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Abstract— This paper addresses the solution of large zero- sampled saddle-poinSSP) algorithm. Since each player
sum matrix games using randomized methods. We provide a only considers a small submatrix of the original game and the
procedure by which a player can compute mixed policies that, two players typically consider very different submatricie

with high probability, are security policies against an adversa . L. . . .
that isgals% using %ndomized %gthods togsolve the game. 'rl'yhe saddle-point policies obtained by this process will gelfiera

computational savings result from solving subgames that are Not be security policies for the whole game. This means that
much smaller than the original game and we provide bounds each player may obtain an outcome that is strictly worse

on how large these subgames should be to guarantee the desiredthan the value computed based on her submatrix. However,

high probability. We propose two methodologies to solve this \ye show that this happens with low probability if the size
problem. The first provides a game-independent bound on the o -
g of the submatrix is sufficiently large.

size of the subgames that can be computed a-priori. The secon X . . .
procedure is useful when computation limitations prevent a  In this framework, a reasonable notion of security policy
player from satisfying the first a-priori bound and provides a  for a player is that the outcome of the game should not
high-probability a—posteriori bound on how muc_h the outcome pe too worse than what the player expects based on the
of the game can violate the precomputed security level. All our computation of the value of her submatrix. In this paper, we

probabilistic bounds are independent of the size of the original | the SSP alqorithm f d id
game and could, in fact, apply to games with continuous action analyze the algorithm for zero-sum games and provide

spaces. To demonstrate the usefulness of these results, we lgpp conditions under which it leads to a security policy withthig
them to solve a hide-and-seek game that exhibits exponential probability.
complexity.
Related Work

Two-player zero-sum matrix games have been studied

While a large number of robust design problems caextensively over the past decades [2]. The classical Mini-
be formulated as zero-sum matrix games, in practice, sudhax theorem guarantees the existence of an optimal pair of
games lead to extremely large — often infinite — matricesstrategies for the two players, each of which is a security
This case arises in combinatorial problems, where decisigolicy for the corresponding player. However, when the
makers are faced with a number of options that grownatrix is of large size, the computation of the optimal
exponentially with the size of the problem; for example, irstrategies involves solving optimization problems with a
path planning problems where the number of paths increadesge number of variables and constraints.
combinatorially with the number of points to visit [1]. L&&g  Randomized methods have been successful in providing
zero-sum matrix games also arise in partial informatioefficient solutions to complex control design problems with
feedback games wherein optimal strategies are functiopsobabilistic guarantees. [3] adopts a probabilistic apph
of the players’ past actions and observations and thus, io show the existence of randomized algorithms with poly-
particular, the number of strategies grow exponentiallihwi nomial complexity to solve complex robust stability anays
the size of the players’ action spaces. problems. [4] proposes a randomized method for a proba-

Inspired by the use of randomized approaches to solalistic analysis of the worst-case controller performarand
optimization problems, we consider an approach to solv@etermines bounds on the sample size. [5], [6] demonstrate
very large zero-sum matrix games by using randomizeithe use of randomized algorithms to solve control design
sampling. Each player reduces her search space by takingrablems and a number of well known complex problems in
random sample of the available actions to construct a muchatrix theory through a statistical learning approach.7j [
smaller version of the original game. Players then solvg], [9], the authors introduce the scenario approach teesol
these smaller games and utilize the saddle-point policie®nvex optimization problems with an infinite number of
SO obtained against each other. We call this procedure thenstraints, and discuss possible applications of theoaspr

to systems and control. The results in these papers are
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on the sizes of the subgames agame independenand
are easily computable a-priori. Not surprisingly, theywgro
with the desired confidence levél— §. However, they are
independent of the size of the original matrix gamdich
could be even infinite and not even have a value.

We also propose a procedure that provides an a-posteriori,
high-probability bound on the deviation of the outcome of
the game from the pre-computed security level. In particula
regardless of the size of the subgames solved by each player,
we provide a high-probability bound on how much a player
can expect the outcome of the game to violate the value
computed based on the submatrix used to determine her
saddle-point equilibrium. This bound is computed after a
player selects and solves her subgame.

Third and finally, we apply our procedure to efficiently
solve a hide-and-seek game, in which one player hides a
treasure in one oV points and the other player searches for
the treasure by visiting each of the points. This is fornealiz
as a zero-sum game in which the player that hides the
treasure wants to maximize the distance that the other playe
needs to travel until the treasure is found. To determine the
optimal strategy for this game, it is required to solve a matr

2) Each playerP;, k € {1,2} computes the mixed

security value and the corresponding security policy
for her submatrixA4y:

V(A) = max yi' Az = [Bin - max ¢ Axz

V(A42) = min 3 Aszs = in 3’ A

V(A2) i yiAez = max min y'Azz
whereS,,,, andS,,, denote the probability simplexes
of appropriate dimensions. We céll(A;) andV (A4,)
the sampled security values of the gafoe playersP,
and P, respectively.

) PlayerP; selects a row according to the distribution

vy, whereasP, selects a column according to the
distribution 23, which correspond to the following
policies for the original game

y*=T1y7, 2" = 1laz5
and the following game outcome
y* Azt = y'T) Ally 2.

We call y* and z* the sampled security policiefor

game whose _size & x N' Thus, exact solutions to this_ playersP, and Py, respectively.
problem require computation that scales exponentiallyn wit . ] )
the number of point$v. Our approach isndependent of the We say thathe SSP algorithm ig-secure for playeP; with
size of the gamand therefore the total number of pointsconfidencel — 4 if
plays no role in the amount of computation required. This
is possible because each player concentrates on a subset
of her action set, and probabilistic guarantees rather thatere and in the sequel, we use a subscript in the probability
deterministic guarantees on the quality of the solution ammeasureP to emphasize which random variables define the
provided. events that is being measured. In essence, condition (&psta
Organization that the probability that the outcome of the game will vielat
P,’s sampled security value by more thars smaller than

This paper is organized as follows. The problem formus * gimijarly we say thathe SSP algorithm is-secure for
lation and the SSP algorithm are described in Section Iblayer P, with confidencel — § if

The a-priori bounds are established in Section Ill. The a
posteriori bounds are established in Section IV. The hide- Pr, 11y, 7,11, (y*’Az* >V(Ay) — e) >1-0. (2)

and-seek problem and the implementation of our procedure . o ]
are described in Section V. The previous definitions guarantee that the two players will

be surprised with (low) probability when playing with poli-
Il. SAMPLED SADDLE-POINT ALGORITHM cies obtained from a one-shot solution to the SSP algorithm.
Consider a zero-sum matrix game defined byMnx N However, no specific guarantee is given to the inherentysafet
matrix A, in which playerP; is the minimizer and selects of the policies/values obtained using this algorithm. Sg,,e
rows and playeiP; is the maximizer and selects columns.player P; computesy* once using the SSP algorithm and
We are interested in problems for which the matfiXs too  then plays this policy multiple times against a sequence of
large to permit the computation of mixed saddle-points angolicies »* that P, obtained by running the SSP algorithm
therefore the players are forced to consider only subnetricmultiple times,P; could conceivably be surprised with high
of A to select their policies. This scenario motivates therobability. This would happen if she was “unlucky” and
following sampled saddle-point (SSP) algorithm got a particular (low probability)* that is particularly bad
1) Each playelPy, k € {1,2} randomly selectsn;, rows or a valueV(4;) that is particularly optimistic. To avoid
andn;, columns ofA, which uses to constructia, x  this scenario, we introduce notions of security that refer t
nx submatrixA of A. Denoting byB*** the setoftx  specific policies/values: We say thae policyy* with value
¢ left-stochastic(0, 1)-matrices (i.e., matrices whose V' (A,) is e-secure for playeP; with confidencel — § if
entries belong to the s¢0, 1} and whose columns add e - .
up to one), we can express the process of constructingPra.m. ("' Az* < V(A1) +e|y*, V(A)) >1-46 (3)
each submatrixd, by randomly selecting two random
matricesT, € BM>*™r and I, € BYN*" and then
computing the product:

Ay, = T, ATl

PF17H17F2,H2 (y*/AZ* < V(Al) + 6) >1-6. (1)

and thathe policyz* with valueV (A,) is e-secure for player
P, with confidencel — § if

Prom, (y"Az" > V(As) —€| 2%, V(4)) >1-4. (4)



So far, we have not specified the joint distribution of
the row/column extraction matricds,, I's, ITy, Il5, but this
distribution will clearly affect the outcomes of the algbm.

In the context of noncooperative games, one should presume

for somem, > mq, then the SSP algorithm is= 0-
secure forP, with confidencel — §. If one further
increasesms to satisfy

2 1 _
mo = {5(1n5+n2+1)—‘m1, (8)
for somes > 0, then, with probability higher than
1— B, the policyz* with valueV (A,) is e = 0-secure
for P, with confidencd — o.m

the extractions of the two players to be independent of each
other, as stated in the following assumption:

Assumption 1l.1 (Independence) The four random matri-
cesI'y, 11,5, II; are statistically independent, with the
columns being independent and identically distributedhinit
each matrixm

In words, this results states that it is always possible to
guarantee = 0-security forPy, provided that she constructs
her submatrixA4; utilizing a sufficiently large number of
Remark 1.1 (Non-matrix games) The results in this paper columns. In particular, she always needs to choose a number
do not depend on the fact that the original game is a matrixf columnsn, larger than the number of columns that
game. They would extend trivially to any cost-functionP2 is considering for her mixed policies. The additional
J(u,d), w € U, d € D wheretd and D denote the sets number of columnsP; needs to consider is a function of
of policies for the minimizer and maximizer, respectivelythe numberm; of rows thatP,; wants to consider for her
In fact, it is not even necessary that the original game hasixed policy and the desired confidence levels. The result
saddle-point policies since all that the SSP algorithm usder P, is analogous.
is the fact that when we take finite samples of the sets of In the probabilistic guarantees provided by Theorem lil.1
policies, we obtain finite matrix gamem. with (5), the confidencé — ¢ refers to the extraction of all

the row/column matrice§';, I's, Iy, I15 as in (1). However,
Remark 11.2 (Non-unigue security policies) When  the for the probabilistic guarantees with (6), the confidehce
matrices A; and A, have multiple security policies, the 0 refers to the extraction of;, 11, as in (3), whereas the
SSP algorithm does not specifyhich of these should be confidencel — 3 refers solely to the extraction of the matrix
used to define the sampled security policies. However, tHé1 and holds for any given matrik, (as shown in the proof).
choice of security policy may have a significant effect on Note that only the logarithm of the confidence level
the value of the probabilities in (1) and (2). In view of this,2PP€ars in bounds regarding the security/ofand 2*. One
any useful probabilistic guarantee fessecurity should hold €an therefore makg extremely small with a relatively small
independently of which security policy is used in the ss@dditional computational cost.

algorithm. This is the case of all results in this pamer. Remark 1112 ( P,’s knowledge ofny) According to Theo-

rem Ill.1, for playerP; to enjoy guaranteed = 0-security

. . . . . with confidencel — 4, she must know an upper boumd
The main result of this section provides an a-priori boungn the number of columns th&, is using to construct her

on the size of the submatrices for the players that guamnteﬁjbmatrixAz Even if P, does not known, precisely and

e-security withe = 0. e.g., underestimates, by a certain percentage, then (5) and
o (6) are still useful since they predict that the performance
Theorem III.1 (A-priori bounds) Suppose that Assump- gegradation in the confidence levglshould grow roughly
tion 11.1 holds. Then by the same percentage. This is because the bounds in (5)
1) If II; andII, have identically distributed columns and and (6) essentially scale witik /5. An analogous comment
my +1 ) could be made regarding the bounds (7) and (8) and about
ny = [ 5 1} N, (5) Py’s knowledge ofm,.m

for someny, > no, then the SSP algorithm is = 0-
secure forP; with confidencel — §. If one further
increasesn; to satisfy

IIl. A- PRIORIPROBABILISTIC GUARANTEES

Remark 111.3 (P;’s knowledge of the distribution of II5)

To apply Theorem lll.1, the distributions difi; and Il
must match, which means thBf must sample the columns

of the matrixA using the same distribution &. However,

it is possible to extend all the bounds presented in this
paper to the case when there is a mismatch between the
distributions ofP; and P, (cf. [10, Section 4])m

2 1 _
ny = [5<1ng+m1+1)_‘n2, (6)
for someps > 0, then, with pr_obabilitﬂ; higher than
1— 3, the policyy* with valueV (A;) is e = 0-secure

for P; with confidence — §.
2) If 'y andI'; have identically distributed columns and

n2+1
1)

Proof of Theorem IlIl.1We only prove the statement 1, since
the proof of statement 2 can be obtained by symmetry. By
definition of the security valu& (A,), we have that

V(A1) = min max y'T] All; 2

yesm,l Zesnl

ma = [ 2= — 1], 7)

1The confidence leveB for Py refers solely to the extraction of the
matrix IT; and holds for any given matrik'; .

2The confidence leveB for P, refers solely to the extraction of the
matrix I'2 and holds for any given matriklz.



= min  max YT Allie;(n;) with probability higher thanl — 3, where the confidence
YESmy JE{Lym} level 1 — 3 refers to the extraction ofl; = [A;,..., Ak]
= min {U cy' T Allye;(ny) <w, Vj € {1,... 7”1}}7 (9) that definesd*. The proof now proceeds exactly as before,
0e® but with (10) replaced by the inequality above that now
wheree;(n) denotes thegth element of the canonical basisinvolves a probability conditioned tg* and V(4;). Thus,

of R", 0 := (y,v), and® := S,,, x R. with probability higher than — 3, the policyy* with value
Sincen, is an integer multiple ofi,, i.e.,n; = Kny with  V(A;) is e = 0-secure forP; with confidencel — 4. ]
K = "“T“ — 11, we can take thd(n, columns ofll; €
_ . _ V. A-POSTERIORIPROBABILISTIC GUARANTEES
BN*E72 tg construct K i.i.d. matricesAi, Ao, ..., Ak,
each in the seBY*72_ If we then define the function Suppose that, due to computational limitations, player
cannot satisfy the bounds in Theorem IIl.1 to obtaia 0-
f0,A) = _ max_ }y/FiAABj(ﬁz) -, security for a given level of confidende— 5. One option to
I overcome this difficulty would be to settle for a lower levél o
V0 := (y,v) € ©, A € BN*"2, we can rewrite (9) as confidence until the bounds in Theorem I11.1 hold for a value
V(A,) = Inin{v L F(0,A) <0, Vi€ {1,... ,K}}, of ny that is'computgtionally acceptaple fér. Howevgr,
00 one may desire to maintain the same high level of confidence,
Let the minimum above be achieved for somdd = and instead accept a violatier> 0 of the sampled security

(y:,V(Ay)). For any given realization of the matrik; Vvalue. In this section, we explore this option, which is not
(which is independent of thé\; by Assumption 11.1) we covered by Theorem IIl.1. For brevity, we present the SSP
conclude from [8, Proposition 3] that the (conditional)@lgorithm from the perspective &f;.
probability that another matrixA sampled independently ~Consider the following procedure fét;:
from the same distribution as th®; satisfies the constraint 1) Pick a value form,n; and use the SSP algorithm
f(6*,A) <0 can be lower-bounded as follows: to compute a sampled security poligy and the

K —my corresponding sampled security valug¢A, ).
2 w1 21 6, (10) 2) Using the column distribution ofl;, independently
extractk; columns ofA into a matrixIl; € BY*k
and compute the row vector

Pr,a (f(07,4) <0|Ty)

where the second inequality is a consequence of (5). Using
the definition of f and 6*, we can re-write (10) as

— !/ —
_ U:= max *Allqe;, 11
Pry.a (' Th Al (7a) < V(Ay), el Ve (h
Vie{l,...,no} | T1) >1—06. wheree; denotes thgth element of the canonical basis
k
Sincens < f9, we further conclude that of R _1' _ o
B The following result provides an a-posteriori guarantee on
P, a (yi'TiAAe;(n2) < V (A1), the quality of the so-obtained solution.

VJé{l,,ng}‘F1)21—5

Under Assumption 1.1, when the columns Bf; and Il
are identically distributed, the matrix consisting of thestfi
ny columns of A can be viewed as the matriX, and we ky = P _ 1} Ay (12)
conclude from the inequality above that ) ’

Theorem IV.1 (A-posteriori bounds) Under Assumption
1.1, if II; andII, have identically distributed columns and

. - for someny > no, then the SSP algorithm issecure forP
P, (41 T1Allze;(n2) < V(Ay), with confidQencei — ¢ for any '

VjE{l,,ng}‘Fl)Z].*(s

. e>0—V(4). (13)
Since
N _ . If, for somes > 0, one further increases; to satisf
yllI"lAHer(ng) < V(Al), VJ S {1, . ,’rlg} = 6 ! y
yi' T  Allyz < V(Ay), Vz € 872, ki = _In(l/8) na, (14)
In(1/(1 —9))
we conclude that
e . then, with probability higher than — 4, the policyy* with
Py rogn, (91 T1AlL2; < V(A [Th) > 1 -0 value V(A,) is e-secure forP; with confidencel — . m

Since we have shown that this bound holds for an arbitrary
realization ofl'y, it also holds for the unconditional proba-
bility, which shows that the SSP algorithm ds= 0-secure
for Py with confidencel — §.

If instead of applying [8, Proposition 3] we apply [9,
Theorem 1] and using (6), we conclude that

Pa (f(67,A) <0 |Ty,6%) >1—3, Pron o (87 A2 SV(A) +e) 21 -6 (15)

In the probabilistic guarantee provided by Theorem IV.1
with (12), the confidencel — ¢ refers not only to the
extraction of the row/column matrices;, I's, I1;, II5, but
also to the test matril;, sincee depends on it, i.e., (1)
should be understood as



For the probabilistic guarantee with (14), the confidenc&iven that
1 — ¢ refers to the extraction aof'y, I, i.e., (3) should be -
understood as y* Allge;(ng) < V(A1) +¢ Vi€ {l,...,n} =

_ _ */ [/ n
PFQ,Hg (y*/Az* S V(Al) Le | y*, V(A1)7 6) Z 1— (5, Yy AHQZ S V(Al) +6, VzeS 2’

whereas the confidende— § refers solely to the extraction We get that
of the matrixII;. ) - -
Proof of Theorem IV.1From the definition ofv and (13), Pr, m,.m, (y* Allgzy < V(Ap)+e | y*,V(Al)) > 1-4.

we conclude that ) ) .
Since we have shown that this bound holds for arbitrary real-

V(A))+e>v= max y“Allie;(Kng), (16) izations ofy* andV (4;), it also holds for the unconditional
je{l,....Kno} . .
probability, from which (15) follows.
where K := B - 1}. Partitioning the columns ofl; € If instead of applying [8, Proposition 4] we use (14) and
BNxEn2 to constructK i.i.d. matricesA;, A, ..., Ak, apply [11, Theorem 1], we conclude that
i N X7g T _
each in the seB and defining N (f(A) < ie{qlaXK}f(Ai) | y*,V(A1),6) >1-3,
f(A)= max y“AAej(ny), VA€ BN*"2, S
je{l,...,nz} with probability higher thari — 3, where the confidence level
we can rewrite (16) as 1 — p refers to the extraction ofl; = [Aq,...,Ak] that
_ definese. The proof can now proceed exactly as before, but
V(A) +e> ie{r{l?‘K} f(Ad). A7 with (18) replaced by the inequality above that now involves

_ o _ . a probability conditioned tg/*, V(A4;), ande. This shows
For any given realizations of* and V/(4;) (which are that, with probability higher than — 3, the policyy* with
independent of thel;), we conclude from [8, Proposition yalue V(A ) is e-secure forP; with confidencel — 5. m
4] that the (conditional) probability that another matrx

sampled independently from the same distribution asthe V. HIDE-AND-SEEK MATRIX GAME
satisfies the constraint(A) < max;e(1,... &y f(A;) can be

Consider a zero-sum game whdte hides a non-moving
lower-bounded as follows:

object (treasure) in one d¥ points {p;,...,pn} C R? on
* the plane andP, has to find the treasure with minimum cost
— < . H
Pr,.a (f(A) - ie{rﬂ?fK} F&a) Ty ’V(Al)) by traveling from point to point until she finds it. The game
is played over the set of mixed policies:
> >1-4, (18)

-~ K+1— o Py chooses a probability distribution € Sy for the

where the second inequality is a consequence of (12). Using (reasure over théV points, and

the definition off and (17), we conclude from (18) that « P> chooses a probability distribution € Sy, over the
setR:={r;:j=1,...,M} of M := N! routes that

Pa, A ( max  y* AAe;j(nz) < V(Ap) +e start atP,’s initial position p, € ]R_2 and go through all
TNGE{L,R2} possible permutations of the points.
|y, V(A1)> >1—9, Each route is assigned a cost equal to its Euclidean length:

and therefore N
c(ry) = lIrj(k) = ri(k = 1),
Pi,a (4" AAe;(72) < V(A1) +6, ¥j € {1,..., 7} =

“ AN > 16 where 7;(0) := py and each subsequent(k) € R?
ly™ V( 1)> == k € {1,...,N} denotes thekth point in router;. When
Sinceny < 7o, e further conclude that P1 chooses to hide the treasure at poinand P, selects

route r;, the outcome of the game is equal to the cost of
P, a (y*’AAej(nQ) <V(A) +e Vjie{l,... ny} route r; fr.om its initial point until the pointp; where the
B treasure lies. Namely,
v, V(A)) =16

o
Under Assumption I1.1, when the columns B andIl, Aij = — Z |7 (k) —ri(k— 1), (19)
are identically distributed, the matrix consisting of thestfi k=1

ns columns of A can be viewed as the matriX, and we

where the summation ends at the indéxfor which r; (k7
conclude from the inequality above that dex ri (k)

corresponds to the poirtwhere the treasure is hidden. The
» _ . minus sign in (19) is needed to maintain consistency with
P, m, (y Allzej(ng) < V(A1) +€ Vi€ {l,...;n2}  the formulation in the first part of the paper, whégis the
g V(Al)) S1_4 minimizer. Indeed,P; hides _the _treasure to. maximize the
’ - distance and therefore to minimize the entriesdof



The exact computation of the optimal mixed strategies i
intractable because the size of the mattixs N x N!. How-
ever, the results in this paper regarding the SSP algorith
have a computational complexity thatiredependent of the
size of the game.e., we can provide probabilistic guarantees
for games with an arbitrarily large number of points.

In this game, only the playeP, that chooses paths has
a huge number of optionsM = N!) so we can assume
that both players consider all possitielocations where,
can hide the treasure (all rows of), but randomly select
only a small number of paths (columns dff to construct
their submatrices. This means that the playerthat selects
the paths will never be surprised since she always considefi§. 1. Numerically determined a-posteriori outcomdcf. Section IV)
all options for the actions oP;. However, the playeP; for different values ofni. In these experimentsy = 10, side Ierggth of
that hides the treasure should respect the bounds provio{%ﬁ square region is 50 unitsy, = 7z = 10, § = 0.01, § =107, and

. . e rows and the columns were drawn uniformly randomly.

by Theorems Ill.1 and IV.1 to avoid unpleasant surprises.

In our numerical experiments, we considerad = 10
points distributed uniformly randomly in a square regiorFinally, we applied the technique to solve a combinatorial
of side length equal t&0 units. For a fixed value ofia, hide-and-seek game.
B, andd, we ran the a-posteriori procedure multiple times This work suggests a lot of interesting future directions.
(described in Section IV) using the bound in (14), andncremental methods to reduce the bound on the submatrices
studied the outcome in (11) for increasing values of; and extensions of the sampling approach to partial infor-
up to the corresponding a-priori bound (6), indicated by amation feedback games appear promising. It would also be
arrow in Figure 1. Since is obtained through a randomizedinteresting to analyze closed-loop versions of the hid#-an
procedure, it is a random variable and takes different walugeek game that involve the player seeking the treasuregakin

=70 == 90-percentile curve using bound (14),
- = =50—percentile curve using bound (14)
—90-percentile curve using bound (12)

- - -50—percentile curve using bound (12)

—95]
10

5
n 10

in the different Monte Carlo runs. Figure 1 shows the dotme
dashed0 (resp. dashed0) percentile curve such thab%
(resp.50%) of the realizations of were below this curve. We
then repeated the experiments using the a-posteriori bourid]
in (12), and studied the outcomein (11) for increasing 2]
values ofn; up to the corresponding a-priori bound (5). The
solid 90 (resp. thin dashed0) percentile curves are plotted [3]
in Figure 1.

We observe that all of these curves are reasonably "flat”,
implying that with the choice ofi; that is a few orders of
magnitude lower than the a-priori bound, one can obtain a
security strategy with a relatively small increase in the a-[5]
posteriori security leveti. For example, from Figure 1, we

conclude that with a value af; upto 40 times lower than g
the a-priori bound (6) needed fer= 0-security of the policy
y*, in 90% (resp.50%) of the simulations, the increase in 7]

the a-posteriori security level for the strategy* is at most

5 (resp.3) units. In conclusion, with a small increase in the
a-posteriori security level, a player needs to sample muctf]
fewer columns than the corresponding a-priori bound.

VI. CONCLUSIONS ANDFUTURE DIRECTIONS

(9]

We addressed the solution of large zero-sum matrix gamgl%]
using randomized techniques. We provided a procedure by
which each player samples a submatrix, computes mixed
policies for the submatrix and uses the resulting strategy t
play against the other player. We proposed the notion of sg1]
curity policies and levels for each player, and derivediafpr
game-independent bounds on the size of the submatrices that
guarantees a security policy with high probability. We also
presented an a-posteriori bound on how much the outcome
of the game can violate the precomputed security level if the
size of the submatrices do not satisfy the a-priori bounds.

asurements of the treasure location.
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