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Abstract— Stability theory for stochastic difference inclusions
is discussed. We summarize a framework for stochastic differ-
ence inclusions that has been introduced recently and for which
a variety of new stability theory results have been obtained. In
particular, we study recurrence and global asymptotic stability
in probability. For these properties, we review new results
on robustness, converse Lyapunov theorems, and Matrosov-
function-based sufficient conditions. We also discuss input-to-
state stability in probability. Examples are used to illustrate the
framework and results.

I. INTRODUCTION

For discrete-time stochastic systems with unique solutions,
stability theory has been developed extensively. For example,
[1] contains a comprehensive treatment of a stability property
called “positive recurrence”, including a variety of necessary
and sufficient conditions, including converse Lyapunov theo-
rems. Similar results have been pursued for hybrid switching
diffusions in [2]. An excellent source for stability theory for
stochastic differential equations is [3].

There has also been a long history of interest in closed
stochastic systems with nonunique solutions or open stochas-
tic systems with external disturbances, including the study
of Markov decision processes [4], probabilistic automata
[5], set-valued random processes [6], the recent Labelled
Markov processes [7], and adversary-induced Markov de-
cision processes [8] as considered in the context of machine
learning. Nevertheless, stability theory has not been pursued
as extensively in this setting.

For non-stochastic systems, non-uniqueness of solutions
manifests itself in several settings. One situation comes in
defining generalized solutions to systems with discontinuities
[9], [10], [11], which are appropriate for assessing robustness
of asymptotic stability [12], [10], [13]. Another setting
includes modeling the behavior of a switched system where
switching satisfies an average dwell-time condition [14]
using a hybrid modeling framework [15]. Closed systems
with nonunique solutions also arise in equivalent charac-
terizations of input-to-state stability [16]. Stability theory
for non-stochastic systems with non-unique solutions has
been developed thoroughly, including results on robustness,
converse Lyapunov theorems, and a wide variety of sufficient
conditions for stability. For example, many such results are
contained in [17].
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The purpose of this paper is to review a framework for
stochastic difference inclusions introduced recently [18], to
describe some basic mathematical constructs that are used
to characterize recurrence and global asymptotic stability in
probability, and to recall some results pertaining to robust-
ness and converse Lyapunov theorems [19], [20], as well as
Matrosov-function-based sufficient conditions [21], [22].

The paper is organized as follows. The next section con-
tains a summary of notation and basic definitions. Section III
presents the class of systems that we consider. In Section 1V,
V, and VI, we define quantities that are used to characterize
recurrence, stability, and asymptotic stability in probability.
In these sections, we also review robustness results and
converse Lyapunov theorems from [19], [20], and Matrosov-
based sufficient conditions from [21], [22]. Examples are
presented in Section VIIL.

II. NOTATION AND BASIC DEFINITIONS

R>( denotes the nonnegative real numbers; Z>o denotes
the nonnegative integers. For a closed set S C R™ and
x € R", |z|s = infyeg |z — y| is the Euclidean distance
to S. B (resp., B°) denotes the closed (resp., open) unit
ball in R™. For a closed set S C R™ and € > 0, S + B
(resp., S +eB°) denotes the set {z € R" : |z|g < £} (resp.,
{z € R" : |z|s < &}). The function Ig : R™ — {0,1}
satisfies Is(z) = 1 for z € S and Is(z) = 0 otherwise.
A function ¢ : R™ — R is upper semicontinuous if
limsup,_,., #(x;) < ¢(x) whenever lim; ,o ; = x. The
function Ig is upper semicontinuous for closed S. A set-
valued mapping M : RP = R" is outer semicontinuous if,
for each (x;,y;) — (x,y) € RP x R™ satisfying y; € M (x;)
for all i@ € Z>o, y € M(x). A mapping M is locally
bounded if, for each bounded set K C RP, M(K) :=
U.ex M (z) is bounded. B(R™) denotes the Borel field, the
subsets of R™ generated from open subsets of R™ through
complements and finite and countable unions. A set F' C R™
is measurable if F € B(R™). A mapping M : R? = R" is
measurable [23, Def. 14.1] if for each open set O C R™ the
set M~1(0) := {v € RP: M(v) N O # &} is measurable.
When the values of M are closed, measurability is equivalent
to M~*(C) being measurable for each closed set C C R"
[23, Thm. 14.3]. A function @ : R>9 — Ry>q is of class
K if it is continuous, strictly increasing and «(0) = 0. It is
of class Ko if it is of class K and unbounded. A function
Y 1 Z>g — Rxq is of class L if it is nonincreasing and
limy_ oo ’L/J(é) = 0. A function 7 : RZO X ZZO — RZO is of
class KL if (-, k) € K for each k € Z>¢ and ~(s,-) € L
for each s € Rx>o.



III. STOCHASTIC DIFFERENCE INCLUSIONS

A stochastic difference inclusion is written formally as
T € G(z,v) (1

where z € R" is the state and v € R™ is the random
input, eventually specified as a random variable, that is, a
measurable function from a probability space to R™. The set-
valued mapping G : R™ xR™ = R" specifies the admissible
next values of the state as determined by the current state
value and the random input. We focus on mappings G that
are guaranteed to generate random processes and for which
a variety of probabilistic stability notions are robust. The
former property calls for certain measurability conditions,
motivated by results on measurable set-valued mappings
as described in [23]. Informed by non-stochastic results,
the desire for robustness leads to stronger regularity with
respect to the state x in the form of outer semicontinuity.
Specifically, we impose the following regularity conditions.
Standing Assumption 1: The following conditions hold:

1) z +— G(z,v) is outer semicontinuous for each v € R™.

2) v—={(g,2) e R" xR": geG(z,v)} is measurable.

3) G is locally bounded.
This assumption guarantees that the set-valued mapping
(Vo, .. yvr—1) = G(..,G(G(x,v9),v1),...,0p—1) =:
G"(x, (vo,...,vr_1)) is closed-valued and measurable for
each z € R". See [23, Theorem 14.13]. This property is ap-
pealing since a closed-valued measurable set-valued mapping
admits a measurable selection [23, Corollary 14.6], that is, a
measurable function ¢ defined on the domain of G"(z,...)
and satisfying ¢(vo,...,v,—1) € G"(z, (vo,...,vr—1)) for
all (vg,...,v,_1) in the domain of G"(z,...). These mea-
surable selections, when composed with random variables,
produce random processes. However, as we will demonstrate
later through an example, we are interested only in random
variables that exhibit a causal dependence on v. In particular,
we are interested in the existence of measurable functions
¢; : dom ¢; C (R™)" — R™ that satisfy ¢9 = x and

. 7v’i) S G(QS’L'(’UOa ..

According to [23, Corollary 14.14], such functions exist
and can be chosen so that dom ¢; 11 = (¢; x R™) N
{(’Uo, . ,’Ui) : (d)i(vo, - ,Uifl), Ui) € dom G} They are
called maximal pre-random solutions to (1) from x.

We emphasize that we allow G(x, v) to be multi-valued for
certain values of (z,v) and empty for other values of (x,v).
We may even be interested in difference inclusions where
G(z,v) is empty at points z that are reachable. For example,
we may be interested in studying the behavior of random
processes that remain in some closed neighborhood of an
equilibrium point, acknowledging that not every solution that
starts in that set remains there for all time.

We now introduce a probability structure that is used to
generate the inputs in (1). Let (2, F,P) be a probability
space. For i € Z>¢, let v; : Q@ — R™ be a sequence of
independent, identically distributed (i.i.d.) random variables.
Thus, v; '(F) := {w € Q: v;(w) € F} € F for each F €

®it+1(vo, - . S Vi—1),V4) Vi € Z>o .

B(R™). Let (Fo, Fi, - ..) denote the natural filtration of the
sequence (vo,Vi,...). That is, F; C F is all sets of the
form {w € Q: (vo(w),...,vi(w)) € F}, F € B((R™)i1).
Due to the i.i.d. property, each random variable has the same
probability measure 4 : B(R™) — [0, 1] defined as pu(F) :=
P{w € Q: v;(w) € F} and, for almost all w € €,

E[f(vo,..., Vi, viy1)|Fi] (w)

= - fvo(w),...,vi(w),v)u(dv)

for each i € Z>( and each measurable f : (R™)2 — R.

A random process x is a sequence of random variables
x; : dom x; C Q2 — R™ with dom x;4; C dom x; for
all 2 € Z>¢. A random process x is adapted to the natural
Sfiltration of v if x;41 is F;-measurable for each i € Zx.
That is, x; ., (F') C F; for each F' € B(R"). It is a maximal
random solution of (1) if, for each i € Z>,

Xit1(w) € G(x;(w), vi(w)) Yw € dom X;41

and dom x;41 = {w € dom x; : G(x;(w), v;(w)) # S}
We use S(z) to denote the set of maximal random processes
adapted to the natural filtration of v that satisfy (1) from z,
and we call these random processes “random solutions”. As
noted in [19], x € S(z) if and only if there exists a maximal
pre-random solution ¢ of (1) from x such that

xi(w) = ¢i(vo(w), ..., vi—1(w))
Yw € dom x; = {w : (vo(w),...,vi—1(w)) € dom ¢;} .

For x € S(z), we use the convention that Ig(x;(w)) = 0 for
w ¢ dom x; and we define

graph(x(w)) := Ujez, ({i} X xi(w)).
IV. WEAK VIABILITY AND STRONG RECURRENCE
A. Weak viability

Upcoming definitions of recurrence and of asymptotic
stability in probability entail that certain closed sets have
zero probability of being forever viable, that is, having the
property that solutions remain in the set for all time. For a
closed set S C R", x € R", and k£ € Z>, we define the
weak viability probabilities

k
mcs(k,z) = sup E lHHS(Xi) )

xeS(x) i=1

These functions quantify the largest probability, over all ran-
dom solutions, of remaining in the closed set S for all time
up to time k. We use the term “weak viability” since only
one random solution from x needs to have high probability
of remaining in S for k steps in order for mcg(k,x) to be
close to one. The following facts have been established in
[18], [19]: 1) mcg(k,-) is upper semicontinuous for each
k € Z>1, 2) with mcg(0,z) =1 for all z € R™, we have

mes(hLo)= [ max Ts@mes(h.gu(de) @)
Rm 9€G(z,v)

for all (k,z) € Z>o x R™, and 3) there exists x € S(z)
such that mcg(k,z) = E [Hle Is (xz)} It is also clear that



0<mcg(k+1,2) <mcg(k,z) for all (k,z) € Z>o xR™.
Thus, we can define Mcg(x) := limg_, 0o mcs(k, ).

B. Strong recurrence

1) Robustness and a converse theorem: An open, bounded
set O C R" is said to be globally recurrent if, for each
xz € R"\O and x € S(z), E [Hi€Z>1HR"\O(Xi)} = 0.
Equivalently, Mcgn\o(z) = 0 for all z € R™\O. Yet
another equivalent characterization of global recurrence is
the condition that, for each z € R™ and each x € S(z),

leII;O]PD ((graph(x) C (Z<p xR™)) Vv
(graph(x) N (Z<i. x ) # 2) =1

where V denotes the logical “or” operation. Since every
random solution must have high probability of reaching O in
finite time (or stopping), we have labeled this section “strong
recurrence”. As shown in [20], the upper semicontinuity
of mcrm o(k,-) enables establishing that O is globally
recurrent if and only if for each compact set X C R" and
each g > 0 there exists & such that mcgn\ o (k, ) < o for all
x € K. Recurrence also has an equivalent Lyapunov function
characterization. The main result of [20] establishes that the
open, bounded set @ C R”™ is globally recurrent if and
only if there exists a smooth, radially unbounded function
V : R"™ — Ry( and a continuous function p : R® — Ry
such that

| max Vigutde) < V(@) =ple)+lo(a)

Vr € R".
“4)

This result is similar to results reported in [1] that pertain to
a stronger form of recurrence, called positive recurrence, for
discrete-time systems with unique solutions.

One of the intermediate results of [20] is that global
recurrence of an open, bounded set O is robust. By robust, we
mean that there exists a continuous function ¢ : R™ — R+,
e > 0, and an open, bounded set O C R" such that
O’ +eB C O and, with the definition Hs(z) := {2}+6(z)B,
the set O is globally recurrent for the system

rt € Gs(x,v) = Hs(G(Hs(z),v)) . (5)

Noteworthy is the fact, established in [19], that if § is contin-
uous then G inherits the properties in Standing Assumption
1 from G. Other results in the literature that are related to
robustness, in this case to perturbations on the probability
measure associated with v, can be found in [24] and [25].
2) Matrosov-based sufficient conditions: While Lyapunov
functions are necessary for recurrence, there exist weakened
sufficient conditions for recurrence. We describe conditions
that have been derived recently in [22] based on Matrosov
functions, as developed for nonstochastic systems in [26],
[27], [28]. We specialize the discussion here to the case of
time-invariant systems and recurrence of open, bounded sets,
which covers time-varying, periodic systems. In particular,
the open, bounded set O is globally recurrent if 1) there

exists an upper semicontinuous, radially unbounded function
V :R™ — R>¢ such that

max v dv) < Vi(z) zeR™"O
/Rm geG(z,v)N(R™\O) (g)p’( ) = ( ) \

and 2) for each R > 0 there exist N € Zx>; upper
semicontinuous functions W; : R® — R>( and continuous
functions Y; : R* — R, ¢ € {1,..., N} such that, for all
z € R"\O,

Wi(g)u(dv) — Wi(z) < Yi(z)

/ max

Rm 9EG(z,0)N(R"\O)NRB
and, with the definitions, Yp(x) := 0 for all # € R™ and
Yniyi1(z) = 1 for all x € R", we have the following
property for each j € {0,...,N}: if z € (R"\O) N RB
and Y;(z) =0 for all ¢ € {0,...,j} then Y, 14 (z) <O.

The condition (4) is a special case of these conditions with
N =1 and Yi(z) := —p(x) since p is continuous and never
negative. We illustrate Matrosov conditions, in the context of
global asymptotic stability in probability in Section VIII-A.

Related sufficient conditions for recurrence can be found
in [29] and [30].

V. WEAK REACHABILITY AND STRONG STABILITY
A. Weak reachability

Proofs of recurrence from Lyapunov or Matrosov condi-
tions, as well as characterizations of stability in probability,
use the probabilities of reaching certain closed sets S. For
a closed set S, k € Z>; and x € R", we define the weak
reachability probabilities

mns(k,z) ;== sup IE{

max lg (Xl):| . (6)
xeS(x)

i€{l,....k}

These functions quantify the largest probability, over all
random solutions, of reaching (intersecting) the closed set
S within £ time steps. We use the term “weak reachability”
since only one random solution from x needs to have high
probability of reaching S in k steps in order for mngs(k, x)
to be close to one. The following facts have been established
in [18], [19]: 1) mns(k, ) is upper semicontinuous for each
k € Z>1, 2) with mng(0,2) =0 for all x € R™,

mms(k—l—l,x):/R max max{ls(g), mns(k,g)} p(dv)

mgeG(z,v)
(N
for all (k,x) € Z>o x R™, and 3) there exists x € S(z)
such that mnag(k,z) = E [max;eqq, k) Is(x;)]. It is also
clear that mng(k,x) < mns(k + 1,2) < 1. Thus, the limit
limg—, 00 mns(k, z) is well defined.

B. Strong stability

A compact set 4 C R" is said to be stable in probability
for (1) if for each ¢ > 0 and ¢ > 0 there exists § > 0
such that, for each x € A+ ¢B and x € S(x), we have
E [max;ez., Is(x;)] < o. This property is equivalent to the
condition that for each each ¢ > 0 and o > 0O there exists
6 > 0 such that limg_, o mm(Rn\(A_,_EBo))(k, x) < pforzxe
A+ 0B. It can also be stated as follows: for each each ¢ > 0



and o > 0 there exists § > 0 such that, for each x € A+ 0B
and each x € S(z),

P (graph(x) C (Z>o X (A+eB°))) > 1 —p. )

Since every random solution must exhibit stable behavior,
we have labeled this section “strong stability”. The compact
set A C R"™ is said to be globally stable in probability for
(1) if it is stable in probability and for each § > 0 and o > 0
there exists ¢ > 0 such that (8) holds for each x € A + 0B
and each x € S(x).

VI. ASYMPTOTIC STABILITY AND POST-TRANSIENT
WEAK REACHABILITY

A. Asymptotic stability and robustness

A compact set A C R" is said to be uniformly globally
attractive in probability for (1) if for each e > 0, A > 0, and
0 > 0 there exists k € Z>¢ such that, for each v € A+ AB
and x € S(z),

P ((graph(x)N(Zzr xR")) C (Zzo x (A+eB°))) =1 - ¢

with the convention that the empty set is a subset of any set.
A compact set A C R" is uniformly globally asymptotically
stable in probability for (1) if it is stable in probability and
uniformly globally attractive in probability for (1). It has
been established in [21] that a compact set is uniformly
globally attractive in probability if it is stable in probability
and each open neighborhood of the set is globally recurrent.

It has been established in [19] that uniform global asymp-
totic stability in probability is robust. Namely, there exists a
continuous function § : R — R>¢ that is positive definite
with respect to A such that A is globally asymptotically
stable in probability for the system (5).

B. Post-transient weak reachability

According to [21, Lemma 5], when the compact
set A is uniformly globally asymptotically stable
in probability for (1) and S = R"\(4A + £B°)

with ¢ > 0, the function Ming(x) =
max {Ig(z),limg_ oo mas(k,z)} is upper semicontinuous
and satisfies [5,, maxgcc(a,0) Mns(g)u(dv) < Mmag(z)
for all z € R". Then we can define post-transient weak
reachability probabilities for such sets S as follows. For each
& € R™, define mng(0,8) := mng(€) and, for j € Z>o,
define mns(j + 1,€) := [pn maxgeq(e,o) Mns(d, 9)u(dv).
According to results in [19], the compact set .4 is uniformly
globally asymptotically stable in probability for (1) if and
only if for each € > 0 there exists 7. € KL such that

MA@\ (AteBe)) (B &) < ve([€las k) V(K ) € Zxo x R™,
C. A converse theorem

These post-transient weak reachability probabilities can
then be used to construct Lyapunov functions for systems
with uniformly globally asymptotically stable sets. In par-
ticular, a main result of [19] is that if the compact set A is
globally asymptotically stable in probability for (1) then there
exists a continuous function V' : R® — R>( that is smooth

on R™\ A, positive definite with respect to .4, and radially
unbounded, and a continuous function p : R™ — R that
is positive definite with respect to A such that

/R max V(g)u(dv) < V(z)—p(z) VzeR". (9)

m gEG(z,v)
D. Matrosov-based sufficient conditions

While Lyapunov functions are necessary for global asymp-
totic stability in probability, there exist weakened sufficient
conditions for global asymptotic stability in probability. The
following discussion reviews results that appear in [21],
specialized to the case of time-invariant systems and globally
asymptotic stability in probability for a compact set, which
covers time-varying periodic systems. According to the main
result of [21], the compact set A is globally stable in proba-
bility for (1) and uniformly globally attractive in probability
for (1) (thus, uniformly globally asymptotically stable in
probability for (1)) if 1) there exists an upper semicontinuous
function V' : R®™ — Ry that is radially unbounded and
positive definite with respect to A such that

/R max V(g)u(dv) <V(z) VzeR"

m gEG(z,v)
and 2) for each pair (r, R) satisfying 0 < r < R there exists
N € Z>1 upper semicontinuous functions W; : R™ — R>g
and continuous functions Y¥; : R* — R, i € {1,...,N},

such that, for all x € (A + RB)\(A + rB°) =: S, g,

/ max  Wi(g)u(dv) — Wi(z) < Y;(z)
Rm 9€G(z,v)NSy R

and, with the definitions, Yp(x) := 0 for all # € R™ and
Yniyi1(z) := 1 for all x € R™, we have the following
property foreach j € {0,...,N}:ifz € S, gand Y;(z) =0
for all ¢ € {0,...,j} then Y, i(xz) < 0. The condition
(9) is a special case of these conditions with N = 1 and
Yi(x) := —p(x), since p is continuous and positive definite
with respect to A.

VII. INPUT-TO-STATE STABILITY

We consider systems of the form

ot e Gz, u,v) (10)

where u is a worst-case, exogenous disturbance. The set-

valued mapping G : R® x RP x R™ == R" is assumed to

satisfy a generalization of Standing Assumption 1:
Assumption 1: The following conditions hold:

1) (z,u) — G(z,u,v) is outer semicontinuous for each
v e R™.

2) v = {(g,z,u) ER*" xR* xRP : ge G(x,u,v)} is
measurable.

3) G is locally bounded.

The system (10) is input-to-state stable relative to the
compact set A if the following properties hold:

1) the compact set A is stable in probability for the
system zT € G(z,0,v).



2) there exists v € Ko such that, for each ¢ > 0, the
set A + v(c)B° is globally recurrent for the system
zt € G(z,cB,v).

The main result of [31] is that the system (10) is input-
to-state stable relative to the compact set A if and only
if there exists @« € Ko such that the compact set A
is uniformly globally asymptotically stable in probability
for the system zt € G (z,a(|z|4)B,v). Then, from the
converse Lyapunov theorem discussed above, we conclude
that the system (10) is input-to-state stable relative to the
compact set A if and only if there exists a continuous
function V' : R™ — R that is smooth on R™\ A, positive
definite with respect to .4, and radially unbounded, a function
a € Ko, and a continuous function p : R” — R>( that is
positive definite with respect to A such that

/ _ max V(g)u(dv) < V(zx) —
Rm geG(z,0(|z]|.4)B,v)

VIII. EXAMPLES

p(x) .

A. The role of causality and Matrosov conditions for global
asymptotic stability in probability

We start with an example, adapted from [21, Example
1] for the case of periodic time variations, that also em-
phasizes the role causality plays in our results. Consider
the system (1) with (z,v) € R?® x R where dom(G) =
{—=7,7} xR x{0,...,N}) x {—=v,v}, where N € Zxg

and
{_777}
G(z,v) = | (I—d(xs))rs +(ws)(v + x1)k2
(z3+1) mod (N +1)
for all (z,v) € dom(G). Suppose u({—~}) = p({y}) = 0.5.

Also suppose 1 — k2242 > 0. For ¢ : Z>o — {0,1}, we
assume Z;V:o ¥(7) > 1. We study stability for the compact
set A := {—~,v}x{0}x{0,..., N}. Consider the Lyapunov
function candidate V (z) = 3. For each z € R3, we get

max V dv
| gmax (9)u(dv)
2

= (1 —(x3))z5 + Y(w3) k%%ZO 5((=1)"y + 21)*

= (1 —(x3))2s + Y(23)kx 05(27 + 227)

= (1 —(23))a3 + ¢(z3)k’s 227
= V(@) = 9(x3)(1 — 2k*y*)a; <V (a) .
Given 0 < r < R < oo, we define Wi(z) := V(x),
¢(x,0) = (o), and Vi(z) = —(1 = 2k*”)r*(zs),
Next, let A € (0,1) and define Wp(z3) = 5 —

D ay M TP ((7)m
0 S W2(x3) S 1,)\
Moreover, with g3(x3) :=

d(N + 1)). It can be verified that
— AN for all z3 € {0,...,N}.
(3 + 1)mod(N + 1), we get for

all x5 € {O,...,N},
W2(93(9€3))
— Z N 793(23)g)((j)mod(N + 1))

Jj= 93(1%)

:——)\‘12/\7 39 ((

S Wg(xg) ()\ 1 — 1)/\N AT 1’(/1(1‘3) .

Let Ya(z) := —(1 — A)AN =1 + XA~ 19)(z3). It can be verified
that the functions Y7, Y5 satisfy the Matrosov conditions
spelled out earlier. Thus, the set .4 is uniformly globally
asymptotically stable in probability.

Now suppose that non-causal measurable selections were
considered and suppose k2 € [1/(42),1/(27?)). The upper
bound of k? guarantees global asymptotic stability in prob-
ability, as established above. However, there exists a non-
causal random solution for which no sample path converges
to A. Indeed, consider the random solution that satisfies
X1k = V. In this case,

mod(N + 1)) + At (w3)

2 : 2 27.2
X3 1 > min {x3 5, 4y?R7xG b > x3
B. From non-Markovian to Markovian processes

Stochastic difference inclusions provide a convenient
methodology to study processes that are not Markov. To see
how this can be done, consider the process x;, € R, k € Z>¢
defined recursively by

X) =&, Vk € Zzo,

Xk+1 = VL%J VEXEk,

with z € R an arbitrary initial condition and with the vy

independent and uniformly distributed in the interval [0, 1 +

el € > 0. This process is not Markov for the natural filtration
= {}'k k € Z>o} of x, k € Z> since

E[xp i1 | Fr] = E[Xpi1 | Xg, Xg—1, -y X0
= VL%JX;CE[VIC | Xpey Xp—1, -, Xo] = ngjkuE[vk]
# Elxg11 | xi] = xkE[ngjvk | xx] -
However, it satisfies the stochastic difference inclusion
at e {vvr:vel0,1+4¢} = G(z,v).
Defining V(z) := 22, Vo € R we have that
(1+e)?
3

max V dv) =
| ganax (9)p(dv)

Ve eR

V(x)

and therefore V' is a Lyapunov function that establishes
global asymptotlc stability in probability for the origin pro-

vided that S < 1 & ¢ < /3 — 1 ~ 316.
C. Input-to-state stability
Consider the system
T =vr+u. (11)

The random variable v is such that, for some p > 0,
Jz vPu(dv) =: A; < 1. Pick € > 0 and § > 0 small enough
so that

(T+e)PA+ (14+e )PP =X < 1. (12)



Consider V(z) = |z|P and the system
T € {vx} + 0|zB =: G(z,v) .
Using that
(a+b)? < (1+¢)Paf + (1 +e 1)Pb* |

we get

max V dv
| janax (9)p(dv)

< (T4e)PMfzlP + (1 +e71)Por|a|p
=V(z)—(1—X)|zfP .

We conclude from the results stated earlier that the system
(11) is input-to-state stable relative to the origin.

IX. CONCLUSION

We have summarized a framework for stability theory
for stochastic difference inclusions. In particular, we have
reviewed recent converse Lyapunov theorems for recurrence
and for uniform global asymptotic stability in probability,
results on robustness of these properties, and sufficient
Matrosov-based conditions for these properties. We have
also provided examples to illustrate the main features. The
purpose of this paper has been to give a unified presentation
of recent results that have been obtained on the subject, with
the additional goal of motivating further research in this area.
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