratively refine the estimate using the recurrencex(i+1) = x(i) — f (x(i)) / f ’ (x(i))Justification: tan a(i) = f ’ (x(i)) = f(x(i)) / (x(i) — x(i+1))f(x)xx(i+1)xf(x )Tangent at x(i)Rootax(i)(i+2)(i)(i)Fig. 16.2Convergence to a root of f(x) = 0 in the Newton-Raphson method.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 219�2000, Oxford University PressB. Parhami, UC Santa BarbaraTo compute 1/d, find the root of f(x) = 1/x — df ’ (x) = —1/x2, leading to the recurrence:x(i+1) = x(i) (2 — x(i)d)Two multiplications and a 2�s complementation per iterationLet d(i) = 1/d — x(i) be the error at the ith iteration. Then:d(i+1) =1/d — x(i+1)= 1/d— x(i) (2 — x(i)d)= d(1/d — x(i))2 = d(d(i))2Since d < 1, we have d(i+1) < (d(i))2Choosing the initial value x(0)0 < x(0) < 2/d � |d(0)| < 1/d � guaranteed convergenceFor d in [1/2, 1):simple choicex(0) = 1.5 � |d(0)| £ 0.5better approx.x(0) = 4(�‘3 — 1) — 2d = 2.9282 — 2d

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 220�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 . 4 Speedup of Convergence DivisionDivision can be done via 2Ølog2kø — 1 multiplicationsThis is not yet very impressive64-bit numbers, 5-ns multiplier � 55-ns divisionThree types of speedup are possible:Reducing the number of multiplicationsUsing narrower multiplicationsPerforming the multiplications fasterConvergence is slow in the beginningIt takes 6 multiplications to get 8 bits of convergence andanother 5 to go from 8 bits to 64 bitsdx(0)x(1)x(2) = (0.1111 1111 . . .)two ----------- x(0+) read from tableA 2w·w lookup table is necessary and sufficient for w bits ofconvergence after the first pair of multiplications

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 221�2000, Oxford University PressB. Parhami, UC Santa Barbara11 — ulpdzq — IterationsAfter table lookup and 1stpair of multiplications, replacing several iterationsAfter the 2nd pairof multiplicationseFig. 16.3C o n v e r g e n c e i n d i v i s i o n b y r e p e a t e d multiplications with initial table lookup.11 – ulpdzq –IterationseFig. 16.4C o n v e r g e n c e i n d i v i s i o n b y r e p e a t e d multiplications with initial table lookup and theuse of truncated multiplicative factors.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 222�2000, Oxford University PressB. Parhami, UC Santa Barbara1PreciseiterationApproximateiteration< 2—aIterationsii+1dx x x (x )(0)(1)...(i)T(i+1)dx x x (0)(1)...(i)dx x x x (0)(1)...(i)(i+1)ABFig. 16.5One step in convergence division with truncatedmultiplicative factors.Example (64-bit multiplication)Table of size 256 · 8 = 2K bits for the lookup stepThen we need pairs of multiplications with the multiplierbeing 9 bits, 17 bits, and 33 bits wideThe final step involves a single 64 · 64 multiplication

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 223�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 . 5 Hardware ImplementationRepeated multiplicationsz x(i)(i)d x(i)(i)x(i)z(i)d(i+1)d(i+1)x(i+1)z x(i)(i)d x(i+1)(i+1)z(i+1)2’s Complz(i+1)x(i+1)z x(i+1)(i+1)d(i+2)d x(i+1)(i+1)Fig. 16.6Two multiplications fully overlapped in a 2-stagepipelined multiplier.ReciprocationCan begin with a good approximation to the reciprocal byconsulting a large tabletable lookup, along with interpolationaugmenting the multiplier tree

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 224�2000, Oxford University PressB. Parhami, UC Santa Barbara1 6 . 6 Analysis of Lookup Table SizeTable 16.2Sample entries in the lookup table replacing thefirst 4 multiplications in division by repeatedmultiplications—————————————————————————————————————————Address d = 0.1 xxxx xxxx x(0+) = 1. xxxx xxxx—————————————————————————————————————————55 0011 01111010 010164 0100 00001001 1001—————————————————————————————————————————Example: derivation of the table entry for 55 311512 £ d < 312512For 8 bits of convergence, the table entry f must satisfy 311512 (1 + .f) ‡ 1 — 2—8312512(1 + .f) £ 1 + 2—8Thus199311 £ .f £ 101156or for the integer f = 256 · .f163.81 £ f £ 165.74Two choices: 164 = (1010 0100)two or 165 = (1010 0101)two

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 225�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 226�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart VReal ArithmeticPart GoalsReview floating-point representationsLearn about floating-point arithmeticDiscuss error sources and error boundsPart Synopsis Combining wide range and high precisionFloating-point formats and operationsThe ANSI/IEEE standardErrors: causes and consequencesWhen can we trust computation results?Part ContentsChapter 17Floating-Point RepresentationsChapter 18Floating-Point OperationsChapter 19Errors and Error ControlChapter 20Precise and Certifiable Arithmetic

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 227�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 Floating-Point RepresentationsChapter GoalsStudy representation method offering bothwide range (e.g., astronomical distances)and high precision (e.g., atomic distances)Chapter HighlightsFloating-point formats and tradeoffsWhy a floating-point standard?Finiteness of precision and rangeThe two extreme special cases:fixed-point and logarithmic numbersChapter Contents17.1Floating-Point Numbers17.2The ANSI/IEEE Floating-Point Standard17.3Basic Floating-Point Algorithms17.4Conversions and Exceptions17.5Rounding Schemes17.6Logarithmic Number Systems

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 228�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 . 1 Floating-Point NumbersNo finite number system can represent all real numbersVarious systems can be used for a subset of real numbersFixed-point– w . flow precision and/or rangeRational– p / qdifficult arithmeticFloating-point–s · bemost common schemeLogarithmic– logbxlimiting case of floating-pointFixed-point numbersx=(0000 0000 . 0000 1001)twoSmall numbery=(1001 0000 . 0000 0000)twoLarge numberFloating-point numbersx = – s · be or – significand · baseexponentTwo signs are involved in a floating-point number.1.The significand or number sign,usually represented by a separate sign bit2.The exponent sign,usually embedded in the biased exponent(when the bias is a power of 2,the exponent sign is the complement of its MSB)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 229�2000, Oxford University PressB. Parhami, UC Santa BarbaraE x p o n e n t :Signed integer,often representedas unsigned valueby adding a bias Range with h bits:[—bias, 2 —1—bias]hS i g n i f i c a n d :Represented as a fixed-point numberUsually normalized by shifting, so that the MSB becomes nonzero. In radix 2, the fixed leading 1 can be removed to save one bit; this bit is known as "hidden 1".Sign0 : +1 : —–esFig. 17.1Typical floating-point number format.—¥+¥0FLP—FLP+Underflow RegionsOverflow RegionOverflow RegionmaxminDenserSparserPositivenumbersNegativenumbers—max—minDenserSparser. . .. . .. . .. . .Fig. 17.2Subranges and special values in floating-pointnumber representations.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 230�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 . 2 The ANSI/IEEE Floating-Point StandardSign 8 bits, bias= 12711 bits, bias=1023Biased exponentSignificand s = 1.f (the 1 is hidden)23+1 bits, single-precision or short format52+1 bits, double-precision or long format 32-bit: 64-bit:–e + biasfFig. 17.3The ANSI/IEEE standard floating-point numberrepresentation formats.Table 17.1Some features of the ANSI/IEEE standardfloating-point number representation formats————————————————————————————————————————————————————FeatureSingle/ShortDouble/Long————————————————————————————————————————————————————Word width (bits)3264Significand bits23 + 1 hidden52 + 1 hiddenSignificand range[1, 2 — 2—23] [1, 2 — 2—52]Exponent bits811Exponent bias1271023Zero(–0)e + bias = 0, f = 0e + bias = 0, f = 0Denormale + bias = 0, f „ 0e + bias = 0, f „ 0 represents –0.f · 2—126represents –0.f · 2—1022Infinity (–¥)e + bias = 255, f = 0e + bias = 2047, f = 0N o t - a - n u m b e r ( N a N ) e + bias = 255, f „ 0e + bias = 2047, f „ 0Ordinary number e + bias ˛ [1, 254]e + bias ˛ [1, 2046]e ˛ [—126, 127]e ˛ [—1022, 1023] represents 1.f · 2erepresents 1.f · 2emin2—126 » 1.2 · 10—382—1022 » 2.2 · 10—308max» 2128 » 3.4 · 1038» 21024 » 1.8 · 10308————————————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 231�2000, Oxford University PressB. Parhami, UC Santa BarbaraOperations on special operands:Ordinary number ‚ (+¥) = –0(+¥) · Ordinary number = –¥NaN + Ordinary number = NaN02—126Denormals2—125. . . . . . min. . .Fig. 17.4Denormals in the IEEE single-precision format.The IEEE floating-point standard also definesThe four basic arithmetic operations (+, —, ·, ‚) and �‘x(must match the results that would be obtained ifintermediate computations were infinite-precision)Extended formats for greater internal precisionSingle-extended:‡ 11 bits for exponent‡ 32 bits for significandbias unspecified, butexp range � [—1022, 1023]Double-extended: ‡ 15 bits for exponent‡ 64 bits for significandexp range � [—16 382, 16 383]

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 232�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 . 3 Basic Floating-Point AlgorithmsAddition/SubtractionAssume e1‡ e2; need alignment shift, or preshift if e1 > e2: (– s1 · be1) + (– s2 · be2) = (– s1 · be1) + (– s2 / be1—e2) · be1 = (– s1 – s2 / be1—e1) · be1 = – s · beLike signs: 1-digit normalizing right shift may be neededDifferent signs: shifting by many positions may be neededOverflow/underflow during addition or normalizationMultiplication(– s1 · be1) · (– s2 · be2) = – (s1·s2) · be1+e2Postshifting for normalization, exponent adjustmentOverflow/underflow during multiplication or normalizationDivision(– s1 · be1) / (– s2 · be2) = – (s1/s2) · be1—e2Square-rootingFirst make the exponent even, if necessary�‘‘‘‘s˚·˚be = �‘s · be/2Rounding introduces additional complications

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 233�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 . 4 Conversions and ExceptionsConversions from fixed- to floating-pointConversions between floating-point formatsConversion from high to lower precision: RoundingANSI/IEEE standard includes four rounding modes:Round to nearest even(default mode)Round toward zero (inward)Round toward +¥ (upward)Round toward —¥ (downward)Exceptionsdivide by zerooverflowunderflowinexact result: rounded value not same as originalinvalid operation: examples includeaddition(+¥) + (—¥)multiplication0 ·¥division0/ 0 or ¥ /¥square-rootoperand < 0

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 234�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 . 5 Rounding SchemesRoundxk—1xk—2 . . . x1x0 . x—1x—2 . . . x—l fi yk—1yk—2 . . . y1y0 .Special case: truncation or choppingChopxk—1xk—2 . . . x1x0 . x—1x—2 . . . x—l fi xk—1xk—2 . . . x1x0 .—4 —3 —2 —1 1 2 3 4x—4—3—2—101234—4—3—2—11234chop(x)—4—3—2—11234—4—3—2—11234xchop(x)0Fig. 17.5Truncation or chopping of a signed-magnitudenumber (same as round towards 0).Fig. 17.6Truncation or chopping of a 2�s-complementnumber (same as downward-directed rounding).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 235�2000, Oxford University PressB. Parhami, UC Santa Barbara—4—3—2—101234—4—3—2—11234rtn(x)xFig. 17.7Rounding of a signed-magnitude value to thenearest number.Ordinary rounding has a slight upward biasAssume that (xk—1xk—2 . . . x1x0 . x—1x—2)two is to be roundedto an integer (yk—1yk—2 . . . y1y0 .)twoThe four possible cases, and their representation errors:x—1x—2 = 00round downerror = 0x—1x—2 = 01round downerror = —0.25x—1x—2 = 10round uperror = 0.5x—1x—2 = 11round uperror = 0.25If these four cases occur with equal probability, then theaverage error is 0.125For certain calculations, the probability of getting a midpointvalue can be much higher than 2—l

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 236�2000, Oxford University PressB. Parhami, UC Santa Barbara—4—3—2—1—4—3—2—112340rtne(x)x1234—4—3—21234—4—3—2—11234x0R*(x)—1Fig. 17.8Rounding to the nearest even number.Fig. 17.9R* rounding or rounding to the nearest oddnumber.—4—3—2—11234—4—3—2—11234jam(x)x0Fig. 17.10Jamming or von Neumann rounding.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 237�2000, Oxford University PressB. Parhami, UC Santa Barbara32·4-ROM-Roundxk—1 . . . x4x3x2x1x0 . x—1 . . . x—l fi xk—1 . . . x4y3y2y1y0 . |—————————| |——————| ROM Address ROM DataThe rounding result is the same as that of the round tonearest scheme in 15 of the 16 possible cases, but a largererror is introduced when x3 = x2 = x1 = x0 = 1—4—3—2—11234—4—3—2—11234xROM(x)0Fig. 17.11ROM rounding with an 8·2 table.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 238�2000, Oxford University PressB. Parhami, UC Santa BarbaraWe may need computation errors to be in a known directionExample: in computing upper bounds,larger results are acceptable,but results that are smaller than correct valuescould invalidate the upper boundThis leads to the definition ofupward-directed rounding (round toward +¥) anddownward-directed rounding (round toward —¥)(optional features of the IEEE floating-point standard)—4—3—2—11234—4—3—2—11234x0up(x)—4—3—2—11234—4—3—2—11234xchop(x)0Fig. 17.12Upward-directed rounding or rounding toward+¥ (see Fig. 17.6 for downward-directedrounding, or rounding toward —¥).Fig. 17.6Truncation or chopping of a 2�s-complementnumber (same as downward-directed rounding).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 239�2000, Oxford University PressB. Parhami, UC Santa Barbara1 7 . 6 Logarithmic Number Systemssign-and-logarithm number system:limiting case of floating-point representationx = –be · 1 e = logb |x|b usually called the logarithm base, not exponent baseSignImplied radix pointe–Fixed-point exponentFig. 17.13Logarithmic number representation with signand fixed-point exponent.The log is often represented as a 2�s-complement number(Sx, Lx) = (sign(x ), log2|x|)Simple multiply and divide; more complex add and subtractExample: 12-bit, base-2, logarithmic number system110110001011 D Sign Radix pointThe above represents —2—9.828125 » —(0.0011)tennumber range » [—216, 216], with min = 2—16

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 240�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 Floating-Point OperationsChapter GoalsSee how adders, multipliers, and dividerscan be designed for floating-point operands(square-rooting postponed to Chapter 21)Chapter HighlightsFloating-point operation = preprocessing +exponent arith + significand arith +postprocessing (+ exception handling)Adders need preshift, postshift, roundingMultipliers and dividers are easy to designChapter Contents18.1Floating-Point Adders/Subtractors18.2Pre- and Postshifting18.3Rounding and Exceptions18.4Floating-Point Multipliers18.5Floating-Point Dividers18.6Logarithmic Arithmetic Unit

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 241�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 . 1 Floating-Point Adders/SubtractorsFloating-point operandsSubtractExponentsUnpackNormalizeSum/Difference Round andSelective ComplementNormalizePack AlignSignificandsAdjustExponentAdjustExponentSelective Complement and Possible Swap+/—SignLogicAdd alignedSignificandscincoutFig. 18.1B l o c k d i a g r a m o f a f l o a t i n g - p o i n t adder/subtractor.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 242�2000, Oxford University PressB. Parhami, UC Santa BarbaraUnpacking of the operands involves:Separating sign, exponent, and significandReinstating the hidden 1Converting the operands to the internal formatTesting for special operands and exceptionsPacking of the result involves:Combining sign, exponent, and significandHiding (removing) the leading 1Testing for special outcomes and exceptions[Converting internal to external representation,if required, must be done at the rounding stage]Other key parts of a floating-point adder:significand aligner or preshifter: Section 18.2result normalizer or postshifter, includingleading 0s detector/predictor: Section 18.2rounding unit: Section 18.3sign logic: Problem 18.2

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 243�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 . 2 Pre- and Postshiftingyixixi+2xi+1xi+30xi+315Shift amount31 30 2 1 0 . . .32-to-1 MuxEnableFig. 18.2One bit-slice of a single-stage pre-shifter.xixi+2xi+1xi+4xi+3xi+6xi+5xi+8xi+7yiyi+2yi+1yi+4yi+3yi+6yi+5yi+8yi+7LSBMSB 4-Bit ShiftAmountFig. 18.3Four-stage combinational shifter for preshiftingan operand by 0 to 15 bits.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 244�2000, Oxford University PressB. Parhami, UC Santa BarbaraShift amountPost-ShifterSignificand Adder AdjustExponentCountLeading 0s/1sPost-ShifterSignificand Adder AdjustExponentPredictLeading 0s/1sShift amountFig. 18.4Leading zeros/ones counting versus prediction.Leading zeros predictionAdder inputs: (0x0.x—1x—2...)2�s-compl, (1y0.y—1y—2...)2�s-complHow leading 0s/1s can be generatedpp. . .ppgaa. . .aag. . .pp. . .ppgaa. . .aap. . .pp. . .ppagg. . .gga. . .pp. . .ppagg. . .ggp. . .

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 245�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 . 3 Rounding and ExceptionsAdder result= (coutz1z0.z—1z—2...z—l G R S)2�s-complGGuard bitRRound bitSSticky bitWhy only three extra bits at the right are adequateAmount of alignment right-shift1 bit: G holds the bit that is shifted out, no precision is lost2 bits or more:shifted significand has a magnitude in [0, 1/2)unshifted significand has a magnitude in [1, 2)difference of aligned significandshas a magnitude in [1/2, 2)normalization left-shift will be by at most one bitIf a normalization left-shift actually takes place:R = 0, round down, discarded part < ulp/2R = 1, round up, discarded part ‡ ulp/2The only remaining question is establishing if the discardedpart is exactly equal to ulp/2, as this information is neededin some rounding schemesProviding this information is the role of S which is set to thelogical OR of all the bits that are right-shifted through it

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 246�2000, Oxford University PressB. Parhami, UC Santa BarbaraThe effect of 1-bit normalization shifts on the rightmost fewbits of the significand adder output is as followsBefore postshifting (z)...z—l+1z—l|GRS1-bit normalizing right-shift...z—l+2z—l+1|z—lGR�S1-bit normalizing left-shift...z—l G|RS0After normalization (Z)...Z—l+1Z—l|Z—l—1Z—l—2Z—l—3Round to nearest even:Do nothing ifZ—l—1 = 0 or Z—l = Z—l—2 = Z—l—3 = 0Add ulp = 2—l otherwiseNo rounding needed in case of multibit left-shift,because full precision is preserved in this caseOverflow and underflow exceptions are detected by theexponent adjustment blocks in Fig. 18.1Overflow can occur only for normalizing right-shiftUderflow is possible only with normalizing left shiftsExceptions involving NaNs and invalid operations arehandled by the unpacking and packing blocks in Fig. 18.1Zero detection is a special case of leading 0s detectionDetermining when the �inexact� exception must besignalled is left as an exercise

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 247�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 . 4 Floating-Point MultipliersXOR AddExponentsUnpackNormalize AdjustExponentRoundNormalizePack MultiplySignificandsFloating-point operandsProduct AdjustExponentFig. 18.5Block diagram of a floating-point multiplier.Many multipliers produce the lower half of the product(rounding info) earlyNeed for normalizing right-shift is known at or near the endHence, rounding can be integrated in the generation of theupper half, by producing two versions of these bits

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 248�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 . 5 Floating-Point DividersXOR SubtractExponentsUnpackNormalize AdjustExponentRoundNormalizePack DivideSignificandsFloating-point operandsQuotient AdjustExponentFig. 18.6Block diagram of a floating-point divider.Quotient must be produced with two extra bits (G and R),in case of the need for a normalizing left shiftThe remainder does the job of the sticky bit

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 249�2000, Oxford University PressB. Parhami, UC Santa Barbara1 8 . 6 Logarithmic Arithmetic UnitAdd/subtract: (Sx, Lx) – (Sy, Ly) = (Sz, Lz)Assume x > y > 0 (other cases are similar)Lz = log z = log(x – y)= log(x(1 – y/x))= log x + log(1 – y/x)Given D = —(log x — log y), the termlog(1 – y/x) = log(1 – log—1D)is obtained from a table (two tables f + and f — are needed)log(x + y) = log x + f +(D)log(x — y) = log x + f —(D)CompareLxLyControlSxSySzROMfor f+, f-LzLmAdd/SubAdd/SubMuxMuxFig. 18.7Arithmetic unit for a logarithmic number system.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 250�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 Errors and Error ControlChapter GoalsLearn about sources of computation errors,consequences of inexact arithmetic,and methods for avoiding or limiting errorsChapter HighlightsRepresentation and computation errorsAbsolute versus relative errorWorst-case versus average errorWhy 3 · (1/3) is not necessarily 1?Error analysis and boundingChapter Contents19.1Sources of Computational Errors19.2Invalidated Laws of Algebra19.3Worst-Case Error Accumulation19.4Error Distribution and Expected Errors19.5Forward Error Analysis19.6Backward Error Analysis

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 251�2000, Oxford University PressB. Parhami, UC Santa BarbaraDisasters Caused by Computer Arithmetic ErrorsFrom: http://www.math.psu.edu/dna/455.f96/disasters.htmlExample: Failure of Patriot Missile (1991 Feb. 25)American Patriot Missile battery in Dharan, Saudi Arabia,failed to intercept incoming Iraqi Scud missileThe Scud struck an American Army barracks, killing 28Cause, per GAO/IMTEC-92-26 report: �software problem�(inaccurate calculation of the time since boot)Specifically, the time in tenths of secondas measured by the system�s internal clockwas multiplied by 1/10 to get the time in secondsRegisters are 24 bits wide1/10 = 0.000 1100 1100 1100 1100 1100 (chopped to 24 b)Error » 0.1100 1100 · 2—24 » 0.000 000 095Error in 100-hr operation » 0.000000095 · 100 · 60 · 60 · 10 = 0.34 sDistance traveled by SCUD = (0.34 s) · (1676 m/s) » 570 mThis put the SCUD outside the Patriot�s �range gate�Ironically, the fact that the bad time calculationhad been improved in some (but not all) partsof the code contributed to the problem,since it meant that inaccuracies did not cancel out

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 252�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 . 1 Sources of Computational ErrorsFloating-point arithmetic approximates exact computationwith real numbersTwo sources of errors to understand and counteract:Representation errorse.g., no machine representation for 1/3, �‘2, or pArithmetic errorse.g., (1 + 2—12)2 = 1 + 2—11 + 2—24not representable in IEEE formatExample 19.1: Compute 1/99 — 1/100(decimal floating-point format, 4-digit significand in [1, 10),single-digit signed exponent)precise result = 1/9900 » 1.010 · 10—4 (error » 10—8 or 0.01%)x = 1/99 » 1.010 · 10—2Error » 10—6 or 0.01%y = 1/100 = 1.000 · 10—2 Error = 0z = x —fp y = 1.010 · 10—2 — 1.000 · 10—2 = 1.000 · 10—4Error » 10—6 or 1%

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 253�2000, Oxford University PressB. Parhami, UC Santa BarbaraNotation for floating-point systemFLP(r, p, A)Radix r (assume to be the same as the exponent base b)Precision p in terms of radix-r digitsApproximation scheme A ˛ {chop, round, rtne, chop(g), ...}Let x = res be an unsigned real number, normalized suchthat 1/r £ s < 1, and xfp be its representation in FLP(r, p, A)xfp = resfp = (1 + h)xA = chop—ulp < sfp — s £ 0—r · ulp < h £ 0A = round—ulp/2 < sfp — s £ ulp/2|h| £ r · ulp/2Arithmetic in FLP(r, p, A)An infinite-precision result is obtained and then chopped,rounded, . . . , to the available precisionReal machines approximate this process by keeping g > 0guard digits, thus doing arithmetic in FLP(r, p, chop(g))Consider multiplication, division, addition, and subtractionof positive operands xfp and yfp in FLP(r, p, A)Do to representation errors, xfp = (1 + s)x , yfp = (1 + t)yxfp ·fp yfp = (1 + h)xfpyfp = (1 + h)(1 + s)(1 + t)xy=(1 + h + s + t + hs + ht + st + hst) xy»(1 + h + s + t)xy xfp /fp yfp = (1 + h)xfp/yfp = (1 + h)(1 + s)x/[(1 + t)y] = (1 + h)(1 + s)(1 — t)(1 + t2)(1 + t4)( . . . )x/y»(1 + h + s — t)x/y

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 254�2000, Oxford University PressB. Parhami, UC Santa Barbaraxfp +fp yfp = (1 + h)(xfp + yfp) = (1 + h)(x + sx + y + ty)=(1 + h)(1 + sx˚+˚tyx ˚ + ˚ y)(x + y)Since |sx + ty| £ max(|s|, |t|) (x + y), the magnitude of theworst-case relative error in the computed sum is roughlybounded by |h| + max(|s|, |t|)xfp —fp yfp = (1 + h)(xfp — yfp) = (1 + h)(x + sx — y — ty) = (1 + h)(1 + sx˚—˚tyx ˚ — ˚ y)(x — y)(sx — ty)/(x — y) can be very large if x and y are both largebut x — y is relatively smallThis situation is known as c a n c e l l a t i o n or loss ofsignificance.Fixing the problemThe part of the problem that is due to h being large can befixed by using guard digitsTheorem 19.1: In FLP(r, p, chop(g)) with g ‡ 1 and —x < y <0 < x, we have:x +fp y = (1 + h)(x + y) with —r—p +1 < h < r—p—g+2Corollary: In FLP(r, p, chop(1))x +fp y = (1 + h)(x + y)with|h| < r—p+1So, a single guard digit is sufficient to make the relativearithmetic error in floating-point addition/subtractioncomparable to the representation error with truncation

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 255�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample 19.2: Decimal floating-point system (r = 10)with p = 6 and no guard digitx = 0.100 000 000 · 103 y = —0.999 999 456 · 102xfp = .100 000 · 103 yfp = — .999 999 · 102x + y = 0.544·10—4and xfp + yfp = 10—4, but: xfp +fp yfp = .100 000 · 103 —fp .099 999 · 103 = .100 000 · 10—2Relative error = 10—3˚—˚0.544·10—40.544·10—4 » 17.38(i.e., the result is 1738% larger than the correct sum!)With 1 guard digit, we get: xfp +fp yfp = 0.100 000 0 · 103 —fp 0.099 999 9 · 103 = 0.100 000 · 10—3Relative error = 80.5% relative to the exact sum x + ybut the error is 0% with respect to xfp + yfp

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 256�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 . 2 Invalidated Laws of AlgebraMany laws of algebra do not hold for floating-pointarithmetic (some don�t even hold approximately)This can be a source of confusion and incompatibilityAssociative law of addition: a + (b + c) = (a + b) + ca = 0.123 41 · 105 b = —0.123 40 · 105 c = 0.143 21 · 101a +fp (b +fp c)= 0.123 41·105 +fp (—0.123 40·105 +fp 0.143 21·101)= 0.123 41 · 105 —fp 0.123 39 · 105 = 0.200 00 · 101(a +fp b) +fp c= (0.123 41·105 —fp 0.123 40·105) +fp 0.143 21·101= 0.100 00 · 101 +fp 0.143 21 · 101 = 0.243 21 · 101The two results differ by about 20%!

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 257�2000, Oxford University PressB. Parhami, UC Santa BarbaraA possible remedy: unnormalized arithmetic.a +fp (b +fp c)= 0.123 41·105 +fp (—0.123 40·105 +fp 0.143 21·101)= 0.123 41 · 105 —fp 0.123 39 · 105 = 0.000 02 · 105(a +fp b) +fp c= (0.123 41·105 —fp 0.123 40·105) +fp 0.143 21·101= 0.000 01 · 105 +fp 0.143 21 · 101 = 0.000 02 · 105Not only are the two results the same but they carry withthem a kind of warning about the extent of potential errorLet�s see if using 2 guard digits helps:a +fp (b +fp c)= 0.123 41·105 +fp (—0.123 40·105 +fp 0.143 21·101)= 0.123 41 · 105 —fp 0.123 385 7 · 105 = 0.243 00 · 101(a +fp b) +fp c= (0.123 41·105 —fp 0.123 40·105) +fp 0.143 21·101= 0.100 00 · 101 +fp 0.143 21 · 101 = 0.243 21 · 101The difference is now about 0.1%; still too highUsing more guard digits will improve the situation but doesnot change the fact that laws of algebra cannot be assumedto hold in floating-point arithmetic

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 258�2000, Oxford University PressB. Parhami, UC Santa BarbaraOther examples of other laws of algebra that do not hold:Associative law of multiplicationa · (b · c) = (a · b) · cCancellation law (for a > 0)a · b = a · c implies b = cDistributive lawa · (b + c) = (a · b) + (a · c)Multiplication canceling divisiona · (b / a) = bBefore the ANSI-IEEE floating-point standard becameavailable and widely adopted, these problems wereexacerbated by the use of many incompatible formatsExample 19.3: The formula x = —b – d, with d = �‘‘‘‘‘b 2˚— ˚ c ,yielding the roots of the quadratic equation x2 + 2bx + c = 0,can be rewritten as x = —c / (b – d)Example 19.4: The area of a triangle with sides a, b, and c(assume a ‡ b ‡ c) is given by the formulaA = �‘‘‘‘‘‘‘‘‘‘‘‘‘‘s(s˚—˚a)(s˚—˚b)(s˚—˚c)where s = (a + b + c)/2. When the triangle is very flat, suchthat a » b + c, Kahan�s version returns accurate results:A = 14 �‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘(a˚+˚(b˚+˚c))(c˚—˚(a˚—˚b))(c˚+˚(a˚—˚b))(a˚+˚(b˚—˚c))

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 259�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 . 3 Worst-Case Error AccumulationIn a sequence of computations, arithmetic or round-offerrors might accumulateThe larger the number of cascaded computation steps (thatdepend on results from previous steps), the greater thechance for, and the magnitude of, accumulated errorsWith rounding, errors of opposite signs tend to cancel eachother out in the long run, but one cannot count on suchcancellationsExample:inner-product calculationz= �1023i=0x(i)y(i)Max error per multiply-add step = ulp/2 + ulp/2 = ulpTotal worst-case absolute error = 1024 ulp(equivalent to losing 10 bits of precision)A possible cure: keep the double-width products in theirentirety and add them to compute a double-width resultwhich is rounded to single-width at the very last stepMultiplications do not introduce any round-off errorMax error per addition = ulp2/2Total worst-case error = 1024·ulp2/2Therefore, provided that overflow is not a problem, a highlyaccurate result is obtained

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 260�2000, Oxford University PressB. Parhami, UC Santa BarbaraMoral of the preceding examples:Perform intermediate computations with a higher precisionthan what is required in the final resultImplement multiply-accumulate in hardware (DSP chips)Reduce the number of cascaded arithmetic operations;So, using computationally more efficient algorithms has thedouble benefit of reducing the execution time as well asaccumulated errorsKahan�s summation algorithm or formulaTo compute s = �n—1i=0 x(i), proceed as followss ‹ x(0)c ‹0{c is a correction term}for i = 1 to n — 1 doy ‹ x(i) — c{subtract correction term}z ‹ s + yc ‹ (z — s) — y{find next correction term}s ‹ zendfor

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 261�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 . 4 Error Distribution and Expected ErrorsMRRE = maximum relative representation errorMRRE(FLP(r, p, chop))=r—p+1MRRE(FLP(r, p, round))=r—p+1/2From a practical standpoint, however, the distribution oferrors and their expected values may be more importantLimiting ourselves to positive significands, we define:ARRE(FLP(r, p, A))= ı�1/r1˚ ˚ | x f p ˚ — ˚ x |x˚dxx ˚ l n ˚ r1/(x ln r) is a probability density function32101/23/41Significand xx ln 21Fig. 19.1Probability density function for the distribution ofnormalized significands in FLP(r=2, p, A).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 262�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 . 5 Forward Error AnalysisConsider the computation y = ax + b and its floating-pointversion:yfp = (afp ·fp xfp) +fp bfp = (1 + h)yCan we establish any useful bound on the magnitude of therelative error h , given the relative errors in the inputoperands afp, bfp, and xfp?The answer is �no�Forward error analysis =Finding out how far yfp can be from ax + b,or at least from afpxfp + bfp, in the worst case

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 263�2000, Oxford University PressB. Parhami, UC Santa Barbaraa . Automatic error analysisRun selected test cases with higher precisionand observe the differences between the new,more precise, results and the original onesb.Significance arithmeticRoughly speaking, same as unnormalized arithmetic,although there are some fine distinctionsThe result of the unnormalized decimal addition.1234·105 +fp .0000·1010 = .0000·1010warns us that precision has been lostc.Noisy-mode computationRandom digits, rather than 0s, are insertedduring normalizing left shiftsIf several runs of the computation in noisy modeproduce comparable results, then we are probably safed.Interval arithmeticAn interval [xlo, xhi] represents x, xlo £ x £ xhiWith xlo, xhi, ylo, yhi > 0, to find z = x / y, we compute[zlo, zhi] = [xlo /�fp yhi, xhi /Dfp ylo]Intervals tend to widen after many computation steps

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 264�2000, Oxford University PressB. Parhami, UC Santa Barbara1 9 . 6 Backward Error AnalysisBackward error analysis replaces the original questionHow much does yfp deviate from the correct result y?with another question:What input changes produce the same deviation?In other words, if the exact identityyfp = aaltxalt + baltholds for alternate parameter values aalt, balt, and xalt,we ask how far aalt, balt, and xalt can be from afp, bfp, and xfpThus, computation errors are converted or compared toadditional input errorsyfp= afp ·fp xfp +fp bfp = (1 + m)[afp ·fp xfp + bfp]with |m| < r—p+1 = r · ulp = (1 + m)[(1 + n)afpxfp + bfp]with |n| < r—p+1 = r · ulp= (1 + m)afp (1 + n)xfp + (1 + m)bfp= (1 + m)(1 + s)a (1 + n)(1 + d)x + (1 + m)(1 + g)b» (1 + s + m)a (1 + d + n)x + (1 + g + m)bSo the approximate solution of the original problem is theexact solution of a problem close to the original oneWe are, thus, assured that the effect of arithmetic errors onthe result yfp is no more severe than that of r · ulp additionalerror in each of the inputs a, b, and x

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 265�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 Precise and Certifiable ArithmeticChapter GoalsDiscuss methods for doing arithmeticwhen results of high accuracyor guranteed correctness are requiredChapter HighlightsMore precise computation viamulti- or variable-precision arithmeticResult certification viaexact or error-bounded arithmeticPrecise/exact arithmetic with low overheadChapter Contents20.1High Precision and Certifiability20.2Exact Arithmetic20.3Multiprecision Arithmetic20.4Variable-Precision Arithmetic20.5Error-Bounding via Interval Arithmetic20.6Adaptive and Lazy Arithmetic

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 266�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 . 1 High Precision and CertifiabilityThere are two aspects of precision to discuss:Results possessing adequate precisionBeing able to provide assurance of the sameWe consider three distinct approachesfor coping with precision issues:1.Obtaining completely trustworthy resultsvia exact arithmetic2.Making the arithmetic highly precisein order to raise our confidencein the validity of the results:multi- or variable-precision arithmetic3.Performing ordinary or high-precision calculations,while keeping track of potential error accumulation(can lead to fail-safe operation)We take the hardware to be completely trustworthyHardware reliability issues to be dealt with in Chapter 27

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 267�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 . 2 Exact ArithmeticContinued fractionsAny unsigned rational number x = p /q has a uniquecontinued-fraction expansionx=pq=a0+1a1+1a2+1...1am-1+1amwith a0 ‡ 0, am ‡ 2, and ai ‡ 1 for 1 £ i £ m — 1Example: continued-fraction representation for 277/642 277642=0+12+13+16+11+13+13=[0/2/3/6/1/3/3]01/23/719/44Approximations for finite representation can be obtained bylimiting the number of �digits� in the continued-fractionrepresentation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 268�2000, Oxford University PressB. Parhami, UC Santa BarbaraFixed-slash number systemsNumbers are represented by the ratio p/q of two integersRational numberifp > 0q > 0�rounded� to nearest value–0ifp = 0q odd–¥ifp oddq = 0NaN (not a number)otherwiseSignImplied slash position–pqInexactk bitsm bits/Fig. 20.1Example fixed-slash number representationformat.The space waste due to multiple representations such as3/5 = 6/10 = 9/15 = . . . is no more than one bit, because:limnfi¥|{pq|1£p,q£n,gcd(p,q)=1}|n2=6p2»0.608

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 269�2000, Oxford University PressB. Parhami, UC Santa BarbaraFloating-slash number systemsSign–pqInexactm bitsh bitsmFloating slash positionk — m bits/Fig. 20.2Example floating-slash representation format.Again the following mathematical result, due to Dirichlet,shows that the space waste is no more than one bit:limnfi¥|{–pq|pq£n,gcd(p,q)=1}||{–pq|pq£n,p,q‡1}|=6p2»0.608

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 270�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 . 3 Multiprecision ArithmeticSign–MSBLSBxxxx(3)(2)(1)(0)Fig. 20.3Example quadruple-precision integer format.Sign–MSBxxxx(3)(2)(1)(0)ExponentLSBeSigni-ficandFig. 20.4Example quadruple-precision floating-pointformat.–xxxx(3)(2)(1)(0)yyyy(3)(2)(1)(0)zzzz(3)(2)(1)(0)Use to derive guard, round, & sticky bits?Sign-extend–GRSFig. 20.5Quadruple-precision significands aligned for thefloating-point addition z = x +fp y.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 271�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 . 4 Variable-Precision ArithmeticSame as multiprecision, but with dynamic adjustmentsSign–MSBLSBxxx(0)(1)(w)w (# add’l words)Fig. 20.6Example variable-precision integer format.Sign–MSBxxx(1)(2)(w)Exponent eLSBSigni-ficand Width wFlagsFig. 20.7Example variable-precision floating-point format.xxx(u)(u—h)(1)h words = hk bitsyy(v)(1)y(v)y(1)Case 2Case 1g = v+h—u ‡ 0g = v+h—u < 0y(g+1)Alignment shift. . .. . .. . .. . .. . .. . .. . .Fig. 20.8Variable-precision floating-point addition.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 272�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 . 5 Error-Bounding via Interval Arithmetic[a, b], a < b, is an interval enclosing a number x, a < x < b[a, a] represents the real number x = aThe interval [a, b], a > b, represents the empty interval FIntervals can be combined and compared in a natural way[xlo, xhi] ˙[ylo, yhi] =[max(xlo, ylo), min(xhi, yhi)][xlo, xhi] ¨[ylo, yhi] =[min(xlo, ylo), max(xhi, yhi)] [xlo, xhi] ˚[ylo, yhi] iffxlo £ ylo and xhi ‡ yhi [xlo, xhi] =[ylo, yhi] iffxlo = ylo and xhi = yhi[xlo, xhi] <[ylo, yhi] iffxhi < yloInterval arithmetic operations are intuitive and efficientAdditive inverse —x of an interval x = [xlo, xhi]—[xlo, xhi] = [—xhi, —xlo]Multiplicative inverse of an interval x = [xlo, xhi]1 / [xlo, xhi] = [1/xhi, 1/xlo] provided that 0 ˇ [xlo, xhi]When 0 ˛ [xlo, xhi], the multiplicative inverse is [—¥, +¥][xlo, xhi] + [ylo, yhi] =[xlo + ylo, xhi + yhi][xlo, xhi] — [ylo, yhi] =[xlo — yhi, xhi — ylo][xlo, xhi] · [ylo, yhi] =[min(xloylo, xloyhi, xhiylo, xhiyhi),max(xloylo, xloyhi, xhiylo, xhiyhi)][xlo, xhi] / [ylo, yhi]=[xlo, xhi] · [1/yhi, 1/ylo]

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 273�2000, Oxford University PressB. Parhami, UC Santa BarbaraFrom the viewpoint of arithmetic calculations, a veryimportant property of interval arithmetic is stated in thefollowing theoremTheorem 20.1: If f( x (1), x (2), . . . , x (n )) is a rationalexpression in the interval variables x(1), x(2), . . . , x(n), thatis, f is a finite combination of x(1), x(2), . . . , x(n) and a finitenumber of constant intervals by means of interval arithmeticoperations, then x(i) � y(i), i = 1, 2, . . . , n, implies:f(x(1), x(2), . . . , x(n)) � f(y(1), y(2), . . . , y(n))Thus, arbitrarily narrow result intervals can be obtained bysimply performing arithmetic with sufficiently high precisionIn particular, with reasonable assumptions about machinearithmetic, the following theorem holdsTheorem 20.2: Consider the execution of an algorithm onreal numbers using machine interval arithmetic withprecision p in radix r; i.e., in FLP(r, p, �|D). If the samealgorithm is executed using the precision q, with q > p, thebounds for both the absolute error and relative error arereduced by the factor rq—p(the absolute or relative error itself may not be reduced bythis factor; the guarantee applies only to the upper bound)Strategy for obtaining results with a desired error bound e:Let wmax be the maximum width of a result interval wheninterval arithmetic is used with p radix-r digits of precision.If w m a x £ e , then we are done. Otherwise, intervalcalculations with the higher precisionq=p + Ølogrwmax — logreøis guaranteed to yield the desired accuracy.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 274�2000, Oxford University PressB. Parhami, UC Santa Barbara2 0 . 6 Adaptive and Lazy ArithmeticNeed-based incremental precision adjustment to avoidhigh-precision calculations that are dictated by worst-caserequirementsInterestingly, the opposite of multi-precision arithmetic,which we may call fractional-precision arithmetic, is also ofsome interest. Example: Intel�s MMXLazy evaluation is a powerful paradigm that has been and isbeing used in many different contexts. For example, inevaluating composite conditionals such asif cond1 and cond2 then actionthe evaluation of cond2 may be totally skipped if cond1evaluates to �false�More generally, lazy evaluation meanspostponing all computations or actionsuntil they become irrelevant or unavoidableOpposite of lazy evaluation (speculative or aggressiveexecution) has been applied extensivelyRedundant number representations offer some advantagesfor lazy arithmeticSince arithmetic on redundant numbers can be performedusing MSD-first algorithms, it is possible to produce a smallnumber of digits of the result by using correspondingly lesscomputational effort, until more precision is needed

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 275�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 276�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart VIFunction EvaluationPart GoalsLearn algorithmsand implementation methodsfor evaluating useful functionsPart Synopsis Divisionlike square-rooting algorithmsEvaluating �‘x, sin x, tanh x, ln x, ex, . . . viaseries expansion, using +, -, ·, /convergence computationTables: the ultimate in simplicity/flexibilityPart ContentsChapter 21Square-Rooting MethodsChapter 22The CORDIC AlgorithmsChapter 23Variations in Function EvaluationChapter 24Arithmetic by Table Lookup

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 277�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 Square-Rooting MethodsChapter GoalsLearning algorithms and implementationsfor both digit-at-a-time and convergencesquare-rootingChapter HighlightsSquare-rooting part of ANSI/IEEE standardDigit-recurrence or divisionlike algorithmsConvergence square-rootingSquare-rooting not special case of divisionChapter Contents21.1The Pencil-and-Paper Algorithm21.2Restoring Shift/Subtract Algorithm21.3Binary Nonrestoring Algorithm21.4High-Radix Square-Rooting21.5Square-Rooting by Convergence21.6Parallel Hardware Square-Rooters

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 278�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 . 1 The Pencil-and-Paper AlgorithmNotation for our discussion of square-rooting algorithms:zRadicandz2k—1z2k—2 . . . z1z0qSquare rootqk—1qk—2 . . . q1q0s Remainder (z — q2) sksk—1sk—2 . . . s1s0Remainder range:0 £ s £ 2qk + 1 digitsJustification:s ‡ 2q + 1 leads to z = q2 + s ‡ (q + 1)2so q cannot be the correct square-root of z9 5 2 4 1 = z q =3 q = 39---------0 5 2 6q q £ 52 q =0 q = 30 0 0 ------- 5 2 4 1 60q q £ 5241 q =8 q = 308 4 8 6 4 ------- 0 3 7 7 s = (377) q = (308) q q q q q = 0210210··1100(0)(1)(2)(3)tentenFig. 21.1Extracting the square root of a decimal integerusing the pencil-and-paper algorithm.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 279�2000, Oxford University PressB. Parhami, UC Santa BarbaraRoot digit selectionThe root thus far is denoted by q(i) = (qk—1qk—2 . . . qk—i)tenAttach next digit qk—i—1; root becomes q(i+1) = 10q(i) + qk—i—1The square of q(i+1) is 100(q(i))2 + 20q(i)qk—i—1 + (qk—i—1)2100(q(i))2 = (10q(i))2 subtracted from PR in previous stepsMust subtract (10(2q(i)) + qk—i—1) · qk—i—1 to get the new PR0 1 1 1 0 1 1 0 z = (118) q =1 q = 10 1---------0 0 1 1 ‡ 101? no q =0 q = 10 0 0 0 --------- 0 1 1 0 1 ‡ 1001? yes q =1 q = 101 1 0 0 1 --------- 0 1 0 0 1 0 ‡ 10101? no q =0 q = 1010 0 0 0 0 0 --------- 1 0 0 1 0 s = (18) q = (1010) = (10) q q q q q q = 03210tententen3210(0)(1)(2)(3)(4)twoFig. 21.2Extracting the square root of a binary integerusing the pencil-and-paper algorithm. ¥ ¥ ¥ ¥ q ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ z ¥ ¥ —q (q 0q ) ¥ ¥ ¥ —q (q 0q ) ¥ ¥ ¥ ¥ —q (q 0q ) ¥ ¥ ¥ ¥ ¥ —q (q 0q ) ¥ ¥ ¥ ¥ ¥ s 321064202222(0)(1)(2)(3)3210Fig. 21.3Binary square-rooting in dot notation.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 280�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 . 2 Restoring Shift/Subtract AlgorithmConsistent with the ANSI/IEEE floating-point standard, weformulate our algorithms for a radicand satisfying 1 £ z < 4(1-bit left shift may be needed to make the exponent even)Notation:zRadicand in [1, 4)z1z0 . z—1z—2 . . . z—lqSquare root in [1, 2) 1 . q—1q—2 . . . q—ls Scaled remainder s1s0 . s—1s—2 . . . s—lBinary square-rooting is defined by the recurrences(j) = 2s(j—1) — q—j(2q(j—1) + 2—jq—j)with s(0) = z — 1, q(0) = 1, s(j) = swhere q(j) stands for the root up to its (—j)th digit; thus q = q(l)To choose the next root digit q—j ˛ {0, 1},subtract from 2s(j—1) the value2q(j—1) + 2—j = (1q(j—1)—1. q(j—1)—2 . . . q(j—1)—j+1 0 1)twoA negative trial difference means q—j = 0

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 281�2000, Oxford University PressB. Parhami, UC Santa Barbara=============================z01.110110(118/64)=============================s(0) = z — 10 0 0 . 1 1 0 1 1 0 q0=11.2s(0)001.101100—[2 · (1.)+2—1]10.1————————————————————————————————s(1)1 1 1 . 0 0 1 1 0 0 q—1=01.0 s(1) = 2s(0)0 0 1 . 1 0 1 1 0 0 Restore2s(1) 011.011000—[2 · (1.0)+2—2]10.01————————————————————————————————s(2)0 0 1 . 0 0 1 0 0 0 q—2=11.012s(2)0 1 0 . 0 1 0 0 0 0—[2 · (1.01)+2—3]10.101————————————————————————————————s(3)1 1 1 . 1 0 1 0 0 0 q—3=01.010s(3) = 2s(2)0 1 0 . 0 1 0 0 0 0 Restore2s(3) 1 0 0 . 1 0 0 0 0 0—[2 · (1.010)+2—4]10.1001————————————————————————————————s(4)0 0 1 . 1 1 1 1 0 0 q—4=11.01012s(4) 0 1 1 . 1 1 1 0 0 0—[2 · (1 . 0 1 0 1 )+2—5]10.10101————————————————————————————————s(5)0 0 1 . 0 0 1 1 1 0 q—5=11.010112s(5) 0 1 0 . 0 1 1 1 0 0—[2·(1 . 0 1 0 1 1 )+2—6]10.101101————————————————————————————————s(6) 1 1 1 . 1 0 1 1 1 1 q—6=01.010110s(6) = 2s(5)0 1 0 . 0 1 1 1 0 0 Restore(156/64)s (true remainder)0.000010011100q1.010110(86/64)=============================Fig. 21.4Example of sequential binary square-rootingusing the restoring algorithm.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 282�2000, Oxford University PressB. Parhami, UC Santa BarbaraPartial RemainderSquare-RootLoadsub(l+2)-bit adderTrial Differencel+2coutcinComplementq—j2s(j—1)MSB ofPut z — 1 here at the outset SelectRoot Digitl+2Fig. 21.5Sequential shift/subtract restoring square-rooter.In fractional square-rooting, the remainder is not neededTo round the result, we can produce an extra digit q—l—1truncate for q—l—1 = 0, round up for q—l—1 = 1The midway case (q—l—1 = 1) with only 0s to its right, isimpossibleExample: in Fig. 21.4, an extra iteration produces q—7 = 1;So the root is rounded up to q = (1.010111)two = 87/64The rounded-up value is closer to the root than thetruncated versionOriginal:118/64=(86/64)2 + 156/642Rounded:118/64=(87/64)2 — 17/642

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 283�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 . 3 Binary Nonrestoring Algorithm=============================z01.110110(118/64)=============================s(0) = z — 10 0 0 . 1 1 0 1 1 0 q0=11.2s(0)0 0 1 . 1 0 1 1 0 0 q—1=11.1—[2 · (1.)+2—1]10.1————————————————————————————————s(1)1 1 1 . 0 0 1 1 0 0 q—2=-11.01 2s(1) 110.011000+[2 · (1.1)—2—2]10.11————————————————————————————————s(2)0 0 1 . 0 0 1 0 0 0 q—3=11.0112s(2)0 1 0 . 0 1 0 0 0 0—[2 · (1.01)+2—3]10.101————————————————————————————————s(3)1 1 1 . 1 0 1 0 0 0 q—4=-11.01012s(3) 1 1 1 . 0 1 0 0 0 0+[2 · (1.011)—2—4]10.1011————————————————————————————————s(4)0 0 1 . 1 1 1 1 0 0 q—5=11.010112s(4) 0 1 1 . 1 1 1 0 0 0—[2 · (1 . 0 1 0 1 )+2—5]10.10101————————————————————————————————s(5)0 0 1 . 0 0 1 1 1 0 q—6=11.0101112s(5) 0 1 0 . 0 1 1 1 0 0—[2·(1 . 0 1 0 1 1 )+2—6]10.101101————————————————————————————————s(6) 1 1 1 . 1 0 1 1 1 1 Negative (— 1 7 / 6 4 )+[2·(1 . 0 1 0 1 1 )+2—6] 1 0 . 1 0 1 1 0 1 Correct————————————————————————————————s(6) (corrected)010.011100(156/64)s (true remainder)0.000010011100q (signed-digit) 1 . 1 -11-111(87/64)q (corrected bin)1.010110(86/64)=============================Fig. 21.6Example of nonrestoring binary square-rooting.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 284�2000, Oxford University PressB. Parhami, UC Santa BarbaraDetails of binary nonrestoring square-rootingRoot digits are chosen from the set {-1, 1}; on-the-flyconversion to binaryThe case q—j = 1 (nonnegative PR), is handled as in therestoring algorithm; that is, it leads to the trial subtraction ofq—j[2q(j—1) + 2—jq—j]=2q(j—1) + 2—jfrom the PR. For q—j = -1, we must subtractq—j[2q(j—1) + 2—jq—j]=—[2q(j—1) — 2—j]which is equivalent to adding 2q(j—1) — 2—j2q(j—1) + 2—j = 2[q(j—1) + 2—j—1] is formed by appending 01 to theright end of q(j—1) and shiftingBut computing the term 2q(j—1) — 2—j is problematicWe keep q(j—1) and q(j—1) — 2—j+1 in registers Q (partial root)and Q* (diminished partial root), respectively. Then:q—j = 1Subtract2q(j—1) + 2—jformed by shifting Q 01q—j =-1Add2q(j—1) — 2—jformed by shifting Q*11Updating rules for Q and Q* registers:q—j = 1�Q := Q 1Q* := Q 0q—j = -1�Q := Q*1Q* := Q*0Additional rule for SRT-like algorithmq—j = 0�Q := Q 0Q* := Q*1

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 285�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 . 4 High-Radix Square-RootingBasic recurrence for fractional radix-r square-rooting:s(j)=rs(j—1) — q—j(2q(j—1) + r —jq—j)As in radix-2 nonrestoring algorithm, we can use tworegisters Q and Q* to hold q(j—1) and q(j—1) — r—j+1, suitablyupdating them in each step.Example: r = 4, root digit set [—2, 2]Q* holds q(j—1) — 4—j+1 = q(j—1) — 2—2j+2. Then, one of thefollowing values must be subtracted from, or added to, theshifted partial remainder rs(j—1)q—j = 2Subtract4q(j—1) + 2—2j+2double-shiftQ 010q—j = 1Subtract2q(j—1) + 2—2jshiftQ 001q—j = -1Add2q(j—1) — 2—2jshiftQ*111q—j = -2Add4q(j—1) — 2—2j+2double-shiftQ*110Updating rules for Q and Q* registers:q—j = 2�Q := Q 10Q* := Q 01q—j = 1�Q := Q 01Q* := Q 00q—j = 0�Q := Q 00Q* := Q*11q—j = -1�Q := Q*11Q* := Q*10q—j = -2�Q := Q*10Q* := Q*01Note that the root is obtained in standard binary (noconversion needed!)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 286�2000, Oxford University PressB. Parhami, UC Santa BarbaraUsing carry-save additionAs in division, root digit selection can be based on a few bitsof the partial remainder and of the partial rootThis would allow us to keep s in carry-save formOne extra bit of each component of s (sum and carry) mustbe examined for root digit estimationWith proper care, the same lookup table can be used forquotient digit selection in division and root digit selection insquare-rootingTo see how, compare the recurrences for radix-4 divisionand square-rooting:Division:s(j) = 4s(j—1) — q—j dSquare-rooting:s(j) = 4s(j—1) — q—j(2q(j—1) + 4—jq—j)To keep the magnitudes of the partial remainders fordivision and square-rooting comparable, thus allowing theuse of the same tables, we can perform radix-4 square-rooting using the digit set{-1, -12, 0, 12, 1}Conversion from the digit set above to the digit set [—2, 2],or directly to binary, is possible with no extra computation

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 287�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 . 5 Square-Rooting by ConvergenceNewton-Raphson methodChoose f(x) = x2 — z which has a root at x = �‘zx(i+1)=x(i) — f(x(i)) / f ’(x(i))x(i+1)=0.5(x(i) + z/x(i))Each iteration needs division, addition, and a one-bit shiftConvergence is quadraticFor 0.5 £ z £ 1, a good starting approximation is (1 + z)/2This approximation needs no arithmeticThe error is 0 at z = 1 and has a max of 6.07% at z = 0.5Table-lookup can yield a better starting estimate for �‘zFor example, if the initial estimate is accurate to within 2—8,then 3 iterations would be sufficient to increase theaccuracy of the root to 64 bits.Example 21.1: Compute the square root of z = (2.4)tenx(0)read out from table=1.5accurate to 10—1x(1)=0.5(x(0) + 2.4/x(0))=1.550 000 000accurate to 10—2x(2)=0.5(x(1) + 2.4/x(1))=1.549 193 548accurate to 10—4x(3)=0.5(x(2) + 2.4/x(2))=1.549 193 338accurate to 10—8

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 288�2000, Oxford University PressB. Parhami, UC Santa BarbaraConvergence square-rooting without divisionRewrite the square-root recurrence as:x(i+1) = x(i) + 0.5(1/x(i))(z — (x(i))2) = x(i) + 0.5g(x(i))(z — (x(i))2)where g(x(i)) is an approximation to 1/x(i) obtained by asimple circuit or read out from a tableBecause of the approximation used in lieu of the exactvalue of 1/x(i), convergence rate will be less than quadraticAlternative: the recurrence above, but with the reciprocalfound iteratively; thus interlacing the two computationsUsing the function f(y) = 1/y — x to compute 1/x, we get:x(i+1) =0.5(x(i) + z y(i))y(i+1) =y(i)(2 — x(i)y(i))Convergence is less than quadratic but better than linearExample 21.2: Compute the square root of z = (1.4)tenx(0)=y(0) =1.0x(1)=0.5(x(0) + 1.4y(0))=1.200 000 000y(1)=y(0)(2 — x(0)y(0))=1.000 000 000x(2)=0.5(x(1) + 1.4y(1))=1.300 000 000y(2)=y(1)(2 — x(1)y(1))=0.800 000 000x(3)=0.5(x(2) + 1.4y(2))=1.210 000 000y(3)=y(2)(2 — x(2)y(2))=0.768 000 000x(4)=0.5(x(3) + 1.4y(3))=1.142 600 000y(4)=y(3)(2 — x(3)y(3))=0.822 312 960x(5)=0.5(x(4) + 1.4y(4))=1.146 919 072y(5)=y(4)(2 — x(4)y(4))=0.872 001 394x(6)=0.5(x(5) + 1.4y(5))=1.183 860 512 » �‘‘‘1.4

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 289�2000, Oxford University PressB. Parhami, UC Santa BarbaraConvergence square-rooting without division (cont.)A variant is based on computing 1/�‘z and then multiplyingthe result by zUse the f(x) = 1/x2 — z that has a root at x = 1/�‘z to getx(i+1) =0.5x(i)( 3 — z(x(i))2)Each iteration requires 3 multiplications and 1 addition, butquadratic convergence leads to only a few iterationsThe Cray-2 supercomputer uses this methodAn initial estimate x(0) for 1/�‘z is plugged in to get x(1)1.5x(0) and 0.5(x(0))3 are read out from a tablex(1) is accurate to within half the machine precision,so, a second iteration and a multiplication by zcomplete the processExample 21.3: Compute the square root of z = (.5678)tenTable lookup provides the starting value x(0) = 1.3 for 1/�‘zTwo iterations, plus a multiplication by z, yield a fairlyaccurate resultx(0) read out from table=1.3x(1)=0.5x(0)( 3 — 0.5678(x(0))2)=1.326 271 700x(2)=0.5x(1)( 3 — 0.5678(x(1))2)=1.327 095 128�‘z»z · x(2) =0.753 524 613

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 290�2000, Oxford University PressB. Parhami, UC Santa Barbara2 1 . 6 Parallel Hardware Square RootersArray square-rooters can be derived from the dot-notationrepresentation in much the same way as array dividers ¥ ¥ ¥ ¥ q ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ z ¥ ¥ —q (q 0q ) ¥ ¥ ¥ —q (q 0q ) ¥ ¥ ¥ ¥ —q (q 0q ) ¥ ¥ ¥ ¥ ¥ —q (q 0q ) ¥ ¥ ¥ ¥ ¥ s 321064202222(0)(1)(2)(3)3210Radicand z = .z z z z z z z zRoot q = .q q q qRemainder s = .s s s s s s s s—1 —2 —3 —4 —5 —6 —7 —8—1 —2 —3 —4—1 —2 —3 —4 —5 —6 —7 —8s s s s—1 —2 —3 —4qq—1—2q—3FAXORCells s s s—5 —6 —7 —8q—4zz—1—2zz—3—4zz—5—6zz—7—8111100001Fig. 21.7Nonrestoring array square-rooter built ofcontrolled add/subtract cells.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 291�2000, Oxford University PressB. Parhami, UC Santa Barbara2 2 The CORDIC AlgorithmsChapter GoalsLearning an elegant and usefulconvergence method for evaluatingtrigonometric and many other functionsChapter HighlightsBasic CORDIC idea: rotate the vector withend point at (x, y) = (1, 0) by the angle zto put its end point at (cos z, sin z)Other functions evaluated similarlyComplexity comparable to divisionChapter Contents22.1Rotations and Pseudorotations22.2Basic CORDIC Iterations22.3CORDIC Hardware22.4Generalized CORDIC22.5Using the CORDIC Method22.6An Algebraic Formulation

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 292�2000, Oxford University PressB. Parhami, UC Santa Barbara2 2 . 1 Rotations and PseudorotationsRotate the vector OE(i) with end point at (x(i), y(i)) by a(i)x(i+1) = x(i)cos a(i) — y(i)sin a(i) = (x(i) — y(i)tan a(i))/(1 + tan2a(i))1/2y(i+1) = y(i)cos a(i) + x(i)sin a(i) [Real rotation] = (y(i) + x(i)tan a(i))/(1 + tan2a(i))1/2 z(i+1) = z(i) — a(i)Goal: eliminate the divisions by (1 + tan2a(i))1/2 and choosea(i) so that tan a(i) is a power of 2Elimination of the divisions by (1 + tan2a(i))1/2ERRyxEE’RotationPseudo-rotationa(x , y )(x , y )O(i+1)(i)(i+1)(i+1)(i+1)(i+1)(i)(i)(i)(i)Fig. 22.1A pseudorotation step in CORDIC.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 293�2000, Oxford University PressB. Parhami, UC Santa BarbaraWhereas a real rotation does not change the length R(i) ofthe vector, a pseudorotation step increases its length to:R(i+1) = R(i) (1 + tan2a(i))1/2The coordinates of the new end point E’(i+ 1 ) afterpseudorotation is derived by multiplying the coordinates ofE(i+1) by the expansion factorx(i+1) = x(i) — y(i) tan a(i)y(i+1) = y(i) + x(i) tan a(i) [Pseudorotation]z(i+1) = z(i) — a(i)Assuming x (0) = x , y (0) = y , and z (0) = z , after m realrotations by the angles a(1), a(2), ... , a(m), we have:x(m)= x cos(�a(i)) — y sin(�a(i))y(m)= y cos(�a(i)) + x sin(�a(i))z(m)= z — (�a(i))After m pseudorotations by the angles a(1), a(2), ... , a(m):x(m)= K(x cos(�a(i)) — y sin(�a(i)))y(m)= K(y cos(�a(i)) + x sin(�a(i)))z(m)= z — (�a(i))where K = P(1 + tan2a(i))1/2

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 294�2000, Oxford University PressB. Parhami, UC Santa Barbara2 2 . 2 Basic CORDIC IterationsPick a(i) such that tan a(i) = di 2—i, di ˛ {—1, 1}x(i+1) = x(i) — di y(i)2—iy(i+1) = y(i) + di x(i)2—i [CORDIC iteration]z(i+1) = z(i) — di tan—1 2—iIf we always pseudo-rotate by the same set of angles (with+ or — signs), then the expansion factor K is a constant thatcan be precomputed.30.0 » 45.0 — 26.6 + 14.0 — 7.1 + 3.6 + 1.8 — 0.9 + 0.4 — 0.2 + 0.1= 30.1Table 22.1Approximate value of the function e(i) = tan—12—i,in degrees, for 0 £ i £ 9————————————i e(i)————————————045.0126.6214.037.143.651.860.970.480.290.1————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 295�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 22.2Choosing the signs of the rotation angles inorder to force z to 0————————————————————————————iz(i) — a(i) = z(i+1)————————————————————————————0+30.0— 45.0 = —15.01—15.0+ 26.6 =+11.62+11.6— 14.0 = —2.43—2.4 + 7.1 =+4.74+4.7 — 3.6 = +1.15+1.1 — 1.8 =—0.76—0.7 + 0.9 =+0.27+0.2 — 0.4 =—0.28—0.2 + 0.2 =+0.09+0.0 — 0.1 =—0.1————————————————————————————yxx ,yx—45+26.6—1430(0)(0)(10)x ,y(1)(1)x ,y(2)(2)x ,y(3)(3)Fig. 22.2The first 3 of 10 pseudo-rotations leading from(x(0), y(0)) to (x(10), 0) in rotating by +30ß.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 296�2000, Oxford University PressB. Parhami, UC Santa BarbaraCORDIC Rotation ModeIn CORDIC terminology, the preceding selection rule for di,which makes z converge to 0, is known as �rotation mode�.x(i+1) = x(i) — di (2—iy(i))y(i+1) = y(i) + di (2—ix(i))z(i+1) = z(i) — di e(i)where e(i) = tan—1 2—iAfter m iterations in rotation mode, when z(m) » 0, we have�a(i) = z, and the CORDIC equations [*] become:x(m)= K(x cos z — y sin z)y(m)= K(y cos z + x sin z) [Rotation mode]z(m)=0Rule: Choose di ˛ {—1, 1} such that z fi 0The constant K is K = 1.646 760 258 121 ...Start with x = 1/K = 0.607 252 935 ... and y = 0;as z(m) tends to 0 with CORDIC iterations in rotation mode,x(m) and y(m) converge to cos z and sin zFor k bits of precision in the results, k CORDIC iterationsare needed, because tan—1 2—i » 2—iIn rotation mode, convergence of z to 0 is possible sinceeach angle in Table 22.1 is more than half of the previousangle or, equivalently, each angle is less than the sum of allthe angles following itThe domain of convergence is —99.7ß £ z £ 99.7ß, where99.7ß is the sum of all the angles in Table 14.1Fortunately, this range includes angles from —90ß to +90ß,or [—p/2, p/2] in radians, which is adequate

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 297�2000, Oxford University PressB. Parhami, UC Santa BarbaraCORDIC Vectoring ModeLet us now make y tend to 0 by choosing di = —sign(x(i)y(i))After m steps in �vectoring mode� we have tan(�a(i)) = —y/xx(m)= K(x cos(�a(i)) — y sin(�a(i)))= K(x — y tan(�a(i)))/(1 + tan2(�a(i)))1/2= K(x + y2/x)/(1 + y2/x2)1/2= K(x2 + y2)1/2The CORDIC equations [*] thus become:x(m)=K(x2 + y2)1/2y(m)=0[Vectoring mode]z(m)=z + tan—1(y/x)Rule:Choose di ˛ {—1,1} such that yfi0 Compute tan—1y by starting with x = 1 and z = 0This computation always converges. However, one cantake advantage oftan—1(1/y ) = p/2 — tan—1yto limit the range of fixed-point numbers encounteredComputation of sin—1 and cos—1: later

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 298�2000, Oxford University PressB. Parhami, UC Santa Barbara2 2 . 3 CORDIC HardwarexyzShiftShift–––Lookup TableFig. 22.3Hardware elements needed for the CORDICmethod.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 299�2000, Oxford University PressB. Parhami, UC Santa Barbara2 2 . 4 Generalized CORDICThe basic CORDIC method of Section 22.2 can begeneralized to provide a more powerful tool for functionevaluation. Generalized CORDIC is defined as follows:x(i+1) = x(i) — mdi y(i)2—iy(i+1) = y(i) + di x(i)2—i [Generalized CORDIC iteration]z(i+1) = z(i) — di e(i)m = 1Circular rotations (basic CORDIC)e(i) = tan—12—im = 0Linear rotationse(i) = 2—im = —1Hyperbolic rotationse(i) = tanh—12—i = 1 = 0 = —1xyOABCDEFUVWmmmFig. 24.4Circular, linear, and hyperbolic CORDIC.2 2 . 5 Using the CORDIC Method

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 300�2000, Oxford University PressB. Parhami, UC Santa Barbaraz 0y 0e =e =For tanh , set x = 1, z = 0ln w = 2 tanh |(w — 1)/(w + 1)|�w = (w + 1/4) — (w — 1/4)cosh w = ln(w + � 1 — w )sinh w = ln(w + � 1 + w )K’ x — y2 Rotation mode: d = sign(z ), i = 1Circular = 0LinearxyzCORDICK(x cos z — y sin z)K(y cos z + x sin z)0xyzCORDICK x + y0z + tan (y/x)xyzCORDICxy + xz0xyzCORDICx0z + y/xtan 2—i—122For cos & sin, set x = 1/K, y = 0tan z = sin z / cos zFor tan , set x = 1, z = 0cos w = tan [�1 — w /w]sin w = tan [w/�1 — w ]2—1—1—12—1—1For multiplication, set y = 0For division, set z = 0In executing the iterations for = —1, steps 4, 13, 40, 121, ... , j , 3j + 1, ...must be repeated. These repetitions are incorporated in the constant K’ below.� = —1HyperbolicxyzCORDICK’(x cosh z — y sinh z)K’(y cosh z + x sinh z)0xyzCORDIC02z + tanh (y/x)—1For cosh & sinh, set x = 1/K’, y = 0tanh z = sinh z / cosh zexp(z) = sinh z + cosh zw = exp(t ln w)—1—1222t—1� �2—1mmmm(i)(i)(i)e =(i)(i)Vectoring mode: d = — sign(x y ), i(i)—1tanh 2—i—1(i)—ififi2(i)x(i+1) = x(i) — m di (2—iy(i))m ˛ {—1, 0, 1}, di ˛ {—1, 1} y(i+1) = y(i) + di (2—ix(i))K = 1.646 760 258 121 ... z(i+1) = z(i) — di e(i) K’ = 0.828 159 360 960 2 ...Fig. 22.5Summary of generalized CORDIC algorithms.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 301�2000, Oxford University PressB. Parhami, UC Santa BarbaraSpeedup Methods for CORDICSkipping some rotationsMust keep track of the expansion factor via the recurrence:(K(i+1))2 = (K(i))2(1 – 2—2i)Given the additional work, variable-factor CORDIC is oftennot cost-effective compared to constant-factor CORDICEarly terminationA possible speed-up method in constant-factor CORDIC isto do k /2 iterations as usual and then combine theremaining k /2 iterations into a single step, involvingmultiplication, by using:x(k/2+1)=x(k/2) — y(k/2)z(k/2)y(k/2+1)=y(k/2) + x(k/2)z(k/2)z(k/2+1)=z(k/2) — z(k/2)=0This is possible because for very small values of z, we havetan—1z » z » tan z. The expansion factor K presents noproblem since for e(i) < 2—k/2, the contribution of the ignoredterms that would have been multiplied by K is provably lessthan ulpHigh-radix CORDICIn a radix-4 CORDIC, di assumes values in {—2, —1, 1, 2}(perhaps with 0 also included) rather than in {—1, 1}.The hardware required for the radix-4 version of CORDIC isquite similar to Fig. 22.3.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 302�2000, Oxford University PressB. Parhami, UC Santa Barbara2 2 . 6 An Algebraic FormulationBecausecos z + j sin z = ejzwhere j = �‘‘—1cos z and sin z can be computed via evaluating the complexexponential function ejzThis leads to an alternate derivation of CORDIC iterationsDetails in the text

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 303�2000, Oxford University PressB. Parhami, UC Santa Barbara2 3 Variations in Function EvaluationChapter GoalsLearning alternate methods (convergenceand otherwise) for some of the samefunctions computable through CORDICChapter HighlightsReasons for interest in alternate methods:Achieve higher performance or precisionAllow speed/cost tradeoffsOptimizations, fit to diverse technologiesChapter Contents23.1Additive/Multiplicative Normalization23.2Computing Logarithms23.3Exponentiation23.4Division and Square-Rooting, Again23.5Use of Approximating Functions23.6Merged Arithmetic

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 304�2000, Oxford University PressB. Parhami, UC Santa Barbara2 3 . 1 Additive/Multiplicative NormalizationConvergence methods characterized by recurrencesu(i+1) = f(u(i), v(i))u(i+1) = f(u(i), v(i), w(i))v(i+1) = g(u(i), v(i))v(i+1) = g(u(i), v(i), w(i))w(i+1) = h(u(i), v(i), w(i))Making u converge to a constant = �normalization�Additive normalization = u normalized by adding values to itMultiplicative normalization = u multiplied by valuesAvailability of cost-effective fast adders and multipliersmake these two types of convergence methods usefulMultipliers are slower and more costly than adders,so we avoid multiplicative normalizationwhen additive normalization would doMultiplicative methods often offer faster convergence,thus making up for the slower stepsMultiplicative terms of 1 – 2a are desirable (shift-add)Examples we have seen before:Additive normalization: CORDICMultiplicative normalization: convergence division

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 305�2000, Oxford University PressB. Parhami, UC Santa Barbara2 3 . 2 Computing LogarithmsA multiplicative normalization method using shift-addx(i+1) = x(i)c(i) = x(i)(1 + di 2—i)di ˛ {—1, 0, 1}y(i+1) = y(i) — ln c(i) = y(i) — ln(1 + di 2—i) where ln(1 + di 2—i) is read out from a tableBegin with x(0) = x, y(0) = y; Choose di such that x(m) fi 1x(m) = x � c(i) » 1�c(i) » 1/xy(m) = y — � ln c(i) = y — ln �c(i) » y + ln xTo find ln x, start with y = 0The algorithm�s domain of convergence is easily obtained:1/�(1 + 2—i) £ x £ 1/�(1 — 2—i) or0.21 £ x £ 3.45For large i, we have ln(1 – 2—i) » –2—iSo, we need k iterations to find ln x with k bits of precisionThis method can be used directly for x in [1, 2)Any x outside [1, 2) can be written as x = 2qs, with 1 £ s < 2ln x = ln(2qs) = q ln 2 + ln s = 0.693 147 180 q + ln sA radix-4 version of this algorithm can be easily developed

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 306�2000, Oxford University PressB. Parhami, UC Santa BarbaraA clever method based on squaringLet y = log2x be a fractional number (.y—1y—2 . . . y—l)twox = 2y = 2(.y—1y—2y—3...y—l)twox2 = 22y = 2(y—1.y—2y—3...y—l)two �y—1 = 1 iff x2 ‡ 2If y—1 = 0, we are back to the original situationIf y—1 = 1, we divide both sides of the equation by 2 to getx2/2 = 2(1.y—2y—3...y—l)two / 2 = 2(.y—2y—3...y—l)twoSubsequent bits of y can be determined in a similar way.log xSquarerInitialized to xvalue ‡2 iffthis bit is 12RadixShift01PointFig. 23.1Hardware elements needed for computing log2x.Generalization to base-b logarithms: y = logbx impliesx = by = b.(.y—1y—2y—3...y—l)twox2 = b2y = b(y—1.y—2y—3...y—l)two �y—1 = 1 iff x2 ‡ b

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 307�2000, Oxford University PressB. Parhami, UC Santa Barbara2 3 . 3 ExponentiationAn additive normalization method for computing exx(i+1) = x(i) — ln c(i) = x(i) — ln(1 + di 2—i) y(i+1) = y(i)c(i) = y(i)(1 + di 2—i)di ˛ {—1, 0, 1}As before, ln(1 + di 2—i) is read out from a tableBegin with x(0) = x, y(0) = y; Choose di such that x(m) fi 0x(m) = x — � ln c(i) » 0� ln c(i) » xy(m) = y �c(i) = y eln Pc(i) = y eS ln c(i) » y exThe algorithm�s domain of convergence is easily obtained:� ln(1 — 2—i) £ x £ � ln(1 + 2—i) or —1.24 £ x £ 1.56Half of the required k iterations can be eliminated by noting:ln (1 + e) = e — e2/2 + e3/3 — . . . » e for e2 < ulpSo when x(j) = 0.00 . . . 00xx . . . xx, with k/2 leading zeros,we have ln(1 + x(j)) » x(j), allowing us to terminate byx(j+1) = x(j) — x(j) = 0y(j+1) = y(j)(1 + x(j))A radix-4 version of this ex algorithm can be developed

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 308�2000, Oxford University PressB. Parhami, UC Santa BarbaraThe general exponentiation function xycan be computed by combining the logarithm andexponential functions and a single multiplication:xy = (eln x)y = ey ln xWhen y is a positive integer, exponentiation can be done byrepeated multiplicationIn particular, when y is a constant, the methods used arereminiscent of multiplication by constants (Section 9.5)Example:x25 = ((((x)2x)2)2)2xwhich implies 4 squarings and 2 multiplications. Noting that25=(1 1 0 0 1)twoleads us to a general procedureTo raise x to the power y, where y is a positive integer:Initialize the partial result to 1Scan the binary representation of y starting at its MSBIf the current bit is 1, multiply the partial result by xIf the current bit is 0, do not change the partial resultSquare the partial result before the next step (if any)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 309�2000, Oxford University PressB. Parhami, UC Santa Barbara2 3 . 5 Use of Approximating FunctionsConvert the problem of evaluating the function f to that ofevaluating a different function g that approximates f,perhaps with a few pre- and post-processing operationsApproximating polynomials attractive because they needonly additions and multiplicationsPolynomial approximations can be obtained based onvarious schemes; e.g., Taylor-Maclaurin series expansionThe Taylor-series expansion of f(x) about x = a isf(x)=�¥j=0˚f(j)(a)(x — a)j / j!The error due to omitting terms of degree greater than m is:f(m+1)(a + m(x — a))(x — a)m+1/(m + 1)!0 < m < 1Setting a = 0 yields the Maclaurin-series expansionf(x)=�¥j=0˚f(j)(0)xj / j!and its corresponding error bound:f(m+1)(mx)xm+1/(m + 1)!0 < m < 1Efficiency can be gained via Horner�s method andincremental evaluation

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 310�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 23.1Polynomial approximations for some usefulfunctions————————————————————————————————————————————————————————FunctionPolynomial approximationConditions————————————————————————————————————————————————————————1/x1+y + y2 + y3 + . . . + yi + . . . 0 < x < 2 and y = 1—x�‘x1 — 12y — 12·4y2 — 1·32·4·6y3 — . . . — 1·3·5·...·(2i—3)2·4·6·...·2iyi — . . . y = 1—xex1 + 11!x + 12!x2 + 13!x3 + . . . + 1i!xi+...ln x—y — 12y2 — 13y3 — 14y4 — . . . — 1iyi — . . .0 < x £ 2 and y = 1 — xln x2[z + 13z3 + 15z5+. . .+ 12i+1z2i+1 + . . .]x > 0 and z = x—1x+1sin xx — 13!x3 + 15!x5 — 17!x7 + . . . + (—1)i 1(2i+1)!x2i+1 + . . .cos x1 — 12!x2 + 14!x4 — 16!x6 + . . . + (—1)i 1(2i)!x2i+...tan—1xx — 13x3 + 15x5 — 17x7 + . . . + (—1)i 12i+1x2i+1 + . . . —1 < x < 1sinh xx + 13!x3 + 15!x5 + 17!x7+. . .+ 1(2i+1)!x2i+1 + . . .cosh x1 + 12!x2 + 14!x4 + 16!x6+. . .+ 1(2i)!x2i+...tanh—1x x + 13x3 + 15x5 + 17x7 + . . . + 12i+1x2i+1 + . . .—1 < x < 1————————————————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 311�2000, Oxford University PressB. Parhami, UC Santa BarbaraA divide-and-conquer strategy for function evaluationLet x in [0, 4) be the (l + 2)-bit significand of a FLP numberor its shifted version. Divide x into two chunks xH and xL:x = xH + 2—t xL0 £ xH < 4 0 £ xL<1 t + 2 bits l — tbitsThe Taylor-series expansion of f(x) about x = xH isf(x) = �¥j=0˚f(j)(xH)(2—txL)j / j!where f(j)(x) is the jth derivative of f(x). If one takes just thefirst two terms, a linear approximation is obtainedf(x) » f(xH) + 2—t xL f ’(xH)If t is not too large, f and/or f ’ (and other derivatives of f, ifneeded) can be evaluated by table lookupApproximation by the ratio of two polynomialsExample, yielding good results for many elementaryfunctions:f(x) » a(5)x5˚+˚a(4)x4˚+˚a(3)x3˚+˚a(2)x2˚+˚a(1)x˚+˚a(0)b(5)x5˚+˚b(4)x4˚+˚b(3)x3˚+˚b(2)x2˚+˚b(1)x˚+˚b(0)Using Horner�s method, such a �rational approximation�needs 10 multiplications, 10 additions, and 1 division

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 312�2000, Oxford University PressB. Parhami, UC Santa Barbara2 3 . 6 Merged ArithmeticOur methods thus far relyu on word-level building-blockoperations such as addition, multiplication, shifting, . . .For ultrahigh performance, one can build hardwarestructures to compute the function of interest directlywithout breaking it down into conventional operationsExample: merged arithmetic for inner product computationz = z(0) + x(1)y(1) + x(2)y(2) + x(3)y(3)o o o o o o o o z(0) o o o o| o o o o| x(1)y(1) o o o o| o o o o| o o o o | o o o o | x(2)y(2) o o o o | o o o o | o o o o| o o o o| x(3)y(3) o o o o| o o o o|Fig. 23.2Merged-arithmetic computation of an innerproduct followed by accumulation. 1 4 7 10 13 10 7 4 16 FAs 2 4 6 8 8 6 4 2 10 FAs + 1 HA 3 4 4 6 6 3 3 1 9 FAs 1 2 3 4 4 3 2 1 1 4 FAs + 1 HA 1 3 2 3 3 2 1 1 1 3 FAs + 2 HAs 2 2 2 2 2 1 1 1 1 5-bit CPAFig. 23.3Tabular representation of the dot matrix forinner-product computation and its reduction.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 313�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 Arithmetic by Table LookupChapter GoalsLearning table lookup techniquesfor flexible and dense VLSI realizationof arithmetic functionsChapter HighlightsWe have used tables to simplify or speedupq digit selection, convergence methods, . . .Now come tables as primary computationalmechanisms (as stars, not supporting cast)Chapter Contents24.1.Direct and Indirect Table Lookup24.2.Binary-to-Unary Reduction24.3.Tables in Bit-Serial Arithmetic24.4.Interpolating Memory24.5.Tradeoffs in Cost, Speed, and Accuracy24.6.Piecewise Lookup Tables

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 314�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 . 1 Direct and Indirect Table Lookup2 by tableResult(s) bitsPre-proces-singlogicPost-processinglogicSmallertable(s)Operand(s) bitsuuvvOperand(s) bitsuResult(s) bitsv.... . .Fig. 24.1Direct table lookup versus table-lookup with pre-and post-processing.The boundary between the two uses of tables (in supportingor primary role) is quite fuzzyThe pure logic and pure tabular approaches are extremepoints in a continuum of hybrid solutionsPreviously, we started with the goal of designing logiccircuits for particular arithmetic computations and ended upusing tables to facilitate or speed up certain stepsHere, we aim for a tabular implementation and end up usingperipheral logic circuits to reduce the table sizeSome intermediate solutions can be derived starting ateither endpoint

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 315�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 . 2 Binary-to-Unary ReductionAn approach to reducing the table size is using an auxiliaryunary function in order to evaluate a desired binary functionExample 1: Addition in a logarithmic number systemLz= log(x – y) = log(x(1 – y/x))= log x + log(1 – y/x)= Lx + log(1 – log—1D)(D = Ly — Lx)Example 2: Multiplication via squaringxy= [(x + y)2/4 — (x — y)2/4]Simplification(x – y)/2= º(x – y)/2ß + e/2e ˛ {0, 1}(x + y)2/4 — (x — y)2/4= [º(x + y)/2ß + e/2]2 — [º(x — y)/2ß + e/2]2= º(x + y)/2ß2 — º(x — y)/2ß2 + eyUpon computing x + y and x — y in the preprocessing stage,we can drop the least significant bit of each result and thenconsult squaring tables of size 2k · (2k — 1)Post-processing requires a carry-save adder (to reduce the3 values to 2) followed by a carry-propagate adder

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 316�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 . 3 Tables in Bit-Serial Arithmeticabcf op-codeg op-codef(a, b, c)g(a, b, c) FromMemory01234567Mux01234567MuxFlagsTo MemoryFig. 24.2Bit-serial ALU with 2 tables implemented asmultiplexers.In Fig. 24.2, a and b come from a 64K-bit memory (16-bitaddresses) and c from a 4-bit �flags� register (2-bit address)The f output is stored as a flag bit (2-bit address) and the goutput replaces the a operand in a third clock cycleThree additional bits are used to specify a flag bit and avalue (0 or 1) for conditionalizing the operation (to allowdata-dependent ALU operations)To perform integer addition with the CM-2 ALUa and b: numbers to be addedc: flag bit holding the carry from one position into nextf op code: �00010111� (majority or ab + bc + ca)g op-code: �01010101� (3-input XOR)

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 317�2000, Oxford University PressB. Parhami, UC Santa BarbaraSecond-order digital filter exampley(i) = a(0)x(i) + a(1)x(i—1) + a(2)x(i—2) — b(1)y(i—1) — b(2)y(i—2)Expand the equation for y(i) in terms of the bits in theoperands x = (x0.x—1x—2...x—l)two and y = (y0.y—1y—2...y—l)twoy(i)= a(0)(—x0(i) + �—1j=—l 2jxj(i))+ a(1)(—x0(i—1) + �—1j=—l 2jxj(i—1)) + a(2)(—x0(i—2) + �—1j=—l 2jxj(i—2))— b(1)(—y0(i—1) + �—1j=—l 2jxj(i—1)) — b(2)(—y0(i—2) + �—1j=—l 2jxj(i—2))Define f(s, t, u, v, w) = a(0)s + a(1)t + a(2)u — b(1)v — b(2)wy(i)= �—1j=—l 2jf(xj(i), xj(i—1), xj(i—2), yj(i—1), yj(i—2))— f(x0(i), x0(i—1), x0(i—2), y0(i—1), y0(i—2))fxxx(i)(i—1)(i—2)jjjy(i—1)jy(i—2)jLSB-firsty(i)–Input32-Entry Table (ROM) Output ShiftRegister(m+3)-Bit RegisterData OutAddress InsRight-ShiftLSB-firstOutputShiftReg.ShiftReg.ShiftReg.ShiftReg.RegisterFig. 24.3Bit-serial tabular realization of a second-orderfilter.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 318�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 . 4 Interpolating MemoryComputing f(x), x ˛ [xlo, xhi], fromf(xlo) and f(xhi):f(x) = f(xlo) + (x˚—˚xlo)˚[f(xhi)˚—˚f(xlo)]x hi˚—˚x l o By choosing the end points to be consecutive multiples of apower of 2, the division and two of the additions can bereduced to trivial operationsExample: evaluating log2x for x in [1, 2)f(xlo) = log21 = 0, f(xhi) = log22 = 1; thus:log2x » x — 1 = the fractional part of xAn improvemed linear interpolation formulalog2x » ln˚2˚—˚ln(ln˚2)˚—˚12 ˚ln˚2 + (x — 1) = 0.043 036 + DxDxxxa + bDxf(x)Dxabf(x)·+lohixInitialLinearApprox.ImprovedLinearApprox.Fig. 24.4Linear interpolation for computing f(x ) and itshardware realization.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 319�2000, Oxford University PressB. Parhami, UC Santa Barbaraxxf(x)f(x)·+a + b Dx4-entry tablesa4Dxx2-bit addressminmax xDx(0)(0)a + b Dx (1)(1)a + b Dx (2)(2)a + b Dx (3)(3)b /4RadixPoint(i)(i)Fig. 24.5Linear interpolation for computing f(x) using 4subintervals.Table 24.1Approximating log2x for x in [1, 2) using linearinterpolation within 4 subintervals——————————————————————————————————————————————ixloxhia(j)b(j)/4 Max error——————————————————————————————————————————————01.001.250.004 4870.321 928– 0.004 48711.251.500.324 9240.263 034– 0.002 99621.501.750.587 1050.222 392– 0.002 14231.752.000.808 9620.192 645– 0.001 607——————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 320�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 . 5 Trade-offs in Cost, Speed, and AccuracyWorst-case absolute error101010101010101010—1—2—3—4—5—6—7—8—9Number of address bits (h)Linear2nd-degree3rd-degree10 4 8 6 2 0 Fig. 24.6Maximum absolute error in computing log2x as afunction of number h of address bits for thetables with linear, quadratic (second-degree),and cubic (third-degree) interpolations [Noet89].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 321�2000, Oxford University PressB. Parhami, UC Santa Barbara2 4 . 6 Piecewise Lookup TablesFunction of a short (single) IEEE floating-point numberDivide the 26-bit significand x (with 2 whole and 24fractional bits) into four sections:x = t + lu + l2v + l3w = t + 2—6u + 2—12v + 2—18wwhere u, v, and w are 6-bit fractions in [0, 1) and t, with up to8 bits, depending on the function, is in [0, 4)Taylor polynomial for f(x):f(x) = �¥i=0 f(i)(t + lu) (l2v + l3w)i / i!Ignore terms smaller than l5 = 2—30f(x) » f(t + lu) + l2 [f(t + lu + lv) — f(t + lu — lv)] + l22 [f(t + lu + lw) — f(t + lu — lw)] + l4[v22f(2)(t) — v36f(3)(t)]With this method, computing f(x) reduces to:a.Deriving the 14-bit values t + lu + lv, t + lu — lv,t + lu + lw, t + lu — lw using 4 additions(t + lu needs no computation)b.Reading the five values of f from table(s)c.Reading the last term l4[v22f(2)(t) — v36f(3)(t)] from a tabled.Performing a 6-operand additionAnalytical evaluation has shown that the error in thepreceding computation is provably less than ulp/2 = 2—24

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 322�2000, Oxford University PressB. Parhami, UC Santa BarbaraComputing z mod p (modular reduction)Table 1Table 2vddAdderAdder—pMux+ —d-bit outputb-bit inputb—ggddd+1ddSignd+1zz mod pLvHFig. 24.7Two-table modular reduction scheme based ondivide-and-conquer.Table 2m*dd-bit outputb—hhz mod pb-bit inputzAdderTable 1vd*d*—hhd*d*Fig. 24.8T w o - t a b l e m o d u l a r r e d u c t i o n b a s e d o n successive refinement.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 323�2000, Oxford University PressB. Parhami, UC Santa Barbara 1. Numbers and Arithmetic 2. Representing Signed Numbers 3. Redundant Number Systems 4. Residue Number Systems 5. Basic Addition and Counting 6. Carry-Lookahead Adders 7. Variations in Fast Adders 8. Multioperand Addition 9. Basic Multiplication Schemes10. High-Radix Multipliers11. Tree and Array Multipliers12. Variations in Multipliers13. Basic Division Schemes14. High-Radix Dividers15. Variations in Dividers16. Division by Convergence17. Floating-Point Representations18. Floating-Point Operations19. Errors and Error Control20. Precise and Certifiable Arithmetic21. Square-Rooting Methods22. The CORDIC Algorithms23. Variations in Function Evaluation24. Arithmetic by Table Lookup25. High-Throughput Arithmetic26. Low-Power Arithmetic27. Fault-Tolerant Arithmetic28. Past, Present, and FutureNumber Representation(Part I)Addition/Subtraction(Part II)Multiplication(Part III)Division(Part IV)Real Arithmetic(Part V)Function Evaluation(Part VI)Implementation Topics(Part VII)BookBook PartsChapters Elementary OperationsComputer Arithmetic: Algorithms and Hardware DesignsFig. P.1The structure of this book in parts and chapters.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 324�2000, Oxford University PressB. Parhami, UC Santa BarbaraPart VII Implementation TopicsPart GoalsSample more advanced implementationmethods and ponder some of thepractical aspects of computer arithmeticPart Synopsis Speed/latency is often not the only concernOther attributes of interest includethroughput, size, power, reliabilityCase studies: arithmetic in micros to supersLessons from the past, future outlookPart ContentsChapter 25High-Throughput ArithmeticChapter 26Low-Power ArithmeticChapter 27Fault-Tolerant ArithmeticChapter 28Past, Present, and Future

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 325�2000, Oxford University PressB. Parhami, UC Santa Barbara2 5 High-Throughput ArithmeticChapter GoalsLearn how to improve the performance ofan arithmetic unit via higher throughputrather than reduced latencyChapter HighlightsTo improve overall performance, one has tol look beyond individual operationsl trade off latency for throughputE.g., a multiply may take 20 clock cycles,but a new one can begin every cycleData availability and hazards limit the depthChapter Contents25.1.Pipelining of Arithmetic Functions25.2.Clock Rate and Throughput25.3.The Earle Latch25.4.Parallel and Digit-Serial Pipelines25.5.On-Line or Digit-Pipelined Arithmetic25.6.Systolic Arithmetic Units

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 326�2000, Oxford University PressB. Parhami, UC Santa Barbara2 5 . 1 Pipelining of Arithmetic FunctionsThroughput = number of operations per unit timePipelining period = time interval between the application ofsuccessive input data for proper overlapped computationLatency, though secondary, is still important because:a.There is occasional need for doing single operationsnot immediately followed by others of the same typeb.Dependencies or conditional operations (hazards)may force us to insert bubbles into or drain the pipelineAt times, a pipelined implementation may improve thelatency of a multi-step arithmetic computation while alsoreducing its hardware costIn such a case, pipelining is obviously the preferred methodInOut1. . .Inter-stage latchesInputlatchesOutputlatchesInOutNon-pipelinedt/ +t2s3st + sttFig. 26.1An arithmetic function unit and its s - s t a g e pipelined version.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 327�2000, Oxford University PressB. Parhami, UC Santa BarbaraAnalysis of pipeliningConsider an arithmetic circuit with cost g and latency t.Simplifying assumptions for our analysis:1.Pipelining time overhead per stage is t (latching delay)2.Pipelining cost overhead per stage is g (latching cost)3.The function is divisible into s equal stages for any sThen, for the pipelined implementation:Latency T=t + stThroughput R=1T/s=1t/s ˚+˚tCost G=g + sgThroughput approaches its maximum of 1/t for very large sIn practice, however, it does not pay to reduce t/s below acertain threshold; typically 4 logic gate levelsAssuming a stage delay of 4d, we have s = t/(4d) and:Latency T=t(1 + t4d)Throughput R=1T/s=14 d ˚+˚tCost G=g(1 + tg4 g d ˚ )

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 328�2000, Oxford University PressB. Parhami, UC Santa BarbaraCost-effectivenessIf throughput isn�t the single most important factor,then one might try to maximize a composite figure of meritThroughput per unit cost may represent cost-effectiveness:E=RG=s(t˚+˚s t )(g ˚+˚s g )To maximize E, we compute dE/ds:dEds=tg˚—˚s 2t g (t˚+˚st)2(g ˚+˚sg)2 Equating dE/ds with 0 yields:s opt = �‘t ˚ g t˚gWe see that the optimal number of pipeline stages formaximal cost-effectiveness isdirectly related to the latency and cost of the function(it pays to have many pipeline stages if thefunction implemented is very slow or complex)inversely related to pipelining delay & cost overheads(few pipeline stages are in order if the time and/orcost overhead of pipelining is too high)All in all, not a surprising result!

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 329�2000, Oxford University PressB. Parhami, UC Santa Barbara2 5 . 2 Clock Rate and ThroughputConsider a s-stage pipeline with stage delay tstageOne set of inputs are applied to the pipeline at time t1At t1 + tstage + t, results of this set are safely stored in latchesApply the next set of inputs at time t2 satisfyingt2 ‡ t1 + tstage + tto ensure proper pipeline operation. Thus:Clock period = Dt = t2 — t1 ‡ tstage + tPipeline throughput is the inverse of the clock period:Throughput = 1Clock˚period£1˚ts t a g e ˚ + ˚ t ˚This analysis assumes that a single clock signal isdistributed to all circuit elements and that all latches areclocked at precisely the same timeUncontrolled or random clock skew causes the clock signalto arrive at point B before or after its arrival at point AWith proper design of the clock distribution network, we canplace an upper bound –e on the uncontrolled clock skew atthe input and output latches of a pipeline stageThen, the clock period is lower bounded as: clock period = Dt = t2 — t1 ‡ tstage + t + 2e

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 330�2000, Oxford University PressB. Parhami, UC Santa BarbaraWave PipeliningNote that the stage delay tstage is really not a constant butvaries from tmin to tmaxtmin represents fast paths (with fewer or faster gates)tmax represents slow pathsSuppose that one set of inputs is applied at time t1At t1 + tmax + t, results of this set are safely stored in latchesIf that the next inputs are applied at time t2, we must have:t2 + tmin ‡ t1 + tmax + tThis places a lower bound on the clock period:clock period = Dt = t2 — t1 ‡ tmax — tmin + tThus, we can approach the maximum possible throughputof 1/t without necessarily requiring very small stage delayAll we need is a very small delay variance tmax — tminHence, there are two distinct strategies for increasing thethroughput of a pipelined function unit:(1) the traditional method of reducing tmax, and(2) the counter-intuitive method of increasing tmin

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 331�2000, Oxford University PressB. Parhami, UC Santa BarbaraWavefront iWavefront i + 1Wavefront i + 2Faster signalsSlower signalsAllowance for latching, skew, etc.Wavefront i + 3(just arriving at stage output)t — tmaxminStage InputStage Output(not yet applied)Fig. 26.2Wave pipelining allows multiple computationalwavefronts to coexist in a single pipeline stage.StageInputStageOutputTimetmintmaxClock CycleStageInputStageOutputTimeLogic DepthtmintmaxClock CycleStationaryRegion(Unshaded)TransientRegion(Shaded) ControlledClock SkewLogic Depth(a)(b)Fig. 26.3An alternate view of the throughput advantage ofwave pipelining (b) over ordinary pipelining (a).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 332�2000, Oxford University PressB. Parhami, UC Santa BarbaraControlled clock skewSuppose that tmax — tmin = 0, leading to clock period Dt ‡ t.A new input enters the pipeline stage every Dt time unitsand the stage latency is tmax + tThe clock application at the output latch must be skewed by(tmax + t) mod Dt to ensure proper sampling of the resultsExample: tmax + t = 12 ns and Dt = 5 nsA clock skew of +2 ns is required at the stage output latchesrelative to the input latchesGenerally tmax — tmin > 0 and perhaps different for each stageDt ‡ maxsi=1[tmax(i) — tmax(i) + t]and the controlled clock skew at the output of stage i will be:S(i) = �ij=1[tmax(i) — tmin(i) + t] mod DtWe still need to worry about uncontrolled or random skew:clock period = Dt = t2 — t1 ‡ tmax — tmin + t + 4eReason for including the term 4e :The clocking of the first input set may lag by e, whilethat of the second set leads by e (net difference = 2e)The reverse condition may exist at the outputNote that uncontrolled clock skew has a larger effect on theperformance of wave pipelining than on standard pipelining,especially in relative terms

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 333�2000, Oxford University PressB. Parhami, UC Santa Barbara2 5 . 3 The Earle LatchdCzwxy_CFig. 25.4Two-level AND-OR realization of the Earl latch.Previously, we derived constraints on the maximum clockrate 1/DtThe clock period Dt has two parts: clock high, and clock lowDt=Chigh + ClowConsider a pipeline stage that is preceded and followed byEarle latches.Chigh, must satisfy the inequalities3dmax — dmin + Smax(C›,‘Cfl) £ Chigh £ 2dmin + tminClock must go low before the fastest signals from the next input data set can affect the input z of the latchThe clock pulse must be wide enough to ensure that valid data is stored in the output latch and to avoid logic hazard should C slightly lead C_dmax and dmin are maximum and minimum gate delays;Smax(C ›,‘C fl) ‡ 0 is max skew between C › and ‘C fl

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 334�2000, Oxford University PressB. Parhami, UC Santa BarbaraMerged logic and latchA key property of the Earle latch is that it can be mergedwith the 2-level AND-OR logic that precedes it.Example: to latchd=vw + xywe substitute for d in the equation for the Earle latchz=dC + dz +‘Czto get a �logic+latch� circuit implementing z = vw + xyz=(vw + xy)C + (vw + xy)z +‘Cz=vwC + xyC + vwz + xyz +‘CzCCzvwxy_Fig. 25.5Two-level AND-OR latched realization of thefunction z = vw + xy.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 335�2000, Oxford University PressB. Parhami, UC Santa Barbara2 5 . 4 Parallel and Digit-Serial Pipelines+—··�abcdefz+·—·� OutputAvailablet = 0LatencyTime//(a + b) c de — fPipelining PeriodLatch positions in a 4-stage pipelineFig. 25.6Flow-graph representation of an arithmeticexpression and timing diagram for its evaluationwith digit-parallel computation.Bit-serial addition and multiplication can be done LSB-firstBut, division and square-rooting are MSB-first operationsBesides, division can�t be done in pipelined bit-serialfashion, because the MSB of the quotient q in generaldepends on all the bits of the dividend and divisorExample: consider the decimal division .1234/.2469.1xxx.2xxx = .?xxx.12xx.24xx = .?xxx.123x.246x = .?xxxSolution: redundant number representation!

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 336�2000, Oxford University PressB. Parhami, UC Santa Barbara2 5 . 5 On-Line or Digit-Pipelined ArithmeticLatencies associated withvarious operations—Digit-pipelined� OutputCompleteOutput··Begin next computation+·—·� OutputAvailablet = 0Time/Digit-parallel+/Fig. 25.7Digit-parallel versus digit-pipelined computation.Decimal example:.1 8 .4 2 ----------------.5 Shaded boxes show the "unseen" or unprocessed parts of the operands and unknown part of the sum+xytwsw—i+1—i+1—i+1—i—i—iLatchLatch(interim sum)-Fig. 25.8Digit-pipelined MSD-first carry-free addition.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 337�2000, Oxford University PressB. Parhami, UC Santa BarbaraBSD example:.1 0 1.0 1 1 ----------------.1 Shaded boxes show the "unseen" or unprocessed parts of the operands and unknown part of the sum+xyepsp—i+2—i+1—i+1—i—i—iLatchLatch(position sum)w—i+1(interim sum)w—i+2Latcht—i+2-Fig. 25.9Digit-pipelined MSD-first limited-carry addition..1 0 1.1 1 1 ----------------. 1 0 1. 1 0 1. 1 0 1·----------------------------.0 AlreadyUnknownBeing processedax--- processedFig. 25.10Digit-pipelined MSD-first multiplication process.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 338�2000, Oxford University PressB. Parhami, UC Santa BarbaraaMux—1 1 00xMux0p3-operand carry-free adderPartial MultiplicandPartial MultiplierProduct ResidualShift—i+2—i—i—1 1 0MSDFig. 25.11Digit-pipelined MSD-first BSD multiplier.Table 25.1Example of digit-pipelined division showing thatthree cycles of delay are necessary beforequotient digits can be output (radix = 4, digit set= [—2, 2])——————————————————————————————————————————————CycleDividendDivisorq Rangeq—1 Range——————————————————————————————————————————————1(.0 ...)four(.1 ...)four(—2/3, 2/3)[—2, 2]2(.0 0 ...)four(.1-2 ...)four(—2/4, 2/4)[—2, 2]3(.0 0 1 ...)four(.1-2-2 ...)four(1/16, 5/16)[0, 1]4(.0 0 1 0 ...)four(.1-2-2-2 ...)four(10/64, 14/64)1——————————————————————————————————————————————

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 339�2000, Oxford University PressB. Parhami, UC Santa BarbaraTable 25.2E x a m p l e s o f d i g i t - p i p e l i n e d s q u a r e - r o o t computation showing that 1-2 cycles of delay arenecessary before root digits can be output (radix= 10, digit set = [—6, 6], and radix = 2, digit set =[—1, 1]).———————————————————————————————————————————CycleRadicandq Rangeq—1 Range———————————————————————————————————————————1(.3 ...)ten(�‘‘‘7/30, �‘‘‘‘11/30)[5, 6]2(.3 4 ...)ten(�‘‘‘1/3, �‘‘‘‘26/75)6———————————————————————————————————————————1(.0 ...)two(0, �‘‘‘1/2)[0, 1]2(.0 1 ...)two(0, �‘‘‘1/2)[0, 1]3(.0 1 1 ...)two(1/2, �‘‘‘1/2)1———————————————————————————————————————————ax—i—i. . .. . .. . .p—i+1HeadCellFig. 25.12High-level design of a systolic radix-4 digit-pipelined multiplier.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 340�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 Low-Power ArithmeticChapter GoalsLearn how to improve the power efficiencyof arithmetic circuits by means ofalgorithmic and logic design strategiesChapter HighlightsReduced power dissipation needed due tol limited source (portable, embedded)l difficulty of heat disposalAlgorithm & logic-level methods: discussedTechnology & circuit methods: ignored hereChapter Contents26.1.The Need for Low-Power Design26.2.Sources of Power Consumption26.3.Reduction of Power Waste26.4.Reduction of Activity26.5.Transformations and Tradeoffs26.6.Some Emerging Methods

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 341�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 . 1 The Need for Low-Power DesignPortable and wearable electronic devicesNickel-cadmium batteries: 40-50 W-hr per kg of weightPractical battery weight < 1 kg (< 0.1 kg if wearable device)Total power » 3-5 W for a full day�s work between rechargesModern high-performance mircoprocessors use 10s WattsPower is proportional to die area · clock frequencyCooling of micros not yet a problem; but for MPPs . . .New battery technologies cannot keep pace with demandDemand for more speed and functionality (multimedia, etc.)198019902000Power Consumption per MIPS (W)10—410—310—210—11Fig. 26.1Power consumption trend in DSPs [Raba98].

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 342�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 . 2 Sources of Power ConsumptionBoth average and peak power are importantPeak power impacts power distribution and signal integrityTypically, low-power design aims at reducing bothPower dissipation in CMOS digital circuitsStatic: leakage current in imperfect switches (< 10%)Dynamic: due to (dis)charging of parasitic capacitancePavg » afCV2f: data rate (clock frequency) a: �activity�Example: A 32-bit off-chip bus operates at 5 V and 100MHz and drives a capacitance of 30 pF per bit. If randomvalues were placed on the bus in every cycle, we wouldhave a = 0.5. To account for data correlation and idle buscycles, assume a = 0.2. Then:Pavg » afCV2 = 0.2 · 108 · (32 · 30 · 10—12) · 52 = 0.48 WOnce we fix the data rate f, there are but three ways toreduce the power requirements:1.Using a lower supply voltageV2.Reducing the parasitic capacitance C3.Lowering the switching activity a

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 343�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 . 3 Reduction of Power WasteFunction UnitClockEnableData InputsData OutputsFig. 26.2Saving power through clock gating.Function UnitFU InputsFU OutputMuxSelectLatches01Fig. 26.3Saving power via guarded evaluation.sixiyicic0Carry propagationpixiyisiciFig. 26.4Example of glitching in a ripple-carry adder.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 344�2000, Oxford University PressB. Parhami, UC Santa Barbarap0p1p2p3p4p6p7p8000p9p50000000a0a1a2a3a4x4x3x2x1x0CarrySumFig. 26.5An array multiplier with gated FA cells.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 345�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 . 4 Reduction of ActivityArithmetic Circuitm bitsn — m bitsPrecomputationn inputsOutputLoad enable n — 1 inputs Function Unitfor x = 0 Function Unitfor x = 1Selectxn—1Mux 0 1n—1n—1Fig. 26.6Reduction of activity by precomputation.Fig. 26.7Reduction of activity via Shannon expansion.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 346�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 . 5 Transformations and TradeoffsClockArithmetic CircuitfFrequency = fCapacitance = CVoltage = VPower = PFrequency = 0.5fCapacitance = 2.2CVoltage = 0.6VPower = 0.396PFrequency = fCapacitance = 1.2CVoltage = 0.6VPower = 0.432PCircuitCopy 1CircuitCopy 2MuxCircuitStage 1CircuitStage 2ClockfRegisterInput Reg.Input Reg.Output Reg.Output Reg.ClockfSelectInput Reg.ClockfOutput Reg.Fig. 26.8Reduction of power via parallelism or pipelining.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 347�2000, Oxford University PressB. Parhami, UC Santa Barbarax(i)·+·aby(i—1)y(i) x·+·aby(i)·+·abyy(i—2)2·aby(i—3)x(i—1)(i)(i—1)Fig. 26.9Direct realization of a first-order IIR filter.Fig. 26.10Realization of a first-order filter, unrolled once.x(i)ax(i—1)x(i—3)bd···++y(i)y(i—1)x(i—2)c·+ x(i)abd···++y(i)y(i—1)c·+u(i)v(i—1)w(i—1)u(i—1)Fig. 26.11Possible realization of a fourth-order FIR filter.Fig. 26.12Realization of the retimed fourth-order FIR filter.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 348�2000, Oxford University PressB. Parhami, UC Santa Barbara2 6 . 6 Some Emerging MethodsLocalControlLocalControlLocalControlArithmetic CircuitArithmetic CircuitArithmetic CircuitData readyDataReleaseFig. 26.13Part of an asynchronous chain of computations.····+++xxaxzbxcFig. for problem 26.5

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 349�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 Fault-Tolerant ArithmeticChapter GoalsLearn about errors due to hardware faultsor hostile environmental conditions,and how to deal with or circumvent themChapter HighlightsModern components are very robust, but ...put millions/billions of them togetherand something is bound to go wrongCan arithmetic be protected via encoding?Reliable circuits and robust algorithmsChapter Contents27.1Faults, Errors, and Error Codes27.2Arithmetic Error-Detecting Codes27.3Arithmetic Error-Correcting Codes27.4Self-Checking Function Units27.5Algorithm-Based Fault Tolerance27.6Fault-Tolerant RNS Arithmetic

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 350�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 . 1 Faults, Errors, and Error CodesProtected by EncodingInputEncodeSendStoreSendDecodeOutputManipulateUnprotected Protected byencodingFig. 27.1A common way of applying information codingtechniques.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 351�2000, Oxford University PressB. Parhami, UC Santa BarbaraCodedinputsDecode 1Decode 2ALU 1ALU 2CompareMismatchdetectedEncodeCodedoutputsCodedinputsDecode 1Decode 2ALU 1ALU 2Decode 3ALU 3VoteEncodeCodedoutputsNon-codeworddetectedFig. 27.2Arithmetic fault detection or fault tolerance(masking) with replicated units.Unsigned addition0010 0111 0010 0001+0101 1000 1101 0011—————————————————Correct sum0111 1111 1111 0100Erroneous sum1000 0000 0000 0100›Stage generating anerroneous carry of 1Fig. 27.3How a single carry error can produce anarbitrary number of bit-errors (inversions).

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 352�2000, Oxford University PressB. Parhami, UC Santa BarbaraThe arithmetic weight of an errorMinimum number of signed powers of 2 that must be addedto the correct value in order to produce the erroneous result(or vice versa). Examples:Correct 0111 1111 1111 01001101 1111 1111 0100Erroneous 1000 0000 0000 01000110 0000 0000 0100Difference 16 = 24 —32752 = —215 + 24(error)Error (min-0000 0000 0001 0000- 1000 0000 0001 0000weight BSD)Arithmetic 12weight of errorError type Single, positiveDouble, negative

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 353�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 . 2 Arithmetic Error-Detecting CodesArithmetic error-detecting codes:1.Are characterized by arithmetic weights ofdetectable errors2.Allow direct arithmetic on coded operandsa. Product codes or AN codesRepresent N by the product AN (A = check modulus)For odd A, all weight-1 arithmetic errors are detectedArithmetic errors of weight 2 and higher may go undetectede.g., the error 32736 = 215 — 25undetectable with A = 3, 11, or 31Error detection: check divisibility by AEncoding/decoding: multiply/divide by AArithmetic also requires multiplication and division by AThus, we are led to low-cost product codes with A = 2a — 1Multiplication by A = 2a — 1: done by shift-subtractDivision by A = 2a — 1: done a bits at a time as followsGiven y = (2a — 1)x, find x by computing 2ax — y. . . xxxx 0000 — . . . xxxx xxxx = . . . xxxx xxxx Unknown 2axKnown (2a — 1)x Unknown x

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 354�2000, Oxford University PressB. Parhami, UC Santa BarbaraTheorem 27.1: Any unidirectional error with arithmeticweight not exceeding a — 1 is detectable by a low-costproduct code using the check modulus A = 2a — 1Product codes are nonseparate (nonseparable) codesData and redundant check info are intermixedArithmetic on AN-coded operandsAddition/subtraction is done directly:Ax – Ay= A(x – y)Direct multiplication results in:Aa · Ax= A2axSo the result must be corrected through division by AFor division, if z = qd + s, we have:Az= q(Ad) + As thus, q is unprotectedPossible cure: premultiply the dividend Az by AThe result will need correctionSquare rooting leads to a problem similar to divisionº�‘‘‘A2x ß= º A�‘x ß which is not the same as A º �‘x ß

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 355�2000, Oxford University PressB. Parhami, UC Santa Barbarab. Residue codesRepresent N by the pair (N, C(N)), where C(N) = N mod AResidue codes are separate (separable) codesSeparate data and check parts make decoding trivialEncoding: given N, compute C(N) = N mod ALow-cost residue codes use A = 2a — 1Arithmetic on residue-coded operandsAdd/subtract: data and check parts are handled separately(x, C(x)) – (y, C(y)) = (x – y, (C(x) – C(y)) mod A)Multiply(a, C(a)) · (x, C(x)) = (a · x, (C(a)·C(x)) mod A)Divide/square-root: difficult MainArithmeticProcessor CheckProcessorxyC(x)C(y)zComparemodC(z)ErrorIndicatorAFig. 27.4Arithmetic processor with residue checking.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 356�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 . 3 Arithmetic Error-Correcting CodesTable 27.1Error syndromes for weight-1 arithmetic errors inthe (7, 15) biresidue code—————————————————————————————————————————————PositiveError SyndromeNegativeError SyndromeErrormod 7 mod 15Errormod 7 mod 15—————————————————————————————————————————————111—1614222—2513444—4311818—8671621—165143242—323136414—6461112828—1285725641—25631451212—512613102424—1024511204848—204837—————————————————————————————————————————————409611—4096614819222—81925131638444—163843113276818—3276867—————————————————————————————————————————————Biresidue code with relatively prime low-cost check moduliA = 2a — 1 and B = 2b — 1 supports a · b bits of data forweight-1 error correctionRepresentational redundancy = (a + b)/(ab) = 1/a + 1/b

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 357�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 . 4 Self-Checking Function UnitsSelf-checking unit: any fault from a prescribed setdoes not affect the correct output (masked) orleads to a noncodeword output (detectable)An invalid result isdetected immediately by a code checker orpropagated downstream by the next self-checking unitTo build self-checking (SC) units, we need self-checkingcode checkers that never validate a noncodeword, evenwhen they are faultyExample: SC checker for inverse residue code (N, C’ (N))N mod A should be the bitwise complement of C’ (N)Verifying that signal pairs (xi, yi) are all (1, 0) or (0, 1)= finding the AND of Boolean values encoded as1: (1, 0) or (0, 1)0: (0, 0) or (1, 1)xyiixyjjFig. 27.5Two-input AND circuit, with 2-bit inputs (x i, y i)and (x j, y j), for use in a self-checking codechecker.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 358�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 . 5 Algorithm-Based Fault ToleranceAlternative to error detection at the level of basic operation:Accept that arithmetic operations may yield incorrect resultsDetect/correct errors at data-structure or application levelExample: multiplication of matrices X and Y yielding PRow checksum, column checksum, and full checksummatrices (mod 8)M= ºŒØ ßœø˚ 2 16˚ 5 34˚ 3 27 Mr= ºŒØ ßœø˚ 2 161˚ 5 344˚ 3 274Mc= ºŒŒØ ßœœø˚ 2 16˚ 5 34˚ 3 27˚ 2 61 Mf= ºŒŒØ ßœœø˚ 2 161˚ 5 344˚ 3 274˚ 2 611Fig. 27.6A 3· 3 matrix M with its row, column, and fullchecksum matrices Mr, Mc, and Mf.Theorem 27.3: If P = X · Y , we have Pf = Xc · YrWith floating-point values, the equalities are approximateTheorem 27.4: In a full-checksum matrix, any singleerroneous element can be corrected and any three errorscan be detected

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 359�2000, Oxford University PressB. Parhami, UC Santa Barbara2 7 . 6 Fault-Tolerant RNS ArithmeticResidue number systems allow very elegant and effectiveerror detection and correction schemes by means ofredundant residues (extra moduli)Example: RNS(8 | 7 | 5 | 3), Dynamic range M = 8 · 7 · 5 ·3 = 840; redundant modulus: 11. Any error confined to asingle residue is detectableThe redundant modulus must be the largest one, say mError detection scheme:(1)Use other residues to compute the residue of thenumber mod m (this process is known as base extension)(2)Compare the computed and actual mod-m residuesThe beauty of this method is that arithmetic algorithms aretotally unaffected; error detection is made possible bysimply extending the dynamic range of the RNSExample: RNS(8 | 7 | 5 | 3), redundant moduli: 13 and 1125 = (12, 3, 1, 4, 0, 1), erroneous version = (12, 3, 1, 6, 0, 1)Transform (—, —, 1, 6, 0, 1) to (5, 1, 1, 6, 0, 1) by means ofbase extensionThe difference between the first two components of thecorrupted and reconstructed numbers is (+7, +2) which isthe error syndrome

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 360�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 Past, Present, and FutureChapter GoalsWrap things up, provide perspective, andexamine arithmetic in a few key systemsChapter HighlightsOne must look at arithmetic in context ofl computational requirementsl technological constraintsl overall system design goalsl past and future developmentsCurrent trends and research directions?Chapter Contents28.1Historical Perspective 28.2An Early High-Performance Machine28.3A Modern Vector Supercomputer28.4Digital Signal Processors28.5A Widely Used Microprocessor28.6Trends and Future Outlook

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 361�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 . 1 Historical Perspective1940sMachine arithmetic was crucial in proving the feasibility ofcomputing with stored-program electronic devicesHardware for addition, use of complement representation,and shift-add multiplication and division algorithms weredeveloped and fine-tunedA seminal report by A.W. Burkes, H.H. Goldstein, and J.von Neumann contained ideas on choice of number radix,carry propagation chains, fast multiplication via carry-saveaddition, and restoring divisionState of computer arithmetic circa 1950: overview paper byR.F. Shaw [Shaw50]1950sThe focus shifted from feasibility to algorithmic speedupmethods and cost-effective hardware realizationsBy the end of the decade, virtually all important fast-adderdesigns had already been published or were in the finalphases of developmentRresidue arithmetic, SRT division, and CORDIC algorithmswere proposed and implementedSnapshot of the field circa 1960: overview paper by O.L.MacSorley [MacS61]

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 362�2000, Oxford University PressB. Parhami, UC Santa Barbara1960sTree multipliers, array multipliers, high-radix dividers,convergence division, redundant signed-digit arithmeticwere introducedImplementation of floating-point arithmetic operations inhardware or firmware (in microprogram) became prevalentMany innovative ideas originated from the design of earlysupercomputers, when the demand for high performance,along with the still high cost of hardware, led designers tonovel and cost-effective solutions. Examples:IBM System/360 Model 91 [Ande67]CDC 6600 [Thor70]1970sAdvent of microprocessors and vector supercomputersEarly LSI chips were quite limited in the number oftransistors or logic gates that they could accommodate;thus microprogrammed control was a natural choice forsingle-chip processors which were not yet expected to offerhigh performanceAt the high end of performance spectrum, pipeliningmethods were perfected to allow the throughput ofarithmetic units to keep up with computational demand invector supercomputers. Example:Cray 1 supercomputer and its successors

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 363�2000, Oxford University PressB. Parhami, UC Santa Barbara1980sWidespread use of VLSI circuits triggered a reconsiderationof virtually all arithmetic designs in light of interconnectioncost and pin limitationsFor example, carry-lookahead adders, that appeared to beill-suited to VLSI, were shown to be efficiently realizableafter suitable modificationsSimilar ideas were applied to more efficient VLSIimplementation of tree and array multipliersBit-serial and on-line arithmetic were advanced to deal withsevere pin limitations in VLSI packagesArithmetic-intensive signal processing functions becamedriving forces for low-cost and/or high-performanceembedded hardware: DSP chips1990sNo breakthrough design conceptIncreasing demand for performance led to fine-tuning ofarithmetic algorithms and implementations; hence, a widearray of hybrid designsIncreasing use of table lookup and tight integration ofarithmetic unit and other parts of the processor formaximum performanceClock speeds reached and surpassed 100, 200, 300, 400,and 500 MHz in rapid succession; pipelining used to ensuresmooth flow of data through the system. Example:Intel�s Pentium Pro (P6), predecessor of Pentium II

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 364�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 . 2 An Early High-Performance MachineFloating-PointInstructionUnitRS1RS2RS3RS1RS2Register BusBuffer BusCommon BusInstructionBuffers andControls4 Registers6 BuffersTo StorageAdderStage 1AdderStage 2Result BusResultResultMultiplyIterationUnitPropagateAdderFrom StorageTo Fixed-Point UnitAddUnitMul./Div.UnitFloating-PointExecution Unit 1Floating-PointExecutionUnit 2Fig. 28.1Overall structure of the IBM System/360 Model91 floating-point execution unit.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 365�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 . 3 A Modern Vector SupercomputerV0V7V6V5V4V3V2V1 0 1 2 3 . . .6263 VectorRegistersTo/from MemoryVectorInteger UnitsLogical 1Shift AddLogical 2Weight/ParityStages = 54233Floating-Point UnitsMultiply AddReciprocalApprox.Stages = 1476To/from Scalar UnitVector Length,Mask, & ControlFromAddressUnitControlSignalsFig. 28.2The vector section of one of the processors inthe Cray X-MP/Model 24 supercomputer.Pipeline setup and shutdown overheadsVector unit not efficient for short vectors (break-even point)Pipeline chaining

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 366�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 . 4 Digital Signal ProcessorsB Shifter/LimiterX BusY BusX1X0Y1Y0XY2424242424A1A0B1B0ABA2B25656Shifter56A Shifter/LimiterAccumulator,Rounding, andLogical UnitMultiplierInputRegistersAccumulatorRegisters24+ OvfFig. 28.3Block diagram of the data ALU in Motorola�sDSP56002 (fixed-point) processor.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 367�2000, Oxford University PressB. Parhami, UC Santa BarbaraExample DSP instructionsADDA, B{ A + B fi B }SUBX, A{ A — X fi A }MPY–X1, X0, B{ –X1 · X0 fi B }MAC–Y1, X1, A{ A – Y1 · X1 fi A }ANDX1, A{ A AND X1 fi A }I/O Format ConverterX BusY Bus3232Register File10 96-bit,or 10 64-bit, or 30 32-bitAdd/SubtractUnitMultiplyUnitSpecialFunctionUnitFig. 28.4Block diagram of the data ALU in Motorola�sDSP96002 (floating-point) processor.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 368�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 . 5 A Widely Used MicroprocessorKIPSMIPSGIPS 1980 1990 2000Processor Performance1.6/yr·68000802868038680486PentiumP6R1000068040IntelmicrosIntegerExecutionUnit 0868686Port-0UnitsPort-1UnitsPort 0Port 1Port 2Dedicated tomemory access(addressgenerationunits, etc)Port 3Port 4Reservation StationReorder Buffer andRetirementRegisterFileFLP AddInteger DivFLP DivFLP MultShiftIntegerExecutionUnit 1Jump ExecUnit Fig. 28.5Key parts of the CPU in the Intel Pentium Pro(P6) microprocessor.

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 369�2000, Oxford University PressB. Parhami, UC Santa Barbara2 8 . 6 Trends and Future OutlookDesign: Shift of attention from algorithms to optimizationsat the level of transistors and wires; this explains theproliferation of hybrid designsApplications: Shift from high-speed or high-throughputdesigns in mainframes to low cost and low power forembedded systemsRenewed interest in bit- and digit-serial arithmetic asmechanisms to reduce the VLSI area and to improvepackageability and testabilitySynchronous versus asynchronous design (asynchrounousdesign has some overhead, but an equivalent overhead isbeing paid for clock distribution and/or systolization)New technologies and design paradigms may alter the wayin which we view or design arithmetic circuitsNeuron-type computational elementsOptical computing (redundant representations)Multivalued logic (match to high-radix arithmetic)Configurable logicArithmetic complexity theory

Computer Arithmetic: Algorithms and Hardware DesignsInstructor�s Manual, Vol. 2 (1/2000), Page 370�2000, Oxford University PressB. Parhami, UC Santa BarbaraTHE END!�You�re up to date. Take my advice and try to keep itthat way. It�ll be tough to do; make no mistake about it. Thephone will ring and it�ll be the administrator —— talking aboutbudgets. The doctors will come in, and they�ll want this bit ofinformation and that. Then you�ll get the salesman. Until atthe end of the day you�ll wonder what happened to it andwhat you�ve accomplished; what you�ve achieved.�That�s the way the next day can go, and the next, andthe one after that. Until you find a year has slipped by, andanother, and another. And then suddenly, one day, you�llfind everything you knew is out of date. That�s when it�s toolate to change.�Listen to an old man who�s been through it all, whomade the mistake of falling behind. Don�t let it happen toyou! Lock yourself in a closet if you have to! Get away fromthe phone and the files and paper, and read and learn andlisten and keep up to date. Then they can never touch you,never say, �He�s finished, all washed up; he belongs toyesterday.� �Arthur Hailey, The Final Diagnosis