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Summary

Review of previous lecture

Reachability

* transition systems

reachability algorithm

backward reachability algorithm

invariance algorithm

controller design based on backward reachability




Sequence Properties (signals)

Xy = set of all piecewise continuous signals  x:[0, T) — R", T € (0, o]
Q;, = set of all piecewise constant signals g:[0,T)—=Q, Te(0, ]

Sequence property = p : Qg x X, — {false,true}

sig

E.gl’ ] < o . ©
plg.x) = {Luw a(t) € {1,3}, (1) 2 2(t +3), V¢

false otherwise
A pair of signals (g, ) € Qg x X satisfies p if p(q, x) = true

A hybrid automaton H satisfies p (write H = p ) if
p(g, x) = true, for every solution (g, x) of H

Sequence analysis = Given a hybrid automaton H and a sequence property p
show that HEp

When this is not the case, find a witness
(9, X) € Qg x Xy such that p(q, x) = false

(in general for solution starting on a given set of initial states H, C Q x R")

Example #1: Bouncing ball

X <0&X%,<07?

Assuming that x,(0) > 0, the hybrid automaton satisfies:

O{x>0} ('short for (O { x,(t) > 0})(0))

O{x =0}

Oo{x,=0}

oO{x<1}
Opt) < Vit p()
©Op)t) <« Jt=t, p®)
@0pP() & Vit It>t pt)
©Up() & Ft=>t, V>t ph)




Safety properties

Given a signal x:[0,T) — R", Te(0,00], x™:[0,T%) — R"is called a prefix to x
if T'<T&X'(t) =x(t) Vte[0,T)

safety property = a sequence property p that is:
1. nonempty, i.e., 3 (g,x) such that p(q,x) = true
2. prefix closed, i.e., given signals (q,x)
p(g, X) = p(a*, x*)
for every prefix (q%, x*) to (q, X)
3. limit closed, i.e., given an infinite sequence of signals
(G2.%1) » (A2.%5), (Gg:Xs), €tC.
each element satisfying p such that
(GX) is @ prefix to (G, Xies) vk
then (g,x) := lim_, . (q,.X,) also satisfies p

“Something bad never happens:”
1. nontrivial
2. a prefix to a good signal is always good
3. if something bad happens, it will happen in finite time

Examples
E.g., p(q, x) =0 (q(t),x(t) € ¥  where ¥ C Qx R" is a nonempty set
W)
‘ x, satisfies p

X, does not

this is a safety property:
nonempty, prefix closed,
limit closed

Other safety properties:
p(g, X) = x(t) > 0Vt (closed F)
p(g, X) =x(t) >0Vt (open F)

Nonsafety property:
p(a, X) = inf, x(t) > 0 (not of the form above; not limit closed, Why?)




Liveness properties

Given a signal x:[0,T) — R", Te(0,00], x™:[0,T*) — R"is called a prefix to x
if T'<T&X'(t) =x(t) Vte[0,T)

liveness property = a sequence property p with the property that for
every finite (9%, x*) € Q4 x X, there is some (g, X)
€ Qg X Xgq Such that:
1. (g*, x*) is a prefix to (q, x)
2. (g, x) satisfies p

sig

“*Something good can eventually happen:”
for any sequence there is a good continuation.

E.g., p(g, x) = ¢ (qt).x(t)e 7 where FC Qx R" is a nonempty set
p(@,x) =0 (qt).xt)e F (always, eventually: V t,>t,, 3 t> t,)

p(@,x) =0 O (qt).x(t)e F (eventually, always: 3 t,>t,, V t> t,)
p(q,X) =3 L>000|x|| <L what does it mean?
p(q,X) =V e>0 O O||x||<e what does it mean?

very rich class, more difficult to verify

Completeness of liveness/safety

Theorem 1: If p is both a liveness and a safety property then every (g, x) €
Qg x Xq Satisfies p, i.e., p is always true (trivial property)

Theorem 2: For every nonempty (not always false) sequence property p
there is a safety property p, and a liveness property p, such that:
(9,x) satisfies p if and only if (q,x) satisfies both p, an p,

Thus if we are able to verify safety and liveness properties we
are able to verify any sequence property.

But sequence properties are not all we may be interested in...

“ensemble properties” = property of the whole family of solutions
e.g., stability (continuity with respect to initial conditions) is not a
sequence property because by looking a each solution (g, x) individually
we cannot decide if the system is stable. Much more on this later-...

Can one find sequence properties that
guarantee that the system is stable or unstable?




Reachability
Given: hybrid automaton H:

=flgz) (q2)=2(¢ .27) qt)€Q z(t) eR", t 21
set of initial states H, C @ x R"

Reach,,(H,) = set of pairs (g, X;) € Q x R" for which there is a solution (q,x)
to H for which:
1. (alte) X(ty) €H, starts in 74,

2.3t >t,: (qt).x(®) = (0, X;) passes through (dy, ;)

Reachability
Given: hybrid automaton H:

t=flg.z) (g2)=2(q .27) q()€Q a(t)ER", L =1
set of initial states H,C @ x R"

Reach,,(H,) = set of pairs (qy, X;) € Q x R" for which there is a solution (g,x)
to H for which:
1. (a(ty) x(t)) €H, starts in

2.3t to: (qUOX0) = (Gux)  PAees through (6, )

Invariant set = set SC Q x R" for which Reach,(S) =S




Reachability v.s. Safety

Given: hybrid automaton H:
= flgz) (g2)=(q ,2) qt)€Q z(t)eR", t >4
set of initial states H, C @ x R"

Reach,,(H,) = set of pairs (g, X;) € Q x R" for which there is a solution (q,x)
to H for which:
1. (alte) X(ty) €H, starts in 4,

2.3t >t,: (qt).x(®) = (0, X;) passes through (dy, ;)

H satisfies a safety property

p(@,¥) =0 (a®.x©) € 7
where 7 C Qx R" is a nonempty set if and only if
Reach,(Hy) C F

every point in every
trajectory starting in
H, satisfies p

Reachability v.s. Safety

Given: hybrid automaton H:
Zi'.'—f(q,-l‘) (q,l‘)—@(q 79: ) q(t)GQ! ‘r(t)ean tth
set of initial states H, C @ x R"

Reach,,(H,) = set of pairs (qy, X;) € Q x R" for which there is a solution (g,x)
to H for which:
1. (q(t) . X(ty)) €H, starts in 7,

2.3t to: (qUOX0) = (Gux)  PAees through (6, )

Over-approximation to the reach set = any set R, such that Reach,(H,) C R

over over

To prove safety is enough to show that: R, C &

every point in every
trajectory starting in
H, satisfies p

Are under-
approximations useful
to study reachability?




Transition system
generalization of finite automaton, differential equations, hybrid automaton, etc.
transition S set of states (finite or infinite)

system £ = alphabet of events (finite or infinite)
T T C Sx Ex S = transition relation

@/\ §={1,2,3}
Q/g £={ab}
a&@ b  Te{(la2),(2b1l),(2b3),(3a1)}

execution of a transition system = sequence of states { s, S;, S,, ... } such that
there exists a sequence of events { e;, e, €,, ... }
for which (s;, e, S;,) € TV

Given a set of initial states S, C S:

Reach(S;) = set of states s € S for which there is a finite execution that
starts in Sy and ends at s

Transition systems
As far as reachability goes ...

1. A finite automaton (deterministic or not) can be viewed as a transition system

Q :={0y, Uy ..., q,} = finite set of states

automata - :
M ¥:={ab,c,...} = finite set of input symbols (alphabet)
D:QOxE— 09 = transition function
transition S=0 = set of states (finite)
system £=X = alphabet of events (finite)
T T={(sed®(se)):s€ Q,ec X} = transition relation

for nondeterministic finite automaton
T={(565):5€Q,ecX s’e ®(s,e)}

Same set of reachable states




Transition systems

As far as reachability goes ... Same set of reachable states

1. A hybrid automaton can be viewed as a transition system

hybrid Q = set of discrete states
automata R~ = continuous state-space
H fiOxR"— R" = vector field
D: 9 xR"— Q xR" = discrete transition (& reset map)
transition S=QxR" = set of states (infinite)
system E=1r, (4,9): 9;,0,€Q} = alphabet of events:
T 1 called the continuous evolution event
(9;,0;) called a jump event
TCSxEXS = transition relation

( (CloXo), (0o:aly) (qf’xf)) eTif (z7,q7) = ®(x0,q0)

((qO,XO), T, (Qg:Xy) ) eTifIL>0st & = fqo,x), z2(0) = xq, z(ty) = xy

same (dlo.%o) and t lead ((t).q0) = ©(x (), q0), Vte (0,ty)
to many distinct elements in T
(flows modeled as nondetermism)

Reachability algorithm
Reachability algorithms:

initialization: Reach, =0

Reach, = S,
i=0 states one can transition to
loop: while Reach; # Reach, ; do from Reach,
Reach;,; = Reach, U {s’ € S: 3s € Reach;,e € &, (s,e,s’) € T}
izi+1
S, = {3} S, =42}
Reach, = {3} Reach, = {2}
Reach, = {1,3,5,6} Reach, = {2,4,5}
Reach,= {1,2,356}  Reach,={2,45}
Reach, = Q Reach.({2})={2,4,5}

Reach, = Q
Reach({3}) = @




Reachability algorithm
Reachability algorithms:

initialization: Reach, =0

Reach, = S,
i=0 states one can transition to
. from Reach,
loop: while Reach; = Reach, ; do :
Reach;,; = Reach; U{s’ € S:3s € Reach,, e € & (se;s’) € T}
i=i+1l

Theorem: If S'is finite then
(i) the reachability algorithm finishes in a finite number of steps and
(if) upon exiting the while-loop Reach; = Reach(S,)

Why?

Reachability algorithm
Reachability algorithms:

initialization: Reach, =0

Reach, = S,
i=0 states one can transition to
. from Reach.
loop: while Reach; # Reach, ; do :
Reach;,; = Reach, U {s’ € S: 3s € Reach;,e € &, (s,e,s’) € T}
izi+1l

Theorem: If Sis finite then
(i) the reachability algorithm finishes in a finite number of steps and
(if) upon exiting the while-loop Reach; = Reach(S,)

Why?

(i) In each iteration the number of elements in Reach; increases by at least 1.
Since it can have, at most, as many elements as S there can only be as many
iterations as the number of elements in S (minus the number of elements in S;).

(i) Reach; = the set of states that can be reached in i steps, thus any state that can
be reached in a finite number of steps must be in one of the Reach;,




Reachability algorithm
Reachability algorithm:

initialization: Reach, =0

Reach, = S,
i=0 states one can transition to
. from Reach,
loop: while Reach; = Reach, ; do :
Reach;,; = Reach; U{s’ € S:3s € Reach,, e € & (se;s’) € T}
i=i+1l

Two difficulties with hybrid automata
1. the set of states S := QxR" is not finite (algorithm may not terminate)
2. Inthe while loop: Reach;,, = Reach; U S; U S,
Computation of
S;:={s’ € S:Is e Reach, e =(q;,q) € £, (s,e,8") € T} issimple
but
S,:={s’ € §:3s e Reach;, e =1, (5,6,") € T} is not (in general)

S ={(arX) € S: 3 (UoXo) € Reach;, (gX;) = @ (G, Xp)} = P(Reach)
S, ={(9p.X) € S: 3 (0y%y) € Reach;, “there is a continuous evolution
from x, to x; inside mode q,” }

Example #5: Tank system

pump goal = prevent the tank from
emptying or filling up
pump-on inflow = A =3 -
8 =.5 = delay between command
y is sent to pump and the
time it is executed

constant outflow = u=1

wait to off

(a=4)
y=3-1
‘{f: s:=0
s=1
wait to on pump on
j=-1 g=3-1 ) Y=

s=1 s=10

10



Reachability algorithm for the tank system

s>57

/\ Suppose Sy :=={ (1x):x € &, }
y<17
y>27 b
~_ "7 |

s>.57
1 1
T event 1 2 y
g=1 /\ g=1
s s 1
E Reach, = {1} x X, wl {1} x X,
L — i §
° | ‘y:—l,S:O ° E |
1 2 y 1 2 y

Reachability algorithm for the tank system

//\ Suppose S :={ (1,x): x € X, }
y<l7
~_ 7 L

s>.57
1 2 y
q=1 (1,2) event q=2
S S
wlz{l}XX1
°r G=—1,5=0 '5\ |
1 2 y 1 2 y

Reach, = Reach; U { (2, (1,0)) }

11



Reachability algorithm for the tank system

s>57

f\ Suppose Sy :=={ (1x):x € &, }
y<1'7
~_~7 |

s>.57
1 1
T event 1 2 y
q=2 /\ q=2
S S
5L \ylzflaslzl 5l \ ,,,,,,,,,,,,,,,,,,,,,,,,,
1 2 y 1 2 y
Reach, = Reach, U {(2, (1,0)) } Reach, = Reach, U {(2, (1-o.®)) : «€[0,.5] }

Reachability algorithm for the tank system

K\ Suppose S :={ (1,x): x € X, }
y<17

s>.57?
1 2 y

q=2 q=3

s s
(2,3) event

5 \/\\ ffffffffffffffffffffffffffffff

1 2 y 1 2 y

Reach; = Reach; U {(2, (1-a,,a)) : a€[0,.5] } Reach, = Reach; U {(3, (.5,.5)) }

12



Reachability algorithm for the tank system

s>57

/—\
y<1'7
~_~7

Suppose Sy :=={ (1x):x € &, }

s>.57 B
1 1
T event 1 2 y
g=3 /\ q=3
s s
y=2,5=0
o oo LY e
I I : | I :
1 2 y 1 2 y
Reach, = Reach; U {(3, (.5,.5)) }

Reach; = Reach; U {(3, (.5,.5+a)):0€[0,1.5] }

Reachability algorithm for the tank system

[\
y<17

Suppose S :={ (1,x): x € X, }

1 2

Reachs = Reach; U {(3, (.5,.5+a)):a€[0,1.5] }

e

1

Reachg = Reachs U {(4, (2,0)) }

2 y

13



Reachability algorithm for the tank system

s>57

K\ SupposeS0 ={(1x):xe X}
y<1’7 =
~_ "7 |

$s>.57?
1 1
T event 1 2 y
q=4 /\ g=4
S i S
K 7
g e
! 5
1 2 y y
Reachg = Reach; U {(4, (2,0)) } Reach; = Reachs U {(4, (2+20.,a)):0.€[0,.5] }

Reachability algorithm for the tank system

//\ Suppose S :={ (1,x): x € X, }
y<17
~_ 7 L

s>.57
(4,1) event 1 2 y
q=4 /_\ g=1
s | s L
JEO—— Y S —
1 y 1 2 y
Reachg = Reachs U {(4, (2,0)) } Reach; = Reachg U {(1, (3,.5))}

14



Reachability algorithm for the tank system

s>57

/\ Suppose Sy :=={ (1x):x € &, }
y<17
~_ "7 |

$s>.57?
T event y
q= 1 /\
S
y=—-1,5=0 :
5} s
1 2 y 1 2 y
Reach; = Reachg U {(1, (3..5))} Reach; = Reachg U {(1, (a.,.5)):0€[1,3]}

Reachability algorithm for the tank system

//\ Suppose S :={ (1,x): x € X, }
y<l7
~_ 7 L

s>.57
| |
1 2 y
=1 =2
q (1,2) event a
S : 3
‘%
3 ; g=-1,5=0
51 : 1 s N —
1 2 y 1 2 y
Reach, = Reachs U {(1, (a..5)):0.€[1,3]} Reachg = Reach; 11!

15



Reachability algorithm for the tank system

s>57
f\ Suppose Sy :=={ (1x):x € &, }

Initialized Rectangular Automaton

rectangle = set of the form I, x I, x ... x |, where each |, is an interval whose
finite end-points are rational (in Q)
e.g., [3,4]x [5,6) or (-00,1)x (1,2) or R x (1/2,5/4)
but not [1,2]U[3,4] x [5,6] or [1,2Y2]x [3,4]

Q = set of discrete states R" = continuous state-space

htyb“dt f:OxR"— R" = vector field
au Ol-rlna a @ QxR"— Q = discrete transition

p: QxR R" = reset map

H is an initialized rectangular automaton if:
1. Theset Q is finite
2. f(9,x) = k(g) € Q V xeR" (constant rational vector fields in each discrete mode)

3. The discrete transitions are of the form - .
conditions for jumps are
qj q=4qi, ¥ € Ry; expressed by rectangles in x
elq, ) .

where all the R;; are rectangles
i A the resets are
4. There is a function v: Q@ — Q" such that independent of x

olg,x)£q¢ = plg,x)=r(q) Ve eR" (and rectangles for
nondeterministic case)

16



Example #5: Tank system

wait to off
Q=4
y=3-1

s=1

n <
i i
o

wait to on
(@=2)
S

s =

pump on
(@=3)

=.5
=.5

By adding “no-effect” resets one obtains an initialized rectangular automaton

Decidability

H is an initialized rectangular automaton if:

1. theset Q is finite

2. vector field is constant in each discrete mode rectangular automaton
3. jump conditions rectangular in x

4. resets independent of x | initialized

Theorem: The reachability algorithm finishes in finite time for any
initialized rectangular automaton (deterministic or not).

Moreover, one can implement the reachability algorithm exactly
using finite memory and finite computation

« finite number of discrete states & constant resets =- finite termination (only
needs to compute a finite number of reach sets inside each mode)

« rational numbers needed for exact representation with finite memory

 constant vector fields & rectangular jJump conditions make possible exact
computation of reach sets inside each mode

17



Decidability

H is an initialized rectangular automaton if;

1. theset Q is finite

2. vector field is constant in each discrete mode rectangular automaton
3. jump conditions rectangular in x

4. resets independent of x | initialized

Perhaps the most restrictive condition is the “initialization”
because it clears any memory regarding the previous continuous
evolution (other than what was encoded in the discrete state)
but without it we may not have finite termination

s>17? S
Reach,
_ Reach;
_r
T
s:=0
X
Sy = {1,0} = Reach,
Back to safety...

Given: hybrid automaton H:
= f(gx) (q2)=@(q .2 ) qt)eQ z(t)eR", t>t{
set of initial states H,C @ x R"

H satisfies a safety property p(g, x) = 0 (q(t),x(t)) € F, F C Qx R"if and

only if Reach,(H,) C ¥

every point in every

trajectory starting in
H, satisfies p

Reachability algorithm:

initialization: Reach; =0 algorithm can terminate
Reach, = S, immediately if one of the
i=0 Reach; is outside of
loop: while Reach; = Reach, ; or Reach; ¢ ¥ do
Reach;,; = Reach; U{s’ € S:3s € Reach,, e € & (s,e;s’) € T}
i=i+1l
end: if Reach; = Reach, , then H satisfies p

else H does not satisfy p

18



Backward reachability

Given: hybrid automaton H:
= flgz) (q2)=(q,z7) qt)€Q, z(t)eR"
set of final states H; C Q@ x R"

BackReach,,(H;) = set of pairs (g, X,) € Q x R" for which there is a solution
(9,x) to H for which:

1. (q(ty) X(ty)) = (Ggr Xo) starts at (g, X,)
2.3t>t,: (qt).x(t) € H,  Passes through 4

What can you say about
Reach,(BackReach,,(#;))
BackReach,,(Reach,(H,)) ?

Backward reachability

Given: hybrid automaton H:
&= flg,x) (qz)=P(qg .z ) qt)eQ z(t)eR" t=>1
set of final states H; C @ x R"

BackReachy(H;) = set of pairs (g, X,) € @ x R" for which there is a solution
(9,x) to H for which:

1. (q(ty) X(ty) = (@, Xo) starts at (qlo, X)
2.3t>1t,: (qt)x(t)) € H,  Passes through 7,

In general
Reach,,(BackReach, () D H;
BackReach,,(Reach, (7)) D H,

For deterministic systems
Reach,,(BackReach,,(H;)) = Reach(H)D> H;

For backwards-in-time deterministic systems
BackReachy,(Reach,(H;)) = BackReach,,(H;) O H,

19



Backward reachability

Given: hybrid automaton H:
= flg.z) (q.a)=(q .2 ) q(t) € Q, z(t) e R", t > t{
set of final states H; C Q@ x R"

BackReach,,(H;) = set of pairs (g, X,) € Q x R" for which there is a solution
(9,x) to H for which:

1. (q(ty) X(ty)) = (Ggr Xo) starts at (g, X,)
2.3t>t,: (qt).x(t) € H,  Passes through 4

H satisfies a safety property

p(@. %) =0 (a)x(®) € 7
where 7 C Qx R" is a nonempty set if and only if
every point in every
trajectory starting in
H, satisfies p

/ﬂTmeanstR"\T

Transition system
transition S = set of states (finite or infinite)
system £ = alphabet of events (finite or infinite)

T TCSxExS = transition relation

@/\ S={1,2,3}
\b/? E={ab}
ak® b Te{(@a2),(2b1l),(2Db3),3al)}

execution of a transition system = sequence of states { s, s,, S,, ... } such that
there exists a sequence of events { e,, e, ,, ... }
for which (s;, €, S;,p) € TV

Given a set of initial states S, C S:

Reach{(S;) = set of states s € S for which there is a finite execution that
starts in S, and ends at s

Given a set of final states S; C S:

BackReach.(S;) = set of states s € S for which there is a finite execution that
starts at s and ends in S;




Backward reachability algorithm
Backward reachability algorithm:

initialization: BReach, =0

BReach, = &;
i=0 states from where one can
. transition into BReach,
loop: while BReach;, = BReach, ; do :
BReach;,, = BReach, U {s € S:3s’ € BReach, e € £s.t. (se,8") € T}
i=i+1l

S ={5}

BReach, = {5}

BReach, = {2,3,5}

BReach, = {1,2,3,5}
BReach, = {1,2,3,5}
BackReach({5}) = {1,2,3,5}

Backward reachability algorithm
Backward reachability algorithm:

initialization: BReach, =0

BReach, = &;
i=0 states from where one can
. transition into BReach,
loop: while BReach; = BReach, ; do :
BReach,, = BReach, U {s € S: 35’ € BReach, e € £s.t. (se,5") € T}
izi+1

Theorem: If Sis finite then
(i) the backwards reachability algorithm finishes in a finite number
of steps and
(if) upon exiting the while-loop BReach; = BackReach(S;)

Why?

(i) Ineach iteration the number of elements in BReach; increases by at least 1.
Since it can have, at most, as many elements as &S there can only be as many
iterations as the number of elements in S (minus the number of elements in S;).

(if) BReach, = the set of states that can reach S; in i steps, thus any state from
which S; can be reached in a finite number of steps must be in one of the Reach;




Invariant set algorithm
Invariant set algorithm (backward reachability working with complements):

initialization: Inv, =8

Inv,=-& Inv, := = BReach,
i=0
loop: while Inv; # Inv;, do
Inv,, =Inv,N{s€S:Vs ¢ Inv,ec st (ses’) e T}
i=i+1

complement of previous set
{seS:3s’ ¢ Inv,ec st (ses’) e T}
(new set can be interpreted as
“states for which there is no transition out of Inv;”)

‘7:: {112137416} (Sf =7 7: = {5})

Inv, = {1,2,3,4,6}

Inv, = {1,4,6}

Inv, = {4,6}

Inv, = {4,6}

Inv;({5}) = {4,6} = -~ BackReachT({5})

consistent with previous computation:
BackReachT({5}) = {1,2,3,5}

Invariant set algorithm
Invariant set algorithm (backward reachability working with complements):

initialization: Inv, =8

Inv, =S Inv; := = BReach;
i=0
loop: while Inv; # Inv,, do
Inv,,=Inv,N{seS:Vs ¢ Inv,ec st (ses’) ¢ T}
i=i+1

states for which there is

e no transition out of Inv,
Theorem: If Sis finite then

(i) the algorithm finishes in a finite number of steps and
(ii) upon exiting the while loop
Inv, = Inv(~ &;) = largest invariant set contained in - S; (= %)

Why?
(i) In each iteration the number of elements in Inv; decreases by at least 1.
There can only be as many iterations as the number of elements in S\S..
(if) Upon exiting: InvC {seS:Vs glnv,e€& (ses’) ¢ T}
set of states for which there is no
transition out of Inv

U

Inv is invariant set
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Invariant sets

Given: hybrid automaton H:
= flgz) (g2)=(q ,2) qt)€Q z(t)eR", t >4
set of final states H; C Q@ x R"

Inv,(H;) = largest invariant set contained in ..
As just seen, Inv,(H;) = - BackReach(— H;)

H satisfies a safety property
p(@. %) =0 (a).x1) € F
where F C Qx R" is a nonempty set if and only if
BackReach,(— F) N H, =0

or equivalently
= Invy(F)NHy=0 < H, C Invy(F)

Inv,(F) = largest set of
initial states for which the
property is satisfied

Back to safety (again)...
Given: hybrid automaton H:
= flg,x) (q2)=0(qg ,xz7) qt)eQ z(t)ER", t=1g
set of final states H; C Q x R"

H satisfies a safety property p(q, x) = O (q(t).x(t)) € F € Qx R" (nonempty set)

if and only if BackReach,,(— F) N H, =0 every point in every

trajectory starting in
H, satisfies p

Backwards Reachability algorithm:

initialization: BReach_ =0 algorithm can terminate
BReach, =& =~ F immediately if one of the
i=0 BReach; intersects H,
loop: while BReach, = BReach, , or BReach; N H, = ( do
BReach;,, = BReach; U {s € S:3s’ € BReach, e € £, (s,e,s’) € T}
i=i+1
end: if Reach; = Reach, , then H satisfies p else H does not satisfy p
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Controller design based on backward reachability
Backwards Reachability algorithm:

initialization: BReach =0 algorithm can terminate
BReach,=&; := = F immediately if one of the
i=0 BReach; intersects H,
loop: while BReach; = BReach, , or BReach; N H, = ( do
BReach;,, = BReach; U{s € S:3s” € BReach, e € & (ses’) € T}
i=i+1l
end: if Reach; = Reach, , then H satisfies p else H does not satisfy p

When one obtains BReach,,, N H,, = @ it is because
{seS:3s"eBReach,e €& (565)eTINH,=0

therefore transition from % to BReach,
Jdse H, s’ € BReach,ec &:(ses)eT

Safety could be recovered if the transition (s,e,s’) € T was removed

Control design based on backward reachability:
inhibit any transition (s,e,s’) for which s’ € BReach, e € £, s € H,

Typically amounts to
1. removing a discrete transition
2. adding a discrete transition to prevent continuous evolution

Next lecture...

Lyapunov stability of ODEs

« epsilon-delta and beta-function definitions
< Lyapunov’s stability theorem

< LaSalle’s invariance principle

Lyapunov stability of hybrid systems
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