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Abstract:
We address the problem of regulating a subset of outputs of a linear time-invariant plant with
multi-rate measurements so as to achieve asymptotic tracking of an exogenous signal generated
by the free motion of a linear time-invariant system, denoted by exosystem. A solution to this
problem is required to yield closed-loop stability and should be such that output regulation
is achieved even in the presence of small plant uncertainties and exogenous disturbances also
generated by the exosystem. Contrarily to previous works, we propose a solution to the general
case where the plant may have more measured outputs than inputs. We show that this solution
allows us to solve simultaneous stabilization and output regulation problems that are not possible
to solve through the previous works. Besides incorporating an internal model of the exosystem,
the key feature of our proposed controller is that it includes a system that blocks signals
generated by the exosystem arriving to the controller from the non-regulated outputs.

Keywords: Multi-rate; Internal Model Principle; Periodic Blocking Zeros; Time-varying
systems; Output regulation.

1. INTRODUCTION

One of the celebrated problems in automatic control, com-
monly known as output regulation, is that of controlling
the output of a linear time-invariant system so as to
achieve asymptotic tracking of an exogenous signal gener-
ated by the free motion of a linear time-invariant system,
so-called exosystem, while guaranteeing closed loop stabil-
ity. Several solutions were proposed in the seventies using
different approaches (see, e.g., Davison (1972), Wonham
and Pearson (1974), Francis and Wonham (1976), Francis
(1977)), and all incorporate an internal model of the ex-
osystem, as well as a controller that stabilizes the closed
loop. The necessity of incorporating a model of the exosys-
tem in the controller was proved in Francis (1977), and is
thereafter known as the internal model principle.

Multi-rate systems appear naturally in multi-input multi-
output control, due to the heterogeneity among sensors
and possibly among actuators, which are likely to work
at different rates. If these rates are sufficiently high, then
sensors and actuators may be synchronized to match the
rate of the slowest. However in many applications it is
desirable, or even necessary, to take advantage of the full
capacities of the available sensors and actuators. As an
example, taken from Antunes et al. (2010), consider the
control of unmanned vehicles, in which the linear position
sensor, consisting of a Global Positioning System (GPS),
is typically available at a slower rate than the remaining
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sensors, such as magnetometers and gyroscopes. It is often
the case that delaying all the sensor rates to match the
available GPS rate makes closed loop stability difficult
to achieve, meaning that a multi-rate scheme must be
employed.

The blossom of the research in multi-rate systems took
place in the early nineties, where many standard problems
for LTI systems have been extended to multi-rate systems.
For example, structural properties for multi-rate systems
including stabilizability and detectability notions are pro-
vided in Longhi (1994), a solution to the output pole place-
ment problem can be found in Colaneri et al. (1990), and
the linear quadratic gaussian problem for multi-rate sys-
tems is solved in Colaneri et al. (1992). The close relation
between multi-rate and periodic systems (see, e.g., Bittanti
and Colaneri (2000)), entails that these definitions and
problem solutions are often based on the concept of lifting
(see Meyer and Burrus (1975)), i.e., considering the LTI
system obtained by writing the equations of the periodic
system along a period.

The output regulation problem for multi-rate systems
was addressed in Scattolini and Schiavoni (1993). See
also Colaneri et al. (1991) for the special case where the
exogenous references are constant signals. However, both
in Scattolini and Schiavoni (1993) and Colaneri et al.
(1991) the analysis is restricted to square systems, i.e.,
systems with the same number of inputs and measured
outputs, which are also the outputs to be regulated. The
solution in Scattolini and Schiavoni (1993) and Colaneri
et al. (1991) consists of designing a stabilizing controller



for the system obtained by adding an internal model
of the exosystem in series with the input of the plant.
The peculiarities of the multi-rate systems that prevented
the authors from generalizing the solution to non-square
systems, are discussed in Scattolini and Schiavoni (1993).

In the present paper, we address the output regulation
problem for multi-rate systems for general non-square
plants. For example, in the control of unmanned vehicles
it is typically the case that some of the variables are
required to track constant reference inputs (see Antunes
et al. (2010)). The rotorcraft example given in Antunes
et al. (2010) has only four inputs, while a twelve com-
ponent vector comprising the linear and angular velocity
vectors, linear position, and Euler angles is available for
feedback. Naturally, it is desirable to take advantage of the
information provided by the twelve measured components,
instead of choosing only four in such a way that the
system becomes square, and the solution in Scattolini and
Schiavoni (1993) or Colaneri et al. (1991) can be applied.
Moreover, a solution to the output regulation problem for
non-square systems that achieves closed-loop stability is
required when the non-regulated outputs are needed to
guarantee the detectability of the plant. We illustrated this
in the present paper through an example.

We propose a controller that achieves stability for the
closed loop and output regulation for a number of regu-
lated outputs equal to the number of inputs, while taking
advantages of the remaining outputs for feedback. As
in Scattolini and Schiavoni (1993) and Colaneri et al.
(1991), the controller includes an internal model of the
exosystem that is placed in series with the input of the
plant. The key of our solution is to include a system
that blocks signals generated by the exosystem that arrive
to the controller from the non-regulated outputs. The
concept of a system that blocks signals is made precise,
by introducing the notion of blocking zero with respect
to a matrix, both for LTI and periodic systems, which
generalizes the standard notion of blocking zero for LTI
systems (see, e.g., Zhou et al. (1995)). We show that there
exists a stabilizing controller with the proposed structure,
i.e., incorporating an internal model of the exosystem and
a system that blocks signals generated by the exosystem,
that achieves output regulation even in the presence of
plant uncertainties and disturbances generated by the ex-
osystem. The present paper may be viewed as a follow up
work of Antunes et al. (2008), and Antunes et al. (2010),
where the output regulation problem was considered for
non-square multi-rate systems in the special case where
the exogenous reference signals are constant signals. For
constant reference signals, the proposed controller struc-
ture, is shown in Antunes et al. (2008), and Antunes et al.
(2010) not only to be suited for output regulation but
also that it can be exploited to implement nonlinear gain-
scheduled controllers in such a way that a fundamental
property known as linearization property is satisfied.

The remainder of the paper is organized as follows. In Sec-
tion 2, we provide the problem setup and state the output
regulation problem for multi-rate systems. In Section 3 we
propose a solution to the problem statement summarized
in our main result. The main result is proved in Section 4.
An illustrative example showing that our solution allows
to solve problems not possible to solve through previous

works is provided in Section 5. Conclusions and directions
for future work are given in Section 6. In the Appendix
we introduce the notion of blocking zero with respect to a
matrix, which is a key concept to prove the main results
in Section 4.
Notation We denote by In and 0n×m the n × n identity
and zero matrices, respectively. We drop the dimensions of
these matrices when they are clear from the context. The
notation bdiag(A1, . . . , An) denotes a matrix with blocks
Ai ∈ R

n×n in the diagonal, i.e.,

bdiag(A1, . . . , Aq) :=









A1 0 . . . 0
0 A2 . . . 0
...

...
. . .

...
0 0 . . . Aq









.

For a matrix A, A⊺ denotes its transpose. For dimension-
ally compatible matrices A and B, we define (A,B) :=
[A⊺ B⊺]⊺. An eigenvalue of a matrix A is denoted by λi(A).
The nomenclature unstable eigenvalues is used to denote
the eigenvalues of a matrix A that have modulus greater
than or equal to one. We denote the value at time t ∈ R≥0

of the continuous-time signals x : R≥0 7→ R
n by x(t),

and the value at time k ∈ N of the discrete time signals
x : N 7→ R

n by x[k].

2. PROBLEM FORMULATION

We describe first the multi-rate set-up, and the exosystem.
Then we state the output regulation problem.

2.1 Multi-Rate Set-up

We consider a continuous-time plant

[

ẋP (t)
yP (t)

]

=

[

AP BP

CP 0

] [

xP (t)
uP (t)

]

+

[

EP

0

]

vP (t), t ≥ 0, (1)

where xP (t) ∈ R
n is the state, uP (t) ∈ R

m is the input,
and vP (t) ∈ R

nv is a disturbance vector generated by the
following system

ẇP (t) = SV wP (t), t ≥ 0,

vP (t) = EV wP (t).
(2)

The output vector yP (t) ∈ R
p can be partitioned into

yP (t) = (y1P (t), . . . , y
ny

P (t))

where yiP (t) ∈ R
pi , is associated with sensor i ∈

{1, . . . , ny}, and
∑ny

i=1 pi = p. The sensors are assumed
to operate at different sampling rates, with periods that
are rationally related. This model for the measurements
can be described by

y[k] := (y1[k], . . . , yny [k]),

where

yi[k] := Γi
ky

i
P (tk), k ≥ 0, 1 ≤ i ≤ ny, (3)

tk := kts, for some ts > 0, Γi
k = γi

kIpi
, and

γi
k :=

{

1, if sensor i is sampled at tk
0, otherwise

. (4)

Let
Γk := bdiag(Γ1

k, . . . ,Γ
ny

k ).

Note that, due to our assumption that the periodicities of
the sensors sampling are rationally related, Γk is a periodic



function of k, i.e., there exists h such that Γk = Γk+h, ∀k.
We can assume that each diagonal entry of Γk is non-
zero at least once in a period since otherwise a given
sensor component would never be sampled and could be
disregarded.

The actuator mechanism is assumed to be a standard
sample and hold device, and it is assumed to be available
for update at every sampling time tk, i.e.,

u(t) = u[k], t ∈ [tk, tk+1), (5)

where u[k] is the actuation update at time tk.

Denote the sampled state at times tk by x[k] := x(tk).
Then we can write (1), (3) and (5) at times tk as

P :=

{ [

x[k + 1]
y[k]

]

=

[

A B
ΓkC 0

] [

x[k]
u[k]

]

+

[

BV

0

]

v[k]

(6)

where A = eAPh, B =
∫ ts
0

eAP sdsBP , C = CP , BV =
∫ ts
0

eA(ts−s)EPEV e
SV sds, and v[k] = vP (tk) is generated

by the discretization of (2), which is given by

wV [k + 1] = eSV tswV [k], k ≥ 0,

v[k] = EV wV [k].
(7)

2.2 Exosystem

Suppose that we further partition the output vector y[k]
according to

y[k] =

[

ym[k]
yr[k]

]

=

[

ΓmkCm

ΓrkCr

]

x[k] (8)

where Γmk and Γrk are nm × nm and m × m matrices,
respectively, such that Γk = bdiag(Γmk,Γrk). Note that
nm = p−m. The component yr[k] ∈ R

m is a set of outputs
that we wish to asymptotically track a reference signal r[k],
and ym[k] ∈ R

pm is an additional set of measurements
available for feedback. Subsumed in this partition is that
p > m. A solution to the output regulation problem in the
case where p ≤ m can be found in Scattolini and Schiavoni
(1993).

The reference signal r[k] ∈ R
m and the disturbance signal

v[k] ∈ R
nv are assumed to be generated by the following

model, which we denote by exosystem,

w[k + 1] = Sw[k]

r[k] = CRw[k]

v[k] = CV w[k],

(9)

where w[k] ∈ R
nw . The matrices S and CV must be

compatible with (7), i.e., the same signal v[k] should be
generated by (9) and (7). Consider the Jordan canonical
form of S i.e.,

S = V bdiag(S1, . . . , Sns
)V −1 (10)

where V is an invertible matrix and the matrices Sj take
the form

Sj =









µj 1 0 . . .
0 µj 1 . . .
...

...
. . .

...
0 0 . . . µj









∈ C
κj×κj , 1 ≤ j ≤ ns (11)

where ns ≤ nw, and
∑ns

j=1 κj = nw. We assume that:

(S1) ‖µi‖ ≥ 1, ∀1≤i≤ns
.

Fig. 1. Proposed controller structure to achieve output
regulation; Plant:P; Controller: CI -internal model, CD

blocking system, CK stabilizer
.

(S2) µi 6= µj for i 6= j.

To see that (S1) and (S2) introduce no loss of generality,
note first that the exosystem can generated signals r[k]
and v[k] taking the form

ξ[k] =

ns
∑

j=1

κj−1
∑

l=0

bjl

(

k

l

)

µk−l
j , (12)

where bjl can be made arbitrarily by properly choosing
CR, CV , and w[0]. Since, as we shall see shortly, output
regulation is an asymptotic property, if (S1) would not
hold then the disturbance and reference terms in (12)
corresponding to stable eigenvalues of S would play no
role. If (S2) would not hold, the exosystem would still
only be able to generate the same class of reference and
disturbance signals (12). Another way of stating (S2) is to
say that the characteristic polynomial of S coincides with
the minimal polynomial of S, which is a statement more
commonly seen in related works addressing the internal
model principle (see, e.g., Byrnes and Isidori (2000)).

2.3 Problem Statement

Consider a linear controller for the system (6), i.e., a map
y[k] 7→ u[k] with state xc[k] ∈ R

nc . We say that the closed-
loop is stable if (x[k], xc[k]) → 0 as k → ∞, when r[k] = 0,
∀k≥0. Moreover, we say that output regulation is achieved
if (Crx[k]− r[k]) → 0 as k → ∞.

The problem we are interested in this paper can be stated
as follows.

Problem 1. Find a linear controller for the system (6) such
that the closed loop is stable and output regulation is
achieved.

3. MAIN RESULT

The structure of the controller that we propose to solve
the Problem 1 is shown in Figure 1.

The purpose of the systems CI , CD and CK and the
rationale behind this structure are briefly explained as
follows. Since the controller must provide the adequate
input value u[k] such that the output yr[k] of the linear
plant tracks the desired reference signal r[k], the system
CI is such that it is capable of providing such an input to
the plant, when the input to CI is identically zero. Denote
by steady state the state of the plant at which output
regulation is achieved. At steady state, due to the linearity
of the plant, the non-regulated output ym[k] consists of a



signal with the same frequency content of the input to the
plant. The system CD has the purpose of yielding a zero
output when the steady state signal ym[k] is applied to its
input, while assuring that other signals of interest, do not
yield a zero output and thus can still be utilized to control
the plant.

Closed loop can be guaranteed if the following condition
is met

(G1) The system ”seen” by the controller, i.e., obtained
by computing the series of CI , P and CD, with input
yK [k] and output (yD[k], yr[k] − r[k]), is detectable
and stabilizable.

In fact, from standard results for linear systems, if (G1)
holds one can compute a stabilizing controller CK . Note
that, when output regulation is achieved, both the input
to the controller and its output are zero.

Before we state our main result, we provide possible
choices for CI and CD. We shall impose in Section 4 some
requirements that CI and CD must meet to prove our main
output regulation result. We shall see that the systems
proposed below meet these requirements. However other
choices may exist that satisfy these requirements.

3.1 System CI

The system CI is an LTI system described by

CI :=

{ [

xI [k + 1]
yI [k]

]

=

[

AI BI

CI 0

] [

xI [k]
uI [k]

]

(13)

where xI [k] ∈ R
nI , uI [k] ∈ R

m, and yI [k] ∈ R
m. The

system CI should be capable of providing the adequate
input to the plant such that output regulation is achieved.
Such an input takes the general form (12). One realization
for (13) that achieves this is given by

AI = bdiag(S, . . . , S) ∈ R
(mnw)×(mnw).

BI = bdiag(BJ , . . . , BJ ) ∈ R
(mnw)×m

CI = bdiag(CJ , . . . , CJ ) ∈ R
m×(mnw) (14)

where BJ ∈ R
nI×1 is such that (S,BJ ) is stabilizable,

and CJ ∈ R
1×nw is such that (CJ , S) is detectable. It is

straightforward to verify that this implies that (AI , BI)
is observable, and (CI , AI) is detectable, respectively
(cf. Proposition 6 below). Note that, the system (13) with
matrices (14) incorporates an m−fold reduplication of the
exosystem (9), in the sense of Francis (1977).

3.2 System CD

The system CD , is a linear periodically time-varying
system, described by

CD :=

{ [

xD[k + 1]
yD[k]

]

=

[

ADk BDk

CDk DDk

] [

xD[k]
uD[k]

]

(15)

where xD[k] ∈ R
nD , uD[k] ∈ R

nm , and yD[k] ∈ Rnm ,
and ADk, BDk, CDk and DDk are h−periodic, i.e., e.g.,
ADk = ADk+h, ∀k≥0.

The system CD has the purpose of blocking the signals
that can be generated by the exosystem. By this we mean
that the output of (15) is zero for every input generated

by the exosystem, which takes the general form (12). The
notion is made precise in the Appendix (cf. Definition 17).

One realization for (15) that achieves this is given by

ADk = bdiag(A1
k, . . . , A

nm

k ) ∈ R
nmnw×nmnw .

BDk = bdiag(B1
k, . . . , B

nm

k ) ∈ R
(nmnw)×nm

CDk = bdiag(C1
k , . . . , C

nm

k ) ∈ R
nm×(nmnw) (16)

DDk = bdiag(D1
k, . . . , D

nm

k ) ∈ R
nm×nm , k ≥ 0

where, corresponding to each output i ∈ {1, . . . , }, the
matrices are given by

Ai
k =

[

0 0
Inw−1 0

]

, Bi
k =

[

1
0nw−1

]

, Ci
k = (cik)⊺, Di

k = 1,

(17)
if the output i is sampled at tk, and

Ai
k = Inw

, Bi
k = 0nw×1, C

i
k = 01×nw

Di
k = 0, (18)

otherwise, where cik is a h−periodic vector, i.e., cik =
ci(k+h) which is described shortly. The matrices Ai

k and
Bi

k, which correspond to the ith component of the output
vector ym[k], are such that the system CD holds the last
nw sampled values of the output i when k is sufficiently
large. A condition for k that assures this is k ≥ nwh. In
fact, from (17) we see that if the output is sampled at
tk then the new measurement is introduced in the state
while the least recent is dropped. From (18) we see that
if the output is not sampled at tk the system CD holds
the previous state. The matrices Ci

k and Di
k are such

that the output is zero when steady state is achieved, in
which case ym[k] is a signal taking the form (12). This will
be shown in Proposition 7. The nw dimensional periodic
vector cik can be determined as follows. Since the cik are
h−periodic we need only to specify cik along a period, i.e.,
e.g., for k ∈ {1, . . . , h}, and for values for which γi

k = 1
(otherwise Ci

k = 0), where γi
k is given by (4). Let ⌊k⌋ be

the remainder of the division of k by h if k ≥ 1, i.e., e.g.,
⌊k + 1⌋ = k + 1 if 1 ≤ k ≤ h − 1, and ⌊k + 1⌋ = 1 if
k = h. Moreover if k ≤ 0 use the same notation to denote
⌊k⌋ := ⌊k + rh⌋ for some r ∈ N such that k + rh ≥ 1.
For each k ∈ {1, . . . , h} such that γik = 1, define a set of
nw + 1 indexes {τ ikl , 0 ≤ l ≤ nw} by

τ ikl =











0, if l = 0,

τ ikl−1 +min{k1 > 0 : γi
⌊k−τ ik

l−1
−k1⌋

= 1},

if 1 ≤ l ≤ nw.

Define the following set of matrices

M i
k =







N i
k(µ1)
...

N i
k(µns

)






∈ C

nw×nw

where k ∈ {1, . . . , h}, and

N i
k(µj) :=















µ
−τ ik

1

j µ
−τ ik

2

j . . . µ
−τ ik

nw

j

τ ik1 µ
−τ ik

1

j τ ik2 µ
−τ ik

2

j . . . τ iknw
µ
−τ ik

nw

j
...

...
...

...

(τ ik1 )κjµ
−τ ik

1

j (τ ik2 )κjµ
−τ ik

2

j . . . (τ iknw
)κjµ

−τ ik
nw

j















.



Define also the set of vectors

bik =







d1
...

dns






∈ R

nw×1

where k ∈ {1, . . . , h} and

dj :=
[

1 01×(κj−1)

]⊺

, 1 ≤ j ≤ ns.

We make the following assumption:

M i
k is invertible for every k ∈ {1, . . . , h}, 1 ≤ i ≤ ny.

(19)
Take cik = [cik1 . . . ciknw

] as the solution to

M i
kc

ik = −bk, (20)

which is unique due to (19) and it is real. To see that it
is real note that if µi is a complex eigenvalue of S then
so is its conjugate since S is real. Note also that to the
eigenvalue µi and to its conjugate, correspond complex
conjugate rows of M i

k and therefore both cik and its
conjugate satisfy (20).

The assumption holds in the special case where the sensors
are sampled at a single-rate. In fact, in this case we have
that τ ikl = l, ∀1≤k≤h,1≤i≤ny,1≤l≤nw

, and the rows of Mk
i

correspond to linear independent functions lrµ−l
j where

1 ≤ r ≤ κj . This is also in general true in the multi-rate
case where the τ ikl are in general not equal to l. However,
the assumption may fail in some pathological cases as we
illustrate in the next example.

Example 2. Suppose that ym[k] is one dimensional and
corresponds to a sensor which is sampled once every five
times in a period, i.e., h = 5, γ1

k = 1, if k = 1 and, γ1
k = 0

if k ∈ {2, 3, 4, 5}. If nw = ns = 3, then we can obtain that
τ1k1 = 5, τ1k2 = 10, and τ3k3 = 15 if k = 1 and τ ikl do
not need to be specified if k ∈ {2, 3, 4, 5}. Suppose that
µ1 = ei2π/5, µ2 = e−i2π/5, µ3 = 1. Then the matrices M1

k ,
which needs only be specified for k = 1, is given by

M1
1 =





(ei2π/5)−5 (ei2π/5)−10 (ei2π/5)−15

(e−i2π/5)−5 (e−i2π/5)−10 (e−i2π/5)−15

1 1 1



 ,

which is singular and therefore the Assumption 19 does
not hold.

3.3 Main Result

We make the following assumptions on the multi-rate
discrete-time plant (6):

(P1) (A,B) is stabilizable and (C,A) is detectable.
(P2) There are no invariant zeros from the input of the

plant to the regulated output that coincide with the
eigenvalues of S, i.e.,

[

A− µjIn B
Cr 0

]

is invertible ∀1≤j≤ns.

(P3) Consider the following systems

x̂[k + 1] = Ax̂[k] ŵ[k + 1] = Sŵ[k]

ŷr[k] = ΓrkCrx̂[k] r̂[k] = ΓmkCM ŵ[k]

ŷm[k] = ΓmkCmx̂[k]
(21)

with initial conditions x[0] = x0 and w[0] = w0.
Then, there does not exist x0 different from the zero

vector, such that there exists a w0 and CM for the
free motion of (21), such that ŷr[k] = 0, ∀k≥0 and
ŷm[k] = r̂[k], ∀k≥0.

We assume (P1)-(P3) to obtain (G1). The assumptions
(P1) and (P2) are typical in related problems (cf. Francis
(1977)). The assumption (P3) is closely related to the
following assumption, which is easier to test:

(P3’) A and S do not share an eigenvalue, or if A and
S share an eigenvalue µj , 1 ≤ j ≤ ns, then the
corresponding eigenvector of A is not in the kernel
of ΓrkCr for every k ∈ {1, . . . , h}.

While (P3) and (P3’) are not equivalent, it is straightfor-
ward to show that (P3) implies (P3’). However if (P3’)
holds then (P3) may not hold in pathological cases.

Example 3. Suppose that Γrk = 1, ∀k≥0 and Γmk = 1 if
k = 0, Γmk = 0 if k ∈ {1, 2, 3, 4} and Γmk = Γm(k+5),
∀k≥0. Let S = 1, Cm = [1 0 0], Cr = [ 0 0 1], and

A =













cos(
2π

5
) − sin(

2π

5
) 0

sin(
2π

5
) cos(

2π

5
) 0

0 0
1

2













.

Although A does not have eigenvalues that coincide with
the eigenvalues of S, and therefore (P3’) holds, if we make
x0 = [0 1 0]⊺ and w0 = 1 then we have that yr[k] = 0, ∀k≥0,
and r̂[k] = ym[k] = 1, ∀k≥0, which means that (P3) does
not hold.

The following is the main result of the paper. We denote
by plant uncertainties the fact that the matrices A, B, C
in (6) might not be known exactly, i.e., although the
controller of Fig. 1 is designed for the model (6), the actual

plant is described by the matrices Ã, B̃, C̃ and is given by

P̃ :=

{ [

x[k + 1]
y[k]

]

=

[

Ã B̃

ΓkC̃ 0

] [

x[k]
u[k]

]

+

[

BV

0

]

v[k]

(22)

Since asymptotic stability is a robust property, if Ã, B̃,
and C̃ are sufficiently close to A, B, and C, respectively,
and if the controller of Fig. 1 designed for (23) asymptotic
stabilizes the closed-loop, then asymptotic stability is
preserved when P is replaced by the actual plant P̃.

Theorem 4. Suppose that (P1)-(P3) hold for the plant P,
and that CI is given by (13), and CD is given by (16), (17),
and (18). Then there exists matrices BJ , CJ for CI , and CK

such that the closed-loop in Figure 1 is stable. Moreover,
output regulation for ym[k] is achieved even in the presence
of plant uncertainties that do not destroy closed-loop
stability.

4. PROOF OF THE MAIN RESULT

We start by reviewing some general definitions for periodi-
cally time-varying systems. Then we state the assumptions
that we make on CI , CD that lead to establishing that
there exists a system CK that yields the closed-loop of
Figure 1 stable. After establishing the existence of such
a system CK we prove the main result. In the Appendix
we introduce the notion of blocking zero with respect to a
matrix, which is key to understand the assumptions on the



block CD, and to prove some of the results in the present
Section.

4.1 Periodic Systems

Consider a discrete-time linear periodic system

R =

{

x[k + 1] = Akx[k] +Bku[k]

y[k] = Ckx[k] +Dku[k], k ≥ 0,
(23)

where x[k] ∈ R
nA , u[k] ∈ R

nB , y[k] ∈ R
nC , and Ak,

Bk, Ck, Dk are h-periodic matrices, e.g., Ak = Ak+h.
Many system analytical notions for (23) are defined by
considering the lifted time-invariant system R̄ associated
with R, which is defined as

R̄ =

{

x̄[l + 1] = Āx̄[l] + B̄ū[l]

ȳ[l] = C̄x̄[l] + D̄ū[l], l ≥ 0,
(24)

where x̄[l] = x[lT ],

ū[l] := (u[lh], u[lh+ 1], . . . , u[lh+ h− 1]),

ȳ[l] := (y[lT ], y[lT + 1], . . . , y[lT + h− 1]),

and the system matrices in (24) are given by Ā := Φ(h, 0),

B̄ := [Φ(h, 1)B0 Φ(h, 2)B1 . . . Bh−1] ,

C̄ := (C0, C1Φ(1, 0), . . . , Ch−1Φ(h− 1, 0)),

D̄ :=







E11 . . . E1T

...
...

...
ET1 . . . ETh






,

Eij :=







Ci−1Φ(i− 1, j)Bj−1 i > j

Di i = j

0 i < j

,

where Φ(i, j) := Ai−1Ai−2 . . . Aj , for i > j and Φ(i, i) :=
I.

The system R is stable, stabilizable and detectable if and
only if R̄ is stable, stabilizable or detectable, respectively.
Equivalently, stability of (23) is characterized by all the
eigenvalues of the matrix Ā having norm less that one,
i.e., ‖λi(Ā)‖ < 1, ∀i, stabilizability of (23), denoted by
(Ak, Bk) is stabilizable, is characterized by there exists
a set of periodic matrices Fk, Fk = Fk+h, such that
x[k + 1] = (Ak + BkFk)x[k] is stable, and detectability
of (23), denoted by (Ck, Ak) is detectable, is characterized
by there exists a set of periodic matrices Gk, Gk = Gk+h,
such that x[k+1] = (Ak+GkCk)x[k] is stable (cf. Bittanti
and Bolzern (1985)).

4.2 Assumptions on CI :

The system CI , described by (13), must be such that:

(I1) (AI , BI) is stabilizable and (CI , AI) is detectable,
(I2) CI does not have invariant zeros at the unstable

eigenvalues of the plant P, i.e.,
[

AI − ρInI
BI

CI 0

]

is invertible (25)

for ρ ∈ {λi(A) : ‖λi(A)‖ ≥ 1}.
(I3) For every Z ∈ R

m×nw , the following equation

AIΠI = ΠIS

CIΠI = Z
(26)

has a solution ΠI ∈ R
nI×nw . Moreover such solu-

tion is unique.

(I4) The eigenvalues of AI belong to the set of eigenvalues
of S.

We assume (I1)-(I2) to obtain (G1). The assumption (I4)
is required to limit the set of possible systems CI . As stated
in the next proposition the assumption (I3) is closely
related to the purpose of the system CI , i.e., to provide the
adequate input to the plant so that it tracks the reference
signal. Note that due to the linearity of the plant, an
adequate input takes the same form of the reference signal
one wishes to follow, i.e., it is generated by

w[k + 1] = Sw[k], k ≥ 0,

u[k] =CUw[k]. (27)

Proposition 5. If (I3) holds then for any signal u[k] gener-
ated by (27) there exists an initial condition x0 such that
the free motion of

xI [k + 1] = AIxI [k], xI [0] = x0

yI [k] = CIxI [k]

is such that yI [k] = u[k].

�

Proof (of proposition 5) If (I3) holds then for an initial
condition xI [0] = ΠIw[0], we have that

yI [k] = CIA
k
IΠIw[0] = CIΠIS

kw[0] = ZSkw[0].

The result follows by making Z = CU .

�

Due to the following proposition it is always possible to
find BJ and CJ such that (I1)-(I3) hold for the system (13)
with matrices (14).

Proposition 6. The set of matrices (BJ , CJ ) ∈ R
nw×1 ×

R
1×nw for which (I1)-(I3) do not hold for the system (13)

with matrices (14) is a set of measure zero in R
nw×1 ×

R
1×nw .

�

Proof Since the union of sets of measure zero has measure
zero it suffices to prove that for each assumption (I1), (I2),
and (I3) the set of matrices (BJ , CJ ) ∈ R

nw×1 × R
1×nw

which do not satisfy each of these assumption has measure
zero. We start by showing this for (I1). If (S,BJ ) is not
stabilizable, there exists a left eigenvalue of S, say wi, for
some 1 ≤ i ≤ ns, such that w⊺

i BJ = 0. Since the set
{BJ : w⊺

i BJ = 0, for every 1 ≤ i ≤ ns} where (S,BJ )
is not stabilizable has measure zero, we establish that
(S,BJ ) is stabilizable except in a set of measure zero in
BJ ∈ R

nw×1. A similar reasoning allows to conclude that
(CJ , S) is detectable except in a set of measure zero in
CJ ∈ R

1×nw . Since stabilizability of (S,BJ ) implies that
of (AI , BI) and detectability of (CJ , S) implies that of
(CI , AI), we see that (I1) holds almost everywhere for the
matrices (14). Next we consider (I2). Note that due to
the structure of the matrices (14), the condition (25) is
equivalent to the following condition

[

S − ρInw
BJ

CJ 0

]

is invertible , (28)

for ρ ∈ {λi(A) : ‖λi(A)‖ ≥ 1}. For each ρ ∈ {λi(A) :
‖λi(A)‖ ≥ 1}, the set

{(BJ , CJ ) : det(

[

S − ρInw
BJ

CJ 0

]

) = 0}



is at most a manifold of dimension one in ∈ R
nw×1 ×

R
1×nw , from which we conclude that (28) holds except in

a set of measure zero.

Finally, note that (I3) holds for the system (13) if and only
if

SΘ = ΘS

CJΘ = Y
(29)

has a solution Θ ∈ R
nw×nw for every Y ∈ R

1×nw .
Considering the Jordan canonical decomposition of S =
V SJV

−1, where SJ = bdiag(S1, . . . , Snw
), and making

Θ = V −1[Π1, . . . ,Πns
]V we can conclude that (29) is

equivalent to existing Πi ∈ R
nw×κi , 1 ≤ i ≤ ns such that

for every Wi ∈ R
1×κi we have that

SJΠi = ΠiSi

CJΠi = Wi.
(30)

It suffices to consider (30) for i = 1, i.e., prove that the set
of CJ such that (30) does not hold for i = 1 has measure
zero.

We can decompose Π1 into Π1 = [v1 v2 . . . vκ1
] where vi

are such that there exists αi such that

SJ(α1v1) = µ1(α1v1)

and, for i = 2, . . . , κ1,

vi = wi + αiv1

for arbitrary αi, where wi are such that

(SJ − µ1I)(wi + αiv1) = vi−1.

Then

CJΠ1 = [α1CJv1 CJw2 + α2CJv1 . . . CJwκ1
+ ακ1

CJv1]

If CJv1 6= 0 then we can choose α1, . . . , ακ1
such that

CJΘ = W1 for arbitrary W1. Since, the set of CJ such
that CJv1 = 0 is a set of measure zero, we have that (I3)
does not hold except in a set of measure zero.

�

4.3 Assumptions on CD:

The system CD must be such that:

(D1) (ADk, BDk) is stabilizable and (CDk, ADk) is de-
tectable.

(D2) The following equations

ADrΠD⌊r+1⌋ +BDrΓmrY = ΠDrS

CDrΠDr +DDrΓmrY = 0, 1 ≤ r ≤ h
(31)

have a solution ΠDr ∈ R
nD×nw , 1 ≤ r ≤ h such

that (31) holds for every Y ∈ R
nm×nw .

(D3) Consider the system

ŵ[k] = Ŝŵ[k], ŵ[0] = ŵ0

r̂[k] = CRŵ[k]
(32)

and suppose that Ŝ is such that there exists ŵ0 such
that r̂[k] 6= r[k] for any arbitrary w0, CR in (9). Then

(D2) does not hold when S is replaced by Ŝ.

We assume (D1)-(D3) to obtain (G1). From the Defi-
nition 17 of a time-invariant blocking zero given in the
Appendix, we see that (D2) is equivalent to the system ob-
tained by computing the series between CD and Γm having
a time-invariant blocking zero with respect to S. From the
interpretation of blocking zeros given in Proposition 18,
we see that the assumption (D2) is closely related to the
purpose of the system CD, i.e., to block the signals that
are generated from the exosystem (9). Moreover, using
again the same interpretation of the Proposition 18, the
assumption (D3) states that CD does not block any signal
other than the ones generated by the exosystem.

Proposition 7. The system (15) with matrices (17) satis-
fies (D1)-(D3).

�

Proof Note that (15) with matrices (17) is a stable
system. In fact, one can check that all the eigenvalues
of ÂD = AD(h−1) . . . AD2AD1AD0 are equal to zero, and
therefore not only it is stable, but also the corresponding
lifted system is a deadbeat system. Thus, its lifted system
is stabilizable and detectable, and therefore so is (15) with
matrices (17).

To prove (D2) it suffices, from the Proposition 18 in the
Appendix, to prove that there exists an initial condition for
CD such that CD has zero output for every signal generated
by the following system

w[k + 1] = Sw[k]

r[k] = ΓmkCRw[k]
(33)

Denote the nw basis functions that generate (12) by

fι[k] =

(

k

l

)

µk−l
j , if ι ∈ (

j−1
∑

q=1

κq,

j
∑

q=1

κq], (34)

where l = ι −
∑j−1

q=1 κq − 1, 1 ≤ ι ≤ nw. Recall that at
a given time k ≥ hnw the state of CD holds the last nw

sampled values corresponding to each output component
of yr[k]. Then, also by construction of the CDr and DDr

of the system CD, proving that for any input signal taking
the form (12), there exists and initial condition xD[0], such
that the output of CD is zero, is equivalent to proving that
the following holds







f1[k]
...

fnw
[k]






+







f1[k − τ ik1 ] . . . f1[k − τ iknw
]

...
...

...
fnw

[k − τ ik1 ] . . . fnw
[k − τ iknw

]













cik1
...

ciknw






= 0,

(35)

for every index i corresponding to sensor i, 1 ≤ i ≤ ns, and
for every k ≥ 0, where (35) only needs to be verified for
k ∈ {1, . . . , h} such that sensor i is sampled at tk. The cik

are obtained from (20). We establish this by proving that
each row of (35) imposes the same restriction as each row
of (20). It is easy to see that to do so, it suffices to consider,
without loss of generality, a single sensor (i = ns = 1) and
a single set of κ1 rows corresponding to the eigenvalue
µ1, i.e., prove that (35) with nw = κ1, imposes the same
restrictions on c1k as the following set of equations















µ
−τ1k

1

1 µ
−τ1k

2

1 . . . µ
−τ1k

nw

1

τ1k1 µ
−τ1k

1

1 τ1k2 µ
−τ1k

2

1 . . . τ1knw
µ
−τ1k

nw

1
. . . . . . . . . . . .

(τ1k1 )κ1µ
−τ1k

1

1 (τ1k2 )κ1µ
−τ1k

2

1 . . . (τ1knw
)κ1µ

−τ1k
nw

1



















c1k1
...

c1knw






=







1
0
. . .
0







(36)
We argue by induction. The first row of (36) imposes the
restriction

[

µ
−τ1k

1

1 µ
−τ1k

2

1 . . . µ
−τ1k

nw

1

]

c1k = 1 (37)

while the first row of (35) imposes the restriction
[

µ
k−τ1k

1

1 µ
k−τ1k

2

1 . . . µ
k−τ1k

nw

1

]

c1k = µk
1 (38)

which are obviously equivalent since µ1 6= 0. It is also
insightful to see that the second row of (36), given by,

[

τ1k1 µ
−τ1k

1

1 τ1k2 µ
−τ1k

2

1 . . . τ1knw
µ
−τ1k

nw

1

]

c1k = 0 (39)

imposes the same restriction as the second row of (35),
given by

[

(k − τ1k1 )µ
k−τ1k

1

1 . . . (k − τ1knw
)µ

k−τ1k
nw

1

]

c1k = kµk
1

⇔
[

−τ1k1 µ
−τ1k

1

1 . . . −τ1knw
µ
−τ1k

nw

1

]

c1k = 0
(40)

where we used (37).

Now assuming that the first 1 ≤ r−1 < nw−1 rows of (35)
impose the same restriction as the first 1 ≤ r−1 < nw −1
rows (36), we prove that the same is true for the row r,
i.e.,
[

fr[k − τ1k1 ] fr[k − τ1k2 ] . . . fr[k − τ1knw]
]

c1k = fr[k] (41)

To this effect, note that we can write (34) as

fr[k − τ ] =

(

k − τ

r

)

µk−r−τ
1

= (

r
∑

m=0

amk(r−m)τm)µk−r−τ
1

= (

r−1
∑

m=0

amk(r−m)τm + arτ
r)µk−r−τ

1 (42)

for some coefficients am implicitly defined from
(

k − τ

r

)

= (k − τ)(k − τ − 1) . . . (k − τ − r)

=

r
∑

m=0

amk(r−m)τm.

Note that ar = (−1)r+1. If we replace (42) in (41) and use
the fact that the first r − 1 restrictions of (36) hold, we
obtain

ar

[

(τ1k1 )rµ
k−r−τ1k

1

j . . . (τ1knw
)rµ

k−r−τ1k
nw

j

]

c1k = 0

which is equivalent to the restriction associated with row
r of (36) since µ1 6= 0 and ar 6= 0.

To prove that (15) with matrices (17) satisfies (D3), note
that using the interpretation of a blocking zero given in the
Proposition 18, the assumption (D3) states that CD does
not block any other signal other than the ones generated
by the exosystem. To see that this is true, suppose that
there exists a signal g[k] such that there exists an initial
condition to the system CD such that the output of the

system CD is identically zero when g[k] is applied to its
input. Then, by construction of CD, i.e., by the fact that
for k ≥ nwh, xD[k] will hold the value of the last nw

samples of every sensor 1 ≤ i ≤ ns, g[k] must satisfy

g[k] +
[

g[k − τ ik1 ] g[k − τ ik2 ] . . . g[k − τ iknw
]
]

cik = 0

for every, 1 ≤ i ≤ ns and k ∈ {1, . . . , h} such that
sensor i is sampled at tk. From (35) and uniqueness of the
cik(cf. (19), (20)) we conclude that g[k] must be a linear
combination of the fι[k], 1 ≤ ι ≤ nw and therefore g[k]
can be generated by the exosystem.

�

4.4 System CK :

The system CK takes the form

CK :=

{

xK [k + 1] = AKkxK [k] +BKkuK [k]

yK [k] = CKkxK [k]
. (43)

where the matrices AKk, BKk, CKk, and DKk are
h−periodic, i.e., e.g., AKk = AK(k+h) and is such that
the closed loop of Figure 1 is stable. The next Lemma
shows that such controller always exists.

Lemma 8. Suppose that P, CI , CD are such that (P1)-
(P5), (I1)-(I4), (D1)-(D4) hold. Then there exists a stabi-
lizing controller CK for the closed loop system of the Fig. 1
taking the form (43).

�

To prove the Lemma 8 we need the following two results.
For two dimensionally compatible LTI systems described
by

C1 :=

{ [

x1[k + 1]
y1[k]

]

=

[

A1 B1

C1 0

] [

x1[k]
u1[k]

]

(44)

and

C2 :=

{ [

x2[k + 1]
y2[k]

]

=

[

A2 B2

C2 D2

] [

x2[k]
u2[k]

]

(45)

The series of the system C2 and C1 obtained by making
u1[k] = y2[k], is defined by:

C3 :=

{ [

x3[k + 1]
y1[k]

]

=

[

A3 B3

C3 0

] [

x3[k]
u2[k]

]

(46)

where

A3 =

[

A1 B1C2

0 A2

]

, B3 =

[

0
B2

]

, C3 = [C1 D1C2] .

Recall that for an LTI system, say (44), an eigenvalue λ1 of
A1, i.e., there exists v1 and w1 such that A1v1 = λv1 and
w⊺

1A1 = λw⊺

1 , is observable if C1v1 6= 0, and controlladble
if w⊺

1B1 6= 0. The pair (A1, C1) is detectable if all the
unstable eigenvalues of A1 are observable, and the pair
(A1, B1) is stabilizable if all the unstable eigenvalues of
A1 are controllable. One can find these definitions in Zhou
et al. (1995) for continuous-time systems, which have an
obvious counterpart for discrete-time systems. Denote the
set of eigenvalues of A by

ΛA := {λ : Av = λv, for some v},

where A can be replaced by A1, A2, A3. Also denote the
set of eigenvalues of A which are not eigenvalues of B by

ΛA/B := {λ : λ ∈ ΛA and λ /∈ ΛB},



where A, B can be replace by A1 and A2.

Proposition 9. Consider C1, C2 and the series C3. Then

(i) ΛA3
= ΛA1

∪ ΛA2

(ii) If λ ∈ ΛA1/A2
then λ is an observable eigenvalue of

C3 if λ is an observable eigenvalue of C1.
(iii) If λ ∈ ΛA2

then λ is an observable eigenvalue of C3

if λ is an observable eigenvalue of C2 and C1 has no
invariant zeros at λ.

(iv) If λ ∈ ΛA2/A1
then λ is a controllable eigenvalue of

C3 if λ is a controllable eigenvalue of C2.
(v) If λ ∈ ΛA1

then λ is a controllable eigenvalue of C3

if λ is a controllable eigenvalue of C1 and C2 has no
invariant zeros at λ.

�

Proof (i) We can conclude from det(λI−A3) = det(λI−
A1) det(λI −A2), which holds due to the structure of A3.
We prove only (ii) and (iii) since (iv) and (v) can be
obtained from the fact that detectability and stabilizability
are dual notions. To this effect consider the following
equation for the eigenvalues of A3

[

A1 B1C2

0 A2

] [

v1
v2

]

= λ

[

v1
v2

]

If λ ∈ ΛA1/A2
then v1 : A1v1 = λv1 and v2 = 0.

Thus C3[v
⊺

1 v
⊺

2 ]
⊺ = C1v1 6= 0, which means that λ is an

observable eigenvalue of C3 if it is an observable eigenvalue
of C1, which is (ii).

If λ ∈ ΛA2
then v2 : A2v2 = λv2 and v1 : A1v1 +

B1v2 = λv1. If λ was not an observable eigenvalue of C3

then we would have C3[v
⊺

1 v
⊺

2 ]
⊺ = 0 which would imply that

[

A1 − λ1I B1

C1 D1

] [

v1
C2v2

]

= 0 (47)

where C2v2 6= 0 since λ is an observable eigenvalue of C2.
The equation (47) contradicts the assumption that C1 has
no invariant zeros at λ.

�

The series of two periodically time-varying systems is
defined similarly to the series of two LTI systems.

Proposition 10. The lift of the series of two periodic sys-
tems is the series of the LTI lift systems of each periodic
system.

�

Proof Obtained by direct replacement.

�

We shall need the following proposition.

Proposition 11. Consider the system

x[k + 1] = Ax[k]

y[k] = bdiag(γ1
k, . . . , γ

ny

k )Cx[k]
(48)

where y[k] ∈ R
ny . The γi

k ∈ {0, 1}, 1 ≤ i ≤ ny are h−
periodic, i.e., γi

k = γi
k+h, and for each i are equal to 1 at

least once in a period. The (48) is detectable if and only
if the pair (A,C) is detectable.

�

Proof See Colaneri et al. (1990)

�

We shall also need to take into account that if we apply the
lift for an LTI system we obtain the following eigenvalues
of the lifted system.

ΛAh := {λh, λ ∈ ΛA} (49)

The Lemma 8 is proved next.

Proof In Colaneri (1991), it is shown that a periodic
system R taking the form (23) is detectable and stabiliz-
able if and only if there exists a periodic linear controller,
taking the form (43) such that the closed loop system is
asymptotically stable. Thus it suffices to prove the stabi-
lizability and detectability of the periodic system obtained
by computing the series of CI , P, and CD, which is a
periodic system that we shall term CA. This can proved
by establishing stabilizability and detectability of the lifted
LTI system, denoted by C̄A. From Proposition 10 the lift of
CA is the series of the lift of each individual system CI , P,
and CD, which are denoted by C̄I , P̄, and C̄D, respectively.
Thus, we only have to prove the observability and control-
lability of the unstable eigenvalues of C̄A, corresponding
to the unstable eigenvalues of C̄I and P̄, since C̄D is a
deadbeat system and thus stable.

We start by establishing stabilizability. From Proposi-
tion 9(iv) the controllability of the unstable eigenvalues
of C̄A associated with P̄ or with C̄I , do not depend of C̄D

(which has only stable eigenvalues), and since CI , P are
LTI systems, this amounts to an LTI test. In fact, for an
LTI system, considered to be a special case of a periodic
system with period h, stabilizability of the lift is equivalent
to stabilizability of the original LTI system, which can be
concluded from the definition of stabilizability for periodic
systems. Thus, it suffices to prove that the LTI series of CI ,
P, which we denote by CIP , is stabilizable. The eigenvalues
of CIP belonging to ΛCI/CP

are controllable due to (I1) and
Proposition 9(iv). The eigenvalues of CIP belonging to ΛCP

are controllable due to (P1), (I2), and Proposition 9(v).

We prove next detectability. To prove that observability of
the unstable eigenvalues of C̄A belonging to ΛC̄I

, which in
turn correspond to unstable eigenvalues of CI , due to (49),
it suffices to prove that these eigenvalues are detectable
from the plant output yr[k], i.e., if we consider the system
obtained by the series of CI and Pr where Pr is the
system obtained by considering the plant with yr[k] has
the only output. Again this amounts to an LTI test, since
the series of CI and Pr is an LTI system with multi-rate
measurements as in Proposition 11, where we state that
for such system detectability can be proved by an LTI test.
The desired conclusion follows then from Assumptions
(I1), (I4), (P2), and Proposition 9(iii).

To see the observability of the unstable eigenvalues of
C̄A that correspond to those of P it suffices to consider
those not observable through yr[k]. By this we mean, the
eigenvalues of the plant P that are not an observable
eigenvalue of the pair (A,Cr). The existence of such
eigenvalue, is equivalent to existing an initial condition
for the plant x[0] such that

x[k + 1] = Ax[k]

yr[k] = ΓrCrx[k]
(50)



has zero output, i.e., yr[k] = 0, ∀k≥0. From assumption
(P3) there cannot exist an initial condition for the plant
such that (50) has a zero output yr[k] = 0 and ym[k] can
be generated by the exosystem. Since by assumption (D3),
the system CD does not cancel signals other than those
generated by the exosystem, we obtain that this yields a
non-zero output for CD and thus these eigenvalues of A
are also observable for the system C̄A.

�

4.5 Output regulation

The following result and Lemma 8 allows to conclude the
main result of the paper, i.e., Theorem 4.

Theorem 12. Suppose that (P1)-(P3) hold for the plant P.
Then one can find CI such that (I1)-(I4) holds, CD such
that (D1)-(D4) hold, and CK such that the closed-loop in
Figure 1 is stable. Moreover, output regulation is achieved
even in the presence of plant uncertainties that do not
destroy closed-loop stability.

�

Proof The first part of the Theorem has been established
in Proposition 6 and 7 and Lemma 8. Thus, it suffices
to prove that output regulation is achieved. We start by
writing the equations for the series connection of CI , P,
and CD, which are given by

xA[k + 1] =AAkxA[k] +BAkuA[k] +BAwkw[k]

yA[k] =CAkxA[k] +DAwkw[k]

where

AAk =

[

A BCI 0
0 AI 0

BDkΓmkCm 0 ADk

]

BAk =

[

0
BI

0

]

CAk =

[

DDkΓmkCm 0 CDk

ΓrkCr 0 0

]

BAwk =

[

BV CV

0
0

]

DAwk =

[

0
−ΓrkCR

]

Let CK be a stabilizing controller described by (43), whose
existence is established in Lemma 8. Then the closed-loop
is described by
[

xA[k + 1]
xK [k + 1]

]

=

[

AAk BAkCDk

BKkCAk AKk

][

xA[k]
xK [k]

]

+

[

BAwk

BKkDAwk

]

w[k].

(51)
where w[k] is described by (9). Using the fact that the
periodic system (51) is stable, since CK is a stabilizing
controller, from Proposition 18 in the Appendix, we con-
clude that there exists unique Πk, k ∈ {1, . . . h}, such that
[

AAk BAkCKk

BKkCAk AKk

]

Πk +

[

BAwk

BKkDAwk

]

= Π⌊k+1⌋S (52)

and for any initial condition (xA[0], xK [0]) the state of the
system tends asymptotically to

[

xA[k]
xK [k]

]

= Πkw[k] (53)

We provide a solution to (52), which is unique as men-
tioned above, and see that corresponding to such solu-
tion, we have that (53) is such that output regulation is
achieved, i.e.,

yrk = r[k]
or equivalently, using (53),

[Cr 0 0]Πkw[k] = CRw[k]. (54)

Such solution Πk is obtained as follows. Make

Πk =

[

ΠAk

0

]

(55)

where

ΠAk =

[

ΠP

ΠI

ΠDk

]

. (56)

Then, from (52) we obtain that (56) must be such that











ΠP

ΠI

ΠD⌊k+1⌋

0
0











S =











A BCI 0
0 AI 0

BDkΓmkCm 0 ADk

BK1kDDkΓmkCm 0 BK1kCDk

BK2kΓrkCr 0 0











[

ΠP

ΠI

ΠDk

]

+











BV CV

0
0
0

−BK2kΓrkCR











(57)
whereBK1k andBK2k are appropriate partitions ofBKk =
[BK1k BK2k].

The matrices ΠP , ΠI , ΠDk are obtained as follows.

(i) Take ΠP to be the solution, along with E ∈ R
m×nw ,

to
ΠPS = AΠP +BE +BV CV

CrΠP = CR
(58)

which as explained in Byrnes and Isidori (2000) exists
if and only if (P2) holds.

(ii) Take ΠI to be the unique solution to

AIΠI = ΠIS

CIΠI = E

where E is, along with ΠP , the solution to (58). Note
that such solution ΠI exists due to the Assumption
(I3).

(iii) Take ΠDk to be the solution to

ADkΠDk +BDkΓmkCmΠP = ΠD⌊k+1⌋S

CDkΠDk +DDkΓmkCmΠP = 0
(59)

which exists due to the Assumption (D3) and is
unique due to Proposition 18 and the fact that CD

is a stable system.

By construction, we conclude that Πk given by (55), where
ΠAk is given by (56), and ΠP , ΠI and ΠDk are described
by (i), (ii) and (iii), respectively, satisfies (52) and (54) and
therefore output regulation is achieved.



Note that in the proof we only required the controller CK

to stabilize the closed-loop. If the plant describing matrices
are not known but CK still stabilizes the closed-loop the
proof remains unchanged.

�

Proof (of Theorem 4) Follows as a Corollary of Lemma 8
and Theorem 12, provided that we notice that the matrices
BJ and CJ can be chosen such that CI , given by (13),
satisfies (I1)-(I4) (cf.Proposition 6) and that we notice
that CD, given by (16), (17), (18) satisfies (D1)-(D3)
(cf.Proposition (7)).

�

5. EXAMPLE

Example 13. The following continuous-time linear system
is considered in Antunes et al. (2008).

PC =







ẋ1(t) = −x1(t)− x2(t)

ẋ2(t) = −x2(t) + u(t)

ẋ3(t) = −x2(t) + 0.5x3(t) + u(t)

(60)

A sensor measuring x1(t) works at a fixed sampling period
of ts1 = 0.25, while the actuator update mechanism can
be done at a sampling period of tu = 0.05. We wish that
x1(t) tracks a prescribed reference signal. However, one
can verify that PC is not detectable from x1(t). Therefore
we cannot use the solution provided in Scattolini and
Schiavoni (1993) for output regulation of square multi-rate
systems, since this solution would not guarantee closed-
loop stability. We consider that x3(t) is also available for
feedback at a sampling period of t2 = 0.1. According to
the framework of Section 2 we have that ts = 0.05, h = 10.
The system is now detectable from (x1(t), x3(t)), and since
the sampling period ts = 0.05 is not pathological (see,
e.g., Chen and Francis (1995), the discretization of (60)
is also detectable with respect to the multi-rate outputs
yr[k] := Γrkx1(kts), and ym[k] := Γmkx3(kts) where the
h-periodic matrices Γmk, Γrk, Ωk are determined by

Γmk =

{

1 k odd,
0 otherwise

, Γrk =

{

1 k = 1, 6
0 otherwise

.

and we also used the Proposition 11 to conclude the
detectability of the multi-rate discretization. Consider
the problem of designing a linear controller for PC that
achieves closed loop stability and such that the output
yr[k] tracks the reference Γrr[k] with zero steady-state
error, where r[k] is described by

w[k + 1] = Sw[k], w[0] = w0,

r[k] = CRw[k]

where

S =

[

1 1
0 1

]

, CR = [1 0]

Thus, the reference r[k] takes the form

r[k] = c1 + c2k (61)

where c1, c2 can be made arbitrary. Such non-constant
references, prevent the use of the results from Antunes
et al. (2008). Contrarily to Scattolini and Schiavoni (1993),
this problem can be solved with the solution we provide
in the present paper. In fact, the discretization of P can
be verified to satisfy (P1)-(P3) and therefore a linear
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Fig. 2. yr[k] and r[k].

controller with the structure depicted in Figure 1 can be
synthesized for this system. The stabilizing controller CK

in the Figure 1 can be obtained, e.g., from the solution
provided in Colaneri et al. (1990) and the gains c1kk
determining the system CD are in this special case time-
invariant and given by

c1k = [−2 1]⊺, ∀k odd

and do not need to be specified for k even since ym[k] is
only sampled for odd k. In Figure 2, we show the response
of the output x1[k] when a reference signal r[k] consisting
of a concatenation of signals taking the general form (61) is
applied to the closed-loop system. We see that zero steady-
state error is achieved after a transitory period, as desired.
In Figure 3 we show several signals of the closed-loop for
a short period of time where a transition of the reference
signal occurs. Note that before the transition, in steady
state, the output yD[k] of the blocking system CD is zero
as desired, and that at steady state u[k] has the desired
value to be applied to the plant so that output regulation
can be achieved.

6. CONCLUSIONS AND FUTURE WORK

We propose a solution to the output regulation problem
for non-square multi-rate systems. This solution makes
possible to control a plant with several sensors sampled
at different frequency taking advantage of all the available
measurements for feedback, while driving a subset of the
outputs to a prescribed reference.

A topic for future work is to consider the case where some
or all the components of the actuation update mechanism
may not be available at the sampling period at which
the controller operates, i.e., the actuator may also be
multi-rate. Note that due to the linearity of the plant,
if output regulation of some variables of the output is to
be achieved then in general the actuation signal should
be composed of the same frequency content signals as
the desired output values. Thus, if one considers standard
sample and hold device, as in the present paper, but
working at different rates, it does not appear to be simple
in general to guarantee that such signal is generated.
Note that we were able to consider a multi-rate actuation
updating mechanism in Antunes et al. (2010), where we
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Fig. 3. Various closed-loop signals

restrict the reference to constant signal, since the standard
sample and hold mechanism is capable of generating
constant references signals. One solution that appears to
be promising is to consider a generalized sample-and-
hold device, as in Lawrence and Medina (2001), i.e., a
hold device that provides signals to the plant between
sampling instants generated by a linear time invariant
system, instead of simply holding its input as a standard
zero order hold. It is expectable that if one combines the
solution we provide here with the work of Lawrence and
Medina (2001), that as in Lawrence and Medina (2001)
asymptotic tracking can be achieved with zero steady-state
error also in continuous-time.

Appendix A. BLOCKING ZEROS WITH RESPECT
TO A MATRIX

Consider an LTI system

x[k + 1] = Ax[k] +Bu[k]

y[k] = Cx[k] +Du[k], k ≥ 0,
(A.1)

and a periodic linear system

x[k + 1] = Akx[k] +Bku[k]

y[k] = Ckx[k] +Dku[k], k ≥ 0,
(A.2)

where both (A.1) and (A.2) have the same number of
inputs and outputs, and x[k] ∈ R

nA , u[k] ∈ R
nB , y[k] ∈

R
nB .

We generalize next the definition of blocking zero for LTI
systems (see, e.g. Zhou et al. (1995)) and subsequently
introduce the notion for periodic systems. This generaliza-
tion lies at the heart of the solution we propose in Figure 1
since it is the property that the key system CD is required
to satisfy (cf. Subsection 4.3).

Definition 14. We say that (A.1) has a blocking zero with
respect to a matrix R ∈ R

nR , if there exists Π ∈ R
nA×nR

such that for every E ∈ R
nB×nR we have that

ΠR=AΠ+BE (A.3)

0 =CΠ+DE (A.4)

�

To interpret the nomenclature blocking zero used in the
previous definition, we need the following proposition.
Consider the system

wR[k + 1] = RwR[k], k ≥ 0,

u[k] = CUwR[k].
(A.5)

Proposition 15. Suppose that the input of the system (A.1),
is generated by (A.5). Then there exists a solution Π ∈
R

nA×nR to
ΠR = AΠ+BCU (A.6)

if and only if the solution to (A.2) satisfies x[k] = Πw[k]
when x[0] = Πw[0] for an arbitrary w[0] ∈ R

nR . Moreover,
if A has all its eigenvalues inside the open unit dist and R
has all its eigenvalues outside the open unit disk then the
solution to (A.6) is unique, and x[k] → Πw[k] as k → ∞
for every initial condition x[0], w[0].

�

Proof If there exists Π such that (A.6) has a solution,
then we can argue by induction that x[k] = Πw[k]. In fact
this is valid by hypothesis for k = 0, and if it is valid for
k = r, then

x[r + 1]−Πw[r + 1] (A.7)

=Ax[r] +BCUw[r]−ΠRw[r]

= (AΠ+BCU −ΠR)w[r] +A(x[r]−Πw[r])

=A(x[r]−Πw[r]) (A.8)

= 0.

Conversely if x[k] = Πw[k] when x[0] = Πw[0] for an
arbitrary w[0] ∈ R

nR , then 0 = x[1] − Πw[1] = (AΠ +
BCU−ΠR)w[0], which implies (A.6) since w[0] is arbitrary.

Now suppose that A has all its eigenvalues inside the open
unit disk and R has all its eigenvalues outside the open
unit disk, and that there exists two solutions Π and Π̃,
which satisfy (A.6). Let E := Π − Π̃. Then ER = AE,
which implies that ERk = AkE for every k ≥ 0 and this
implies that E = 0. Moreover from (A.7), (A.8) and the
stability of A we conclude that for every x[0], w[0], we have
that x[k] → Πw[k] when k → ∞.

�

From Proposition 15, we can conclude that according to
the Definition 14, the system (A.1) has a blocking zero
with respect to R if the following hold. If the input of (A.1)
is generated by (A.5) for an arbitrary matrix CR = E and
the initial condition of (A.1) satisfies x[0] = Πw[0], then
the output of (A.1) is identically zero. This suggests the
nomenclature blocking zero with respect to the matrix R.

According to (Zhou et al., 1995, Def. 3.14) the sys-
tem (A.1) has a blocking zero at a complex number z0 ∈ C

that does not belong to the spectrum of A, if



C(z0I −A)−1B +D = 0. (A.9)

As stated in the next proposition, in the case where R is
scalar our definition coincides with the one from (Zhou
et al., 1995, Def. 3.14),

Proposition 16. Suppose that R = z0 ∈ C is a complex
number that does not belong to the spectrum of A. Then,
the system (A.1) has a blocking zero according to the
Definition 14 if and only if (A.9) holds.

�

Proof To prove sufficiency it suffices to multiply (A.3)
by C(z0I − A)−1 and sum the result to (A.4). One
obtains (C(z0I − A)−1B + D)E = 0 for every E, which
implies (A.9). To prove necessity take Π = (z0I−A)−1BE,
and see that (A.3)-(A.4) holds if (A.9) holds.

�

Note that if the matrix R has only simple eigenvalues, then
having a blocking zero with respect to R, is equivalent
to having nR zeros with respect to all the eigenvalues of
R. Our definition of a blocking zero is broader since it
allows to consider a matrix R ∈ R

nR with a Jordan block
structure

R =









λ 1 0 . . . 0
0 λ 1 0 . . .
...
...
. . .

. . .
...

0 0 . . . 0 λ









(A.10)

and conclude if (A.1) has a blocking zero with respect to
R, then every signal taking the form

u[k] =

nR−1
∑

l=0

cl

(

k

l

)

λk−l, (A.11)

is blocked (yields a zero output) by (A.1).

We extend the definition of blocking zero to periodic
systems as follows. Recall that ⌊r⌋ denotes the remainder
of the division by h.

Definition 17. We say that (A.2) has a blocking zero with
respect to R ∈ R

nR , if there exists Πr ∈ R
nA×nR such that

for every Er ∈ R
nB×nR , 1 ≤ r ≤ h, we have that

Π⌊r+1⌋R = ArΠr +BrEr

0 = CrΠr +DrEr, 1 ≤ r ≤ h.
(A.12)

Moreover, if (A.12) hold only when Er = E for an
arbitrary matrix E ∈ R

nB×nR we say that (A.2) has a
time-invariant blocking zero with respect to R

�

To interpret the nomenclature used in the previous def-
inition, we need the following proposition. Consider the
system

wR[k + 1] = RwR[k], k ≥ 0,

u[k] = CUkwR[k].
(A.13)

where CUk = CU(k+h), ∀k≥0 and R is now assumed to be
invertible.

Proposition 18. Suppose that the input of the system (A.2),
is generated by (A.13). Then, there exists a solution Πr ∈
R

nA×nR , 1 ≤ r ≤ h to

Π⌊r+1⌋R = ArΠr +BrCUr, 1 ≤ r ≤ h (A.14)

if and only if the solution to (A.2) satisfies xk =
Π⌊k⌋wk, k ≥ 1 when x[0] = Πhw[0] for an arbitrary

w[0] ∈ R
nR . Moreover, if (A.2) is stable, and R has all its

eigenvalues outside the open unit disk, then the solution
to (A.14) is unique, and x[k] → Π⌊k⌋w[k] as k → ∞ for
every initial condition x[0], w[0].

�

Proof If there exists Πr such that (A.14) has a solution,
then we can argue by induction that x[k] = Π⌊k⌋w[k]. In
fact, this is valid by hypothesis for k = 0, and if it is valid
for k = l, then

x[l + 1]−Π⌊l+1⌋w[l + 1] (A.15)

=Alx[l] +BlCUlw[l]−Π⌊l+1⌋Rw[r]

= (AlΠ⌊l⌋ +BlCUl −Π⌊l+1⌋R)w[l] +A(x[l]−Π⌊l⌋w[l])

=Al(x[l]−Π⌊l⌋w[l]) (A.16)

= 0.

Conversely if x[k] = Π⌊k⌋w[k] when x[0] = ΠTw[0] for an
arbitrary w[0] ∈ R

nR , then 0 = x[r] − Πrw[r] = (AΠr +
BCU − Πr)Rw[r] = (AΠr + BCU − ΠrR)Rrw[0], which
implies (A.6) since w[0] is arbitrary and R is invertible.

Now suppose that (A.2) is stable, R has all its eigenvalues
outside the open unit disk, and that there exists two
solutions Πr and Π̃r, which satisfy (A.6). Let Er := Πr −

Π̃r for 1 ≤ r ≤ h. Then E⌊k⌋R = AkE⌊k⌋, which
implies that Er = 0 for every 1 ≤ r ≤ h. Moreover
from (A.15), (A.16) and the stability of (A.2) we conclude
that for every x[0], w[0], we have that x[k] → Π⌊k⌋w[k]
when k → ∞.

�

From Proposition 18, we can conclude that according to
Definition 17, the system (A.2) has a blocking zero with
respect to R if the following hold. If the input of (A.2) is
generated by (A.13) for an arbitrary matrices CUk = Ek,
then the output of (A.1) is identically zero. If this hold
when (A.13) is time-invariant, then (A.2) with nA = nB

has a time-invariant blocking zero with respect to R.

The relation between the blocking zeros of a periodic
system and the blocking zeros of its lift is provided in the
next result.

Proposition 19. The periodic system (A.2) has a blocking
zero with respect to R if and only if its LTI lifted system
has a blocking zero with respect to Rh.

�

Proof From Proposition 18 we conclude that (A.2) has a
blocking zero with respect to R, if and only if for every
signal generated by (A.13), the output is zero. This holds
if and only if (24) has zero output when the input is
generated by

ŵ[l + 1] = Rhŵ[l]

û[l] = Fw[k],
(A.17)

where

F =







CU0

CU1R
. . .

CU(h−1)R
h−1









Since the CUκ, κ ∈ {1, . . . , h} are arbitrary and R is
invertible, we see that F can be made arbitrary, and using
Proposition 15 we conclude that (24) has a blocking zero
with respect to the matrix Rh.
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