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Abstract— This paper deals with switching between several
linear time-invariant controllers to be used in feedback with a
MIMO linear time-invariant (not necessarily stable) plant to be
controlled. We explore the fact that, aside from selecting the
controllers’ transfer functions and deciding which controller
to use in the feedback loop at each time instant, the system
designer has two additional degrees of freedom that are used
seldom: the choice of the realizations for the controllers’
transfer functions and selection of the initial condition that
is assigned to the controller when it is switching into the
feedback loop. We show that by selecting appropriate controller
realizations and finding optimal values for the initial controller
state, one can achieve significantly better transients. We will also
show that the closed-loop system remains input-to-state stable
by adding a mild constraint in finding the optimal value of cost
function. We illustrate the use of our results in the control of a
flexible beam actuated in torque. This system is unstable with
two poles at the origin and contains several lightly damped
modes, which can be easily excited by controller switching.

I. INTRODUCTION

To satisfy multiple conflicting requirements in a control
system, one can often design several controllers with distinct
transfer functions {K,(s) : ¢ € P}, and switch between
them in order to achieve the best overall performance, based
on the current operating conditions [2]-[6].

Aside from selecting the different controller transfer func-
tions and deciding which controller to use at each instant
of time, one can use two additional degrees of freedom to
improve the overall performance of the closed-loop system:
choosing appropriate state-space realizations for each of the
controllers and selecting suitable initial conditions for the
controllers to be applied when they are inserted into the
feedback loop. This paper is focused precisely in explor-
ing these degrees of freedom. We assume that the set of
controller transfer functions is given and that we have no
control over the mechanism by which it is decided when the
different controllers are switched in and out of the feedback
loop. Our goal is to select realizations and initial conditions
for the controllers to obtain the best possible performance,
while guaranteeing closed-loop stability under very mild
assumptions on the switching mechanism.

The switched systems considered here arises from the
feedback interconnection of a Linear Time-Invariant (LTI)
plant 3 to be controlled with a multicontroller C(o) whose
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Fig. 1. Controller Architecture

inputs are the usual tracking error er(t) as well as a
piecewise constant switching signal o : [0,4+00) — P that
determines which controller transfer function to use at each
time instant (cf. Figure 1).

More specifically, when o(t) is set constant equal to
some q € P, the multicontroller should behave as an LTI
system with transfer function K, (s). In particular, given n-
dimensional state space realizations E, Iy, G4, H, for each
K,(s), g € P, the state xp,14(t) of the multicontroller C(o)
evolves according to

jjmult (t) = Eo’(t)xmult (t) + Fo’(t) eT(t)

()
U(t) = Go(t)-rmult (7‘) + Hg(t)eT(t)

on any time interval on which the switching signal o ()
remains constant, and according to

Tmult (t) = F(xmult (t7)7 U(ti)v U(t)v T(t)), (2)

at every time t, called a switching time, at which o(t) is
discontinuous. We denote by z(¢~) the limit from the left
lim 4, 2(7), and all signals are assumed continuous from
the right. The function F'(.) is called the reser map and it
basically determines the initial state of the controllers at the
switching times. In particular, if o switched from p to g
at time t, F(zmu(t™),p,q,7(t)) provides an initial state
for the controller with transfer function K, that is inserted
into the feedback loop at time ¢. For generality, we let such
initial state depend on the state x,,¢(¢~) of the controller
just before the switching time, the index p of the previous
controller, the index ¢ of the new controller, and also on the
current reference value r(t). Our goal is to select the reset
map so as to achieve a smooth transient at the controller
switching times. In particular, we select this function so
as to minimize a quadratic cost function that penalizes the
tracking error, the derivative of the process output, and the



control signal, all integrated over an interval that starts at the
switching time.

Even if each K, (s) stabilizes the process, as the value of
o(t) switches within P, the stability of the closed loop may
be lost [6]. The idea of carefully selecting the controller
realizations and initial conditions to stabilize the switched
system was first introduced in [4], but in that work no explicit
attempt was made to improve transient performance of the
switching controller, which was an idea introduced in [5] and
further pursued in [10].

The specific problem formulated here was first introduced
in [10], which provided a method to select controller realiza-
tions and initial conditions for the case of an asymptotically
stable SISO plant to be controlled. The stability results
of [10] were restricted to the case of piecewise constant
reference signals. In this paper, we extend these results
to MIMO, possibly unstable processes and show that it is
possible to obtain input-to-state stability of the closed-loop
for arbitrary references under a very mild assumption on
the switching mechanism. Essentially, we show that if the
average number of switches per unit of time is larger than
a specific value, the closed-loop system remains input-to-
state stable (ISS), otherwise ISS property can be achieved by
an increase in the value of cost function. Simulation results
compare the performance of our switching controller with
those in [4] for a MIMO unstable process.

The paper is organized as follows. In Section II the
mathematical problem statement is introduced. Section III
shows how to choose the controller reset map to minimize
a quadratic criteria. Section IV proves the stability of the
closed loop under a mild assumption on the switching signal.
Finally, simulation results and conclusions are provided in
sections V and VI, respectively.

II. PROBLEM STATEMENT

Consider a MIMO LTI process ¥ with transfer function
G(s) from the input u(t) to the output y(t), and assume given
a finite family of controller transfer functions {K,(s) : ¢ €
P} from the tracking error er(t) to the control input u(t),
where r(t) denotes a reference signal.

The construction of the multicontroller follows [1] and
is inspired by the Q-parameterization of all the stabilizing
controllers [16]. Let (A, B, C) denote a stabilizable and de-
tectable np-dimensional realization for the process transfer
function G(s) in Figure 1:

jf‘pl = Al‘pl + Bu, Y= C’mpla 3)

where x,1 € R"! denotes the process state, u € R* the
control signal and y € R™ the measured output . As stated
in the following theorem [1, Chapter 24], one can select
an LQG/LQR Q-augmented realization for each stabilizing
controller of the form shown in Figure 2.

Theorem (LQG/LOR Q-augmented) 2.1: Assume that
A — LC and A — BK are stability matrices. For every

controller transfer function K (s) that asymptotically
stabilizes (3), there exists a BIBO stable transfer matrix
Q,(s) such that for every stabilizable and detectable
realization (Ag, By, Cq,Dy) of Qq(s), the controller
transfer function K, (s) admits a stabilizable and detectable
realization (E,, F,, G4, H,) with

A—-LC—-BK-BD,C BC, —L—BD
Ey = —B,C ! Aqq]7 Fy= { -B, q},
(4)
G, :=[-K-D,C C4], H, :=-D,. 5)

Such realization corresponds to the diagram in Figure 2. O

In what follows, we assume that the stability matrices A,
used to construct the controller realizations were selected so
that they admit the squared-norm of the state as a Lyapunov

function, which is to say that
Ag+ A, <0, YgeP. (6)

This is always possible in view of [4]. In this paper, given
a matrix M, we denote its transpose by M’.

Fig. 2. Controller Kg(s)

We propose to use a multicontroller C'(o) with state X1t
that evolves according to (1) on any time interval on which
o(t) remains constant and is reset according to the equation
(2) at every switching time ¢. In (2), only the xg component
of the state of the multi-controller is reset according to a
map Fg(.) to be defined in the next section.

If one wants the controlled output to converge to a given
nonzero constant set-point value r, there should exists an
equilibrium point (x4, ue,) that satisfy the equation

-AB —Teq] _ [0
[—C 0 ] (np1+m)><(’ﬂp1+k) [ Ueq } - ['r‘] . (7)
If there exists a solution to (7), it can be written in the form
Teq = F'r, ueq = Nr for appropriately defined matrices F
and N, which corresponds to the control architecture in Fig.
1.

The component & := Z+ ., of the state of C(o) remains
continuous and, it will actually converge to the process state
xp1(t) regardless of the control signal u(t). To verify that this
is so, we define the state estimation error e = x,] — & that,
because of (3) and (1), with the matrices defined in (4)-(5),
evolves according to

b=ty —a =iy —7=(A-LC)e



where A — LC is a stability matrix. This confirms that &
actually converges to the state of the process.

Connecting the plant ¥ with realization (A, B,C) to
the multicontroller C(c), through the negative feedback
interconnection in Figure 1, results in a switched system with
astate z(t) = [zp1(), Z(t), 20 (t)’]/ that evolves according
to

(t) = Aoyz(t) + Boyr(t), y(t) = Copyx(t) (8)

on any time interval on which o (¢) remains constant and

zp1(t) zp1(t7)
o ®
zq(t) Fo(z(t™),0(t™),0(t),r(t))

at every switching time ¢. The matrices in (8) are defined by

. A+BD,C  —B(K+D,C)  BC,
A, := | (L+BD,)C A—-LC-BK-BD,C BC, |,
B,C -B,C Aq
R BN-BD,CF
By := | —=(L+BD,)CF |,
~B,CF
Cy:=[coo], YqeP.

with all the /1,1 Hurwitz since each controller transfer func-
tion K, (s) asymptotically stabilizes the process.

The remainder of this paper is focused on the goal of
selecting an appropriate reset map F'(+) that achieves optimal
transient performance at switching times, while trying to
keep (8)—(9) stable. The issue of optimizing transient per-
formance is the subject of the next section.

III. OPTIMAL RESET MAP

Suppose that at a time ¢ = ¢; the switching signal jumps
from o(ty;) = p to o(ty) = g. Our goal is to select the
post-switching state defined by the reset map

fﬂQ(to) = FQ(x(ta)vpa Q7T(t0))

so as to optimize the resulting transient performance, as
measured by a quadratic cost of the following form

(10)

J = /t 1 (eT(t)/ReT(t) + ()" Wy(t) +u(t)’Ku(t))dt

+ ((tr) = 7o) T(2(t1) = 200) (1)

where ¢ is a time larger than ¢y and possibly equal to 40,
R, W, K, T are appropriately selected symmetric positive
semi-definite matrices, and

Too 1= —A ' Byr(to). (12)

The quadric terms on the matrices R, W, K, T allow one to
penalize the tracking error magnitude, output rate of change,
control effort, and final state magnitude, respectively. In
performing this optimization, we assume that the switching
signal o(t) and the reference r(¢) remain constant and equal
to ¢ and r(tg), respectively, over the optimization horizon
[to,t1]. If o(t) turns out to switch again before ¢;, the
value to which g was reset at time ¢ty will generally not

be optimal, but in the next section we will make sure that
stability is preserved even if unexpected switches occur. Note
that the vector x, that appears in the terminal term in (11)
is the steady-state value to which z(t) would converge as
t — oo if both o(¢) and r(t) were to remain constant.

It should be noted that all the results in this section hold
for an infinite horizon, as we make t; — oo in (11), in which
case the terminal cost term in (11) disappears.

A. Optimization of transient performance

To find the value of x(tp) that minimizes (11) we
need to introduce the following notation: Let (), denote the
symmetric solution to the following Lyapunov equation

Qqu + A;Qq = —Fg,

where P, := C!RC, + A,C!WC A, + C/KCy > 0 and
Cy = [DqC —(K+D,C) Cq]. Such solution exists and is
positive semi-definite because A, is a Hurwitz matrix.

13)

We also define A =t — to, theﬂ positive semi-definite
matrix M, := Q, — e?«*(Q, — T)e«?, and the vector

gy = 2r(t0)’<( — F'C'RCy + BLCIW CyAg+
(N' = F'C'DY)KCy + ByQq) A (T — e42)
+ By (M (A THQu 1) — (A TIQ)e MR ). 14y

We will need to block-partition the symmetric matrix M,
and the vectors g, according to the partition in (9) of the

state vector:
I
gq = |93
93

and perform a singular value decomposition of

q q V‘l’
Mgy = [vzvz] [ 0] [ ]

Mgl Ml} M;;S
M, = My Mg, M, |
]\/[31 M32 ]\/[33

(with A, nonsingular). We are now ready to provide the
solution to the above quadratic optimization problem.

Theorem 3.1: Assume that o(t~) = p, o(t) = ¢ and
r(t) = r(to), Vt € [to,t1], the global minimum to (11) with
smallest norm is given by

7 (to) = VIA; (U7
1
(598 — (M) wnlty) — Mipa(ty)). (15)

Proof: We start by computing the criterion J in (11)
along a solution to the closed-loop dynamics:

) v R
z(t) = ettt (1) + / eI B r(ty) dr,
to

u(t) = Cyx(t) + (N — D,CF)r(t), Vit € [to, t1].

In what follow, * stands for additive terms that do not depend
on the z¢(to). Such terms will thus not affect the optimal
value for z¢(fo). Straightforward algebra shows that the
terminal term in (11) is given by



(z(t1) — xoo)/T(:c(tl) —Tog) = w(to)/eA;ATeAqAx(to)
+ 20 (o) BLe A (A1) TeAa™x(to) + r(to).
~ / ~7 ~ ~ ~ ~
By (eMa® = I)(A;")TAS (e?® — I)Byr(to)
+r(to) BL(A;YYTA (e — %I)qu(to). (16)
The integral terms in (11) are given by
= (2r(to) BLQq + ¢)) A7 (¢4 — I)a(to)
+ (20(t0)' By Qq + ¢,) A, (A M~
A;l — AI)BqT(tO)
— x(to)’eA/qAQququ(to)
— 2r(to) B (M4 — I)(A;1) Qe P (to)
= 7(to) By(ete® — D)(A;1) QA (e —
+ x(to) Qqz(to) + *.

where c;, is defined by

D) Byr(to)
(17)

¢l = 2r(tg) (~F'C'RCy + B,CiWC A+
(N' = F'C'D,)KC,).
Combining (17) and (16) we conclude that

J = z(to) Mgz (to) — x(to) gq + *. (18)

Since our optimization is only performed on the component
zq(to) of z(ty), we further re-write

J = xq(to) Misxq(to) + zq(to)’
(2((M7y) mpi(to) + ME(to) — g3) + . (19)

Since M4, is positive semi-definite, (19) is convex on z¢ (to)
and any vector z()(to) satisfying the first order optimality
condition

X 1 _
M%%d%)ziﬁ—iM%Y%M%%—Méﬂ%)

provides a global minimum to J [9]. In general, (20) may
not be solvable, but in our specific problem it can be proved
that a solution always exists [10, appendix] and the minimum
norm solution to (20) is given by (15). [}

(20)

Theorem 3.1 provides an explicit formula for the optimal
reset map for the xgo component of the state of the multi-
controller. In practice, we cannot implement (15) since the
left-hand side depends on the state of the process that is not
directly available. However, as we have already shown in
section II, the &£ component of the state of the multi-controller
converges exponentially fast to x, so we can replace this
quantity in (15) by & at the expense of introducing an error
that vanishes to zero exponentially fast for every control
input. This motivates the following reset map for (2):

Fo(z(ty),p q,r(to)) == ViIALH(UT)-
1, o o
(38 - (a2yalsy) - Matty)) @b
where %gg - %gg, — (M%) Fr(ty).

IV. STABILITY

Since in the optimization we assumed that no further
switching would occur in the interval [to, 1], when there
is further switching the reset map (21) may not necessarily
result in a stable switched system. In this section we show
that we can achieve Input-to-State-Stability (ISS) in the sense
of [11] for a given average dwell time [13].

As in [11], for a given set S of admissible switching
signals, we say that the switching system (8)-(9) is uniformly
input-to-state stable (ISS) over S if there exist functions
B € KL and v € K, such that for every initial condition,
every input 7(t), and every o € S the corresponding solution
to (8)-(9) exists globally and satisfies

[z(t)] < B(|lz(to)],t — to) + Y([I7llito,e1])

where ||.||; denotes the supremum norm on an interval J.
Let Squg[7*, No), with 7% > 0 and Ny > 0, denote the set of
Average Dwell Time (ADT) switching sequences that satisfy

Yt >ty (22)

t_
N(t,s) < —+ Ny, Vt>s>t. (23)
T

To state the following theorem, which establishes a stability
criteria for the closed-loop system, we need to introduce
some notation: Let @); and ()2 denote the symmetric so-
lutions to @Q1(A — BK) + (A — BK)'Q; = —1I and
Q2(A - LC) + (A - LCY Q2 = —I, where Q1 and Qs
always exist because A — BK and A — LC are stability
matrices; let L, := —(A, + Aj,), which is a positive definite
matrix because of (6); define

S, := [~BC, B(K+D,0)] Q=T [61(?1 o 0 }
0 0 Q2

&p = —VIASH(UL) (MF5)" + M)

100 L, B,C
Ti=[ 600 Ro=e[op ] @

where €, := 1 (max,cp |Q1S,R, 1S, Q1]|) ", and let € >
0 be a sufficiently small constant so that L,,—eB,CC'C),, > 0
(in which case R, > 0).

We further need the following concepts introduced in [11].
Consider the following system:

{ &(t) = for (x(t),r(t)), t# tr
2(t) = how) (x(t7),r(t7)), t=1tg.

We say that a function V : R™ — R is a candidate ex-
ponential ISS-Lypunov function for (25) with rate coefficient

¢,d € R if V is locally Lipschitz, positive definite, radially
unbounded, and satisfies

VV(x).fo(z,r) < =cV(z) + X(|r|)
V(hg(z™,r7)) < e W (z)+ X(|r]) Va,r

(25)

Vo ael,Vr (26)
(27)
for some function X € K.

Theorem 4.1: For every Average Dwell Time switching
sequences Sgupg|T*, No| with 7™ > 0 and Ny > 0, the

lalmost everywhere
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(a) Transient responses for different lengths of the optimization interval [to, t1] (1 = 4, 5, 20). In figure (a), there is a single controller switching

at time top = 3 sec. (b) Transient responses for the multicontroller proposed here (blue line) and for the multicontroller proposed in [4] (dashed black
line)(for R = I and W, K, T = 0). In figure (b), the optimization intervals are [5,10] and [10,30]. Details on the process and controllers being switched
can be found in Section V. The constraint (29) was not active in any of the above simulations.

switched system (8)-(9) is ISS with the reset map which is a
solution to the following minimization problem

m(ifl) zq(to) Misxq(to) + xq(to)'
:EQ 0
(2((My) zpi(ty ) + MibZ(ty) —g3))  (28)

subject to

zq(to) zq(to) <
e*r*c -1 _
—\/ i\ €1Q1+Q2 —Q2 zp1(ty )
e [omts)” 23] [ Q2 Q2 } { ithO) }
+e" gty ) wo(ty) +(r(to)?)  (29)

for some ¢ > 0 such that V(z) := x(t)'Qz(t) satisfies an
inequality like (26).

It is worth noting that the constraint (29) may lead to some
increase in the value of the criterion (19), but it makes sure
that the closed-loop system is ISS under the given ADT.
We can always find a 7* such that the constraint (29) is
not active, and any vector z,(to) satisfying the first order
optimality condition (21) provides a global minimum to (28).
Such 7* is given by the following minimization problem

min 7
(€T —1)Q2— (e —1)Q2(e1Q1 +Q2) Q2 — €¢lp¢p >0

which is always finite.

subject to

Proof: Using the fact L, — eB,CC'B}p > 0, the
matrix I, defined in (24) is positive definite. We define
V(t) := x(t)'Qx(t) as the Lyapunov function for the closed-
loop system. Straightforward algebra shows that

o ~ S,
QA+ AyQ = —aT' [ 0, 27 | T <0,
P 1 P

This implies that, by appropriate choice of a and b, we can
obtain

VV(2).(As)x(t) + Bopyr(t)) < —a\x|2 + blz|| By (t)]

from which (26) follows for a rate coefficient ¢ > 0.

Moreover, for any given Average Dwell Time switching
sequences Sqyy[T*, No], one can always find d < 0 such that
|d| < 7*c. Moreover the constraint (29) makes sure that for
the given switching sequences we have

V(x(to) < e”V(a(tg)) +(Ir(to)))

at every switching time tg. So V(z) turns out to be a
candidate exponential Lyapunov function for the closed-loop
system, and according to [11, Corollary 1] the closed-loop
system is ISS over Sgq[7", No). [

V. SIMULATION RESULTS

In this section, we show simulation results for a closed-
loop system that switches between two controllers for a
MIMO flexible beam. The following equations approxi-
mately model the flexible beam described in [17]:

0 0.31 0.79 1.07 1 O 0 0
0 —-0.25 —0.58 -08 0 1 0 0
0 —0.01 —0.5 —-0.11 0 O 1 0
A= 0 0 —0.01 —-1.25 0 0 0 1
— | 0 224.65 1457.28 4169.8 0 0.31 0.79 1.07
0 —181.05 —1101.27 —3151.13 0 —0.25 —0.58 —0.8
0 —26.49 —-636.68 —491.65 0 —0.01 —0.50 —0.11
0 —9.59 —62.23 -—-3941.2 0 0 —0.01 —1.25

B =1[000043.48 —32.86 —5.13 ~1.86 ]’

1.13 1.66 —1.35 1.13
C=1 o0

/!
0 0 0 D =1Joo00]
0 1.94 —17.9 —31.02

0000
1000
0000
where the input of the system is the torque applied at the
base, the first output denotes the tip position of the beam,
and the other outputs are base angular velocity and strain
gauge measurement, respectively.

The model used for the flexible beam has a stabilizable
and detectable state space realization with two poles at the
origin. The two controllers to be used in the feedback loop
are given by

K = [0.01 5.00 31.89 95.68 0.05 —0.05 —0.25 —0.16 |



0.96 1.00 —-0.16
0.33 —0.75 0.49
—-0.01 -0.12 —0.08
L= 0.00 —0.04 —0.01

= | —0.02 43477.88 1.96
0.95 —32856.38 —1.64
—0.07 —5126.38 —0.46
—0.00 —1856.68 —0.06
—93.54 80.17 —6.60 —78.19 58.41
—9.91 —77.52 —93.03 28.72 —77.20
A; = | 240 333 —46.58 17.18 —15.50
14.70 11.36 —11.71 —34.01 35.16
9.99 7.72 —7.96 14.27 —31.10
—20.67 —22.03 —57.02 —44.77 —8.23
—30.67 —99.46 —84.03 —62.60 61.91

Ay = | 12,05 1541 -53.98 —90.30 58.64
20.99 26.67 —2.70 —57.13 4.79
32.96 41.88 —4.16 2.91 -—51.50
3.11 —5.66 —4.11 1.87 —1.88 —1.24
—9.68 0.86 —4.03 5.64 2.62 —1.12
By = | —8.79 —7.09 —1.55 By = | 8.93 —1.58 0.39

5.09 —5.41 —5.67 10.26 4.18 —-0.59
—7.62 4.99 0.52 —7.18 5.57 —0.66

Cy = [—1026.96 —8164.16 —10168.89 8722.19 —6697.03 |
C'y = [45.60 903.46 609.30 2830.85 —3604.13 |

Dy = [ -1446.62 —467.20 278.67 |

These controllers are chosen to decrease the settling time
with a reasonable amount of overshoot and to limit the torque
in step response. The first controller requires smaller torque
while the second one is faster but needs a larger torque.
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Fig. 4. Transient responses for the multicontroller proposed here and for
the two alternative multicontrollers proposed in [4]. The plot shows the
transients due to two control switchings at times 5 and 10 sec. The “Optimal
Choice” and “Complete Reset of xq” shown here, are the same as those
illustrated in Fig. 3 (b).

Figure 3 (a) depicts the result of numerical simulations
illustrating how varying the length of the optimization in-
terval may influence the system’s behavior. We can see that
the transient response improves as we increase the length
of optimization interval. Figure 3 (b) illustrates that we can
achieve significantly better performance with the mulicon-
troller proposed than with the multicontroller proposed in
[4], which simply sets the left-hand side of (15) to zero. In
Figure 4, the results shown in Figure 3 (b) are compared to
the case that there is no reset in the controller state.

VI. CONCLUSION

In this paper we presented a strategy for initializing
controllers when switching between linear controllers for a
not necessarily asymptotically stable MIMO linear process.

Dy = [ —635.44 —244.67 —30.62 ] .

The initialization is obtained by performing the minimization
of a quadratic function of the tracking error, the derivative
of the process output, and the control signal.

We also showed here that an ISS property can be achieved
under a mild constraint in optimization. In this paper, we as-
sumed that the switching signal o (¢) was provided externally.
However, the minimization of J in (11) could also provide
a criteria for selecting appropriate switching times. This is a
topic for future research.
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