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Abstract— This paper addresses the design of controllers for feel. This is known as haptic distortion. A haptic system
haptic systems that are both stable and transparent. Stabity  js said to betransparent if the haptic distortion is small.
refers to the property that the control system should not 1,5 two main concerns dictate the design of the low-level

introduce oscillations felt in the haptic device by the huma troll for hanti t - stabili dt
operator. Transparency refers to the property that the hapic ~ CONUrOlI€rs for haptic systems. sta llity and transpayenc

system should faithfully reproduce the dynamics of the virtial We address the design of controllers for haptic systems
environment. We propose a design methodology that converts that are maximally transparent under the constraint thet th
the problem of maximizing transparency, while guaranteeiy  should stabilize the system. By stability we mean velocity
stabilit_y, into a set of matrix inequalitit_as._ Then We propo® a  of haptic device converges to zero, hence the system is
numerical procedure to solve the matrix inequalities basecn . . .
the cone complementarity algorithm. With this formulation one OSC'_ll_at'on fre(_e and all other states such as haptlc_dewce
can also incorporate other design tasks, such as robustnegs ~ POsition remain bounded. When one attempts to simulate
parameter variations, by introducing additional norm condi-  virtual objects with high stiffness or when the controller
tions and solving Ho or mixed norm problems. A numerical  sampling rate is low, previous controller design methods th
example is used to illustrate the design methodology. guarantee stability but ignore distortion, typically letm
haptic systems with poor transparency.
Fig. 1 depicts the haptic system under consideration. It
Haptic systems attempt to emulate the interaction betweennsists of four main blocks: the human operattt(s), the
a human and an environment populated by virtual objectaaptic interfacel/(s), the virtual environment (VE), and the
In practice, the human operator holds a controlled robotigirtual couplingC(z). Here we follow the assumption made
device (called the haptic interface) that exerts on the mumay [1] and others, under which the human behaves passively
the reaction forces that the virtual objects would, thusgileg  when regarded as an operator from velocity to applied force.
the human to believe that she is actually touching reathe block)M (s) models the dynamics of the haptic interface
objects. We address a problem that is related to the desigg given by Newton’s law. The simplest form is a first order
of the low-level controllers that compute the actuatiomaig transfer function of the form
sent to the haptic interface and that will translate into the 1
force felt by the operator. For simplicity we concentrate on M(s) = ms+b’ @)
theyirtual wall p_roblem,_ in which the haptic_ syste_m attemptSyherem andb are the mass and physical damping coeffi-
to _S|mulate the interaction of_the human with a virtual planagjent respectively. However we do not restridt(s) to the
object. When the virtual wall is penetrated, the human shoutirst order model throughout this paper. The applied force
feel a reaction force equal to has two components: the one applied by the human on the
—Kux— Bi 1) haptic interface and the one applied by its own motors. The
’ position of the interface is the integral of its velocity and
where z denotes the penetration depth,the speed, K a assume here that only position is available for feedback.
stiffness coefficient, and® a damping coefficient. While the human operator and the haptic interface have
If one were to naively control the motors of the hapticcontinuous models, the rest of the system is implemented
interface to apply a force equal to (1) when the virtual waldigitally and is therefore modeled by discrete-time blocks
is penetrated, the human would often feel the virtual wall osThe discrete and continuous components are connected via
cillating or “buzzing” upon touch, especially for high vats sample and hold blocks with a sampling tirfie In haptic
of the stiffness coefficienk’. This phenomenon results from systems with complex virtual environments, collision dete
loop-instability mainly due to the existence of a feedbackion and graphic rendering are typically computationadyw
loop between the human and the haptic system, compoundstense and pose severe constrains on the sampling rate. In
by the fact that the haptic controller is implemented digjita particular, to achieve accurate haptic rendering the sampl
with finite sampling rate. To avoid instability one geneyall time should not be smaller than the time it takes for the
does not simply apply the force in (1) to the haptic interfacéhaptic system to detect the presence or absence of coflision
In practice, this means that there will be a difference betwe in complex virtual environments. The virtual environment
the force that the humaunill feel and the one that stshould  (VE) in Fig. 1 is represented by the nonlinear function:
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a condition on the virtual coupling transfer function that,
when satisfied, guarantees that the overall system is stable
and oscillation free. More recently Miller et al. [4] exteadd
their original results to virtual mass/spring/damper vait
environments with computational delay. We will ignore gela
but our results could be extended along the lines of [4].
Virtual coupling provides an effective method to achieve
stability. Moreover, the “derivate” blocl% in series with
the virtual coupling controllerC'(z) guarantees that in
steady-state (i.e., when the force converges to a constant
and the velocity drops to zero) the effect of virtual couglin
disappears. However, until steady-state is reached itsalte
the dynamics of the virtual environment “felt” by the human.
Eom et al. [5] introduced the idea of designing a controller
Fig. 1. Block diagram of haptic system that not only stabilizes the haptic feedback system, but als
minimizes the error between the ideal virtual wall admit&n
and is consistent with the model for the virtual wall pre—and the rgal virtual wall admittance Wi.th a virtual coupling
sented above: When there is contact the transfer functi ﬁ)ntro_llgr in feedback. When this erroris small the CO”?TOI ,
as minimum effect on the dynamics and the human “feels

of VE is equal to K + BZ=L, which corresponds to the . . X
9 O b ge true virtual environment through a “transparent” \aitu

springer/damper force in 12; and in the absence of conta ) . . . .
thperegis no fr:)rce. Note Eh;t the bloc@ﬁ on the right coupling. This idea inspired the basic problem that:

of the VE block cancels the two block= that enter the  Problem 1: Among all the virtual coupling controllers that
summation point so for now we can simply ignore thesgtabilize the haptic system, compute the one that maximizes
three blocks. They will be convenient for analysis later.  transparency.

As mentioned above, stability of the overall system is an
important requirement because oscillations can causeyinjuVe show in Section Il that this problem can be re-
to the user. Specifically, we want the states of the overdiprmulated as anf{., minimization subject to a positive
system to remain bounded and also that the veladity of ~ realness constrain. Such problems are typically hard teesol
the interface converge to zero &is> co. When this happens [6], [7] because they result in a non-convex matrix ineguali
we say that the haptic systemsgble and oscillation free.  ties (specially the condition on the controller). Howewee,
Early work on the stability of haptic systems focused orshow that it can be solved with the recently introduced cone
finding the range of parameters that guarantee stability §fmplementarity algorithm. Then through an example we

the system in the absence of the virtual coupling bl6¢k).  illustrate the use of our method.
Colgate et al. [1] showed that without this block ahf{ s)
given by (2) stability is achieved as long as Il. STABILITY
b KT +|B| 3) The main objective of the virtual coupling controller is to
2 ’ guarantee stability. In this section we establish a coowliti

This relationship reveals that, at least in the absencertafati  on this controller that guarantees stable and oscillatiee f
coupling, for lightly damped devices (smdi) stability is contact. We will later search among all controllers thaisbat
guaranteed with a small damping coefficigBtas well as this condition for the one that maximizes transparency.
either a small stiffnes&” or a small sampling period'. Before proceeding it is important to emphasize that oscil-
The condition (3) turns out to be very restrictive, becausktion free, which we recall means that tretocity v(¢) of the
there are practical limitations that prevent one from réumigic haptic interface converges to zerotas> co, does not imply
the sampling ratd” sufficiently small to make (3) hold. This asymptotic stability of the origin. In particular, thpsition
led to the idea of introducing the virtual coupling bla€kz).  of the haptic interface will in general not converge to the
With the aid of the extra degrees of freedom introducedrigin (which in our setup coincides with the location of
by virtual coupling it is possible to design stable haptidhe virtual wall). Clearly, if the haptic interface startsrast
systems for a much wider range of sampling rates and clasgas away from the wall there is no reason why it should be
of virtual environments. Adams et al. [2] used argumentsttracted to wall and eventually come to rest there. However
based on absolute stability to design stable controllers foegardless of the initial condition it should eventuallyne®
haptic systems represented as two-port networks with ta rest ¢(t) — 0) as long as the human does not exert a
passive virtual environment and a passive human as enabn-passive external force.
terminals. Miller et al. [3] used passivity-based condinrs Inspired by the results in [3] we use a passivity-based
to design virtual coupling blocks that guarantee stabflity argument to determine a stability condition on the virtual
virtual environments modeled by static sector nonlingaliit  coupling controllelC'(z). A dynamical system with input €
Section Il, we adapt the results in [3] to our setup and writ®, outputy € R, and stater € R™ is passive if there exists



a continuously differentiable positive semi-definite ftioo The proof of this result is inspired by the one in [3], except

V :R™ — R, called thestorage function, such that that here we cannot use an argument based on LaSalle’s
t ¢ invariant principle because the storage function is not a
V(z(t)) <V (2(0)) +/ y(T)u(r)dr — p/ y*(T)dr positive definite radially unbounded Lyapunov function.
0 0

L Proof of Theorem 1. We start by establishing that the system
- <P/ u*(r)dr, VxeR", u,y €R, t>0, (4) composed by the human operator/haptic device/controller,
0

) . with input f; and outputy, is discrete-time strictly positive
wherep andy > 0 denote nonnegative constants. For lineafey) transfer function. The transfer functidi(z) of this
time-invariant systems with minimal realization, pagsivs system is given by
equivalent to positive-realness of the transfer functibine
discrete-time version of passivity is defined by replacing L(z) = F(z) +
the integrals in (4) by summations. DefininV (k) := T=

— i i i ; 21 1—e—T o M(s
it o e oD e 1)~ 2] )
M(s) = #H) where, given a continuous-time transfer
AV (k) < yrug — pyi — pus. functionG(s), we denote by7,(z) := Z{G(s)} the discrete
time sampled transfer function defined by

z—1

C(2),

For discrete-time linear time-invariant systems the feay- o
domain condition for passivity is the same as in continuous- sy L .2mn
time, provided that positive realness is understood in the Ga(e™) = T Z G<S+]T)'
discrete-time sense: A real rational transfer functify{z) is ) ) T _ N
discrete-time positive real (abbreviated agi,(z) € DPR) It is strglghtforward to sh(_)w that, wheH (s) is a positive
if H,(z) is analytic in the open exterior of the unit disk "€@! rational transfer function,
|z2| > 1, it has no poles on the unit circle| = 1 with Flz)+ 1z-1
multiplicity larger than one, andi,(e’}) + Hy(e??) > 0, 2b
VQ € [0,2m). The transfer functionf{,(z) is Discrete-time  pecause this function is analytic in the open exterior of the
Strictly Positive Real (abbreviated agiy(z) € DSPR) if  unit disk, it has no poles on the unit circle with multiplicit
it is analytic in the close exterior of the unit digk| > 1  Jarger than one, and its real part on the unit circle is nonneg
and Hq(e7?) + Ha(e) > 0, ¥Q € [0,27). The reader is ative. If we selectC(z) such that (5) holds.(z) € DSPR
referred to [8], [9], [10] for a detailed treatment of pa#§iv because it can be viewed as the sum of the DPR block (6)
for continuous, discrete, and sampled-data systems. and the DSPR b|oc|(TLzl (C’(z) — %) Let us denote by

To establish the stability of the overall haptic system in
Fig. 1, it is convenient to decompose it into two subsystems: “k+1 = Az + Bfy, v =Cz+Dfy, k20, (7)

rest of the system composed by the human operator, hapficthe Appendix that there exists a positive-definite fuorcti
device, and virtual controller. We will show that the VEy;, and positive constants, ¢, p such that

subsystem is passive and that, under appropriate conglition ) )
on the controlleC (), the rest of the system is DSPR. From ~ AVL(K) < — uVi(ze) — @l full” = pllorll” = fror,

this we will be able to conclude that the overall system igong solutions to (7). On the other hand, from Proposition 1
stable and oscillation free. The following result provedhie o have thatAVi(k — 1) < frop. Defining W (k) =
Appendix establishes the passivity of the virtual enviremtn Vi () + Ve(zh_1), we conclude that

block with inputv, and outputfy:

€ DPR, (6)

AW (k) < — uVi(zi) — 2 plluell?,
Proposition 1: The virtual environment is passive and has (k) < = uVi () = @llfull” = plloel

a storage function from which one concludes that/(k) is bounded andy,
K o fx, and v, all converge to zero aé — oo, proving that

Vi(z) = {ﬁI x>0 the system is indeed oscillation free. The above argument
0 x <0 does not suffice to show thaf, is bounded becausgg is

not radially unbounded. Sincég(xz) — +o00 asz — +oo,
from the boundedness &fz(z) we conclude that;, must
Proof is straight forward and can be found in [11]. We came bounded above. Howevéf; (x) — 0 asz — —oo SO
now derive a condition on the virtual controllé¥(z) that conceivablyz; could be not bounded below. To show that

for which Vi (zx) — Ve (zr_1) < vk fi.

guarantees stability: this is not the case suppose thapn > 0 andz,+1 < 0 for
Theorem 1. Assuming that the human has a passive reaome integerky. Assuming thatz; remains negative until
rational transfer function and that some timek; > ko, we have
z—1 T k1 k1
C(z) — —) € DSPR, 5
Tz ( (2) 2b) () Thy =Tk + 1 Z Vg =Ty + 1 Z Czg,

the haptic system in Fig. 1 is stable and oscillation free. k=ko+1 k=ko+1



becausef;, = 0 while z; < 0. Thereforexy, > zx, — G(2)

T||C|| Y725 41 Iz ]l But during this intervaky is the state

of an exponentially stable linear system so it converges to - v
zero exponentially fast. So, the right-hand-side of thevabo w ~ W(z)
inequality is finite and therefore, must be bounded below. u_ "

IIl. TRANSPARENCY OF VIRTUAL COUPLING

Ideally, we would like to eliminate virtual coupling be- Fig. 2. Block diagram representation W(Z)(% —G(2))

cause it changes the characteristics of the virtual environ
ments. However, if it is removed the overall haptic systems
may not be stable. We thus propose to construct the virtual This problem falls in the class of (closed-loaf), mini-
coupling controllerC(z) so as to minimize its effect on the mization subject to an (open loop) controller constraioc!s
dynamics of the virtual environment as felt by the humamproblems are typically hard to solve because they result in
operator. We focus on the case in which there is contact (i.&a non-convex matrix inequalities (specially the conditamn
when E(z) = z1), because in the absence of contact théne controller). However, we show that it can be solved with
sampled forcef,, is null and virtual coupling has no effect the recently introduced cone complementarity algorithm.
regardless of how’(z) is selected.

The admittance of a haptic control system is the transferA. Matrix inequality derivation

function from the velocity of the interface to the force apgl Fig. 2 shows the transfer function in (11) and the goal is to

by its motors. We assume the virtual environment is I inimize the F,. norm from inputw to outputy, with the

contgct and th_eref_ore behayes as a _I|near ;ystem. For ta?nstraint (12). We restrict our search among the contslle
haptic system in Fig. 1, the ideal admittance is

of the form

dz
z—1

z—1
7. K ® C(2) = C(2) +

as this would be the discrete-time equivalent of the

spring/damper virtual wall model in (1). However, virtualwhereC(z) is a strictly proper transfer function ard. is a
coupling leads to an admittance of scalar (for simplicity we pulled the direct feed-through)ou

G(z)
—_— 9
14+ G(2)C(2)’ ©

resulting in haptic distortion. A reasonable measure of dis z—1,- T d
tortion is the norm of the difference between the ideal Tz (Cl) - 2 + De) + T € DSPR.
admittance (8) and the real admittance (9):

G(z) =B

+ DC7 (13)

Remark 1. The condition (12) with controller (13) can be
written as

For any choice ofC(z) and D, this condition would not
G z 2 P _ ..
HW(Z)( (2) _ G(z))H ’ (10) be satisfied unlesg > 0 becau_se at = 1 the con(_1|t|on
1+ G(2)C(2) oo should also hold. This observation shows that restrictirgy t
where|| - [|.. denotes theH..-norm andW(z) a function search of controllers over the type (13) does not produce any

that allows us to weight the admittance error differently a?onservativeness and in fact this choice is necessary to get

different frequencies. In practice, we are mostly intexést good numerical results.

in preserving transparency in the frequency range, where The realization of the controllef(z) can be written as:
humans are most sensitive. The choice of a proper weight

function would be determined experimentally based on hu- zc(k) = Acxc(k) + Bey(k),

mans sensitivity over the range of frequencies. A controlle u(k) = Coao(k). (14)
that achieves transparency should minimize the critei®. (1

This allow us to reformulate Problem 1 as selecting th&hen the minimal realization matrices of the transfer fiorct
controllerC(z) that minimizes the transparency criteria (10)%(0@) — %) are

among all that satisfy the stability condition (5). Hence

Problem 1 can be written in mathematical form as follows: 7 ._ [Ac Bc] B. = [%fﬂ
cT 10 o T =5 |7

Problem 2: For a given frequency-weighting function B B P T 1 D
W (z), find the controllerC(z) that Ce:=[C. D.— %], D, := 7ot ?‘3

minimizes -y Fig. 3 shows the transfer function in (11) with the controlle

: G(z) 2 C(z) where
bject t —_— 11
st 1) (G5 - )| < @0 "
z—1 T Gy(z) =

T (C(z) - %) € DSPR. (12) T 111G (& + D)



G(2) Lemma 1: Assume that)(M) is a symmetric matrix and
matrix variablesM and N are independent. There exists a
w + Y2 symmetric matrixV. > 0 such that
Ga(2) — W(z)
u—/f y S(M)YNS(M)—-UNU+Q(M)+ R (M)R(M) <0,
1

C(z) (19)

o if and only if there exist symmetric matrice§ andY such

Fig. 3. Block diagram representation W(z)(—HGZ((ZZ))C(Z) —G(2)) thatX = Y-! and

UXU-QWM) SM) RM)
The realization of the four port process in Fig. 3 with * Y 0 >0. (20
inputsw, u and outputgyy, y» is * * I

_ The proof is obtained by Schur lemma and the equation
ok +1) = Azx(k) + Buw(k) + Buu(k), X =Y ! = N. Lemma 1 changes the BMI (19) it/ and

y1(k) = Cy,2(k) + Dy, ww(k) + Dy,uu(k), N into the LMI (20) in X, M, andY with a non-convex
y2(k) = Cy,x(k) + Dyyw(k) + Dy, u(k), (15) constraint thatY = Y ~!. Applying Lemma 1 to (17) and
where all the matrices are known and functions of th&18) we obtain the following formulation of Problem 2:
realization matrices ofV(z), G(z) andGz(z). The closed- minimizes -y
l(ii? :gtem matrices with the process (15) and the controlle subject to:
) Bo 5 (X1 0 A0 €K
A= uCe ] B;_{ v ] « I BL(x) DL(x)
B:Cy,  Ac+ BeDy,uCe BeDy,w * * Y: 0 >0, (21)
C:=[Cy, DyuC.], D := Dy, (16) R * I
We consider a controllable canonical form for the controlle Xo Cp Al
x D.+ D, B.| >0, (22)
-1 —Qy ... —Qp._1 —0p 1
c c * * }/2
1 0 ... 0 0 0 - . .
A= 0 ... 0 0 B. = |0 Xi=Yr, Xo=Y,. (23)
: : : : : The inequalities (21) and (22) are LMIs with the variables
0 0 o 1 0 0 X1, X5, Y1,Ys, x but the condition (23) is non-convex. Next

we introduce a numerical procedure to solve this problem.
C.= [cl €2...Cn,—1 cnc} ,

where the matrixC, does not have any particular structureB: Numerical procedure and example
andn. is the size of the controller. Defining The Cone complementarity linearization algorithm [13]
reformulates the optimization (21)-(23) with non-convex

X = (o, 00,0 0, 01, €2y ), constraints into the following convex minimization proivls:
the closed-loop system can be written as 1) Choosey > 0 (a big number).
_ 2) ChooseD.,d (d is positive, larger thaff’/(2b) — D,.).
alk +1) = A, (X)zalk) + By k), : - :
zalk +1) = A, O)zalk) + B, (uk) 3) Find feasible pointsx®, Y for the set of LMIs (21)-
Z(k) = CV(X)xCl(k) + DV(X)w(k)7 (23) and
wherev := (d, D..). Note that for each fixed value of, the X I
matricesA, (x), B, (x),C.(x), D.(x) are affine functions of {I Y] >0, (24)
the unknown controller parametexs The constraints (11)
and (12) can be written in the matrix inequality form where X — X1 0 Vv = Yi 0 IE no
- o 0 Xql’ 10 Y2l
Al (X)PLA,(x) — Py Ay(x)l'Pllgv(X)} 4 (17) feasible point can be found, chanbend again do step
L * By (x)" By (x) 3 until the LMIs are feasible.
¢, (x) {0 0 } 4) SetX’ = XJ=1,YJi = Yi~1, and findXi+1, yi+i
9 Cy D, <0, ’ ’ ,
1D, (x) 160 0ol + 0 I that solves the LMI problem
(AL P,A. — P, ALP,B. 0 - o j y
i « BéPQBC « _Dc_Dé < O, (18) Ej . min tr(X Y + XY )

. . . subject to(21), (22), (24).
respectively, where?, > 0 and P, > 0. The inequalities

(17) and (18) are bilinear matrix inequalities (BMIs) in the 5) If the stopping criterion is satisfied, decreasand go
unknownsPy, P,, andy. The next lemma taken from [12], to 2. Otherwise set = j +1 andgotostep 4if < c
is required to develop a numerically tractable procedure. (a preset number) or exit jf> c.



44

system. Miller et al. [4] derived stability conditions fon-e
vironments with nonlinearities and computational delay, f
which the results here can be easily generalized. Addmgssin
more general nonlinearities is still an open problem and may
require different tools. Another avenue for future reskarc
consists of compensating the dynamics of the haptic interfa
to increase the fidelity of the system. The design procedure
presented here may also be of use to this problem, but the
sample-data effects need to be further investigated.

APPENDIX

Lemma 2: Let H(z) be a square discrete-time real-

rational transfer function such thdf(z) is discrete-time

If the solution of the minimization is equal tn; + 2ns
(n1 andns are the size o; and X respectively) then (21)-
(22) are satisfied. It is numerically very difficult to obtaire
minimum such that the tX,;Y + XY;) equals2n; + 2no.
Instead we choose (17) and (18) with = X; andP, = X,
as the stopping criterion. The last value-ois the minimum
and the controlleC(z) with the state space (13) stabilizes
the haptic system and maximizes transparency.

Tpy1 = Az + Buy,

AV (k) < —pV (zk) — llul]® = pllyrl® + uhy-

strictly positive-real (DSPR). If

yr = Cxy, + Dug, k>0, (25)

is a minimal realization off(z), there exists a positive-
definite functionV” and strictly positive constants ¢, p such
that along solutions to (25)

(26)

Proof can be found in the extend version [11].

Example 1. We use the following values of parameters

0.1z + 0.03
T =0.02,b=10, K = 1000, B = 20, W (z) = ﬁ.
=

The condition (3) is not satisfied with this choice of para-
meters and we need to design a virtual coupling controllefy
to guarantee the stability of the overall system. We obthine
the following controller

(1]

[3]
Clz) = 0.1z3 — 0.075222 + .0016z — 0.0101
T 23— 1.840722 + 0.8444z — 0.0037

using the numerical procedure mentioned above and searcﬁl—]
ing among the controllers of the form (13) with the degree
3. It is important to note that2(z) has a pole on the unit
circle and theH ., design for the plants with poles on the
unit circle (or on thejw axis for the continuous-time case)
needs extra caution. To avoid this difficulty we moved thel®
pole by ¢ = 0.0001 placing it inside the unit circle for
the controller design. Fig. 4 shows that the condition (12)7]
on the virtual coupling controller is satisfied and therefor
the overall haptic system is stable and oscillation freee Th [g]
smallesty is equal t023.45 and shows that the admittance
mismatch is small, leading to transparent virtual coupling
spite of a very slow sampling rat6((H z). We may reduce
~ by considering higher order controllers.

[10]
IV. CONCLUSIONS AND POSSIBLE EXTENSIONS [11]
We addressed the problem of designing controllers that
stabilize the haptic system and maximize transparencyg Thi2]
approach is also amenable to incorporating other design
requirements such robustness with respect to parameter 1y

certainty (e.g., in the mass) or noise/disturbances rejection.
A direction for future research is the extension of these

results to more general virtual environments as well as

considering the effect of computational delay in the haptic
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