Parity - preserving transformations in co mputer arithmetic

Behrooz Parhami*

Dept. Electrical & Computer Eng., Univ. of California, Santa Barbara

(Invited Paper)

ABSTRACT

Paritychecking co mprises a lo w - redundancymethod for the design of reliable digita l systems. W hile quite effective fo r detecting single - bit transmission or storage errors, parityencoding has not been widely used for checking the correctness of arithmetic results because parity is not preserved during arithmetic operations and paritypr ediction req uires fairly complex circuits in mo st cases. We propose a general strategyfor designing parity - checked arithmetic circuits that takes advantage o f redundant inter mediate representations. Because redundancy is often used for high perfor mance an yway, the incremental co st of o ur proposed method is quite small. Unlike conventional binar ynumbers, redundant representations can be encoded and manipulated in such a waythat parityis preserved in each step. Additionally, lack o f carrypropagation ensu res that the effect o f a fault is localized rather than catastrophic. After establishing the framework for our parity - preser ving transfor matio ns in co mp uter arithmetic, we illustrate so me applications of the proposed strategy to the design of parity - checke d adder/subtractors, multiplier s, and other arithmetic structur es used in signal processing.

Keywords: arithmetic encoding, error code, fault tolerance, paritychecking, redundant fo r mat, reliable co mputatio n

1. INTRODUCTION

Paritychecking was the fir st error detection method used for digital co mp uters. Unfortunately, conventional parity checking is of little use in syn thesizing fault - tolerant arithmetic circuits because parity is not preserved during arithmetic operations. One wayto use p arityfor ch ecking o f an arithmetic operation is to convert to a different encoding prior to, and reconvert after, the operation. T his imp lies the use o f self - checking code converters to ensure that the pre - and post - conversio n steps are protected (Fig. 1a). Another w ay is to utilize a separate parityprediction circuit (Fig. 1b) which may turn out to be quite co mplex, except for certain simple arithmetic operations such as addition 4 .

In this paper, we sho w that redundant inter mediate representations, which are often used for high perfor mance anyway, can help with making parity - checking feasible and cost - effective. Accordingly, we intro duce a three - step methodology for checking of arithmetic operations (Fig. 1c):

1. Converting an even - parity 2´s - co mplement number to an e ven - parity redundant representation.

2. Performing arithmetic operations on redundant numbers in such a way that parityis preser ved.

3. Converting an even - parity redundant final result to an even - parity2 ´s - co mplement output word.

T o the extent possible, each step is carried out using local tr ansfor matio ns 9 . T his propertyis important for fault isolation and high perfor mance (parallel processing).

After establishing the theoretical bases for performing the aforementioned steps, we illustrate ho w each step can be implemented in hard ware. Next, we demo nstrate the use o f our method for checking of adder/subtractors and multipliers, which are the co mponents mo st frequently used in signal pr ocessing systems. In conclusion, we brieflydiscuss ho w o ur method can be e xtended to er ror control for other arithmetic operations and ho w paritychecking can be co mbined with other redundancy methods in hybrid arrangements for greater fault tolerance.

* parhami@ece.ucsb.edu; phone 1 - 805 - 893 - 3211; fax 1 - 805 - 893 - 3262; http://www .ece.ucsb.edu/Faculty/P arhami/index.htm;

Department of Electrical and Computer Engineering, Universityof California, Santa Barbara, CA, USA 93106 - 9560.

2. A FRAMEWORK FOR PARITY - CHECKED ARITHMETIC

An even - parity code is a separable coding scheme that represents a k - bit data word x b y attaching a bit p to it, where p is the modulo - 2 sum(XOR) of all the bits of x . Anysingle - bit inversion in the ( k + 1) - bit even - paritycodeword is detectable bya paritychecker which is essentiallya tree o f XOR gates that produces an o utput o f 1 to indicate an error.

If we divide the set of k + 1 bits of an even - paritycodeword into two subsets, the subsets are expected to have the same parity (both even or both odd). T his can be the basis o f a self - checkin g paritycheck circuit: inp ut each subset to a separate tree of XOR gates, complement the output o f one tree, and expect to see 10 or 01 at the outp ut for an error - free input (if for any reason, one of the two trees produces an incorrect output, fail - safe op eration in ensured due to the appearance of 00 or 11 at the checker outp ut).

Paritychecking is not directly applicable to error control in arithmetic circuits, given that parityis not preserved during binar yarithmetic. For this reason, special arithm etic error codes have been developed that allo wlo w - red undancy checking of arithmetic operation 7,8 . Here, ^lo w - red undancy~ means much lo wer overhead compared to full circuit duplication. Even for transmission and storage, the effectiveness o f paritychecki ng is limited because a pair of bit inver sions, as well as a large fractio n of other multiple errors, will go undetected. M ultiple errors, especially of the unidirectio nal kind 5 , are quite commo n in modern VLSI circuits d ue to their failure modes and extre melyhigh densities.

Here, we do not co ncern o urselves with these weaknesses of parity checking. T here do exist situatio ns where parity checking provides adequate protection against errors. Further more, parity checking need not be the sole error detection mechanismused; hybrid error checking schemes, with parity as one co mponent, are in fact quite co mmo n.

/ k

/ k

/ k

P arit y - enc od ed input s

A LU k + g

/

Se l f - ch e cki n g p a ri ty/a ri th m e ti c co d e co n ve rte r

Se l f - ch e cki n g p a ri ty/a ri th m e ti c co d e co n ve rte r

k + g

/

P arit y - enc od ed out put

Se l f - ch e cki n g a ri th me ti c/p a ri ty co d e co n ve rte r

k +g

/

A LUwit h er ro r - c o ded o pe ran ds

(a) Code conversion

/ k

/ k

/ k

P arit y - enc od ed input s

A LU

Erro r s i gn a l

P arit y - enc od ed out put

Pa ri ty g e n e ra to r

Ordin ary A LU

Pa ri ty p re d i cto r

(b) P arityprediction

/ k

/ k

/ k

P arit y - enc od ed input s

A LU k +h

/

2 ´ s - com p l +pa ri ty to re d u n d an t co n ve rte r

2 ´ s - com p l +pa ri ty to re d u n d an t co n ve rte r

k +h

/

P arit y - enc od ed out put

R e d u nd a n tto

2 ´ s - com p l +pa ri ty co n ve rte r

k +h

/

Red und ant pa rit y - pres e r vi ngA LU

Par ity - pr es erv ingbloc k

Par ity - pr es erv ingbloc ks

(c) P aritypres ervation

Fig. 1. Three approaches to arithmetic with parity - checked data.

T he keyinsight used to make lo w - o verhead paritychecking feasible for arithmetic circuits is that certain redundant representations possess enough redundancy to allo w the generatio n o f results with a specified parity. T his propertywas exploited b yT hornton 9 in the design of a binar ysigned - digit (BSD) adder that always produces an even - parityo utput.

T his is made possible byencoding the radix - 2 digit - set { ˘ 1, 0, 1} used for BSD re presentation as in T able 1. We note that the digit value 0 is assigned two encodings, one with o dd and the other with even par ity, thus allo wing pairs of BSD digits, co mprising radix - 4 digits with values in [ ˘ 3, 3], to be represented in 4 bits with even pa rity. In other words, the

BSD adder can be designed to produce pairs of output digits with the 4 - bit encoding o f T able 2. In this way, each group of 4 bits in the sum, and consequently, the o utput word as a whole, will have even parity.

Table 1. Two - bit encoding of BSD digits.

BSD digit: x i

2 - bit code: y i

z i

˘ 1 1 1

0 1 0 or 0 0

1 0 1

Note: Negative digit signs are sho wn as superscripts preceding the digit values to avoid confusio n with the binary ^minus~.

Table 2. Four - bit even - parityencoding of radix - 4 digits.

Radix - 4 digit BSD equivalent 4 - bit code

˘ 3 ˘ 1 ˘ 1 1111

˘ 2 ˘ 1 0 1100

˘ 1 ˘ 1 1 or 0 ˘ 1 0011

0 0 0 1010 or 0000

1 1 ˘ 1 or 0 1 1001

2 1 0 0110

3 1 1 0101

T he encodings sho wn in T ables 1 and 2 are actually bitwise co m plements o f those proposed b yT hornton 9 . We prefer these variants because theylead to a conventional signed - magnitude interpretation: y is the sign and z is the magnitude, with the two representations o f 0 corresponding to ± 0. Alter natively, y co uld be vi ewed as having the weight o f ˘ 2 and z as having unit weight, which wo uld be consistent with 2´s - co mplement encoding, provided that the digit values wer e interpreted modulo 2. T his latter weighted interpretation of the encoding allo ws us to subject the digi ts to arithmetic processing with standard operations and co mponents. Note that the co mplemented encoding of T able 1 still allo ws us to use the adder design of T hornton 9 with onlytrivial modifications. Other redundant representations 6 co uld be used with th e same even - parityencoding provisio n. Ho wever, in this paper, we limit our attention to the BSD redundant representation for the sake of simplicity.

T aking advantage of the encoding of T able 1, we envisage a three - step process for parity - checked numerica l comp utatio n: input conversio n, arithmetic operations, and output reconversio n. A schematic o f the proposed approach appears in Fig. 1c. Beginning with even - paritystandard 2´s - co mplement inputs, we convert the operands to BSD numbers with even parities ( Section 3). We then perfor m the required arithmetic operations on the red undant operands, obtaining all partial results in each stage of the co mputatio n with kno wn or easily predictable parities (Sectio ns 5 - 6).

Finally, we reconvert the output results fro m BSD to even - parity2 ´s - co mplement for mat (Section 4). Note that the proposed method does not imp ly any additional representational redundancy beyond that required for BSD - encoded operands of anytype. T hus, if BSD or carry - save representation is used for perfor mance reasons anyway, register and wiring costs will not be increased.

On the sur face, the scheme of Fig. 1c appears quite similar to that in Fig. 1a. However, there are significant differences between the two. At the first stage, self - checking bloc ks fo r parityto arithmetic - code conver sion in Fig. 1a are hard to design and quite co mplex. T he resulting circuits also contain many lo gic levels. B y contrast, parity to redundant conversio n in Fig. 1c involves onlylocal transfor mations that can be perfo rmed with a handful of gates per digit position and involve a latency of the order of 2 - 3 gate delays. Within the ALU, relative co mp lexities depend on the arithmetic code used, operations perfor med, and the extent o f fault tolerance built in. Generally spe aking, ALU operation in Fig. 1 a is likelyto be significantlyslo wer, both due to the o verhead of error coding and as a result of nonredundant arithmetic.

At the final stage, the converters have co mparable complexities and delays. Conversio n fr omredundant representation to

2´s - co mplement involves carr y propagation which slo ws down the process in Fig. 1c. However, if red undant arithmetic is used within the ALU for perfor mance enhancement, independent of fault tolerance issues, then the added complexity and delaydue to for mat co nversion at the last stage of Fig. 1 c is quite modest.

3. CONVERSIONFROM 2´S - COMPLEMENT TO BSD

Consider a 2´s - co mplement number x = ( x k ˘ 1

x k ˘ 2

. . . x

1

x

0

)

2´s - compl

. We sho w ho w x can be converted to BSD format with the same parity. T hat is, if an even/odd number of the inp ut digits x i

are 1s, then an even/odd number of the y i

and z i digits will be 1s, where y i

z i

is the BSD encoding of x i

( see T able 1). Without loss o f gener ality, we assume that k is even.

T hen, dividing the number i nto k /2 radix - 4 digits, we can encode the resulting radix - 4 digits separately according to

T able 3 (most - significant positions) and T able 4 (all other positions). T he reason for treating the mo st - significant digit differently is that the MSB of a 2´s - co mpl ement number carries a negative weight. T hat is:

x = ( x k ˘ 1

x k ˘ 2

. . . x

1

x

0

)

2´s - compl

= ˘ x k ˘ 1

2 k ˘ 1

+ ( x k ˘ 2

. . . x

1

x

0

) two

= ( ˘ x k ˘ 1

x k ˘ 2

. . . x

1

x

0

)

BSD

T he entries d i

in T ables 3 and 4 constitute coupled don´t - cares; i.e., both occurrences of e ach d i

must be assigned the same binar yvalue. In T able 3, choosing d

1

= d

2

= 1 yields the simplest circuit realization b ecause it results in y k ˘ 1

= x k ˘ 2

¢ and y k ˘ 2

= 1. Ho wever, this would not be a good choice in the context of fault tolerance because y k ˘ 2

= 1 might cause a stuck - at - 1 fault on the corresp onding circuit line to go undetected, raising the possibility o f fault accumulation. Choosing d

1

= d

2

= 0 is so mewhat better but leads to the danger of missing a short - circuit fault between the t wo lines ca rr ying y k ˘ 1 and z k ˘ 1

. T he remaining two choices are both acceptable, but d

1

= 1 and d

2

= 0 produces a simpler circuit. Applying the same considerations to T able 4, rules out the choice d

3

= 0 as well as d

3

= 1 and d

4

= 0, leaving us with d

3

= d

4

= 1 as th e onlyviable option. Note that in each ro w of T able 3 or T able 4, the parity of the 2 bits in column 1 is the same as that fo r the 4 bits in column 2, leading to paritypreservatio n at the o utput. Of course, the magnitude is also preserved.

Table 3. F our - bit same - parityencoding of the two MSBs.

x k ˘ 1

x k ˘ 2

y k ˘ 1

z k ˘ 1

y k ˘ 2

z k ˘ 2

0 0 d

1

0 d

1

0

0 1 0 d

2

d

2

1

1 0 1 1 1 0

1 1 0 0 1 1

Table 4. Four - bit same - parityencoding of other bit pairs.

x i +1

x i

y i +1

z i +1

y i

z i

0 0 d

3

0 d

3

0

0 1 0 d

4

d

4

1

1 0 0 1 0 0

1 1 0 1 0 1

No w, if the 2´s - co mp lement input x came with a parity bit p , the same bit co uld ser ve as the parity bit o f the BSD number after encoding according to T ables 3 and 4 , making parity prediction trivial. Alternatively, o ne co uld take the parity bit p into consideratio n in the encoding process. T he easiest way to do this is to enter p into the encoding o f the two most - significant bits, given that the circuit slice for the se bits is alreadydifferent. T able 5 sho ws the encoding of x k ˘ 1 and x k ˘ 2

so that the parityo f the 4 bits y k ˘ 1

z k ˘ 1

y k ˘ 2

z k ˘ 2

is the same as the parityo f the 3 bits p x k ˘ 1

x k ˘ 2

. In this case, ther e are four co upled don´t - care entries and 16 possible impl ementations. T he choice d

5

= d

6

= d

7

= d

8

= 1 leads to the simplest circuit implementatio n which is also acceptable in viewo f fault tolerance considerations discussed earlier.

Table 5. Four - bit same - parityencoding of the two MSBs and the paritybit p .

p x k ˘ 1

x k ˘ 2

y k ˘ 1

z k ˘ 1

y k ˘ 2

z k ˘ 2

0 0 0 d

5

0 d

5

0

0 0 1 0 d

6

d

6

1

0 1 0 1 1 1 0

0 1 1 0 0 1 1

1 0 0 d

7

0 d

7

¢ 0

1 0 1 1 0 0 1

1 1 0 1 1 0 0

1 1 1 1 d

8

d

8

¢ 1

As an exam ple, given the 8 - b it 2´s - co mplement number 1011 1001, the 8 - digit BSD encoding resulting fro m T ables 3 and 4 is 11 10 01 01 01 00 01 11, where each pair of bits represents o ne BSD digit according to the encoding of T able 1.

T he same input number with an ev en paritybit attached to its left end is 1 1011 1001. Using T ables 5 and 4, we arrive at the BSD encoding 11 00 01 01 01 00 01 11. In the first case, the BSD encoding has the same odd parityas the 8 - bit inp ut number; in the seco nd case, the even parityo f the input (including its paritybit) has been p reserved.

4. CONVERSIONFROM BSD TO 2´S - COMPLEMENT

Consider a k - digit BSD numb er ( k even), with its digits in ever ypair of positions 2 i and 2 i + 1 encoded according to

T able 2; i.e., each group of 4 bits in the 2 k - bit encoding has even parity. T he standard way of co nverting a BSD number to 2´s - co mplement is thro ugh subtraction. As sho wn in the follo wing example, the positive and negative co mpo nents o f the number are separated and used as inputs to a subtr actor, which then produces the 2 ´s - complement outp ut.

Input BSD number x : ˘ 1 1 ˘ 1 0 1 ˘ 1 0 1

Positive co mponent x + : 0 1 0 0 1 0 0 1 p e

( x + ) = 1

Negative co mponent x ˘ : 1 0 1 0 0 1 0 0 p e

( x ˘ ) = 1 x + in 2´s co mp lement : 0 0 1 0 0 1 0 0 1 x ˘ i nverted to get ( x ˘ ) ¢ : 1 0 1 0 1 1 0 1 1

Carry - in c

0

set to 1 : 1

2´s - co mplement result : 1 1 0 1 0 0 1 0 1 ( x + ) + ( x ˘ ) ¢ + 1

So, conversion fro mBSD to 2´s co mplement can be performed via parity - checked addition 1,4 , provided that each one of the positive and negative co mponents is generated with an even - paritybit attached. T hese paritybits, p e

( x + ) and p e

( x ˘ ), can be easily derived fro m the 2k - bit BSD representatio n o f x b ynoting that x + has a 1 in positions where y i

¢ z i

= 1, while

( x ˘ ) ¢ has a 1 wherever y i

¢ Ú z i

¢ = 1. Given that k is even b yassumptio n, the parity of the number of 0s in x + and x ˘ can b e determined instead. T his will make the inputs to the parity generatio n trees co mplements of those used for generating x + and x ˘ , thereb yimpr oving fault tolerance b yavoiding single - point failures and making it less likely that an y unidirectio nal error will produce compensating bit inversio ns.

Parityprediction for the sumoutput of our adder is based on the observatio n that each carry c i

= 1 inverts the parityof the sum bit s i

which in the absence of a carr y, has the same parityas ( x + ) i

Å ( x ˘ ) i

¢ . Thus, denoting the even - parity functio n b y p e

, we have:

p e

( s ) = p e

( x + ) Å p e

(( x ˘ ) ¢ ) Å c

0

Å c

1

Å . . . Å c k ˘ 1

It is clear that we cannot use the carries for med in the adder itself to predict the parityof s ; doing so wo uld lead to any fault - ind uced error in c i

inverting both the actual and predicted parities, rendering the error undetectable. Ho wever, this observation does not imply that the en tire carr ynetwork, which is responsible for much o f the co mplexity of a fast adder, must be duplicated. Lo wer - redundancy options are available 4 . Figure 2 depicts the structure of the converter. Note that the bulk of additional co mplexityo ver a standard c onverter fromredundant to 2´s - co mp lement is in the output parity predictor block. All other blocks are simple sets or trees of gates.

/

2 k

/ k

Inp ut x in B S D fo rm at

A dder

Erro r s i gn a l

P arit y - enc od ed out put

Pa ri ty g e n e ra to r

Ou tp u t p a ri ty p re d i cto r

x g e n e ra to r +

( x ) ¢ g e n e ra to r ˘

c in

1 x p re d i cto r + x p re d i cto r ˘

p ( x ) + p ( x )

e e

˘

Fig. 2. Schematic diagramof a p arity - preserving converter fromBSD to 2´s complement.

5. PARITY - CHECKEDADDITION / SUBTRACTION

We have alread yreferred to the fact that taking the encoding of T able 1 for BSD digits allo ws us to use the adder design of T hornton 9 with only trivial modifications. E ven though T hornton´s design was o ffered as a n even - parityo utput adder, it is clear that the adder constitutes a parity - preserving arithmetic block if supplied with even - parity inputs. Both the original encoding of T hornto n and the co mplemented one used here also allo w for checking of subtractio n, g iven that negation o f a BSD number through inverting bit y in the encoding of T able 1 is parity - preserving. Note that parity is preserved during negation with regard to both the 4 - bit groups of T able 2 and the co mplete 2 k - bit encoded word.

For the sake of co mpleteness, we present a brief o verview of the parity - preser ving BSD adder. In general, a BSD adder requires a three - stage hard war e circuit if transfers are to be restricted to adjacent digit positions 7 . T his leads to the sum digit s i

being for med as a function of three pairs of input operand digits u i ˘ 2

, v i ˘ 2

, u i ˘ 1

, v i ˘ 1

, u i

, v i

. T he structure of such a three - stage BSD adder is sho wn in Fig. 3. T he number of signal lines between blocks and the internal design of each block varies according to the additi on algorithm chosen. Various choices that are available lead to tradeoffs between interconnection and circuit comp lexities and allo w the designer to derive optimal circuits for particular implementation technolo gies. Our paritypreservation requirement dic tates that pairs of adjacent blocks in stage 3 be mer ged to allo w fo r the coupled generatio n of output digit pairs. For this reason, it is advantageous to minimize the number of signal lines between stages 2 and 3 in order to avoid excessive co mplexityand delaycaused b ya large number of input variables to the solid blocks in stage 3. T he particular algorithmchosen byT hornton 9 leads to all lines going fro mstage 2 to stage 3 carrying one bit (dotted lines in Fig. 3). T his algorithm leads to the input di gits (4 bits, heaviest lines) being passed between stage 1 and stage 2 horizontallyin the same digit slice and a single bit diago nallyto the next higher slice.

u

S t age 1

S t age 1

i ˘ 3

S t age 1

S t age 1

S t age 2

S t age 2

S t age 2

S t age 2

v i ˘ 3 u i ˘ 2 v i ˘ 2 u i ˘ 1 v i ˘ 1 u i v i

s i ˘ 3 s i ˘ 2 s i ˘ 1 s i

S t age 3

S t age 3

S t age 3

S t age 3

/

/

/

/

/

/

/

/

/

/

/

/

2

2

2

2

2

2

2

2

2

2

2

2

Fig. 3. Schematic diagramof a p arity - preserving BSD adder.

[ ˘ 2, 2]

Pos ition s um r ange

[ ˘ 2, 0] [ 0, 1]

[ 0, 1] [ ˘ 1, 0]

+ [ 0, 1] = [ ˘ 2, 1] + [ ˘ 1, 0] = [ ˘ 1,1]

Output digit r ange

Pos ibit Negabit

Pos ibit Negabit u i v i

s i

Weight - 1

Weight -2

Weight - 1

(a)Ran ges o fva rious ele m ent s

(b)P os ibit / nega bit realiz at ion

Tra n sl a te

En co d e

Fig. 4. Limited - carry addition algorithmused in the parity - preserving BSD adder.

T he addition algorithmfor our parity - preser ving BSD ad der is sho wn in Fig. 4a in ter ms of the ranges of values encountered in each stage. T w o BSD inp ut digits together represent a position sum ranging in [ ˘ 2, 2]. T his is decomposed bystage 1 into an interimsumin [ ˘ 2, 0] and a transfer bit of weight 2 in [0, 1]. Referring to Fig. 3, the position sumneed not actually be for med as a separate entityb ystage - 1 elements. Rather, the inp ut digits can be simply passed on to stage 2 given that they uniquelycharacterize the actual interim sum in [ ˘ 2, 0]. T he interimsum and transfer entering a box in stage 2 collectively represent a value in [ ˘ 2, 1 ]. T his latter value is decompo sed into a sum posibit and a transfer negabit b ystage 2. T he inputs to one of the dotted boxes in stage 3 are thus a posibit and a negabit which together represent a digit in [ ˘ 1, 1]. T he role of our stage 3 blocks is thus t o translate this ( n , p ) encoding 7 of a pair of

BSD digits into the even - parity encoding of T able 2.

Figure 4b sho ws one possible implementation of the algorithm above in dot notatio n using posibits (heavy black dots) and negabits (hollo w dots). E ach of th e two inp ut digits u i

and v i

is encoded b ya posibit ( u i

+ , v i

+ ) and a negabit ( u i

˘ , v i

˘ ).

T he position sum w i

is encoded as two negabits ( w i

˘ , w i

= ). T here are two transfers to the next higher position: t i +1

+ is produced in stage 1 and s i +1

˘ in stage 2. Wit h this notation, and taking into account that stage - 3 blocks are coupled as sho wn in Fig. 3, the complete circuit realization of the adder can be easilyderived. Note that with our particular encoding and design, stage 3 of Fig. 3 could be remo ved were it not for the requirement for paritypreservation. T his is because the 2 bits representing s i

are combined via concatenation which needs no hard ware.

Conceptually, the addition algorithm above could be described in ter ms of two stages of radix - 4 operations proceeding fro ma position sum in [ ˘ 6, 6] to interimsum in [ ˘ 2, 2] and transfer digit value in [ ˘ 1, 1] to the final sumdigit in [ ˘ 3, 3].

T he radix - 2 version is simplyo ne particular implementation of the radix - 4 algorithm. T his implementation is rather e fficient because it can be based on weighted bits and a small number of variables at each stage.

6. MULTIPLICATION AND OTHER OPERATIONS

Multioperand addition can be perfor med b yrepeated use of the two - operand adder discussed in Sectio n 5; no problem ar ises as lo ng as the parities o f outp ut digit pairs are checked after each addition step to ensure that the effects o f faults remain localized. T he parallel (co mbinatio nal) version of this scheme beco mes a binary tree o f two - operand adders, reducing the num ber of operands b ya factor of 2 at each level. It is also possible to design parallel co mpressors 7 similar to those used for standard binar ynumbers to reduce the number of operands to 2 before adding themb ymeans of a parity - preserving adder. Note that 3 BSD digits cannot be compressed to 2 BSD digits in a parity - preserving manner.

T he reason is that when all 3 digits are 1, encoded as 01 according to T able 1, theycollectively have odd paritywhereas the 2 - digit representation o f 3 must have even parity (11 encoded as 0101). Even if this were possible, it wo uld likely be inferior to 2 - to - 1 reduction offered b y limited - carr yadd ers of the type depicted in Fig. 3. So, co mpression - based approaches must involve more than 3 inp uts.

In binar ymultioperand add ition, a 2 - bit slice o f 5 numbers can be reduced to a 4 - bit number bymeans of a co mpressio n circuit kno wn as (5, 5; 4) - counter. Figure 5a sho ws the function of such a circuit in dot notation 7 as well as its naming rationale. T he BSD counterpart to Fig. 5a is sho wn in Fig. 5b. Here, each black - and - white ^dot~ represents a digit with range of values [ ˘ 1, 1]. T he sumo f the five 2 - digit BSD number s, each of which has even parityb yassumption, can b e represented b ytwo pairs of BSD digits, with each pair havi ng even parity. T hus, the even parity of inp ut data is preserved by this transfor mation. One way to imp lement the (5, 5; 4) - counter of Fig. 5b is to use two copies of the counter in Fig. 5a, one for the positive digit co mponents and another for the negativ e compo nents. T hese two counters are then follo wed b yan encod ing circuit that ensures even parities for the two outp ut digit pairs.

T o compress dot matrices with more than 5 ro ws o f dots, one could opt for larger counters. Ho wever, the next larger counte rs of the type sho wn in Fig. 5b, that is, with parity p reservation feature, are (85, 85; 8) and (17, 17, 17, 17; 8).

T hese are quite co mplex and also hard to design in such a way that single faults are guaranteed to lead to isolated outp ut errors. T hus, to reduce larger dot matrices, we advocate the use o f (5, 5; 4) parity - preserving co unter s in multiple levels.

With 2 levels, 11 inp uts can be handled. T his number increases to 26 inp uts with 3 levels and 65 with 4 levels, which should suffice for practical applications. We note that, due to the impossibilityo f parity - preserving 3 - to - 2 reduction of

BSD operands, (5, 5; 4) - counters are our fundamental b uilding blocks, in the same way that (3; 2) - counters constitute building blocks for the co mpr ession o f stand ard binar ynumbers.

Ev en par ity

Ev en par ity

Ev en par ity ineac h r ow

(a)( 5, 5; 4) - c o unt e r, binary (b)( 5, 5; 4) - c o unt e r, B S D (c ) (7; 3) - c ou nt er, B S D

5 5

4

Fig. 5. P arity - preserving co mpression of BSD operands into 2 or 3 operands.

It is also possible to reduce 7 BSD digits in the same column to a 3 - digit BSD number, as sho wn in Fig. 5c. In this case, the 3 - digit (6 - bit) output will be produced so that it possesses the same parityas the 7 incoming digits (14 input bits).

T hat paritycan be preserved in this transfor mation is obvious when the sum o f the input digits is in [ ˘ 6, 6], given that the output will have at least o ne 0 digit that has both even - parity and odd - parityencodings in T able 1. When the sumis +7 , the inp ut parityis odd, which is the same as the parityof 1 1 1 in our BSD encoding (010101). Similarly, when the sum is ˘ 7, which implies even parityat the inp ut, the outp ut paritycorresponding to ˘ 1 ˘ 1 ˘ 1 in our BSD encoding (111111) matches that of the input. Ho wever, this type of co mpression only guarantees that the final parity will match the collective parityo f all input bits. If the numbe r o f inp ut bits is ver ylar ge, then the fault tolerance provided b ythis scheme is significantlylo wer than that of Fig. 5b. T his drawback, combined with the fact that after a 7 - to - 3 reduction we are not yet done and need further additions to arrive at a s ingle output word, limits the utilityo f the (7; 3) co mpression scheme depicted in Fig. 5c.

As in the case of binar yarithmetic, design o f BSD multipliers can be based on a shift - add algorithmor tree reduction.

For the shift - add scheme, paritypreservat ion is simp ler if we perfor mthe multiplicatio n in radix 4; i.e., according to the follo wing recurrence for partial products:

s ( j +1)

= ( s ( j ) + y j

x 4 k ) 4 ˘ 1 with s (0) = 0 and s ( k )

= final product

Note that radix - 4 shifting o f BSD numbers encoded a s in T able 2 preserves the even parity of BSD digit pairs. T he only additional complication over a standard radix - 4 multiplier architecture is in the requirement for a parity - preserving doubling circuit to acco mmod ate 2 x and 3 x multiples; as usual, the 3 x multiple is either p roduced via 2 x + x at the o utset and kept in a register or else avoided through recoding. T he doubling circuit is a highlysimp lified carry - free BSD adder.

Referring to Figs. 4a and 3, we note that possible values for the position suma re in { ˘ 2, 0, 2}, thus reducing the adder to its stage 3, with both single - bit inp uts at digit position i coming fro mpositio n i ˘ 1. So, the doubling process is essentiallya for mof recoding to preserve the even parityo f 4 - bit groups after a one - positio n left shift. If radix - 2 multiplicatio n is implemented, then the aforementioned doubling scheme is used in lieu of simple shifting o f the cumulative partial product s .

An alter native to standard radix - 4 multiplier architecture ( with a doubling circuit) is using the co mpression scheme of

Fig. 5b to co mbine the cumulative partial product and fo ur other values, two of which are fro mthe set {0, x } and the other two fro m{0, ˘ x }. T his will acco mmodate the multiples 0, ± x , and ± 2 x , thus implying the need for a recoding circuit to get rid o f the ± 3 x multiples. For tree or partial - tree multiplicatio n, either a binar y tree of limited - carr yadders or circuits based on the co mpression scheme of Fig. 5b can be used. Arraymultipliers are not as attractive for BSD oper ands as theyare in binaryarithmetic, given that the advantage of str uctural regularityand ease of pipelining is alreadyprovided bythe much faster binar y - tree - based reduction scheme.

More complex operations can be synthesized fro madder/subtractor and multiplier blocks or else handled directlyb y producing a number of co mp onent ter ms and co mbining themusing multioperand addition. Ho wever, in our case, the relative benefit of merged implementation for co mplex operations is much less co mpared to its use with standard binar y arithmetic, given the fact that here arithmetic is redundant and carry - free.

7. CONCLUSIONS

We have sho wn that thro ugh the use of redundant BSD representation with inherentlyeven parity, arithmetic operations can be checked against fault induced errors with fairlylo wcircuit redundancy and virtuallyno added latency except in the final conversion to nonredundant for m. In case redund ant representation is used for performance reasons anyway, even the latter over head becomes insignifi cant.

Arithmetic in manysignal processing applications is dominated byaddition and multiplication. Hence, the methods discussed in the preceding sections o f this paper are adequate for designing parity - checked circuits for a wide array of practical app lications. Radix - 4 division, sq uare - rooting, and CORDIC algorithms for tr anscendental functions can b e added to the list with moderate effort. Modifications to conventional radix - 2 or radix - 4 division and square - rooting architectures parallel those of mult iplicatio n discussed in Section 6.

A similar parityscheme is applicable to carry - save numbers, thus providing an alter native to borrow - save (BSD) representation used in this paper. Whether this leads to any simplification remains to be established. Note that a key to the success of the even - parity encoding scheme used here is our ability to rewrite ˘ 1 1 as 0 ˘ 1 and 1 ˘ 1 as 0 1 (T able 2), thus allo wing us to take ad vantage of alternate encodings of 0 to force even parityfor the corresponding gro up of 4 bits.

For the digit set [0, 2] of car ry - save representation, the rewritings co nsist of 1 0 in lieu of 0 2 and 1 2 replacing 2 0 .

Hence, having two encodings for 1, one with even parity and the other with odd parity, would allo w us to apply the same strate gy with carr y - save representation.

Another directio n for further investigatio n is considering parity - preserving transformations with nonredundant representations. For example, one co mmo n way o f designing fast multipliers is through column co mpression. It is feasible to co mpress a column of dots into fewer dots in multiple columns in such a waythat the parityis preserved.

Given n

0

dots in one column on the input side and m h ˘ 1

, . . . , m

1

, m

0

dots in h columns on the outp ut side, m

0

³ 3 is easily establis hed as a necessar y condition for paritypreservatio n. Similarly, we must have m

1

³ 2 or else even po wers of 2 cannot be encoded with even parityat the output. All other m i

, i ³ 2, can be 1. Whether or not this type o f reductio n leads to viable multiplier designs remains to be established.

T he most co mmon way of err or detection in arithmetic operations is through (inverse) residue checking. It is relatively easyto co mbine parityand residue checking. Note that both parityand residue checks are separable codes. Hence, parity and residue predictions can be done independently and in parallel. Because residue generation is more co mplicated than paritygeneratio n (both are needed at the output side to enable compariso n with the predicted value), paritychecki ng will not be on the critical path o f the overall co mp utation.

REFERENCES

1. E. Fujiwara and K. Haruta, ^Fault - tolerant arithmetic logic unit using paritybased codes,~ Trans. IECE , E64, 1981.

2. H. Fujiwara, Logic Testing and Design for Testability , MIT Press, 1985.

3. P.K. Lala, Self - Checking and Fault - Tolerant Digital Design , Morgan Kaufmann, 2001.

4. M. Nicolaidis, ^E fficient implementations o f self - checking adders and ALUs,~ Proc. 23 rd Int´l Symp. Fault - Tolerant

Computing , pp. 586 - 595, IEEE Co mputer Society, 1993.

5. B. Parhami and A. Avizienis, ^Detection of storage errors in mass memories using arithmetic error codes,~ IEEE

Trans. Computers , 27, pp. 302 - 308, 1978.

6. B.

Parhami,

^Generalized signed - digit number systems: a unifying frame wor k for redundant number representatio ns,~

IEEE Trans. Computers , 39, pp. 89 - 98, 1990.

7. B. Parhami, Computer Arithmetic: Algorithms and Hardware Designs , Oxford Univ. Press, 2000.

8. T .R.N. Rao, Error Codes for Arithmetic Processo rs , Academic Press, 1974.

9. M.A. T hornton, ^Signed binaryaddition circuitr ywith inher ent even parityoutput,~ IEEE Trans. Computers , 46, pp.

811 - 816, 1997.