A Constant Factor Approximation Algorithm for
Event-Based Sampling

Randy Cogill*

Abstract

We consider a control system in which sensor data is
transmitted from the plant to a receiver over a commu-
nication channel, and the receiver uses the data to es-
timate the state of the plant. Using a feedback policy
to choose when to transmit data, the goal is to schedule
transmissions to balance a trade-off between communi-
cation rate and estimation error. Computing an optimal
policy for this problem is generally computationally in-
tensive. Here we provide a simple algorithm for comput-
ing a suboptimal policy for scheduling state transmissions
which incurs a cost within a factor of six of the optimal
achievable cost.

1 Introduction

We consider a control system in which sensor data is
transmitted from the plant to a receiver over a communi-
cation channel, and the receiver uses the data to estimate
the state of the plant. Sending data more frequently leads
to increased use of limited communication resources, but
also allows the average estimation error to be reduced.
Conversely, we may reduce the use of the channel if we
are willing to allow larger estimation errors.

We consider feedback policies for choosing when to
transmit data. That is, instead of simply choosing a
transmission rate, the measurements are used to decide
whether to transmit data to the controller. This type of
measurement is called Lebesgue or event-based sampling
in Astrom and Bernhardsson [2]. Several other authors
have considered both control and filtering problems using
such sampling schemes, in particular [2, 5-8, 11, 12].
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The plant is modeled by a discrete-time linear system,
and at each time step the channel allows exact trans-
mission of the state. The cost function of interest is a
weighted sum of the estimation error and the transmis-
sion rate. The optimal controller for a given weight then
lies on the Pareto-optimal trade-off curve, and choosing
the weight allows one to select the trade-off between rate
and error.

For this cost function, the problem of finding the op-
timal policy was considered in Xu and Hespanha [10],
where the authors show that the problem of comput-
ing an optimal scheduling policy can be addressed in
the framework of Markov decision processes, and con-
sequently the value iteration algorithm can be used to
compute an optimal policy. Although this provides an
algorithm for computing an optimal policy, the compu-
tation required to compute such a policy quickly becomes
prohibitive as the system’s state dimension increases.

Since the optimal policy is very difficult to compute,
we consider approzimately optimal policies. Specifically,
the main result of this paper is to give a simple algo-
rithm for computing a policy, and show that this policy
is guaranteed to achieve a cost within a factor of six of
the optimal achievable cost. This result is Theorem 2
below.

Approximation algorithms have been widely used
for addressing computationally intractable problems [3].
While some NP-hard problems may be approximated
to arbitrary accuracy, others may not be approximated
within any constant factor. It is therefore promising that
the problem of rate-error trade-off considered in this pa-
per is approximable within a constant factor of six. It
is not currently known whether policies achieving better
approximation ratios may be efficiently obtained.

2 Problem formulation

Here we will present the problem that will be considered
throughout this paper. We have an estimator that tracks
the state of a system that evolves as

iy = Azy + wy,

where each x;,w; € R", and wg,wy,... is a sequence of
independent, identically distributed, zero mean Gaussian
random vectors with covariance ¥ > 0. The estimator



maintains an estimate Z; € R™ of the system state. At
each t, we can send the estimator the current system
state. If the state is transmitted at time ¢, then the
estimator sets 7; = x;. Otherwise, the estimator updates
its estimate as 7; = AT;_1.

Our goal is to balance a tradeoff between transmitting
often and keeping the magnitude of the estimation er-
ror x — = small. At each time step, we make a decision
of whether to transmit the current state to the estima-
tor. When choosing whether to transmit, we are able to
measure the current state and base our decision on the
error that the estimator will incur if we do not transmit.
We will refer to this quantity as the error state, and it
is given by e; = x; — AZy_1. The error state obeys the
recursion

Ti41 — Az,

Azy +wy — Alagxy + (1 — ay) ATy 1)
(1 —apn)A(xy — AZy—1) + wy

= (1 —at)Aes + wy,

€t+1

where the decision of whether to transmit is represented
by the control variable a, € {0, 1}.

Our goal is to keep the average value of the per-period
cost

(@ — EU\t)TQ(xt —2) + Aay

as small as possible, where @) > 0 and A > 0. For each
t, the estimation error is expressed in terms of the error
state as (2 — Z) = (1 — at)e;. Therefore, the per-period
cost at time ¢ is given by

res,ar) = (1 — ar)el Qey + ay. (1)

To state the problem formally, we would like to choose
a state-feedback control policy p : R™ — {0,1} to make
the average cost incurred by the policy p small, where
the average cost J is defined as

1 3=

J(p) = limsup N E(T(eu H(et))~ (2)

N —o0 —

_

See Arapostathis et al. [1] for background on this choice
of cost. Here, each a; is determined according to the
static state-feedback policy a; = u(e;), and then the se-
quence eg,eq,... is a Markov process. Therefore, the
problem of choosing a policy which minimizes the cost
J is can be addressed using the theory of Markov deci-
sion processes. The cost J given by equation (2) is called
the average per-period cost, and we focus specifically on
the problem of choosing a policy to minimize this. For
convenience, define the space of policies

P={f:R"—{0,1} | f is measurable }

Then the above problem can be stated as follows.

Problem 1 (RATE-ERROR TRADE-OFF). Given A, ¥ >
0,Q >0, A>0, and v > 0, find a state feedback policy
w € P such that

J(p) <~

Minimizing the cost J balances a trade-off between the
average size of e;, as measured by the quadratic form de-
fined by @, and the frequency with which we transmit
by setting a; = 1. The problem of computing an optimal
policy was considered in Xu and Hespanha [10], and a
numerical procedure for finding such a policy was given.
However, the computation required to compute an op-
timal policy increases rapidly with the state dimension.
In the following section we present an easily computable
and easily implementable policy for this problem which
incurs a cost within a provable bound of the optimal
achievable cost. Specifically, we focus our attention on
the set of problem instances where () and A are such
that ATQA — Q < 0 and @ > 0. In particular, this im-
plies that p(A4) < 1 and the system is therefore at least
marginally stable. We show that in this case there is a
simple policy which always achieves a cost within a factor
of six of the optimal cost.

3 Main results

In this section we present the main result of this pa-
per, which is that for a slightly restricted version of the
RATE-ERROR TRADEOFF problem, there is a simple pol-
icy which achieves cost within a constant factor of opti-
mal. Define for convenience

N—-1
, o]
oo = Jeh (lmf W B ““”)

The policy that we consider is a simple quadratic thresh-
old policy. The main result of this paper is as follows.

Theorem 2. Suppose A € R"™ ™ Q = 0, ¥ = 0, and
ATQA — Q < 0. Then there exists a unique matriz M €
S™ satisfying

1 Q
—ATMA-M+ <=0
1+ trace(XM) + A

Furthermore, define the policy 1 by

ple) = {(1)

For this policy, the cost satisfies

ifeTMe <1

otherwise

(3)

J(M) < 6Jopt (4)
Proof. The result follows immediately from Theo-
rems 7 and 12 which are proved below. [

We determine an upper bound on J(u) and a lower
bound on Jop¢. It is then easily shown that the upper
and lower bounds differ by a factor of six. First we prove
the required existence and uniqueness result.



Lemma 3. Suppose A € R*™"™ @Q = 0, ¥ = 0 and
ATQA — Q = 0. Then there exists a unique matriz M €
S™ such that

1

—— ATMA-M =
1+ trace(XM) Q=0 5)

and this solution satisfies M = 0.

Proof. Since Q > 0 and ATQA — Q =< 0 the stan-
dard properties of Lyapunov equations imply that we
have p(A) < 1, and hence for any o with 0 < a < 1
the equation

aATMA-M+Q=0

has a unique solution M > 0. Define the map f : [0,1) —
S™ so that f(«) is this unique solution. Further define

the map h:[0,1) — R by

1
1+ trace(Sf(a))

h(e) =

—

Now h(0) > 0, since it is given by h(0) = 1/(1 +
trace(XQ)). Also, for all sufficiently small 6 > 0, we
have h(1 —§) < 0. To see this, notice that f(a) = Q =0
for all o € [0, 1) and since X > 0 we have for all o € [0, 1)

trace(Sf(a)) > trace($Q) > 0

Hence for § > 0 sufficiently small we have

1
h(l—9) = —1+49
( ) 1+ trace(Sf(1 —9)) *
1
—— — 1490
< 1+ trace(ZQ) +
_trace(EQ)
1+ trace XQ

<0

Now the function h is continuous on [0,1 — J) and there-
fore there must exist some ag € [0,1 — §) such that
h(ap) = 0. Now let M = f(ap) and we immediately
have M >~ 0 and M satisfies (5).

To show uniqueness, suppose M; € S"™ and My € S”
are two distinct solutions. Let

1

=1 + trace(SM;)

and since M; is a solution we have f(5;) = M; and hence
h(8;) = 0. But equation h(z) = 0 has a unique root,
since h is strictly decreasing, and hence #; = [ and
hence M; = M. [

Note that the above Lemma gives an algorithm for
computing the unique solution M of equation (5). All
that is needed is to perform a bisection search to find the
root of h.

4 Bounds for the Communication Cost

The main tools that are used to determine the upper and
lower bounds are the following two Lemmas. These are
special cases of the more general results found in Cogill
and Lall [4], where the proofs of these Lemmas can be
found.

Lemma 4. Suppose xg,x1,... is a Markov process, with
each x¢: Q — X. Suppose r: X — R and h: X — R.
Define

] V-1
J—hmsup—ZE xt)
N—oo t=0

If there exists a € R such that
hz)>a foralzeX

then

J < sgg(r(q) + E(h(xt+1> | 2s = CI) - h(Q))

The above result will be used to give an upper bound
on the cost incurred by a given policy p. To find a lower
bound on the cost achievable by any policy, we will use
the following extension to Markov decision processes.

Lemma 5. Consider a Markov decision process such that
for any policy p: X — A we have states x;: Q — X
and actions a;: Q@ — A. Suppose r: X x A — R and
h: X — R. Define the cost

J(p) _hmlnf—ZE r(zy, p(ae ))

N —o00
Then if there exists b € R such that
hz) <b forallzeX

then for all p: X — A we have
J(p) = _inf

le,ueA(r(q’ u)

=+ E(h($t+1) |(Et =dq,a¢ = ’U,) - h(q))

4.1 Upper bounds

We are now ready to prove the upper bound on J(pu)
where p is the policy in (3). The following lemma pro-
vides the upper bound and also shows that one may use
semidefinite programming, combined with a line search,
to find policies that minimize this upper bound.

Lemma 6. Suppose M = 0 and H = 0 are symmetric
positive semidefinite matrices, and o € R. If

ATHA-H+Q—-aM <0
AN—a)M —H =0
a—A<0

a>0



Then the policy

e) = {‘1)

achieves a cost which satisfies

ifeTMe <1

otherwise

J(p) < trace(LH) + «

Proof.
function

The proof makes use of Lemma 4 with the

h(e) = eTHe
Clearly this choice of h has h(e) > 0 for all e. With the

above policy the dynamics are

{Aet tw, if el Me; <1
€t+1 =

wy otherwise

We now use the expected values computed in Lemma 8
to give
E(h(er41) | e = q)

trace(XH) + ¢ ATHAq if ¢"Mqg<1
trace(XH)

otherwise
Now let the function f: R™ — R be

f(q) = E(h(ess1) ler = q) — h(q) + (g, n(q))

where p is as in the hypothesis of the lemma. Then we
have

f(q) — trace(XH)

B {qT(ATHA— H+Q)q if¢"Mg<1

A—q"Hgq otherwise

We now use Lagrange duality to express the above
quadratic inequalities as follows. For any symmetric ma-
trix X € R™ " if there exists a € R such that

X < aM

a>0
then g7 Xq < « for all ¢ such that ¢” Mq < 1, since in
that case ¢7 Xq < ag" Mq < «. Similarly, if

AN—a)M <H
a—A<0

then A — ¢THq < o for all ¢ such that ¢" Mg > 1. Hence
if conditions (6) hold, then Lemma 4 implies that

J(p) < sup f(q)
qeER™

< trace(XH) + «
as desired. [ |

We now make use of this result to provide an explicit
upper bound.

Theorem 7. Suppose A € R"*" @Q = 0, ¥ > 0 and
ATQA —Q = 0. Let M be the unique solution to

1

——— ATMA-M A=
1+ trace(XM) +Q/ 0

Then the policy

0 ife’Me<1
p(e) = ,
1 otherwise
achieves o\ (=)
trace
Jp) < ——-—-_—~2
() = 1+ trace(XM)
Proof. We use Lemma 6 as follows. For convenience,

let d = 1+ trace(XM) and pick H = AM/d and o =
A(d—1)/d. Then it is immediately verified that H, M, «
satisfy (6), and hence we have
J(pn) < trace(XH) + «
= 2\ trace(XM)/d

as desired. [ |

4.2 Lower bounds

For the class of instances of RATE-ERROR TRADEOFF
with A and @ satisfying ATQA — Q < 0, we can show
that the policy p of equation (3) achieves a cost within a
constant factor of optimal. To complete the presentation
of the main result of this paper, we now determine a
lower bound on J,p¢ which guarantees that for this class
of instances,
J(,LL) S 6Jopt

We first prove some preliminary results.

Lemma 8. SupposeY = 0 and q € R", andw ~ N(0,X)
is a Gaussian random vector. Let f be the random vari-
able

f=(g+w)Y(g+w)

Then
Ef=q"Yq+ trace(XY) (7)
E(f%) = (q7Yq)* + 4¢TY XY ¢ + (trace(2Y))?  (8)
+ 2trace(LYXY) + 2¢7 Y trace(XY)

and further
E(f%) < (¢"Yq)? +6¢"Yqtrace(XY) + 3(trace(EY))2
Proof. Equation (7) holds by expanding the quadratic
and using linearity of expectation, since

E(w?Yw) = Etrace(w” Yw)
= BEtrace(Yuww?)

= trace(Y E(ww™))



and trace(AB) = trace(BA) for all compatible matrices
A, B. For equation (8), expanding gives
E(f2) = B((¢"Y0)* + 4(¢" Y w)?
+ (w"Yw)? +4(¢"Y g)q"w
+ 4(wTYw)gt Yw + 2(qTYq)wTYw)

We evaluate each of these terms as follows. The second
term is

E((qTYw)Q) + Etrace(¢" YwwTYq) = ¢TYXYq

For the third term, recall that if y ~ A(0,Q) then the
fourth-order moments (see for example [9]) are given by

)
E((y"y)?) = (trace Q)* + 2trace(Q?)
Now let y = Y 2w, then y ~ N(0,Y2XY 2)
E((w"Yw)?) =E((y"y)?)

= (trace(EY))2 + 2trace(XYXY)

and hence

For the fourth term E(¢”Y¢)¢"w = 0 since Ew = 0. For
the fifth term

E((wTYw)qTYw) = Z Y (Yq)r E(wswjwg) =0
i3,k
since the Gaussian density is symmetric. Summing these
terms gives equation (8).

For any square matrices A = 0 and B > 0 we have
trace(AB) < (trace A)(trace B), and also

'Y SY g = trace(¢' Y XY q)
= trace(qq’ YXY)
< ¢TYqtrace(XY)

The final inequality then follows. ]

Lemma 9. Suppose there exists a positive semidefinite
matriz C' = 0 and s € R such that

(s — 6trace(CE))ATCA—sC+Q =0
52 < 4\ (9)
ATCA-C =0
Then for all policies p € P
J(p) > strace(CE) — 3(trace(C’E))2
Proof. Let the function h be
h(e) = sel' Ce — (T Ce)?
Tt is easily verified that h(e) is bounded above. For con-
venience let r = trace(CX). Then since C' = 0 Lemma 8
gives
E(h(eHl ler = q,a; = 0) > s+ (s — 6r)gT ATC Aq
—3r2 — (T ATC Ag)?

and
E(h(ei1]er =g a0 =1) =7(s — 3r)
Now let f be the function
flg,u) = E(h(et+1 le: = q,a; = U) — h(q) +r(q,u)

In order to apply Lemma 5 we need to compute a lower
bound for f. First, we have

f(gq,1) = strace(CE) — 3r2 — s¢" Cq + (¢"Cq)* + )
= strace(CX) — 3r2 + (¢TCq — 5/2)> + X — 5% /4
Since by hypothesis we have s2 < 4, we have
f(g,1) > strace(CY) — 312
Also we have
f(q,0) > strace(CY) — 312 + (s — 6r)¢" ATC Aq
— (q"ATCAq)? — s¢"Cq + (¢"Cq)* + 4" Qq
Since by the hypothesis ATCA — C < 0 we have
(¢TATCAq)? — (¢"Cq)* <0 for all g € R"
and hence
f(g,0) > strace(CE) — 3r?
+q" ((s = 6r)ATCA - sC+Q)q
and hence if inequalities (9) hold
f(q,u) > strace(CE) — 3r? for all ¢ € R™,u € {0,1}
as desired. n

Lemma 10. Suppose there exists M = 0 such that

1

——— ATMA-M =
1+ trace(XM) FQMA=0

ATMA—-M =<0
Then for all policies p € P we have

Atrace(XM)
Tw) = 3(1 + trace(XM))

Proof. Denote for convenience d = 1+ trace(XM). We
will use Lemma 9 with

VAM
¢= 3d
322\6\

We also denote r = trace(CX). Then some algebra gives

(s — 6trace(CE))ATCA - sC +Q

2 (lprppa -4 @ _2)\¢
— (A D) (1- 2)3

_(,_2)\@
(13d>)\

=0



since d > 1. Hence inequalities 9 are satisfied, and
Lemma 9 implies that for all policies u € P we have
J(p) > strace(CY) — 3(trace(02))2

_ 2Md—-1) ~Ad - 1)2

- 3d 3d?

 Ad—1)

3d?

- Ad—1)

- 3d
as desired, since d > 1. [

Lemma 11. Suppose Q = 0 and ATQA — Q < 0, and
a € R satisfies 0 < o < 1. Then there exists a unique
M € S™ such that

aATMA-M+Q=0 (10)
and the matriz M is positive definite and satisfies
ATMA—-M =<0

Proof. We assume « > 0, since otherwise the result is
trivially true. The conditions Q > 0 and ATQA - Q <0
imply by the standard properties of Lyapunov equations
that p(A) < 1, and hence p(y/aA4) < 1, and hence (10)
has a unique solution M, given by

M=) o' (AT)' QA
=0

and since @ > 0 we have M > 0. Since by assumption
Q = ATQA, we know by induction that

Q> (AT)'QA" forallie N

and hence
M < Z aiQ
i=0
1
T 1— on
Therefore

aATMA=M-Q
=M-(1-a)M
=aM
and since o > 0 this implies M = ATM A as desired. =
Theorem 12. Suppose A € R"™ ™ Q = 0, ¥ = 0 and
ATQA —Q = 0. Let M be the unique solution to
1
1+ trace(X M)
Then for all policies u € P we have

Atrace(XM)
J(p) > 3(1 + trace(EM))

ATMA-M+Q/A=0

Proof. By Lemma 11, ATQA—Q < 0 implies AT M A—
M =< 0. Then applying Lemma 10 gives the result. ]

5 Example

Here we present a simple example to illustrate the results
of this paper. In this example, the system state evolves
as a random walk with Gaussian increments. In order to
plot the computed policy and a sequence of error states,
we consider a system with state in R2.

The system in this example has an A matrix and co-
variance X given by

1 0
A:[O 1] and Z:[

0.03

—0.02
—0.02

0.04

The error cost and transmission cost are specified by

2 1
Q[l 2} and =20

Note that for this A, any Q satisfies ATQA — Q =< 0.
To determine the quadratic threshold policy, we find M
satisfying

1 T _
<1+trace(ZM)>A MA=M+Q/A=0

In this case we compute

M- {1.47 0.73}

0.73 1.47

and use the policy of equation (3). This threshold is
shown by the ellipse in Figure 1.
For this problem instance, we have the lower bound on

the optimal cost
- A trace(X M)
PY = 3(1 + trace(SM))
~ 0.45

Jo

We obtain the sequence of error states shown in Figure 1
by simulating this system for 100 time steps under the
policy p. For this simulation, we obtain the empirical
average cost

Javg(1t) = N Nz: ( 1— pler))ef Qe + QON(Gt))

~ 1. 6f large N

As expected, we observe Juyg (1) < 6Jops.

For this system we also compute the curve showing the
trade-off between average communication rate and aver-
age estimation error, as shown in Figure 2. This curve
is computed by considering a series of values of A\, and
for each A computing the quadratic threshold policy u,
as well as a corresponding empirical average transmission
rate Jyate and an empirical estimation error Jeg given by

1
rate = E Qg est = A7

The plot shows the average error cost associated with
each average rate.

N—-1

Z (1- at)e;‘FQet

t=0



€1

Figure 1: The threshold used by the policy p and a tra-
jectory of the error state e(t).

6 Conclusions

In this paper we considered a simple, yet fundamental
estimation problem involving balancing the trade-off be-
tween communication rate and estimation error in net-
worked linear systems. This paper extended work of Xu
and Hespanha [10], where it was shown that this problem
can be posed as a Markov decision process. Here we show
that there is a simple, easily computable suboptimal pol-
icy for scheduling state transmissions which incurs a cost
within a factor of six of the optimal achievable cost.
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