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Abstract— We address a pursuit-evasion problem involving B. Contributions

an unbounded planar environment, a single evader, and mul- . .
tiple pursuers moving along curves of bounded curvature. We address the case when one homicidal chauffeur is not

The problem amounts to a multi-agent version of the classic Sufficient to capture the evader. We propose a multiple pur-
homicidal chauffeur problem; we focus on parameter ranges in suer formation and a novel four-phase, cooperative siyateg
which a single pursuer is not sufficient to capture the evader for the pursuers. In the first two phases of the strategy, we
We propose a novel cooperative strategy in which the pursuer  gho that the problem is equivalent to having a single pursue

move in a daisy-chain formation and confine the evader to a . . . . -
bounded region. The proposed policy is inspired by certain and the task being getting the evader along its direction of

hunting and foraging behaviors of various fish species. We Motion and at a specified distance, given any set of initial
characterize the required number of pursuers and the requied ~ conditions. Next, we show that in the last two phases, the
value of the evader/pursuers speed ratio for which our straégy  pursuers confine the evader within a bounded region, through
is guaranteed to lead to confinement. which there exists no evader trajectory that avoids capture
|. INTRODUCTION We characterize the required number of pursuers and the

The homicidal chauffeur game has been studied in greaqquired valut_e of the evader/pursuers speeq ratio for which
detail. Proposed originally by Isaacs [1], this problem inour strategy is guaranteed to lead to confinement. To the

volves a single pursuer who wants to overrun an evader, bok?l’?St of our knowledge, this IS the first paper that_ Proposes
d solves an evader confinement problem. Finally, we

moving with fixed speeds. The pursuer has greater spe teri | ¢ P t strateai d dewrmi
but has constraints on its turning radius while the evaddyaracterize a class ot coninement strategies and determin

can make arbitrarily sharp turns. The evader is said to %minimum numper of pursuers required for any strategy in
capturedwhen the distance between the pursuer and eva s class to achieve confinement.

becomes less than a specifiegpture radius We present a C. Biological Motivation

multi-age_nt homicidal chauffeur problem in which a single The inspirations for the strategy proposed in this paper
pursuer is .not sufficient to cap_ture the evader. We .preseﬁ'};\ve been derived from certain aspects of fish behaviorsit ha
a cooperative strategy for multiple pursuers to confine th}?e

: . . en recently reported by Gazetal.[11] that in Cedar Key,
evader in a bounded region which the evader cannot leayg .. USAyingividuaI ‘}ériver”doléhigs herd slower rm))/
without being captured. ' ' '

agile prey in circles as well as towards the tightly-grouped
A. Related Work “barrier” dolphins. Pitmaret al. [12] have reported a herd of

The classical homicidal chauffeur problem was proposéﬂ"er \_/vhales imposing a confinement on pantropi_cal spotted
and solved by Isaacs [1]- [2]. This solution gives a conditio dolphins. The whales cut out up to three dolphins from a
on the game parameters, i.e., the speed ratio of the playethool and proceeded to take turns chasing a single dolphin
the capture radius and the minimum turning radius of the puf"d keeping it within a confined area. These facts give us
suer such that the evader can evade indefinitely. This probleS0me hints towards selecting favorable predator formation
has a lot of variants such as references [3], [4] and [5] @ citthe daisy-chain formatlc_m that has |n_sp|red this work is
a few. In recent past, lot of attention has been received by c80Served among tarpon fish, as per an informal conversation
operative control strategies for detection of targets. Mot~ With biologist Prof. David Skelly, Yale University.
gl. [6]_have aqldressed the problem of _cooperative rendezv95§ Organization
in which multiple UAVs are to arrive simultaneously at their _ . .
targets. Polycarpoet al. [7] have presented a cooperative The prob_lem ass_umpnons and its math_emancal model are
target search using online learning and computing guidanB&esented in Section 1. Pursuer formation, thenEINE
trajectories for the agents. Recently, Tatgl. [8], [9] have strategy and the main results are presented in Section llI.

presented cooperative motion planning methods for meltipIThe PFOOfS of the main r_esults "?"0”9 with |nterr_ned|ate fisul
UAVs to traverse through slow moving targets and for firstfequired are presented in Section IV. Conclusions andéutur

order mobile sensing agents to detect a moving target thdfections for this work are summarized in Section V.

lies in a known initial region respectively. Also, McGe¢ Il. PROBLEM SET-UP
al. [10] have proposed guaranteed strategies to search fo

rOur cooperative homicidal chauffeur game is played in
mobile evaders in a plane. P 9 play

an unbounded, planar environment between a single evader
‘Shaunak D. Bopardikar, Francesco Bullo and Jozo Hespamba aand multiple pursuers. We assume that all the players have
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hespanha@ce. ucsb. edu the evader. However, the evader can make arbitrarily sharp



turns while the pursuers cannot turn more than a minimum
turning radius. We assume that the instantaneous position
and velocity of the evader is available to all pursuers.

Let e(t) and py(¢t), for &k € {1,...,N}, denote the
positions of the evader and thé" pursuer inR? at time
t, as shown in Figure 1. Let. and v, denote the speeds
of the evader and all the pursuers, respectively. deetind
Up,1 denote the velocity vectors of the evader and e
pursuer, respectively. Givermainimum turning radiug > 0,

?Sef(miwser[g?tlcal model for this problem can be descrlbchlig. 1. Variables in the homicidal chauffeur game. The sHadmion

around the pursuer indicates its capture disc.

For evaderz, (t) = ve cos fg(t),
éy(t) = vesin Oe(t) [1l. THE CONFINE STRATEGY
For pursuerspy, . (t) = vpcos Op(t), 1)
Pry(t) = vpsinOp(t), In this section, we describe our proposediGINE strat-
. p egy for the pursuers to confine the evader and the correspond-
Opr = ;Up,ka ing main results. We first propose the following arrangement

for the pursuers.
wherefg(t) andd,(t) are respectively the angles made by
the velocity vectors of the evader and of & pursuer with
reference to a globak axis. upy; is the control applied by
the k" pursuer and satisfies the constraint

Definition 111.1 (Pursuers daisy-chain formation)

Given an inter-pursuer separatiorsi; > 0, the set

{p1,...,PN,Tp1,...,Tpn} iS said to be in adaisy-chain

upall < 1. form{;\tion if, for every k € {2,....,N}, .the.re exists a
T solutionn : [0, sip] — R? of equation(1) satisfying

We define theevader/pursuer speed rati9 := ve/vp and

assumey < 1. Given acapture radiusc > 0, the evader is n(0) = p, 1(0) = Vp,k,
said to becapturedif, at some timet and for somek, n(sip) = Pk—1, N(Sip) = Up,k—1-
p(t) —e@)]| < c. A daisy-chain formation has the following property.

In what follows, without loss of generality, we set the captu

radius ¢ and the pursuers speed to 1. In summary, our Proposition Ill.2 (A Daisy-chain property) Assume the

cooperative homicidal chauffeur game is described by tHeursuers are in a daisy-chain formation with separatign

number of pursuersV € N, the minimum turning radius Any feasible path taken by the first pursuer can be exactly

p € R+, and the evader/pursuers speed ratie |0, 1[. traversed by thek'" pursuer, fork € {2,...,N}, in the
Next, we introduce the notion of confinement as followsdaisy-chain after a time delay ¢f — 1)sjp.

_ , ) ) Figure 2 shows an example of a daisy-chain formation.
Definition 1.1 (Confinement) The evader is said to be

confinedto a bounded regiog C R? at timet* if e(t*) € G

and there exist pursuer trajectorigs, : [t*,+oo[ — R?

satisfying equatiorfl) such that the evader cannot leage
without being captured.

A set of functions{uy}, for k € {1,..., N}, leading to Fig. 2. A daisy-chain formation

evader confinement is termed as@nfinement strategyn

the case of a single pursuer and single evader, Isaacs [2] hagsiven {Pk—1,Dk: Tpk — 1, Tpx } IN @ daisy-chain formation

shown that there exists an evasion policyif> 2/(m — 2)  with inter-pursuer separatiosy, let C; and C» be curves

and if the evader/pursuer speed ratio> ymin(p), Where which are tangent td(1(t)) for everyt € |0, sip[, where

Ymin © |2/ (m — 2),+00[ — ]0, 1] is the unique solution o for ¢ € R2, By(a) C R? denotes a circle of radius centered
at a. Here,n is a curve described in Definition Ill.1. Then,

1 : ! : .
= = /1 = ymin(2)2 + Ymin(x) arcsin(ymin(z)) — 1. (2) the evader is said tmove betweep,_; and py if there is
z an evader trajectory fror@,; to C, (or vice-versa).

We seek cooperative, deterministic multiple-pursuertstra  Given the pursuers’ minimum turning radiys for the

gies which guarantee a confinement of the evader whé&vader/pursuers speed ratio< 1 — -, we definecritical

v € [ymin(p), 1[ for p > 2/(m — 2). inter-pursuer separation;, (v, p) as follows: if rf := (1 +



%) +2p/1 =72, 15 := (1 + p?) — 2p\/1 —+2, and p1 Moves on a straight line path of lengfhand then moves
on a circle of radiug and center on the side not containing
Af — arctan 1—py/1—=72 e(0) of the line alongyp,1 (Ip). If ¢o = 0 or m, then the center
' vp of the circle of radiug can be chosen to be on either side
of the line alongwp,1 (Ip).

1 /1 —~2 24/1 —~2
—arctan( e 7 >—|— v
P

3

v

then

f (0 ) e i) el

Sip(7,p) = p(AG + arcsin o + arcsin s ) 3)
This s (v, p) has the following property, whose proof is
presented in Section IV.

Lemma II1.3 (Property of si,(v,p)) Given
{Pk—1,Pr:Tpi —1,Tpx} In a daisy-chain formation
and the evader/pursuers speed ratio satisfyingg 1 — %,
to prevent an evader from moving betwegn ; and py
without being captured, the inter-pursuer separation must T

not exceeds, (v, p).

Fig. 4. The Pre-Align phase: the bold line shows the trajgcfollowed

. . . ! by p1.
Given a pointp and a unit vectorz € R2, we define Y
the region of confinemengc(p,z) C R? for the CONFINE (i) Align phase: p; moves with the following control law:
strategy as follows: chooseg b, ¢ € R? such that oY
() « rotated counter-clockwise abowtby 7 becomes up,1 (e, €, 0p,1,p1) = 7le ] sin(fe — 6p1),
parallel to(a — p), (p —¢) ||  and, )
(i) a,b,c,p are vertices of a rectangle such thjat-b| =  untl Ip1 — el = (1 +7)lse S _
Ip—c| = 217r’yp andfla—p|| = [b—¢| =p+1, as (i) Chase phasejp; moves on a straight line path until
-

either it captures the evader @y, L (e — p1), where
the symbol L denotes perpendicularity. This is shown in
Figure 5. Lett.hasedenote the time at the end of the Chase

shown in Figure 3.

Let Rect (a,b,c,p) C R? denote the rectangular region
formed by the four pointa, b, c andp. Then,Ge(p, z) C R?

is defined as interior of the union &, | (%), B, (%£<) phase.
andRect (a, b, ¢, p). v
We define a pointz € R? to be aligned with the k'* i w .
pursuer ifv, i, || (@ — py). L. e 3 g Thz o T Ji
3 p2 Pr1 e
b 1— “ Fig. 5. The Chase phase
\Q ! (iv) Close phase:First, p; moves on a circle of radius

<

and centerO located on the evader side of the line along
Tp,1, until it covers a distancep. Second,p; moves on a
straight line path of lengtl. Third, p; moves on a circle
of radiusp and centeil0)’ located on the evader side of the

Fig. 3. Defining the region of confinemend; for the CONFINE strategy line alo_ngﬁf’,l' until it covers a dIStanC&p. This motion is
shown in Figure 6.

c P T

We now describe the @NFINE strategy. Let the
evader be located at(0), as shown in Figure 4. Let
{p1,...,PN,Tp1,...,Tpn} be adaisy-chain formation with
sip = sip(7, p) and the first pursuer at; (0). Let the angle
betweend, ;1 (0) and (e(0) — pi(0)) be ¢o and ||p:(0) —
e(0)|| = Lo. Due to Proposition 111.2, it suffices to specify
the strategy fop;. The GONFINE strategy is as follows.

(i) Pre-Align phase: This phase is needed df0) is not
aligned withp; (0) or if Lo < (1 + )ls, Wherelg £ 21%77”.

Let /, be the minimum of the roots of the quadratic equation:

Pa P3 p2

Fig. 6. The Close phase

2
(7(lp+2ﬁp)+(1+7)15t+p)2 . ) (v) Final phase: p; moves on the boundary of
= (lp — Locos t0)* + (p — Losinto)”.  (4)  G_(p, (tenasa, Tp.1 (fchasd).



For everyk € {2,..., N}, pr moves on curve) described (i) the pursuer trajectoriegy : [t*,+oo] — R?, k €
in Definition 1.1 for time ¢ < sjp. FOrt > sip, upi(t) = {2,..., N} satisfy
Upk — 1(t — Sip)- *
pThis(stratepg)y gives us the following result. up(t) = upp—1(t — sip), for ¢ =%
Clearly, the @NFINE strategy is a daisy chain-based
Theorem Ill.4 (Confinement) Consider a cooperative strategy. We now have the following result.
homicidal chauffeur game with parametel € N,
p > =25, and vy € ]0,1[. Let tchase denote the time Theorem I11.8 (Minimum number of pursuers) Let p >
at the end of the Chase phase. TR®ONFINE strategy —2; and the evader/pursuers speed ratio > min(p),
guarantees confinement of the evader inside the regiaghere ymin(p) is the solution to equatio2). Then, to

Ge(p1 (tchasd, Up,1 (tchasd) at time tehaseif achieve confinement using any daisy chain-based strategy,
the number of pursuers must be at leaét = [ 7251
N > Noi i 2mp(1 +7) ip\ V5P
M s (A=) | IV. PROOFS OF THEMAIN RESULTS

In this section, we prove the main results from Section Ill.

and if ‘ We begin with certain intermediate results towards proving
7 € [ymin(p), Imax(p)]; the main results. For the want of space, we provide the sketch
whereymax(p) is the smallest root in the intervad, 1] of of the proofs to Lemmas I11.3, IV.3 and IV.5. We refer the

) reader to the report [13] for the complete proofs.
(1—2) (2- 2mv2 [T+~ 1\ 242 (5) We say that a daisy-chain with separatignis closedif
v a-V1—~ =T for somepy, (k # 1), there exists a;, < s, and a solution

p
, , :[0,¢ R? of equation (1) satisfyin
Moreover, ify > ymax(p) or if N < Nmin, then the evader n: [0, t] = q @) fying

can escape the regiofc(p1 (tchasd Up,1 (tchasd)- n(0) =p1, 7(0) = Tp.1,
n(tr) =pr,  nNtx) = Tpk,

such that the evader cannot move betwegandp; without
lim ymin(p) = 07, lim ~max(p) =~ .293, being captured. We first sketch the proof of Lemma 111.3.
ptes ptee Proof sketch of Lemma Ill.3As shown in Figure 8, we
for sufficiently large values of p, the interval consider the evader's motion in a reference frame attached
[Ymin(p), Ymax(p)] iS non-empty. to the centerO of the circle of radiusp through pursuers
pr—1 and p, and rotating with angular speed in the
Remark 111.6 (From confinement to capture) If a suffi- direction of pursuer motion. We show that if the inter-
ciently large number of pursuers is available, then captuggirsuer separation does not exceg(y, p), then any evader
can be achieved in a final maneuver as followsy,, trajectory from ard/W to P(Q) must enter the capture ball of
pursuers confine the evader, while some additional pursugrsrsuerp;_; or p,. We compute the analytical expression
arrange themselves in a line as shown in Figure 7 and mof@r s;,(v,p) by determining the optimal trajectory for the
simultaneously througlc(pi (tchasd, Tp,1(tchasd)- evader in polar coordinates with origin @ that maximizes
the radial distance covered by the evader for a given angular
displacement. |

Remark 111.5 Because

T Do ltcnasd
P1(tchas

Fig. 7. Achieving capture with a sufficiently large numberpofirsuers

. . . O
We now define a class of confinement strategies as follows. b

Fig. 8. lllustrating proof sketch of Lemma IV.1. The shadedions are

Definition 1.7 (Daisy chain-based strategy) A confine- e capture discs by, ; andpy.

ment strategy is termed ataisy chain-based, using that
strategy, We have the following result for the GVFINE strategy.
(i) the evader is confined to a regighat timet*,
(i) the set{p:(t*),...,pn(t*),Tp1(t*),...,Upn(t*)} IS Lemma IV.1 (A CONFINE strategy property) For  the
a daisy-chain formation with inter-pursuer separationCONFINE strategy, the evader cannot move without
sip < s;;,(%p) and, being captured between pursuefs. and p;_q, for all



k € {2,...,N} and between any two consecutive pursuer¥hus, d is a maximum whencosv¥) = ~ and the result
if the daisy-chain is closed. follows. |

Proof: We show that the inter-pursuer spacing, = e
sip(7: p) is actually necessary in thedBIFINE strategy to ﬂ, id
prevent the evader from escaping between any two pursuers ¢ o

. p1 Z P
pr—1 andpg and between any two pursuers when the daisy-
chain is closed. It is known from [10] that whem,_; Fig. 9. lllustrating proof of Lemma IV.4
is aligned with py, the inter-pursuer separation, = %

necessary and sufficient so that the evader cannot moyge right hand side of equation (6) can be verified to be
between them without being captured. . positive and monotonic increasing withfor v > ~ymin(p).
Using equation (3), it can be easily verified that for a givewe now establish an upper bound for the speed rat&o

7» sip(7, p) increases monotonically with and asp — 00, that the evader always remains on the same side of the line

sip(7:p) — % Thus, the necessary spacing for theNEINE  aong velocity vector of;.

strategy issiy (7, p)- |

We now prove the following property of the Pre-Align phase| emma V.5 (Upper bound on ~) For the CONFINE strat-
egy to succeed, the evader/pursuers speed ratimmust
satisfy,

Lemma V.2 (Pre-Align phase) The Pre-Align phase ter-
minates in finite time with the evader aligned with at

a distance greater thafl + 7)ls. 2—u where i — d—1 @

Proof: The total time taken by, to cover a distance ™ (2 p)?
lp followed by distance oR7p is (Ip + 27p). In that time, Proof sketch of Lemma IV.8Me show that for any angle
the evader’s reachability set is the dotted circle of radiug e [—%, %] shown in Figure 10 and to guarantee escape
v(lp + 27p), centered at(0), as shown in Figure 4. Thus, against the pursuer strategy, the evader needs to reach poin
to computel,, we impose the condition that the minimum B’ before the pursuer reachés This gives us the required
distance between the evader’s reachability set and thelairc upper bound ony. [ |
portion of the path op; must be(1+~)ls. Using elementary
geometry, the equation (4) fdg follows. | e
We now prove the following property of the Align phase. " o |

Lemma V.3 (Align phase) The Align phase ofCONFINE
strategy terminates after finite time with the evader al@jne
with p; and [|p1 —e]| = (1 + 7v)lst.

(2p —d+1)secw

Proof sketch of Lemma IV.Eonsider the system as shown
in Figure 1 withk = 1. At the end of the Pre-align phase,
angle ¢ = 0. Using the control law for Align phase, we
show thatg = 0, for all subsequent time instants as long agig. 10. Illustrating proof of Lemma IV.5. The shaded regiainout 5/
distanceL(t) > ~p. B indicates capture region gf; when it reaches3’

We now obtain an upper-bound for the distance between
the first pursuer and evader at the end of the Chase phase.We are now ready to prove Theorem ll1.4.

Proof of Theorem Il1.4:

Lemma IV.4 (Upper bound on d) Let d denote the dis- The Chase phase of the strategy ensures that a length

Pa p3 p2 L

tance||p: — ¢|| at the end of the Chase phase. Then, of at leastly is a straight segment. For the Close phase
111 to guarantee evader confinement, it suffices that the daisy
d<v~ T lst, chain is closed at the end of the Close phase. This final
" configuration is illustrated in Figure 11. Thus, by the time
or, equivalently, fory = % and g = %ﬂ—”j,

272 1+~ 1
p< \— — = (6)
(I-mMV1i=-v »p

Proof: We have the evader aligned with the pursuer at
a distance(l + v)lst as shown in Figure 9. Let the evader

lst

strike out at an angle as shown. So at the end of the Chase \/;1 “~rﬁi<£ch;5g
phase, it follows from trigonometry that
i (1 + v)lstsinz/J Fig. 11. Closing of the daisy-chain

(% — COS w) the evader covers at most a distarigan the Close phase,



p1 must cover a total length &frp + ls, which gives us the initial condition. We characterized the required number of

following condition onlg: pursuers and the required value of the evader/pursuerd spee
ratio for which our @NFINE strategy is guaranteed to lead to
lst 2myp . ; X
= >2mp+lyg = s> 1 . confinement. We also characterized a class of confinement
v _

strategies and determined a minimum number of pursuers
So we letly = 217WP, This justifies our definition of the needed for any strategy in that class to achieve confinement.

quantity ls; throughovut the strategy. Using Lemma IV.5, we Future research will consider how to determine alternate
seek to determine theinimumover the set of ally that ~Strategies possibly involving multiple maneuvers to achie
satisfy equation (6) . This gives us a uniform upper-boungionfinement. It would also be interesting to know the min-
Vmax- THus, imum number of pursuers required for any confinement
- 2 4 strategy.
max = 2—p? ACKNOWLEDGMENTS
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We addressed a cooperative homicidal chauffeur game
in which a single pursuer is unable to capture an evader,
given an arbitrary initial condition. We proposed a bio-
inspired cooperative multiple pursuer strategy that gutees
confinement of an evader to a bounded region, from any



