Application of symmetric redunda nt residues for fast and relia ble arithmetic

Behrooz Parhami*

Dept. Electrical & Computer Eng., Univ. of California, Santa Barbara

(Invited Paper)

ABSTRACT

Despite difficulties in general divisio n, magnitude co mparison, a nd sign detectio n, residue number system arithmetic has been used for manyspecial - p urpose systems in light of its parallelismand modularityfo r the most co mmo n arithmetic operations of addition/subtraction and multiplicatio n. Comp utation in RNS requires mod ular reduction, both for the initial conversio n fro mbinar y to RNS and after each operation to bring the result back to within a valid residue range.

Use of redundant resid ues simp lifies this critical operation, leading to even faster arithmetic. One ty pe of redundant mod - m resid ue, that keeps the representational redundancy to the minimu m of 1 bit per residue, has the nearly symmetric range [ ˘ m , m ) and allo ws t wo values for each p seudoresidue: á x ñ m

or á x ñ m

˘ m . We stud ythe extent of simp lification and speed - up in the mod ular reduction process afforded by such redundant resid ues and discuss its potential implicatio ns to the design of RNS arithmetic circuits. In particular, we sho w that besides cost and performance benefits, introduction o f error checking and fault tolerance in arithmetic co mp utations is facilitated when such redundant resid ues are used.

Keywords: co mputer arithmetic, error code, modular reduction, parallel processing, redundant representation, RNS

1. INTRODUCTION

Parallelismand modulari ty pr operties of resid ue arithmetic make it attractive for use in the design of high - perfor mance and reliable systems. T hese features have been utilized in a wide variety of contexts, fro m error control in conventio nal binar yprocessors (b y means of residu e encoding and checking) to custo m realization of signal processing and other application - specific circuits with residue number system (RNS) arithmetic. 13, 21, 22

One factor that affects the perfor mance of all such applications is the frequent need for i nvoking modular reduction; i.e., comp utatio n of the mod ulo - m residue of a given number x . Modular reduction is needed for residue encoding, to perform residue checking, after each RNS arithmetic operation, and in virtuallyany other context where residues are used 9 .

Redundant residues (pseudoresidues) have been found to offer benefits in simplifying mod ular reduction. Many for ms of redundancy have been applied in an ad hoc manner to gain speed and cost benefits in various applications. A unified theor yof r edundant - resid ue systems is also starting to emer ge 14 .

In this paper, we consider a particular class of redundant residues called ^double - range symmetric/signed~ (DRS) pseudoresidues. DRS pseudoresidues, which are allo wed to be in the range [ ˘ m , m ) instead of the standard nonredundant interval [0, m ), possess sufficient redundancy to allo w significant simp lification, and thus speed - up, in the modular reduction process; yet theyimplyo nly(a minimal) one bit of overhead for each redundant residue.

After pre senting algorithms fo r modular reductio n of arbitrary - width operands into DRS pseudoresidues, and arithmetic operations on such pseudoresidues, we stud ythe effects of redundancy and sho wsubstantial benefits, in ter ms of circuit complexity and latency, in : (1) Residue encoding/checking, (2) Inner - product co mputation, (3) Modular multioperand addition, (4) RNS base extension and mixed - radix conversion, and (5) RNS to/fro mbinaryco nversion. We conclude by analyzing the impact o f the aforementio ned cost/spee d benefits on representative ap plications: filtering, arithmetic coding, and error detection/correction in redundant - modulus RNS.

* parhami@ece.ucsb.edu; phone 1 - 805 - 893 - 3211; fax 1 - 805 - 893 - 3262; http://www.ece.ucsb.edu/Faculty/P arhami/index.htm;

Departme nt of Electrical and Computer Engineering, Universityof California, Santa Barbara, CA, USA 93106 - 9560.

2. RNS WITH REDUNDANT RESIDUES

An RNS is characterized b ya set of k pairwise relativelyprime moduli m k ˘ 1

> . . . > m

1

> m

0

and a resid ue set R i

for the i th modulus, typically chosen to be [0, m i

). Clearly, at most one of the moduli can be even and that one is usually taken to be a power of 2 to simplify the associated circuitr y; all other moduli are odd. Roughly speaking, the set o f mod u li corresponds to the choice of a radix and the resid ue set to the digit set o f positio nal fixed - radix number representations.

Just as the digit set of nonredundant radix - r system can be chosen to be [ a , r + a ), a < 0, the residue set R i

associated with m i

can be selected to be [ a i

, m i

+ a i

). Such no nredundant RNS have been extensively studied and used, primarily, in signal processing applications. An RNS may have a handful of large moduli, typically chosen to be integer s of the form

2 h or 2 h ± 1, or a larg er numb er of small mod uli, often chosen to be primes or po wer s of primes. T he for mer categor yof

RNS corresponds to ver y - high - radix number representation systems, in which digit manipulatio n circuits are quite complex but there are fewer such circuits, whi le the latter are akin to moderatelyhigh radices such as 16 or 64. Issues in choosing the moduli, and the associated cost/speed tradeoffs, are beyond the scope of this p aper.

T he primar yadvantage of RNS is that addition, subtraction, and multiplication c an be perfor med independentlyand in parallel on the various residues. When the resid ues ar e small, this results in ver y high speed, particularlyfor multiplicatio n which is slo w/expensive with conventional number representation. Figure 1 depicts three imp lementations of a residue adder for a modulus m . T he simp ler ones in Figs. 1a and 1b, are combinatio nal and sequential versions of the same scheme 2, 5

. T heyboth ad d two h - bit residues, x and y , to for m their sum u + 2 h c . If either c or the carr y - o ut d o f the addition u + 2 h ˘ m is 1 (the latter implying, for c = 0, that x + y ³ m ), then the outp ut is v = x + y ˘ m instead o f x + y .

T he faster implementation in Fig. 1c for ms v directlythrough a carry - save addition and an ordinaryaddition 17 .

(a)Cas c ade

Mux 0 1

Ad d e r

Ad d e r 0

0

h h h h

h

c d

u v

x y ˘m 2 h s = á x + y ñ m

Mux 0 1

Ad d e r

Ad d e r 0

0

h h h h

h

c

C SA

x y

( c )P aral lel

u f

e v

x y ˘m 2h s = á x + y ñ m

Car r y Sum

0

(b)S e que nt ial

Mux 0 1

Ad d e r h h

c d

u v

x y ˘m 2h s = á x + y ñ m

L a tch u

Mux 0 1

Mux 0 1

h h h

Fig. 1. Design of mod - m resid ue adder.

A residue multiplier is so mewhat more co mplex, but still considerably simpler and faster than an ordinar y binar y multiplier. A bit - at - a - time imp lementation wo uld use a mod ular adder to derive the h - bit mod - m product in h cycles. It is also possible to use an h ´ h combinatio nal (tree or array) multiplier, follo wed bya mod - m reduction circuit for the 2 h - bit product. Alternatively, modular reduction can be fused with co mbining of partial products for speed/economy, particularlyif one takes advantage of the fact that so me bit patterns are unused. Here, we saynothing about implementing difficult RNS operations such as sign test, overflo w detection, magnitude compariso n, or general division.

T he methods to be discussed do not cure such difficulties b ut are meant as mechanisms for making the alread yefficient

RNS operations even simpler and more efficient. T o the extent that the difficult operations use the simpler ones as building blocks, the added effic iencybenefits those as well.

Consider a modulus m satisfying 2 h ˘ 1 < m £ 2 h . Conventional binar yresidues associated with this modulus are h - bit unsigned numbers in the range [0, m ); we refer to these as single - range unsigned (SRU) residues. Similarly, sin gle - range signed (SRS) resid ues have a symmetric or almo st symmetr ic range [ - ë m /2 û , é m /2 ù

) . In both of these cases, the resid ues are nonredundant in the sense that each mod - m eq uivalence class has a single representative in the resid ue set.

In a manner si milar to the use of digit sets with more than r values for radix - r positional representations 1, 13

, we can envisage the use of more than m values in a resid ue set. Using multiple representatives fro mso me or all mod - m equivalence classes does not cause any problemin arithmetic because all operations are modulo m . We refer to residues fro mred undant sets as p seudoresidues and to the resulting RNS as redundant - residue RNS . T his is to distinguish our systems fro m redundant - modulus RNS in which extra mod uli, b eyo nd the minimum set r equired for providing a desired dynamic range, are emplo yed for the sake of error detection and/or correction.

T able I shows the no nredundant SRU and SRS residue sets along with several examples of redundant residue sets. T he redund ancy index associated with a mod ulus m having pseudoresidues in [ a , b ], or [ a , b + 1), is defined as:

r = b + 1 ˘ a ˘ m ( 1 )

T he two single - width redund ant residue sets use the entire range of values offered byan h - bit representatio n as valid pseudor esidues, in unsigned ( SWU) or 2´s - co mplement signed (SWS) for mat. Double - range pseudoresidues can assume twice as many values as a nonredundant residue, again in unsigned (DRU) or signed (DRS) for m. A useful encoding of

DRU is the carr y - save for mat in whic h the pseudoresidue is the sum o f two h - bit unsigned numbers that are separately represented. T riple - range unsigned (T RU) pseudoresidues with values in [0, 3 m ˘ 3] have been called ^relaxed residues~ and used to simp lify mod ular reduction 19 . Squared - or qu adratic - range unsigned (QRU) residues are capable of holding the product o f two SRU residues and have thus been used in inner - product co mp utations o f the type found in digital filters 11 . Double - width unsigned residues can be used in lieu of QRU for impleme ntation simplicity. E nd - around resid ue sets allo w an over flo wo f weight 2 n to be reinserted at the least - significant positio n 16 , given the property2 n = 1 mod m .

For example, mod - 9 resid ues can be accumulated b yusing 6 - bit pseudoresidues with end - around c arry(2 6 = 1 mod 9).

Table I. Some choices for mod - m residue set .

Code T ype of residue Residue set

SRU Single - range unsigned [0, m ) 0

SRS Single - range signed [ - ë m /2 û , é m /2 ù ) 0

SWU Single - width unsigned [0, 2 h ) 2 h - m

SWS Single - width signed [ - 2 h ˘ 1 , 2 h ˘ 1 ) 2 h - m

DRU Double - range unsigned [0, 2 m ) m

DRU

CS

DRU, carry - save variant [0, 2 m ˘ 2] m ˘ 1

DRS Double - range signed ( - m , m ) or [ - m , m ) or [ - m , m ] m - 1 or m or m + 1

T RU T riple - range unsigned [0, 3 m ) 2 m

QRU Squared - range unsigned [0, ( m ˘ 1) 2 ] m 2 - 3 m + 2

DWU Doublewidth unsigned [0, 2 2 h ) 2 2 h - m

EAU End - around unsigned [0, 2 n ) 2 n - m

As evident fro m T able I and discussion of the examples it contains, redundant residue sets have been applied in an ad

hoc fashio n as tools for speed ing up or simplifying circuit r ealizations

3, 8, 11, 12, 16, 19 . Onlyver yrecently have these been

explicitly recognized as redundant resid ues and, thus, received a unified treatment 14 . A general theor yof redundant -

residue RNS representatio ns allo ws us to ob tain such implementation strategies as special cases, thus facilitating design

tradeoffs and fostering the portabilityof techniques and results amo ng different applicatio n contexts.

Note that among the redundant - resid ue examples listed in T able I, SWU and SWS imply no representational redundancy

in the sense that the width h of their pseudoresidues can b e the same as that o f conventional residues. T hese do lead to

so me simplificatio n in resid ue arithmetic, but significant speed benefit requires at least a (near) doubling of the range.

Intuitively, this is because SWU and SWS allo wtwo distinct representatio ns only for a subset o f the m residues; other

residues must always be derived precisely, as there is no roomfor error in the single - representation cases . T he closer m

is to 2 h , the lo wer the redund ancy and, hence, the more rigid the implementation requirements. For this reaso n, double -

range redundant pseudoresidues can be vie wed as having the minimal redundancy for our purposes because they entail

pseudor esidues that are only1 bit wider than ordinar yresidues. Among these, we prefer DRS because its narro wer range

of product (approximately 2 m 2 versus 4 m 2 possible values) can lead to simpler circuit realizations.

3. MODULAR REDUCTION TO PSEUDORESIDUES

In t his section, we consider the problem of reducing a k - bit unsigned or 2 ´s - co mplement number into an ( h + 1) - bit DRS

pseudoresidue. Unless other wise noted, we consider the nearlysymmetric varietyo f DRS with pseudoresidues in the

range [ ˘ m , m ). Much of what we derive is directlyapplicable, or easilyadapted, to the other two varieties of DRS sho wn

in T able I. T he k - bit input argument can itself be viewed as a pseudoresidue with the range [0, 2 k ) or [ ˘ 2 k ˘ 1 , 2 k ˘ 1 ). Hence,

we for mulate our problemas conversio n between mod - m pseudoresidues of var ying ranges. In what follo ws, we discuss

so me of the more useful co nversions. Similar methods can be used for virtuallyanysuch conversio n.

First, note that a DRS pseudoresidue X can be co nverted to a conventional resi due x . Symbolically, this type o f residue

set conver sion is denoted by:

( X

h

. . . X

1

X

0

)

2´s - compl

Î [ ˘ m , m ) ®

mod - m

( x

h ˘ 1

. . . x

1 x

0

)

two

Î [0, m ) ( 2 )

T his conversio n is done b y simp lyadding m to the pseudoresidue X if it is negative. T hus, the circuit implementing this

conversio n consists of an h - bit adder, with one input connected to X

h ˘ 1:0 and the other input to X

h

´ m , where the latter

number is for med b yfanning out X

h to all bit positions where m has a 1 in its binar yrepresentation. T hus, the cos t and

latencyo f this circuit are essentially those of an h - bit adder when it is built for a specific m . If the circuit must wor k fo r

different values of m , where m is an input, then X

h

´ m is the output of a mux which has 0 and m as inp uts.

Next, we co nsi der mod ular reduction for an arbitrar y( h + 1 ) - bit 2´s - co mp lement number to a DRS p seudoresidue o f the

same width. Symbolically:

( X

h

. . . X

1

X

0

)

2´s - compl

Î [ ˘ 2 h , 2 h ) ®

mod - m

( Y

h

. . . Y

1

Y

0

)

2´s - compl

Î [ ˘ m , m ) ( 3 )

T he conversion co nsists o f adding m to X if it is negative and subtracting m fro mit (adding 2 h +1 ˘ m ) if it is nonnegative.

Circuit realization consists of an ( h + 1) - bit adder with inputs being X and X

h

¢ Å m (selective co mplement of m ) and its

c

in connected to X

h

¢ . An h - bit unsigned inp ut ca n be reduced to a DRS p seudoresidue b y unconditio nally subtracting m

fro mit. T his corresponds to the symbolic representation:

( X

h ˘ 1

. . . X

1

X

0

)

two

Î [0, 2 h ) ®

mod - m

( Y

h

. . . Y

1

Y

0

)

2´s - compl

Î [ ˘ m , m ) ( 4 )

No wconsider converting from a pseudoresidue X of width 2 h + 1 to DRS. For most RNS applications where h is

relatively small, the follo wing table lookup scheme is attractive. Divide X into two parts: the upper h + 2 bits X

2 h : h ˘ 1 and

the lo wer h ˘ 1 bits X

h ˘ 2:0

. Use X

2 h : h ˘ 1 as the address into a 2 h +2 ´ h lookup table that holds x

hi

= m ˘ (2 h ˘ 1 X

2 h : h ˘ 1 mod m ).

Co mpute the desired DRS pseudoresidue as X

h ˘ 2:0

˘ x

hi

.

An arithmetic - based method involving short multiplicatio ns byconstants can be used in lieu of table lookup. We are

investigating the possibil ityo f a more direct approach, but for no wwe advocate the use of a method due to Posch and

Posch

19, 20 which perfor ms reduction into an ( h + 2) - bit T RU pseudoresidue (T able I) using a pair of short multiplications

byco nstants. Let this T RU pseudoresidue be ( Y

h +1

. . . Y

1

Y

0

)

two

. We then add 0, ˘ m , or ˘ 2 m to this value depending on the

3 MSBs Y

h +1

Y

h

Y

h ˘ 1

(000, 001, and other wise, respectively) ; this needs a simple control logic circuit, a multiplexer, and an

adder. Note that the method of Posch and Posch wor ks fo r 2 h + 4 bits to handle the product of two ( h + 2) - bit T RU

pseudoresidues. T his property, symbolized as follo ws, mayp rove useful in so me contexts:

( X

2 h +3

... X

1

X

0

)

two

Î [0, 2

2 h +4 ) ®

mod - m

( Y

h +1

... Y

1

Y

0

)

two

Î [0, 3 m ) ®

mod - m

( Z

h ˘ 1

... Z

1

Z

0

)

2´s - compl

Î [ ˘ m , m ) ( 5 )

It is also helpful to contemplate reducing fro mthe set o f 2 h values 2 g ´ [0, 2 h ) to a DRS pseudoresidue. Let b represent

the h - bit constant 2 g mod m . T hen, 2 g x mod m = bx mod m . So, we need a multiplication bythe preco mputed constant b

an d modular reduction o f the 2 h - bit unsigned product.

Finally, an arbitrarilywide k - bit number can be reduced to a DRS p seudoresidue b ydividing it into vario us segments,

reducing each segment to a mod - m resid ue or inverse residue (if the rightmost segment is h ˘ 1 bits, it needs no

conversio n), pairing residues with inverse residues, perfor ming subtraction to get half as many DRS pseudoresidues, and

finally adding all the pseudoresidues to get the final result. Additio n of pseudoresidues will be discussed i n the next

section alongside other arithmetic operations.

4. ARITHMETICOPERATIONS WITH PSEUDORESIDUES

In this section, we discuss how basic arithmetic operations and a fewuseful co mposite operations are performed with

pseudoresidues. Note that two types of arithmetic with pseudoresidues can be envisaged: hybrid ( mixed with ordinary

residues) or pure. For example, 2 - operand addition involving pseudoresidues might take the follo wing for ms:

Pseudoresidue + Resid ue ® Pseudoresidue ( 6 )

Pseudoresidue + Pse udoresidue ® Pseudoresidue ( 7 )

T he first kind is akin to carry - save addition in that it might be used to accumulate the sum o f a set of numbers

(represented with ordinar y residues) while taking ad vantage of speed/ease of arithmetic with pseudoresidues; t he second

kind is of the same flavor as adding redundant operands in (generalized) signed - digit arithmetic. In this paper, we are

interested in operating on number s that are represented with pseudoresidues; thus, it is the second type of arithmetic

operati on above that will be discussed.

Addition o f DRS pseudoresidues can of co urse be perfor med via standard binar yaddition follo wed b ymod ular reductio n

using the methods discussed in Sectio n 3. Ho wever, we can avoid the two - stage process if we note that X + Y can fall

outside the range of pseudoresidues only if the operands have like signs. I f both operands are nonnegative, subtracting m

is guaranteed to bring the sum to within [ ˘ m , m ), while if both are negative, adding m will do the trick. Hence, we can

per formaddition directly:

( X

h

. . . X

1

X

0

)

2´s - compl

+ ( Y

h

. . . Y

1

Y

0

)

2´s - compl

Î [ ˘ 2 m , 2 m ˘ 2] ®

mod - m

( S

h

. . . S

1

S

0

)

2´s - compl

Î [ ˘ m , m ) ( 8 )

Figure 2 depicts an efficient hard ware implementatio n for DRS adder. Based on the signs of the two input operand s, one

of the three values 0, m , or ˘ m is added to X + Y b ymeans of a carr y - save adder follo wed by an ( h + 1) - bit binar yadder.

T he carryo ut o f position h + 1 is ignored for both the CSA and the binar y adder. Co mparing the adder in Fig. 2 to that in

Fig. 1c reveals both lo wer cost and greater speed. T he speed advantage is even more pronounced if the adder is built for

a constant m , because in this case, the gate network producing the rightmost inp ut to the CSA is simplified.

Ad d e r

C SA m

h

S

Car r y Sum

0

X Y

Ig n o re h +1

X

h

Y

h +1 h +1 h +1

h +1 h +1

gates

h +1

gates

c

in

Fig. 2. DRS modular pseudoresidue adder.

Note that in Fig. 2, the XNOR and AND gates can be replaced by2 - to - 1 multiplexers realizing the h + 1 functions

m

i

( X

h

Y

h

) Ú m

i

¢ ( X

h

Ú Y

h

) ¢ . T hus, for a fixed m , the two bits X

h

Y

h and ( X

h

Ú Y

h

) ¢ are simply fanned o ut to appropriate

positions in the rightmo st CSA input in Fig. 2. As a rule, we present our designs assuming that m is an inp ut parameter .

T his will allo w our units to be time - shared for perfor ming o perations associated with several different mod uli if des ired.

Simplifications resulting fro m a specific choice of m are straightfor ward. T he onlyrequir ement for the aforementioned

shared use is that all residues sharing the unit have ( h + 1) - bit redundant representations; that is, all m values must be in

the r ange (2 h ˘ 1 , 2 h ]. Ho wever, practical RNS applications alreadyuse moduli that are co mparable in magnitude, leading

to residues of exactlyor approximatelythe same width.

Negation (change o f sign) for symmetric DRS pseudoresidues in ( ˘ m , m ) or [ ˘ m , m ] is d one by 2´s co mplementation.

For pseudoresidues in [ ˘ m , m ), negation maylead to an invalid pseudoresidue m which must be converted to 0. T his can

be done bydetecting ˘ m at the input and forcing the outp ut to zero. Subtractio n can be perfor med b ynegating Y and

adding. T o negate Y , its bitwise co mplement is for med and a 1 is inserted in lieu of the 0 LSB in the left inp ut to the

adder in Fig. 2. Of co urse, the gate networ k must also be modified to allo w either addition or subtractio n to be

performed. T he on ly remaining issue is to sho w that in case of Y = ˘ m , no problemarises. Note that in this case, the sum

is in the slightly wider range [ ˘ 2 m , 2 m ). However, because we reduce the sum b y m whenever both summands ar e

nonnegative, the output will b e in [ ˘ m , m ) .

Multiplication o f two DRS pseudoresidues produces a (2 h + 1) - bit 2´s - co mplement number. T his number can be reduced

to a pseudoresidue as discussed in Section 3. T he hard war e realization of the preceding scheme consists of an ordinar y

binar ymultiplier an d a reduction circuit. As usual, it is possible to interlace mod ular reduction with the product

accumulation. Co nsider the follo wing symbolic representation of our reduction:

( X

h

. . . X

1

X

0

)

2´s - compl

´ ( Y

h

. . . Y

1

Y

0

)

2´s - compl

Î [ ˘ m ( m ˘ 1), m 2 ] ®

mod - m

( S

h

. . . S

1

S

0

)

2´s - compl

Î [ ˘ m , m ) ( 9 )

Multiplication via left - shift - ad d iterations is the best one to use for modular multiplication ( P is initialized to 0):

2 P + Y

h ˘ j

X Î [ ˘ 3 m , 3( m ˘ 1)] ®

mod - m

New P Î [ ˘ m , m ) (10)

T he left - hand side of (10) can be reduced to a pseudoresidue via o ne doubling (simpler for mo f additio n that does no t

require the CSA in Fig. 2) and a modular pseudoresidue addition. Note that doubling is done byco mputing 2 P ± m ,

where addition or subtractio n is chosen based o n the sign o f P . T he resulting circuit will have a critical path that goes

through two adders, one CSA, and 5 gate levels (XOR is co unted as 2 levels). T he first ad der can be replaced b ya CSA

for ming 2 P ± m + Y

h ˘ j

X as a carry - save number. T he result will have a valu e in [ ˘ 2 m , 2( m ˘ 1)]. Using a lookahead

circuit to deter mine the sign of this value allo ws us to add ± m to it to bring the result to within [ ˘ m , m ) byreducing a

positive value and increasing a negative value. I n this way, the first adder of the previous d esign is replaced b ya CSA

and a single lookahead circuit, leading to a simpler and faster circuit.

Multiply - add operation can be handled b yusing the bits o f the additive operand, fro mMSB to LSB, to replace the 0 LSB

of 2 P in the multiplication iteration s. Sq uaring can be done via multiplication or directlyto take advantage of circuit

simplifications. In particular, when h is moderate but not verysmall, direct lookup table based realization of squaring

might be feasible where multiplication is not. In t his latter case, pseudoresidues offer no advantage for the squaring itself

because the tables can hold conventio nal residues.

Multioperand addition with pseudoresidues lead s to no new problemif perfor med sequentiallyusing the 2 - operand adder

of Fig. 2 or b y a tree of such adders. Similarly, if accumulation is done before mod ular reduction, conventional CSA

trees can be used for the accumulation phase with appropriate provisions for correct handling of signed values 13 .

Piestrak´s method of multioperand mod ular addition with end - around carries 16 is also easilyadapted to pseudoresidues.

It is noteworthy that RNS arithmetic ( with or without p seudoresidues) offers little, if any, advantage o ver binary

arithmetic for multioperand addition involving a large numb er n of operands. Binaryarithmetic requires O(log n ) latency

for carry - save addition, besides the final carr y - propagate addition. Multioperand addition in RNS implies O(log n ) levels

of modular addition, using an adder similar to that in Fig. 2, or O(log n ) levels o f ordinar y carr y - save addition follo wed

bymodular reduction. I n the first case, the slo wer modular adders lead to binar yarithmetic winning in most cases. In the

second case, the mod ular reduction unit is likelyto be slo wer than the final fast adder of binar yarithmetic.

For inner - product co mp utatio n, a scheme based on ver y wide pseudoresidues can be used 11 . T he required hard ware fo r

sequential realization, or one cell in a pipelined linear - array, is sho wn in Fig. 3. A running total of width 2 h + 1 is

maintained to which the (2 h + 1) - bit product pseudoresidue is added to get a (2 h + 2) - bit result which is latched. In case

the two MSBs of the (2 h + 2) - bit result are different, the result has overflo wed the tar get (2 h + 1) - bit range and must b e

r educed/increased b y a multiple of m to bring it to within the target range. T he multiple of m used is 2 h m because it

allo ws us to do the adjustment b yan ( h + 1) - bit adder. Of course if increasing the number o f data lines is acceptable

fro marea and pin - ou t vie wpo ints, the r unning total can be kept in carr y - save for mand the design in Fig. 3 accordingly

modified to use carr y - save adders. T he final conversion of the (2 h + 1) - bit result to an ( h + 1) - bit pseudoresidue is done

follo wing the process outlined in Section 3.

Ope ran d

ps eud ores id ue h +1

L SBs

Coe f fi c ient

ps eud ores id ue

S um

i n

S um

out

L a tch

MSBs h +1

h

2 h +2

2 h +1

2 h +1

h +1

MSB

1

0

2 h +1

2 h +1

m

˘ m

Enable

h +1

Fig. 3. Modulo - m multiply - accumulate cell.

Example 1 (FIR filter implementation): A finite impulse response filter can be implemented in RNS via an initial

conversion of the input to RNS representation, performi ng filter calculations independently for each residue channel, and

a final RNS to binary conversion. The main computational part of the filter for each residue is a linear array of n cells o f

the type shown in Fig. 3, one for each tap. The preceding adapta tion of an ordinary RNS - based FIR filter to one based on

pseudoresidues will work and is somewhat more efficient th at the nonredundant version. However, pseudoresidues allow

us to take a different approach which is considerably more efficient. Let us use o ur standard 2´s - complement encoding

for input psudoresidues but encode all intermediate pseudoresidues as binary signed - digit (BSD) numbers using the

radix - 2 digit set { ˘ 1, 0, 1}. Conceptually, this encoding is very similar to carry - save representation. Th e pseudoresidue X

is encoded as two residues X + in [0, m ) and X ˘ in [0, ˘ m ], with X = X + ˘ X ˘ . The (2 h + 1) - bit output of the multiplier is

broken into two parts: the lower h ˘ 1 bits constitute Y + and the upper h + 2 bits are converted via a lookup table or

special circuit to a negative residue in [0, ˘ m ]. The output of this block, together with the lower h ˘ 1 bits form a BSD

pseudoresidue. This is added to the pseudoresidue representing the running total to form an ( h + 1) digit BSD result

having a wider range than our pseudoresidues. This wider result is brought to within [ ˘ m , m ) in the early part of the next

stage by adding to it a constant whose value is determined only by the MSBs of the positive and negative components.

The speed and cost advantage o f the design in Fig. 4 over that in Fig. 3 is quite obvious. The two BSD adders are only

slightly slower than carry - save adders and the latency of one of them is completely overlapped with the multiplication.

In addition to each cell being faster, the fina l conversion is also sped up because it consists of a correction (identical to

that in the left half of Fig. 4) followed by recoding the BSD pseudoresidue to 2´s - complement format.

�

Ope ran d ps eud ores id ue h +1

Coe f fic ient ps eud ores id ue

S um i n

S um out

MSBs

h +1

B S D

A dder

B S D

A dder h

h +1 h +1 h +1

Cons tant f or mation

+

˘

+

˘

+

˘

+

˘ h h

h

h h +1 h

h ˘ 1 h +2 h

Forms ne gat i ve res idu e ofin put

Fig. 4. RNS FIR filter implementation wit h BSD - encoded intermediate pseudoresidues.

5. AUXILIARY RNS OPERATIONS

Having discussed co nventional arithmetic operations with pseudoresidues, we no w want to sho w that certain auxiliar y operations needed for successful implementatio n of RNS arithmetic ar e also facilitated by redundant resid ues. We have already covered binar y to residue conversion in Section 3. Here, we discuss operations such as RNS to mixed - radix conversio n, base extensio n, RNS to binar yconversio n, approximate sign detectio n, which is n eeded for division amo ng other operations 6 , and approximate Chinese remainder theorem(CRT ) decoding 7 .

Base extension refers to deriving a sub set of RNS resid ues for a number fro mthe remaining residues, provided that the number being represented is within the range of the latter subset. Both base extension and RNS to binar yco nver sion can be performed b ydoing RNS to mixed - radix conversion first. For this reason, we present the latter in so me detail.

Example 2 (RNS to mixed - radix conversion): Consider an R NS representation with the k moduli m k ˘ 1

> . . . > m

1

> m

0

.

The mixed - radix number system corresponding to this RNS has k digits, with the i th digit having the same range as the i th residue and a weight equal to m i ˘ 1

. . . m

0

(the weight is 1 for the digit in 0th position). In our case, the residues are redundant, so the mixed - radix number is also obtained with a redundant digit set. However, as in the case of fixed - radix positional systems, conversion from this redundant mixed - radix representation to nonre dundant form is straightforward.

The conversion process is iter ative. In the i th iteration, the i th residue is taken to be the i th mixed - radix digit. This digit is subtracted from all remaining residues to get a number that is divisible by m i

. Division by m i

is then performed through multiplication of residues by the multiplicative inverse of m i

. To the extent that modular addition and multiplication are faster with pseudoresidues, the iterations are speeded up. At the end, either the redundant mixed - radix number is converted to nonredundant form or it is used directly to deduce the information of interest such as sign or relative magnitude through special lookahead circuits. Table II contains a numerical example in which u = (6 ˘ 2 ˘ 2 1)

RNS

is converted from a 4 - modulus RNS (7, 5, 3, 2) to (1 ˘ 2 ˘ 3 1)

MR

in the equivalent mixed - radix format The computation is easily checked by noting that the mixed - radix number has the value 30 ˘ 12 ˘ 6 + 1 = 13. �

Table II. Example of RNS to mixed - radix conversion with pseu doresidues .

RNS moduli