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Lo-induced Gain Analysis for a class of Switched Systems

Kenji Hirata and Joao P. Hespanha

Abstract— This  paper addressed the computation of the properties for switched systems has been difficult [11].dsw
Ly-induced gain for a class of switched systems. The main proved that uniformly asymptotically stable switched eyss
contribution of the paper is to completely characterize the a4t afinite input-output gainvith several combinations of

induced gain of the switched system through a system of . . . .
differentiz-lgll inequalities, one for e)z:lch system gbeing gwitmed. input/output signal norms [12]. In [13Jnultiple-quadratic

The motivation for computing the induced gain of a switched Solutions to Riccati-type inequalities, one for each mode
system is the application of robust stability tools to the aalysis  of the switched system, were utilized to estimate an upper
of hybrid systems. bound of the induced gain. Although quadratic solutions
are attractive from a numerical computations point of view,
they generally provide conservative estimates on the ieduc

Hybrid dynamical systems whose behavior can be d@ain. Non-conservative necessary and sufficient condition
scribed using a mixture of event-based logic and differerthat can be used to establish the value of the induced gain
tial or difference equations have been attracting significaare only available for special switched systems. A separa-
interest. This is motivated by the observation that a wide vdion property between all the stabilizing and all the anti-
riety of artificial/man-made and physical systems/progessstabilizing solutions to a set of algebraic Riccati equaio
are naturally modeled in a hybrid dynamical frameworkof the systems being switched provides a complete solution
Switched systems typically arise in the context of hybrid dyto the induced gain analysis in the casestdw-switching
namical systems when it is possible to describe the behavi®gnals, where slow-switching refers to the limit as the
in each mode through a differential or difference equatioitervals between consecutive switchings grows infini#]{1
and the event-based transitions as discontinuous swigshin The variational approaches in [15] also provide a complete

The stability of switched system has been extensivelgnd non-conservative characterization of the inducedfgain
studied and several key results can be found in the survéipgle-input single-output first-order systems. Othedistsi
papers [1], [2], [3] and references therein. Among these r&n input-output properties for switched systems include
sult, the ones in [4], [5] are especially relevant for thespret  dissipativity and passivity type conditions [16], [17].
paper. In these papers, it was proved that the existence of al he main result of this paper is a necessary and sufficient
commonsolution to a set of Lyapunov inequalities, one forcondition for theC,-induced gain of a linear switched system
each linear system being switched eguivalento the uni- o lie below a prescribed value, in terms of the existence of
form asymptotic stability of the switched system for ardiyr @ commonsolution to a set of Hamilton-Jacobi inequalities,
switching signals. In this contextiniformityrefers to the fact one for each system being switched. The key challenge
that asymptotic stability is guaranteed over an entire §et # proving such result is the necessity of the condition,
switching signals, which in this case contains every sviiigh as the sufficiency is relatively straightforward. A necegsa
signal with a finite number of discontinuities on any finiteand sufficient condition, such as this, allows one to use a
time interval. However, if one were to demand a commoRiSection procedure to construct a conceptual algorithm to
quadraticsolution to the set of Lyapunov inequalities, thiscompute the value of the induced gain of a switched system
would lead to a conservative sufficient condition for unifor Up to any pre-specified level of precision.
asymptotic stability. In fact, it was shown in [5] by example The paper also investigates under what condition one can
that a non-conservative necessary and sufficient conditi¢i¢duce stability of the switched system from the knowledge
for uniform asymptotic Stabi”ty requires aon_quadratic that the induced gain is finite. This requires one to consider
common Lyapunov function. Nonlinear generalizations ofPpropriate observability notions, as well as restrictiom
these results can be found in [5], [6]. the allowable classes of switching signals, similar to what

The input-output properties of dynamical systems, espd@s done in [18], in the context of extending LaSalle's
cially £,-induced gains are fundamental tools for robustivariance principle to switched systems.
control theories in linear [7], [8]’ and nonlinear [9] SBgS, We also show that the induced gain that is obtained for
particularly in > control problems [10]. In spite of their the class of all switching signals, remains the same foryever

important r0|eS, the progress on the Study of input_outplﬁﬂore restricted class of SWitChing Signa|S that is closetkun
concatenation, i.e., for classes of switching sign&lsfor

K. Hirata is with the Department of Mechanical Engineerittagacoka which if we take two switching signals, andss in &’ and

University of Technology, Nagaoka 940 2188, Japan. construct a third switching signak by making it equal to
J. P. Hespanha is with the Center for Control, Dynamical gst and

Computation, and the Department of Electrical and Compitegineering, 51. u_p to some time > 0 and equal tos; aftert, thenss is
University of California, Santa Barbara, CA 93106 USA. still in the classS’.
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The remainder of the paper is organized as followsall ¢ > 0, all s € &’ and allz(0) € R", wherez(¢) denotes
Section Il describes the problem formulation and presentbe solution to (1) obtained for the switching signalzero
the main results. The proofs of the main results are predentmput signalw, and initial conditionz(0).
in Section 1ll. Section IV discusses a set of properties for Definition 2: Let &’ ¢ S. The system (1) is said to
switching signal classes, and this allows us to state esulie (uniformly) exponentially stable ove$’ if there exist
that correspond to versions of the results in Section Il fotonstantsa > 0 and A > 0 such that the functior in
more general classes of switching signals. Section V cesitaiDefinition 1 can be chosen of the fori{r, t) = ae=r for
some concluding remarks. Due to space limitations, thall » > 0 and all¢ > 0.
proofs of Corollary 1 and all the lemmas are omitted, but We now state the following definitions of induced gains.
they can be found in [19]. Definition 3: Let &’ ¢ S and~ > 0. The system (1) is
said to have anC,-induced gain smaller than or equalo

Il. PROBLEM DESCRIPTIONS ANDMAIN RESULTS uniformly oversS' if

The following Section II-A formulates the problems that . "
will be considered. Section |I-B contains the main results. / Hy(7')||2d7’ < 72/ ||u(7—)|\2d7 2)
0 0

A Problem Descriptions _ _ forallt >0, all s € S" and allu € L3*, wherey(7) denotes
The switched systems under consideration are represenigd output of (1) obtained for the switching sigralinput

by equations of the form signalu, and zero initial condition.
dz Definition 4: Let S’ ¢ S and~y > 0. The system (1)
T Asz + Bsu (18) s said to have arCs-induced gain strictly smaller than
y=Csz (1b) uniformly overS’ if the system has arC,-induced gain

_ . __ smaller than or equal to somg < ~ uniformly overS’.
where s € & denotes a piecewise constant switching oy goal is to provide non-conservative conditions on the
signal that selects appropriate tripled,, B,,C},) from a eglizations in (1c) that guarantee that the system ha&an
parametrized family induced gain smaller than (or equal) to a given constant

{(Ap, By, Cp)l p € P} (Ic) B. Main Results

of n-dimensionalyn-input, k-output state space realizations, This section summarizes the main results of this paper.
whereP denotes an index set. Throughout the paper, the setTheorem 1:Suppose that the system (1) is uniformly
of matrices in (1c) is assumed to be compact. The set of @pymptotically stable oves and lety > 0. The following
piecewise constant switching signals is denoted by statements are equivalent:
1) The system (1) has afi;-induced gain smaller than

S={s:[0,00) =P} (1d) or equal toy uniformly overS.
and by a piecewise constant signalve mean that must 2) There exits a functio’’ : R" — R that is convex,
only have a finite number of discontinuities on each bounded ~ zero at zero, and homogeneous of degree two, which

time interval. By convention, each piecewise constantaign satisfies

s € S is assumed to be continuous from abbwé function ov T AT

x: [0,00) — R™ is said a solution to (1) if it is continuous Oz (@)Apz +27C, Cpz

and piecewise continuously differentiable and there exist 1 5,0V T+ ovT

switching signals € S and an input signal: € £3* such T 27 Ton (x)BpB, o ()=<0 ()
that the time-varying differential equatitn for all p € P and almost everywhere in.

We recall that a functionf : R™ — R is said to be
homogeneous of degreeif f(kx) = k%f(x) for all x € R™
holds almost everywhere an> 0. and all ¥ € R. Because of convexity, the functio is

Our primal interest is to determine the induced gain of thgifferentiable almost everywhere in, but not necessarily
switched systems (1), but to proceed we need to introduegerywhere (see, e.g., [20], [21]). Therefore, the quaatifi
appropriate stability definitions. tion overz in (3) should be interpreted as for everye R

Definition 1: Let &' C S. The system (1) is said to except the zero-measure set of points at which V (z) is
be uniformly asymptotically stable ove¥’ if there exists a not differentiable.
function 3 of classKCL such that ||z(t)|| < B(]|z(0)]],t) for Remark 1:The statement 2) in Theorem 1 requires the

L o _ existence of &éeommonsolutionV that satisfies the inequal-

jroranyt > 0, the limit from above ofs(r) as+ | ¢ is equal t0s(t). jiag in (3), one for each in the index setP. The function

We c_ienote byC* the set of square integrable functions with values onV b ded o t f tiofor all
R™ defined on[ 0, 5o ). can be regarded as @@mmon storage functiofor a

3A function o : [0,00) — [0, 00) is said to be of clask’, and we write  the systems being switched. It is probably not surprising
a € K, if o is continuous, strictly increasing ang(0) = 0. A function  that the existence of a common storage function suffices to

B: [0,00) X% [0,00) — [0,00) is said to be of clas& L, and we write ind d . I it i h
B € KL, if B(-, 1) is of classk for each fixedt > 0 and 3(r, t) decreases guarantee an induced gain smaller thant is perhaps more

to 0 ast — oo for each fixedr > 0. unexpected that this is actually a necessary condition.

.”L'(t) = As(t)x(t) + Bs(t)u(t)
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Theorem 2:Suppose that the system (1) is uniformly Remark 4:Suppose thats and s, ,,.(»,7) denote the
asymptotically stable ovef and lety > 0. The following Ls-induced gains of the switched systems (1) for switch-

statements are equivalent: ing signals inS and Sp.qweil 7p, T ], respectively (see (9)
1) The system (1) has afp-induced gain strictly smaller 1ater for more precise descriptions of this notation). 8inc
than~ uniformly oversS. Sp-awell[ 7D, T} C S, we necessarily have thag, . ~,,7] <

2) There exist a constant> 0 and a functiori’ : R* — s and, in fact, one should expect the inequality to be strict
R that is convex, zero at zero, and homogeneous ## 9eneral. However, Corollary 1 provides the same estimate

degree two, which satisfies for the_indu(_:ed 9IS, gl 7p,T] @S Theorgr_n 1.provides for
~s- This indicates that the sufficient condition in Corollary 1
ov (@)Ayz + 2TCT 0z is conservative, in contrast to the conditions in Theorem 1
Ox b PP which is not. In Section 1V, we investigate for which classes

+i *28_‘/
47 ox

for all p € P and almost everywhere in. The following Corollary 2 shows how the combination

Remark 2: Theorems 1 and 2 assume that the systel’ﬁf an observability condition with the inequalities in (4)
is uniformly asymptotically stable ove$. The inequalities estgbhshes both Sta_b'l't.y and_ a non-conservatwe indgeé
in (3) or (4) do not necessarily imply the stability of the€stimate for the switching signal class provided that the

switched systems (1), hence this is a necessary assumpti iction V' s strictly convex. , .

One might expect that an observability assumption could Corollary 2: Suppqse that there exits a system index
remove the need for the stability assumption. However, even such th(_a\t(Oq,Aq) IS an observgble pc?ur and let> 0.
when all pair(C,, A,) are observable, stability does not | e following statemgnts a_lre equivalent: )

necessarily follow for every class of allowable switching 1) The system (1)is (uniformly) exponentially stable over

oveT (2) < —e|z® @) of switching signals the conditions (3) or (4) provides a+ion

B,BY . ) ; .
(z) By By ox - conservative estimate for the induced gain.

signals (cf. [18] for details). This topic is further expiail S and has an’,-induced gain strictly smaller than
in Corollaries 1 and 2. uniformly overs. -
Remark 3:From (4), we have 2) There exist a constart > 0 and a functionV :

R™ — R that is strictly convex, zero at zero, and
ov (@) Apz < —e|z]? for all p € P (5) homogeneous of degree two, Which satisfies (4) for
ox all p € P and almost every where in.

almost everywhere in. Therefore, the functior” could be Remark 5:Since s7(7) = ¢(= constant, 7 > 0 is a
a candidatecommonLyapunov function, provided that it is POSSible switching signal, uniform asymptotic stability i
positive definite. The following Corollary 2 unifies stabjli the statement 1) implied, is Hurwitz. Other note on this
analysis and Theorem 2. corollary is that strict convexityl/ (0) = 0 and homogeneity
The following Corollary 1 shows how the combination ofWith degree two |mpI|e43 that the functiolr is positive
an observability condition with the inequalities in (3)egs  definite, V(z) > 0, z 7 0% ,
to establish both stability and a finite induced gain, predid ~ eémark 6:Since Theorems 1, 2 and Corollary 2 provide

that the class of switching signals satisfies appropriaja-re non_—conserva'uve conditions for the mduce(_:i gain to liohel
larity conditions. a given constanty, one can use a bisection procedure to

To state Corollary 1, we need to introduce the followingeStab“Sh a conceptual algorithm to compute the value of the

subset ofS: the set of persistent dwell-time switching signalénduced gain of a switched system up to any pre-specified

Spawel[ 70, 00] for somerp > 0 andT € [0, 0o] consists of €Vel of precision.

those switching signals with an infinite number of disjoint I1l. PROOFS OFMAIN RESULTS

n;tervals. on WS'Chﬁ IS constarét of length no smalltler th_ahn In this section, we prove the main results stated above.
the persistent dwell-time'p, and consecutive intervals With iy, ,6 14 space limitations, the proofs of Corollary 1 and all

this property are separated by no more than fieeiod of ho jemmas in this and the next section are omitted, but they
persistencel’. For a more detailed description of this andCan be found in [19].

related classes of switching signals, the reader is rafaae Before proceeding, we note that, because of causality of

e.g., [12], [18]. the system dynamics [22], having an induced gain smaller

Corollary 1: Suppose that eactC, Ay), p € P iS @ than or equal toy > 0 uniformly oversS’ is equivalent to
observable pair and letp > 0, T' < oo, and~y > 0. The

following statement 1) implies statement 2):

t
sup sup lim [ [ly(7)[|*—*[lu(r)|[*dr <0 (6)
cJo

1) There exits a functio’” : R™ — R that is convex, s€S ueLy !t
zero at zero, homogeneous of degree two, which sajsherey(r), 7 > 0 denotes the output of (1) obtained for the
isfies (3) for allp € P and almost everywhere in. switching signals, input signalu, and zero initial condition.

2) The system (1) is (uniformly) exponentially stable over , ,
_ i Let§ € (0,1) andx # 0. We haved?V (z) = V(0z) = V(fz + (1 —
Sp’dwe"[ﬁDt’ 1] an.? ha? a2 |r39duced galr;smaller than 6)0) < 8V (z) + (1 — )V(0) = 6V (), thusé(1 — §)V () > 0. Since
or equal toy unirormly over P-dwe”[ 0, T]. 0 € (0,1), this implies thatV'(z) > 0.
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A. Proof of Theorem 1

The following Section 1lI-A.1 proves that 2} 1),
whereas Section 11I-A.3 proves that B 2) via a series
of lemmas stated in Section I1I-A.2.

1) Theorem 1, 2} 1): Convexity ofVV implies that this
function is Lipschitz, continuous and differentiable akho
everywhere orR"; see, e.g., [20], [21]. Since — V(z) is
not necessarily differentiable everywherexinthe following
lemma will be needed [23, Lemma 1], [24, Section 2].

Lemma l:Let f: R"xR™ — R" anda : R" x R™ —
R be continuous, andy : R™ — R be locally Lipschitz.
Suppose that

O )1, w) < ()

for all z € R*\ Q and allu € R™ where() has Lebesgue
measure zero and contains all points at which> w(z) is
not differentiable. For every absolutely continuous dolut
x: [to,t1) — R™ to z(t) = f(x(t),u(t)) with locally
bounded and Lebesgue measuralle € R™, we have that
t — w(z(t)) is absolutely continuous and

dw(z(t))

T < ala(t),u(®)

forall ¢t € [tg,t1 )\ T

2) Preliminaries: We start by introducing the following
notation for the exact £L»-induced gain of the switched
systems (1):

~vs = inf{~ > 0] (2) holds for allt > 0,
all se & and allu e £3'}
= inf{y > 0] (6) holdg

(9a)
(9b)

This and the following section assume that the switched
system (1) has an induced gain smaller than or equal to some
~v > ~vs > 0 uniformly overS [Theorem 1, 1)].

Let us define

v(x) = supv(z, s) (10a)

sES

for z € R, where

t

v(z,s) = sup lim [ [ly(7)|>=~*|lu(r)|?dr  (10b)
0

u€eLY t—oo
for z € R™ ands € S wherey(r), 7 > 0 denotes the output
of (1) obtained for the switching signa] input signak:, and
initial condition z(0) = «.

The following Lemmas 2, 3 and 4 assure thahas a

for some7 which has Lebesgue measure zero and contaifyadratic growth rate bound and is positive semi-definite.

all points at whicht — w(x(t)) is not differentiable.
Let z € R™ be a point at whichr — V' (z) is differen-

Moreover,v(z, s) is actually quadratic on: for each fixed
S.

tiable. From (3) and using a square completion, we conclude L€Mma 2:Suppose that the system (1) is uniformly

that
ov
e (7)

for all p € P, all w € R™ and almost everywhere in
(except at the points wher%% () does not exist).

(2)(Apz + Byu) < —[|Cpal|* + 7 [lul®

asymptotically stable ove$. There exists a constant, > 0
such thatv(z) < as||z||? for all x € R™, and consequently
v(z,8) < az||z||? for all z € R™ and alls € S.

Lemma 3:For allz € R™ and alls € S, v(x,s) > 0, and
consequently(z) > 0 for all z € R™.

Lemma 4:Suppose that the system (1) is uniformly

Let z(¢t), t > 0 be a solution to (1) obtained for SOmMe asymptotically stable oveS. For eachs € S, v(z,s) is

s € S, u e Ly, and zero initial condition. Sinc¥ is locally

a quadratic form inz.

Lipschitz, we conclude from (7) and Lemma 1 that, between o0 Lemma 4. for eack € S. there exists a positive

any two consecutive switching timeég_; andt; of s, the
functiont — V' (z(t)) is absolutely continuous and

AV (z(1))
dt
almost everywhere i € (tx—1,tx).
Since both ofz — V(z) andt — x(t) are continuous,
even at switching instances— V(x(t)) is continuous. By
integrating both sides of (8), we obtain,

< = Csa®I” +~*[lu®)]® (8)

/O ()P = [u(r)|[Pdr < =V (a(t))

where we used the fact that convexify,(0) 0 and
homogeneity with degree two imply” is positive semi-
definite, V(z) > 0 for all z°. By lettingt — oo, from the
uniform asymptotic stability and € £3*, we conclude that
x(t) — 0, and thusV(x(t)) — 0. Becauses and u are
arbitrary, we conclude that (6) holds.

5This can be proved by replacing strict convexity conditicthwon-strict
one in the footnote of Remark 5.

semi-definiteQ(s) € R™*" such asv(z,s) = 2TQ(s)r.
We note that, sincei(z,s) < asol|z|?, Q(s) is bounded.
Similarly to what was done in [5], let us define
W ={Q(s) e R"*"| s € S} (11)

and K to be closure ofiV, i.e., K = clW. Since Q(s)
is boundedW is also bounded, and hend¢ is compact.
These definitions allow us to write(x) = sup,cs v(z,s) =
sup,es 2T Q(s)r = maxgex v Q.

Lemma 5:Suppose that the system (1) is uniformly
asymptotically stable ove$, thenv(x) satisfies:

1) »(0) =0

2) v is homogeneous of degree two.

3) v is convex.

4) v is continuously differentiable almost everywhere on

R™.

We close this subsection with stating the next lemma
which describes a useful property of the switching signal
classS.
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Lemma 6:Let v > 0 andz € R". For anyt > 0 B. Proof of Theorem 2
t 1) Theorem 2, 2= 1): Sincee > 0 in (4), there exists
v(z) = sup sup [/ [Csirya()]? a constani > 1 such thatC} C, + el > (pCp)T (pCp) >
s€S[0,t)uely[0,t) LJO

C,Cy forallpe P. We setd > 0asp=r/(y—4) > 1.
—7*|lu(r)?||dr + v(z(t))] (12)  From (4), we have

holds wherez(7), t > 7 > 0 denotes the solution of (1) a_v(x)AprrxT( 2l C)T( il )Cp
obtained for the switching signal input signak:, and initial Oz 7—0 y—9 -
conditionz(0) = «. 1 5,0V r OV
—v *—=—(x)BpB, ——(x) <0
In the above lemma, the s&{0,t) consists of restrictions + 17 ox (#)By By Ox (z) <

of all s € S into the interval[0,¢ ), and the seil5*[0,¢) is  for all p € P and almost everywhere in. From Theorem 1
defined in a similar manner (see Section IV for details). we then conclude that
Remark 7:Lemma 6 basically says that, for every time t t
t > 0, evaluatingu(z) can be accomplished by separating / ly(DII” < (v - 5)2/ l[u(m)||?dr (13)
the time horizon into two parts: one frofrto ¢ and the other 0 , o
from ¢ onwards. The equality in (12) holds for the switching 1eNce: the system has an induced gain smaller than or equal

. . to v :=~v —§ <~ with someé > 0.
signal classS. However, if one would replac& by some A v ) . .
subsetS’ of S, this property would generally not hold. This 2) Theorem 2, 1} 2): The system has an induced gain

crucial property ofS will be proved and further discussed str_ictly smaller thamy > 0 uniformly over S, thus there
in Sectign FI)V y P exists a constant > 0 such that (13) holds for ail > 0, all
3) Theorem 1, 1} 2): We have already seen thafx) 5 € S and allu m_l’ W_here:y(r) d_enotes_ the output of (1)
is continuously differentiable almost everywherel®dh [see i(:‘l?;[iillnsgnf(;)i;i(t)r;\e switching signal input signalu, and zero
Lemma 5, 4)]. Letr € R™ be a point at whiche — v(x) is - ; L (n—r)xn
differentiable. We show next thatx) satisfies (3). Letr =rankC, <n and defineC’, € R such as

T 1NTT i _ T 1\TT
Lett > 0 and pick some € P. We consider a constant rank[C, (G ). I"=n. Con5|flerz =1 (G) ] o
switching signals?(r) — p in the interval[ 0,¢ ). Since a from (13) and since the norfC,-|| can be made arbitrarily

particular switching signak? is selected, from Lemma 6, sggtll, ngoTnCTIUde ﬁr?‘t the systjem V(\;ith QUtpUt e”quaii@ﬂ
the inequality [C, (Cp)" "z still has an induced gain smaller than or

equal toy — § > 0 for some constand > 0 (see [19] for
details), i.e.,

72 t t
i [ Iorar <92 [ty par
follows for everyp € P and everyt > 0. We note here that v 0 0
x(7), t > 7 > 0 represents the solution of the time-invarianiTherefore, from Theorem 1, we conclude that

v(z) > sup [/O 1Cpa(T) =72 u(r)|IPdr + v((t)

wELP[0,t)

system (1) obtained for the switching sigsé&(r) = p, input v ~ C 5 C
signalu, and initial conditionz(0) = «. E(SC)AM +a( =% {Ci])T(ﬁ {Cﬂ)x
By the mean value theorem, there exis# @ [0, 1] such 1 oV ? ovT P
that L2V T OV N <
a + 7 (@)B, B S —(x) <0 (14)
v(z) > sup  [(|Cpx(08) > = (|u(6t)||*)t + v(x(t))]  forall p € P and almost everywhere in.
ueLY[0,t) Sincey/(y—0) > 1 andrank[C)  (C;-)"]T = n, there

exists ane > 0 such that

ol C ol C
|ty [z e

for all p € P. From (14), we conclude that (4) holds.

Applying Taylor’s theorem to expand(z(t)), we obtaifd

0> sup [(| Cpa(6t)]*—*[lu(6t)]*)
u€LF[0,t)
v

5 (@) (Apz + Byu(0)) + O(Itl)}

Letting ¢t — 0, to conclude that

C. Proof of Corollary 2

1) Corollary 2, 2)=- 1): We show that a strictly convex
function V' satisfying (4) implies exponential stability of the
system (1) oves.

Let us consider the compact séf € R"| |¢| = 1}.

. Since the functionl” is positive definité and continuous,
By a square completion argument, we conclude thad  ihere existor;, g > 0 such that

satisfies (3) almost everywhere in (except at the points

v
0> sup |([Cpl” = »*|ull®) + 5 (@) (Apz + Bpu)}
wER™ X

wherez — v(z) is not differentiable). a1 = ggﬁgl V(§)  ax= feRn V(e)
€l=1 l€l=1

60(6) represents any functions such thats)| < k|§| for some constant
k. “see the footnote in Remark 5
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Then we havey; < V(&) < ap forall ¢ € R™ such ag|¢]| = Suppose that > b > a > 0, andS’ C S is given. Let
1. Homogeneity of the functiof¥ also leads tav;[|z||* < o€ 8'[a,b), p € S'[b,c) and definer & by
V(z) < as|jz|]? for all z € R™. Thus, the functiorV has
quadratic shrink and growth rate bounds. (c@p)(r) = {U(T) a<T<b

Let z(t), t > 0 be a solution to (1) obtained for some= wr) b<t<c
5, initial cqnditiqnx(o), and zero input signal. SinceV'(z) |, addition, we also defing’[a,b) @ S'[b, ¢) = {odu| o €
is locally Lipschitz, we conclude from (5) and Lemma 1 that,S/[a b), pe Sbe)l.
between any consecutive switching timgs; andt; of s, e ’
the functiont — V(x(t)) is absolutely continuous and

av(x(t))
dt
almost everywhere it € (t5_1,tx ).

Suppose that > 0, andS’ C S is given. We define a set
of switching signals defined on the interjal, co ) by

< —e|lz(t)|]? @s) 'S'tioo)={olalp)=nlp+1t), p€S'[t.c0), p=0}

We can prove the inclusio®® c §'[0,t) @ S'[¢,00) and

. ) S C tS'[t,00) forall t >0 and allS’ C S, respectively.
Since both ofz — V(z) andt — x(t) are continuous, \ye now state the following definitions.

even at switching instances — V(z(f)) is continuous.  pefinjtion 5: Let S’ ¢ S. The switching signal class

Thereforet — V (z(t)) is monotonically strictly decreasing, s/ is said to be closed under concatenationSf —
absolutely continuous om > 0, and (15) holds almost S'0,t)DS'[t,00) for all t > 0.

everywhere ort > 0. Definition 6: Let S’ C S. The switching signal class’
The remaining of the proof follows standard Lyapunovg said to be shift-invariant i’ — tS'[t,00 ) for all ¢ > 0.

arguments [25], showing that(-) converges to zero expo-  The above properties for the switching signal classes are
nentially fast uniformly ovelS. From Theorem 2, the system ,q|ated as in the next lemma.
(1) has anC,-induced gain strictly smaller thap uniformly Lemma 7:Let S’  S. The switching signal class’ is

oversS. shift-invariant if it is closed under concatenation.
2) Corollary 2, 1)=- 2): For switched systems in the form

(1), uniform asymptotic stability is equivalent to expotieh A- Proof of Lemma 6
stability [18], thus Theorem 2, 1> 2) holds. We show that Lemma 6 can be proved as a direct consequence of the
observability assumption on at least a single mgdeake following lemma.
v(z) in (10a) strictly convex [cf. Lemma 5, 3)]. To this effect, Lemma 8:The switching signal clas§ is closed under
we first show thaw(x) is positive definite [cf. Lemma 3]. concatenation, and consequently it is shift-invariant.
We note thats?(7) = ¢(= constant, 7 > 0 is a possible ~ We now can complete the proof of Lemma 6. bet R"
switching signal. Hence, uniform asymptotic stability lileg  and¢ > 0, we have
that 4, is Hurwitz, and therefore there exists an uniguge>

t
0 satisfying AT Q, + Q,A, = —CTXC,. Since v(r) = sup  sup {/ 1Csry(T5 2,0, 5, u) |2
a a seS[0,t)ueLro,t) LJo

t [o%¢)
v(z) > lim / ||anc(7')||2d7' = :CTqu >0 —72Hu(7)||2d7 + sup sup / 1Cuiry <
t—o0 Jg HES|[t,00 ) ug €LY [ t,00) Jt
for all 2 # 0, we conclude that(z) is positive definite. O(73 ¢(t;2,0,5,u), b, p, us) | = lua(7) | 2dr]  (16@)
Since the system (1) is exponentially stable over ¢ 9
Lemmas 2 and 4 are applicable. We can redefinén (11) = Seil[lopt ) ueggﬁ) . {/0 1Cs(r (75,0, 5, u)|
asW = {Q(s) e R™"| s € S Q(s) > Q, > 0} and, " 2 ~
this leads tov(z) = maxgex TQz where K = clW. We —?||lu(7)||?dr + sup sup / |Cu(ry <
conclude that(x) is strictly convex, since it is a quadratic HES u2€Ly JO
form with a positive definite matrix) € K. o(7;6(t; 2,0, 5,1),0, 1, u2) ||*—?|luz(7)||*dr] (16b)
t
IV. NON-CONSERVATIVE INDUCED GAIN ESTIMATES = sup sup {/ ||OS(T)¢(T;SC,O,S,U)H2
s€S[0,t)uely[0,t) LJO

This section contains the proof of Lemma 6 and shows 9 9
that the equality in (12) holds for the switching signal slas —y lu()Fdr +v(@(t; .0, S’u))]
S, but may not hold for subsets . The results in this where ¢(r;z,t0,s,u), 7 > to > 0 denotes the solution of
section make possible to state corollaries in Section IV-Bl) obtained for the switching signal input signalu, and
that correspond to versions of Theorems 1, 2 and Corollaryigitial condition z. The equalities in (16a) and (16b) follow
for more general classes of switching signals. from properties such aS$ is closed under concatenation and
We start with introducing some notations. For a givershift-invariant, respectively, thus we have the equalityli2).
subsetS’ of S and for constant$ > a > 0, possibly with Let &’ ¢ S and consider the function in (10) for the
b = oo, we denote byS’[ a,b ) the set of restrictions of all switching signal classs’. SinceS’ is not necessary closed
switching signalss € S’ to the interval[ a,b ). Similarly, under concatenation, we have that the quantity of the right
L7 a,b) denotes a restriction of3". hand side in (12) is larger than or equals to the left hand
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side, and one should expect that the inequality to be strict needed. In particular how to solve (perhaps approximately)

general.

B. Non-conservative Induced Gain Estimate Conditions

We have a complete characterization of the induced gaif]
in Theorem 1. The proof of this theorem utilized the result
in Lemma 6, and the derivation of the equality in (12) 2]
depends on the fact tha is closed under concatenation.
Non-conservative induced gain estimate conditions foremor
general switching signal classes can be summarized as in trﬁg
following corollaries.

Corollary 3: Let &’ ¢ S and~ > 0. Suppose thaf’ is

. : . 4]
closed under concatenation, and the system (1) is unlforml£/
asymptotically stable ove$’. The following statements are
equivalent:

1) The system (1) has afio-induced gain smaller than
or equal toy uniformly overS’.

2) There exits a functio’” : R” — R that is convex,
zero at zero, and homogeneous of degree two, whiclpy;
satisfies (3) for alp € P and almost everywhere in.

Corollary 4: Let S’ ¢ S and~ > 0. Suppose thaf’ is (8]
closed under concatenation, and the system (1) is uniformlyy
asymptotically stable ove$’. The following statements are
equivalent: [10]

1) The system (1) has afy-induced gain strictly smaller
than~ uniformly overS’.

2) There exist a constaat> 0 and a functiorV/ : R” —
R that is convex, zero at zero, and homogeneous of
degree two, which satisfies (4) for alle P and almost
everywhere inc.

Corollary 5: Let S’ ¢ S and~ > 0. Suppose thaf’ is
closed under concatenation, and there exits a system index
q € P suchtha(C,, A,) is an observable pair. The following
statements are equivalent: [13]

1) The system (1) is (uniformly) exponentially stable over
S’ and has anC,-induced gain strictly smaller than  [14]
uniformly overS’.

2) There exist a constart > 0 and a functionV : 15]
R™ — R that is strictly convex, zero at zero, and
homogeneous of degree two, which satisfies (4) for
all p € P and almost every where in. [16]

These results essentially show that any class of switching

signals that is closed under concatenation will exhibit th&7]
same induced gain as the cla&sef every piecewise constant
switching signal.

(5]

(6]

[11]

[12]

[18]
V. CONCLUSION

This paper provided non-conservative conditions to conftd
pute the induced gain of a switched system in terms of a
common solution to a system of Hamilton-Jacobi inequali20]
ties. We also showed that for observable systems, stabili
follows from a finite induced gain, provided that the clas$23]
of switching signals satisfies appropriate conditions. We
have also shown that the induced gain that is obtainggl,
for the classS of all piecewise constant switching signals,
remains the same for more restricted classes of switchin

signals that are closed under concatenation. Future work f8!

the Hamilton-Jacobi inequalities.
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