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Abstract— The purpose of this contribution is twofold: 1)  converges exponentially fast to the steady-state digioibu
to present for the first time a Lyapunov function that proves  |nformation about the speed of convergence is important to
exponential ergodicity of a process studied by the authorsni[1], (1) estimate how long one needs to wait to be sufficiently

where the problem of controlling the probability density of a TR .
swarm of robotic agents was solved; 2) to introduce alongsel close to the steady-state distribution and (2) design =&

the method used to construct this Lyapunov function, which ~With fast convergence rates. This second point was exploite
is of interest in its own since it may be applicable to a wide in Section IlI-B.
class of piecewise-deterministc Markov processes. Our nteid The results in this paper have the limitation that, even
searches for the Lyapunov function that maximizes a measure ¢, 5 process for which the law of the process converges
of the rate of convergence that appears in the theory of large . TR .
deviations. Analytical solutions are often possible as sk by exponentially t_o the steady-state dls_trlbgtlon, it coudghpen
examples. that the solution to our optimization is not a Lyapunov
function. In practice, this means that one needs to verify
. INTRODUCTION if the function obtained here is indeed a Lyapunov function,
é/yhich is often a simple procedure.
In Section I, we define concepts and recall some key
éresults in the theory of Markov processes and piecewise-
geterministic Markov processes. Our main result is given in

Markov processes with jumps, such as piecewis
deterministic Markov processes, offer a significant chmagjée
to the construction of stability proofs due to the intricat
nonlocal interactions in the state space that are intradiuc . . . o
by jumps. Lyapunov stability criteria for such processe ection Ill, where we characterize the exponential ergtydic

involve solving partial integro-differential inequaés, which n OptlanotaX|s. ”; Segnon Ivdwfl establish c?nnec]:uons_ be-
is typically difficult to do numerically. This paper showsath tween Lyapunov functions and the concept of rate functions.

Lyapunov functions for such processes can be obtained froIHI Sect!on V. we apply our method to prove ergodicity of a

the minimization of a convex functional that arises in th(§Calar linear transport process.

theory of large deviations [2], [3]. In particular, we shdvat Il. PRELIMINARIES

the Lyapunov function that maximizes a specific measure of

convergence often used in large deviations theory satiafieéA'

nonlinear integral equation without differential termstire Our paper follows closely the definition of piecewise-

unknown. This equation is considerably simpler than irdegr deterministic Markov Processes (PDP) introduced in [4] and

differential inequalities and we present cases in whiclait ¢ extended in [5]. We consider the PORt) := (x(t), v(t))

be solved in closed form. evolving on) = X x V, whereX ¢ R? andV is a compact
Our method was developed in the attempt to find Lyapundset. We denote by3 the corresponding Boret-field and

functions for a process studied by the authors in [1]. ThiBy B(Y) the set of bounded-measurable functions. For

process consists of a hybrid Markov Chain Monte Carl®revity, we define the PDP in terms of its extended generator

(MCMC) approach in which a vehicle is induced to perforni4], [5]:

a random walk with some prespecified stationary distrilutio Lh=f-Vh+AQh—Ah

This process is inspired by bacterial chemotaxis and we ref{eOr heD

to it as Optimotaxis. Stability was proven in the mentioned™ . (,C)_[for the sake of a simpler exposition, we
: . : judiciously omit the fact that the extended generator takes
previous work without the use of Lyapunov techniques.

. . Iso path-differentiable functions in its domain; we rekpar
The key advantage in using the Lyapunov-based tech- - . .

. o : owever, that our derivations are valid on the full domain of
niques to prove stability of a Markov process is that on

N . e generator]. Her® denotes the gradient with respectito
obtains information about the rate of convergence of th : . . L
. ; Y — X is the vector field that describes the deterministic
process to the steady-state. In particular, the method us

d . _ n : R
in this paper to construct Lyapunov functions provides con-oW the jump rate A : y — R* defines the infinitesimal
ditions under which the law of the process in Optimotaxi

Piecewise-Deterministic Markov Processes

grobability Adt of a jump occurring in the intervdD, dt],
and thejump kernelQ is such tahQh(y) := [ h(£)Q(y, df)

The authors are with the Center for Control, Dynamical Systeand for h € B(y)’ where, given that a jump occurs @t= 7 ,
Computation, University of California, Santa Barbara, C3196 Q& A) :=Pr(&(r) e A &(r7) =€) for A e B.

This material is based upon work supported by the NSF gran8CN  Thjs PDP model is captured by several stochastic hybrid
0720842 and by the Institute for Collaborative Biotechgas through . . . .
grant W911NF-09-D-0001 from the U.S. ARO. A. R. Mesquita wastially ~ SYSt€m models that appeared in the literature, includihg [6

funded by CAPES (Brazil) grant BEX 2316/05-6. [7]. Fig. 1 depicts a schematic representation of our PDP.



A(x,v) In this paper we consider a simple instance of the
controlled process obtained in [1]. The process represents
vehicles moving with positiorx € X = R? and velocity
v € V = S¢ the unit sphere inR?. The measure’ is

(x,v) ~Q((x~,v"),,) theLebesgue measure on the sphere modulo a normalization
factor. In this case we havg = v. In our output feedback

Fig. 1. Stochastic hybrid automaton for the PDP formulation, the controller can only observe the outputcfun
tion ¢(z), which represents measurements of some physical
signal taken at positiorr. Our objective is to make the

Let m denote the Lebesgue measuredn We assume propability density of the vehicles position to converge to
V to be a compact subset of a locally compact separabige output function;(z) and then have an external observer
metric space equipped with a Borel measwresuch that = that can measure the vehicles position to collect inforomati
v(V) = 1. We denote byL!(m x v) the space of real aboutg(z), much like in MCMC methods.

functions integ_rable with respect t@ x v. As in [8], we The jump intensity is chosen such thetz,v) =1 — v -
assume the existence of a kergl such that Vng(z), where the constanj is a design parameter that
m x v(d)Q (&1, dza) = m x v(d&)dvQ* (&, d&1) must be chosen such thats nonnegative. The jump kernel

is such thatr does not change andhas a jump distribution
In this case, the adjoinf* of £ restricted toL!(m x v) is  that is uniform ony. More precisely,

given by

L'p=—V-fp+Q*(\p) — Ap Qh(z,v) = / h(z,v)v(dv)
%
* 1
for p € D(£7) < Li(m xv). for h € B(Y). We have shown that a process with these
B. Exponential Ergodicity characteristics has indeed an invariant dengity) [1]. As

Next, we briefly recall the drift condition for exponential discussed in [1], this controller can be implemented using
ergodicity of Markov process. The reader is referred to [gSt the information from the outpuf(x).

for a more complete definition of the main concepts. For a Finding Lyapunov functions for this process is difficult
Markov processb (), let Pt(y, A) = Pr(®(t) € A|®(0) = due to the intricate relationship between the continucatest

y), for A € B, and letC denote its extended generator. ~ © and the discrete mode To illustrate this, we consider the

We say thatb(t) is V-exponentially ergodif there exists Metropolis-Hastings algorithm, which is a classic MCMC
V 1Y — [1,00), an invariant probability measure, and algorithm. Optimotaxis and Metropolis-Hastings are sémil

constantsBy, by > 0 such that in the sense that the probabilities to reject a point in
Metropolis-Hastings and the probability to reject a vetpei
[Py, ) = mllv < BoV(y)e ™", Wy e, in Optimotaxis are essentially the same. The main diffegenc
where||ully = supjy <y | [ b dps| for a measure: on B, is that, because in Metropolis-Hastings the state reptesen
We definethe continuous drift condition a variable in a computer, the controller can look at a point
(CD): For constants > 0, b < oo, a functioni’ > 1, gnd rejgct it withou.t mo_ving the state to that point, wh_igh
and a petite se€, the functionV : I — [1, c0) verifies in turn is _not po§S|bIe if the ;ta_te represents the _posmon
of a physical vehicle. In [11], it is shown that /2 is a
LV < —cWV +blc . Lyapunov function for the Metropolis-Hastings algorithm i
We note that for the examples considered in this paper, 4ffMs Of the goal distribution. However, it is is easy to

compact sets are petite. see that no function that is independentofan satisfy the
condition (CD) for Optimotaxis.

Theorem 1 ([9]) Supposéd is y-irreducible and aperiodic. Using the meth_od developed in the_ following _section_s,
Then,V-exponential ergodicity is equivalent to the existencé/€ Were able to find a Lyapunov function for Optimotaxis

of a functionV’ that satisfies the condition (CD). which turns out to be a nontrivial modification of the
Lyapunov function for the random walk generated by the
[11. LYAPUNOV FUNCTIONS FOROPTIMOTAXIS Metropolis-Hastings algorithm. This Lyapunov function is

In this section we give a Lyapunov proof for exponentiat: = A'/2¢~'/2. With such au we conclude exponential
ergodicity of the process generated by the Optimotax@rgodicity of the PDP in the following theorem. For some
algorithm. Optimotaxis was introduced in [1] as a solutiorf > 0, let n be a constant such that
to an in loco optimization problem with point measurements
only. This problem was extended in [10], where it was posed IVing(@)ll+e<n<oo . @)
as the problem of controlling the probability density of afFPD We note that a constantis not necessary for our result, but
by selecting the jump intensity and the jump kernel) as it will simplify our proof. The next assumption charactesz
a function of an output. Applications were provided in thelistributions with exponential decaying tails.
area of mobile robotics, where the method can be used to
solve problems such as search, deployment and monitorifgssumption 1 1) ||VIng|| is bounded



2) liminf ), o [VIng[| >0 We split the right-hand side into two parts and analyze them

3) The Hessiarfd,,. In ¢ converges td as ||z| — oc. separately:
Theorem 2 Suppose that the output function satisfies A= _ka/—i_o‘ +tAVn—a=n
Assumption 1. Then, faj as in (1),u = y/\/q is a Lya- B .= _1v"Heplngo _
punov function for the PDP and the PDPisexponentially 2 A
ergodic: Maximizing A ona € [—n, 7], we have the worst-case bound
1P ((z,v),) = 7llu < Boue™™"* B2
A< —pk+ ——-— . 4
< —nk + a=m 4)

for some positive constant®, and b, and any initial
condition (z,v) € X x V, wheredr = gdm. We can find the roots of the right-hand side of (4) as a

) ) function of k to conclude thatd < 0 for
Proof: Because\ > ¢ andw is restarted uniformly after

jumps, we have that, for anj, C' € B such thatn(A) > 0 L1082/ o LV B2/n

andC' is compact, there exists a tin¥é < oo such that the 2 - - 2 '

probability of reachingA from C'is positive fort > T'. This |, special, A < 0 holds independently of if and only if

shows that the process is-irreducible and aperiodic with ;. _ 1/2. Whe?w — ¢~1/2, we have

compact sets as petite sets. From (6) in the next subsection

we have . A< B =1 <0 )
£u§—§u+blc, - -

where the last inequality follows from Jensen’s inequality

for u = \/A/q, a compact set’ and positive constantsand  |n addition, equality holds if and only ¥ Ing = 0. This
co- We can then apply Theorem 1 to conclude the reslilt. gnalysis provides the valuable intuition that the tertn

The process that led to the construction of this Lyapunoi the convergence rate is taking into account how much
function is described in the following sections. information is provided by the gradient f ¢.

The condition ofg having an exponentially decaying tail  One can also prove that the bound dnis minimized
in Theorem 2 was proven to be necessary and sufficiefdy , as small as possible. Thus, a design guideline that
for the exponential ergodicity of the Metropolis algorithmfo|lows is thatn must be chosen as small as possible in
in the one-dimensional case [12]. Hence, it comes as Rfder to minimize the bound oA and therefore maximize
surprise that we were not able to find a Lyapunov functioghe convergence rate.
to prove exponential convergence whghas a polynomially To analyze the interplay betweet and B, we make a
decaying tail. distinction between two typical cases: a) wherhas an
exponential tail, e.g.¢ = exp(—c||z||); and b) wheng has

A. Constructing a Lyapunov function a polynomial tail, e.g.g =[]~ for ||z large.

Our starting point is the candidate Lyapunov function 1) Invariant density with exponential tailln this case,
lim inf ), [V Ing|| > 0 and, therefore, there is a positive
u =@V, (2)  constant, such thats? < n—c, for ||z|| large. On the other

where~(z) is some uniformly positive function to be iden- hand,H, n ¢ is bounded by a constant timgs|| " for ||
" yp large. Thus,A dominatesB and we can use the bound in

tified. How we arrived to this candidate Lyapunov function
) . (5) to conclude
is the theme of the next sections.

Since the considered PDP is-irreducible and compact . Lu
. . limsup — < —¢o/2 (6)
sets are petite, we only need to analyze the behavidtwof o] =00 U
as||z|| goes to infinity. From the definition of the generator,
we have for u=+/\/q.
Lu 1 2) Invariant density with polynomial tail:Both A and

InA+ov-Iny— A+ \/X/\/X dv . (3) B decay proportionally td|z||=2 in this case. As a con-

=y,
2 sequence, our candidate Lyapunov function cannot be used

Define the auxiliary funcitongy := v - VIng and 5 :=  to prove exponential ergodicity. Yet, it may be used to prove

JVXdv= [n—adv. We can rewrite (3) as (non-exponential) ergodicity (see [13]). Results hereetiep

Lu 10 Hyplng v on the specific invariant density. Because — 0 as

D7 S — +v-Viny+a+pByn—a—-n, |z — oo, a Lyapunov functionru = ¢g~*v/\ maintains

i A nonpositive forz large only if & = 2. Thus, if we are
where’ denotes the transpose. Lgtr) = q(x)™" for some interested in using this in a Lyapunov stability proof when
constant: > 0. Then, we can rewrite ¢ has a tail of ordef{z||~¢, we must have: > 4 sinceLu is

Lu 10 Hyplng v of the order||z||/2~2. This is consistent with the fact that
S S W ka+a+pByn—a—n . ¢ is not a valid probability density when< 1.



B. Consequences for the design V. LYAPUNOV FUNCTIONS AND RATE FUNCTIONS

In this section we discuss how one can obtain Lyapunov
The analysis in the previous subsection suggests hdwnctions for PDPs by solving relatively simple convex
we can change the algorithm of Optimotaxis to improveptimization problems. Such Lyapunov functions are relate
convergence properties. We do this by increasing the ndmingith a notion of convergence rate that appears in the theory
velocity. To this purpose, we redefine the vector field and thef large deviations of Markov processes [2]. For a probgpbili
jump rate to bef = vp, for some scalar nominal velocity measureu on B, we define theate function
p, and\ = p(n —v-Vingp). All other parameters are kept ru
the same. Under the framework of [10], one can verify that I(u) := sup {/—— dp:ue D(L),u> 1} . (M
g remains the unique stationary density of the process as u
long aslnp is some Lipschitz smooth function of and Intuitively, we can think of—£% evaluated ay € ) as the
independent ob. rate of convergence of the functian at the pointy and,
Whenp is a constant, we have that our previous Lyapunotherefore,/(;) would correspond to the fastestweighted
function u = /q(n —v- Vlng) has its convergence rate average rate of convergence achievable for some function
Lu/u in (3) multiplied by p. Provided the original process v in the domain of the generator. Rate functions have a
is exponentially ergodic, one can improve the convergendéndamental role in the study of the probability of rare
rate in the tail ofu arbitrarily by increasing. This, however, €vents in the context of large deviations theory. However,
could even worsen the convergence rate to steady state sificés not common to solve the maximization posed in (7)
it only takes into account the behavior on the tails. Follogvi €xplicitly. Our objective is to construct a Lyapunov furasti
our analysis in the previous subsection, the tetnwould u by solving this maximization problem.
become more negative, but the teBrwould become neces- A converse result is given in the following proposition,
sarily more positive on the neighborhoods of the maxima o¥hich is proven in [14]. We say that a functidf, grows
¢. Intuitively, to have good convergence one wants vehiclegrictly slower thaniV if limsup,_,. Wo(z)/W (z) = 0.
to move slowly in the neighborhoods of the maximagof We denote this relation bjy, < .
and to scape quickly from the regions wheris small. This
motivates the use of an output-modulated nominal velocitfroposition 1 Suppose that thel’-exponentially ergodic
p(q) with the properties just mentioned. For this process, ori@ocess®(¢) satisfies (CD) withiV" unbounded off petite
can use the method in the next section with: 1/ to find ~ Sets. Then, givem, € D(L) satisfyingl < uo < V and
the Lyapunov function: = \/Xg/p that proves exponential the growth condition-ug " Lug < W, there exists a unique
ergodicity provided|V In gp|| is uniformly positive for|z|| ~Probability measureu such thatu, attains the supremum
large. Simulation results for this new design are illugdat in (7). In particular, this is true for Lyapunov functions
in Fig. 2, where we see that an output-dependeint the satisfying the growth condition.
range[23, 40] improves speed of convergence with respect to

. . o In view of [3], we can rewrite the rate function in terms
p = 25 while ultimately providing better convergence than Lo . )
. . of an optimization problem that will be shown to be convex:

p = 50 [after vehicles approach the maxima @f

I(p) =sup {{u, —e VLeY) : eV € D(L)} (8)

where (-,-) denotes integration. From this point on it is
convenient to assume thd?(£) is an algebra and that
h € D(L) impliese" € D(L).

Along with convexity, another important property of the
functional (u, —e=Y LeY) is that it depends affinely of the
differential operatorf - V. As a consequence, this operator
does not appear in the first variation optimality conditi®h (
or in the second variation ofu, —e~Y LeY). This allows
one to exploit the compactness properties typically presen
in jump kernels.

Some useful facts about(u) are established in [3] for
the discrete-time case. From [3, Prop. 4.9], we have that
g ‘ ‘ ‘ ‘ I(u) > 0 and I() = 0 if and only if i is an invariant

’ o “ime " measure fo® , and in this case the supremum is attained by
any constant function. Also from [3, Prop. 4.6] we have that
Fig. 2. Coefficient of correlation between the probabilignsity of vehicles 1 (1) < oo only if 1 is absolutely continuous with respect to
atz and the output functiop(z) = 0.4e— =l +0.6e—l==[1-5 =1.5I'l for  the invariant measure fob.
p = 25 (dot-dashed)p = 50 (dashed) ang = 40 tanh([23 + 1/¢%]/40) In the following theorem we provide a sufficient condition
(solid). For further simulation details, see [1]. . . . .
for a function to attain the supremum in (8). Defihe =

Q.

o
5
o
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Theorem 3 i. The optimization problem in (8) is a convexB. A Candidate Lyapunov Function for Optimotaxis

_optimization problem iri/. Although K = AQ is not a compact operator iB() =
ii. A sufficient condition foru = ¥ € D(£), U > 0,10y V), it is a finite rank operator iB(V) for every fixed
attain the supremum in (7) fofy = p dm, p € D(L"), 4 ¢ x. In fact, if we regardQ as an operator imB(V)
1S p p for a fixedz, its range is spanned by the constant function.
uK” (a) -V-fp- EKU =0 m-a.e.  (9) Moreover, the operatap has the property thad(a(z)h) =
a(x)Qh for any h € B()) and anya independent ofv.
This implies that the set of solutions to (9) is invariant end
multiplication by a function ofr only.

iii. Suppose:V is a solution to (9). Thers® € D(L) is also
a solution if and only ifG(y) — U(y) = G(z) — U(z)

wu(dz)K(z, dy)-a.e. We obtain from (10)
Roughly speaking, Theorem 3 (iii) implies that the set of . . N Ap
solutions to (9) is invariant under multiplication by hammo U= v Vet \/(v VP)) A fudv ]S dv .
functions of @ (i.e., functionsh such thatQh = h). In 2] % dv

iamcu:cafr, th'hs |sr$1|ways true for_r;u(;tlphcﬂon by a coarst. This implies that there exist functionsand s such thatu
proof for the theorem is provided in [14]. satisfies the following structure

u=r(z) (v -Vp+(v-Vp)2 + )\ps(a:))

The main result in this section lies in the observation
that solving (9) foru can be done with relative ease for a Let p be a multivariable normal distribution and let its
significant number of PDPs. This is true because (9) has wovariance tend to infinity. The that results from the limit
differential terms inu, which makes it possible to exploit the is equivalent to the one we would obtain with= 1, but
compactness properties &f. In particular, whenk andkK*  in this casep would not be integrable. Although our theory
have finite rank, solving (9) reduces to a finite-dimensiondlas no need to restrigi to be a probability measure, we
problem. A wide class that satisfies this property is given bgvoid this path due to its more complicated interpretation.
a generalization of the Markov Jump Linear systems in [15]The resulting limit satisfies
where one may allow Markov transitions to depend on the
continuous state. This is also the case of our Optimotaxis u=r(@)vAs@) .

example, where a closed form solution to (9) is provided. Recalling that the set of solutions to (9) is invariant under

To see why this is possible, note that we can rewrite (Shultiplication by a function ofz only, we have
using the fact that, solves an implicit quadratic equation:
uw=y(z)VX\ . (11)

AV V- 2 L 4pK (uw)K*(p/u
w— pf+/( 2%3(;/_@]9 (WK (p/u) . (10)  for any ~y(z) such thatu € D(L), u > 1.

. . ] ) ) This v can be interpreted as the function that maximizes
When K and K* have finite rank, this expression definespe rate of convergence with equal weight for everyv). It

a finite dimensional manifold where lies. Therefore, even g cjear that not all elements of the form (11) are Lyapunov
when it is not possible to solve (10) explicitly, this eqoati ,nctions for the PDP. However, we have arrived to a
gives us structure to make good guesses for candidalgcture for Lyapunov functions without which we were not

Lyapunov functions. . o able to find Lyapunov functions in the past.
One can also attempt to solve (10) via an iterative proce-

dure as follows: givenu,, replaceu on the the right hand V. EXAMPLE: A SCALAR LINEAR TRANSPORTPROCESS

side of (10) withu,, and definex,,., to be that value modulo In this section we show how the method proposed above

some normalization. The normalization is necessary singg, pe applied to a process different from Optimotaxis.
the class of solutions to (9) is invariant_L_mder m_ult_iplio_qt The process we consider in this example appears in many
by a constant. Under reasonable conditions, this iteraion fie |45 ranging from neutron transport phenomena to biology
venfled to converge for finite rank jump ken_qel_s. . (see [16] and references therein). This well studied poces
Finally, it is important to remark that this is the po'ntprovides a simple example of how our method can be used
where our approach takes advantage of the specializedgett}, fiq Lyapunov functions in closed form. This process

of PDPs. If, for example, one was to consider a purelyegqrines a particle with positian € X = R moving with
deterministic process, the solution set to (9) would beadativ velocity v € V = {—1,+1}. Velocity jumps occur with

(either empty or the whole space of functions) andannot intensity A,(z) > € > 0 and with Q = 6,_,,, whered

be used as a Lyapunov function. On the other hand, nontrivighyqtes the Dirac mass. A process so defined is aperiodic
results can be obtained in the nondeterministic case. B d irreducible, with compact sets being petite.

when one considers a general process that includes bOtr\:rom (10), we can derive an optimizer of the form

jumps and diffusion, the solution to (9) is typically diffitu

since one would be dealing with a partial integro-differaint v Vpy + 1/ (V- VD)2 + 4puApt_y A yp—p/Uu_y
equation. uo(x) = 2D oA /Uy :

A. Computation of Optimizers




As above, take the limit ap — 1. The resulting limit
satisfies

Uy (T) = u_y

Ay

Therefore, the class of minimizers is characterized by

functions of the form

wo(2) = Y(2)V/ A

where the functiony only depends on: . To construct a
Lyapunov function, we need now to selegtproperly. To
this purpose, we evaluate

Lu, =v(lny) + 1n/\ ) 4+ VA

Uy
where’ denotes derivative with respecttoln order to make
the right hand side negative for both valuesuwpfwe must
choosey so that

—|—\//\1/\ 1—)\ 1 < hl’y)
— /AL F A

Assuming that the inequalltles hold, we chodkey)’ to be
the mean of the two bounds:

1 1 1
(lnv)' = —E(hl \ /\1)\_1)1 + 5)\1 — 5/\_1 .

This leads to a consistent choice > 1 as long as\; >
A_1 in the positive tail and\; < \_; in the negative tail.
For this choice ofy we have

Euv 71 In \/)\_1 /\1+)\71
)

MA_1 —
,—/\—1> + 1A-1 5

1n/\

< —= 111)\1

(12)

For x large enough, the derivative term in the right hand
side of (12) is either dominated by, or negative. There-

fore, exponential ergodicity depends solely on the diffiese

between the geometric and the arithmetic averages of thg

jump intensities, which is uniformly negative providgd —
A_1| > 0 uniformly outside a compact set.

In summary, we have constructed a Lyapunov function[

that predicts exponential ergodicity for the transportcess
given that there exists > 0 such thasgn(z)(A —A_1) > €
for |z| large enough. If this condition holds withdepending

on = but decaying more slowly thai/|x|, one can show
that Lu,, < 0 uniformly off a compact set, which is a known (1]

condition for (non-exponential) ergodicity (see [13]).€Be

results are consistent with the expression for the statjonal12]

probability densityg, (x) for this process [16]:

qv(®) + g—ov(x) = cexp </Oz A=\ dz>

problem in the literature. Finally we note that, despite the

similarities with Optimotaxis, this example shows that our

technique can construct Lyapunov functions for processes
with jump kernel qualitatively different.

VI. CONCLUSIONS

We have presented a method for the construction of
Lyapunov functions for PDPs based on the maximization of
a certain notion of rate of convergence. This method allowed
us to construct a Lyapunov function to prove exponential er-
godicity for the Optimotaxis algorithm. Some open question
are how one can selegt such that the maximizer function
is guaranteed to be a Lyapunov function; and to find general
conditions under which the iterative procedure suggested i
Section IV-A converges to the solution of the optimization
problem.
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