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Abstract

A new method for solving output-feedback model predictive control (MPC) and moving
horizon estimation (MHE) problems simultaneously as a single min-max optimization problem
was recently proposed. This method allows for stability analysis of the joint output-feedback
control and estimation problem. In fact, under the main assumption that a saddle-point solution
exists for the min-max optimization problem as well as standard observability and controllability
assumptions, practical stability can be established in the presence of noise and disturbances. In
this paper we derive sufficient conditions for the existence of a saddle-point solution to this min-
max optimization problem. For the specialized linear-quadratic case, we show that a saddle-
point solution exists if the system is observable and weights in the cost function are chosen
appropriately. A numerical example is given to illustrate the effectiveness of this combined
control and estimation approach.

1 Introduction

Classical MPC has been a prominent control technique in academia and industrial applications
for decades because of its ability to handle complex multivariable systems and hard constraints.
MPC, which is classically formulated with state-feedback and involves the repeated solution of
an open-loop optimal control problem online in order to find a sequence of future control inputs,
has a well-developed theory as evidenced by [1-3], and has been shown to be effective in practice
[4]. However, with more efficient methods and continued theoretical work, more recent advances in
MPC include the incorporation of disturbances, uncertainties, faster dynamics, distributed systems,
and output-feedback.

Related to these advances is the recent work combining nonlinear output-feedback MPC with
MHE into a single min-max optimization problem [5]. This combined approach simultaneously
solves an MHE problem, which involves the repeated solution of a similar optimization problem
over a finite-horizon of past measurements in order to find an estimate of the current state [6, 7],
and an MPC problem. In order to be robust to “worst-case” disturbances and noise, this approach
involves the solution of a min-max optimization where an objective function is minimized with
respect to control input variables and maximized with respect to disturbance and noise variables,
similar to game-theoretic approaches to MPC considered in [8, 9].

The motivation for the combined MPC/MHE approach is proving joint stability of the combined
estimation and control problems, and the results in [5] guarantee boundedness of the state, bounds
on the tracking error for trajectory tracking problems, and practical stability in the presence of



noise and disturbances. Besides standard assumptions regarding observability and controllability
of the nonlinear process, the main assumption required for these results to hold is that there exists
a saddle-point solution to the min-max optimization problem at every time step.

The analysis of the min-max problem that appears in the forward horizon of the combined
MPC/MHE approach is closely related to the analysis of two-player zero-sum dynamic games as
in [10] and to the dynamic game approach to H* optimal control as in [11]. In these analyses the
control is designed to guard against the worst-case unknown disturbances and model uncertainties,
and in both of these references, saddle-point equilibria and conditions under which they exist are
analyzed. The problem proposed in [5] differs, however, in that a backwards finite horizon is also
considered in order to incorporate the simultaneous solution of an MHE problem, which also allows
the control to be robust to worst-case estimates of the initial state.

In this paper we derive conditions under which a saddle-point solution exists for the combined
MPC/MHE min-max optimization problem proposed in [5] and specialize those results for discrete
linear time-invariant (DLTI) systems and quadratic cost functions. We show that in the linear-
quadratic case, if the system is observable, simply choosing appropriate weights in the cost function
is enough to ensure that a saddle-point solution exists. A numerical example discussed at the
end of the paper shows that, even for unconstrained linear-quadratic problems, better regulation
performance may be achieved using this MPC/MHE approach with shorter finite horizons.

The paper is organized as follows. In Section 2, we formulate the control problem and discuss
the main stability assumption regarding the existence of a saddle-point. In Section 3, we describe
a method that can be used to compute a saddle-point solution and give conditions under which
this method succeeds. A numerical example is presented in Section 4. Finally, we provide some
conclusions in Section 5.

2 Problem Formulation
As in [5], we consider the control of a time-varying discrete-time process of the form

Tp1 = filwg, we, dy), yr = g¢(z¢) +ny (1)

Vt € Zq, with state z; taking values in a set X < R™. The inputs to this system are the control
imput vy that must be restricted to a set U < R™, the unmeasured disturbance d; that is known to
belong to a set D < R™, and the measurement noise ny € R™. The signal y; € ) < R™ denotes
the measured output that is available for feedback. The control objective is to select the control
signal u; € U, Vt € Z=, so as to minimize a finite-horizon criterion of the form®

J (@i p W Lt T =1 Ap— Lot 4 T—1, Yt—Let) =

t+T—1 ¢ 471
D1 oen(@rug) + qur(rr) = D me(e) = ) prl(de) (2)
k=t [ [

for worst-case values of the unmeasured disturbance d; € D, Vt € Z>( and the measurement noise
nt € R™, Vt € Z=¢. The functions c(-), nx(-), and pg(-) in (2) are all assumed to take non-negative
values. One can view the terms p;(-) and 7:(-) as measures of the likelihood of specific values for

!Given a discrete-time signal z : Zso — R", and two times to,t € Z>0 with to < t, we denote by z;,.; the sequence

{Zt07zt0+17 .- .7Zt}«



d; and ny. Then, the negative signs in front of p;(-) and 7;(-) penalize the maximizer for using low
likelihood values for the disturbances and noise (low likelihood meaning very large values for p(-)
and 17(")).

The optimization criterion includes T' € Z= terms of the running cost ¢;(x¢, us), which recede
as the current time ¢ advances, L + 1 € Z~; terms of the measurement cost n;(ny), and L +7 € Z~;
terms of the cost on the disturbances p;(d;). We also include a terminal cost ;7 (x¢+7) to penalize
the “final” state at time ¢ 4+ T'.

Just as in a two-player zero-sum dynamic game, player 1 (the controller) desires to minimize
this criterion while player 2 (the noise and disturbance) would like to maximize it. This leads to a
control input that is designed for the worst-case disturbance input, measurement noise, and initial
state. This motivates the following finite-dimensional optimization

~ min max Je(@t—r, Ue—L:t—15 Uit 4715 dt— Lot T—1, Yt—Lit)- (3)
Gpeyr—18U 3y 1eX,di_p.17-1€D

The measurement noise variables n;_r.; do not explicitly show up in (3) because they are not
independent optimization variables as they are uniquely defined by the remaining optimization
variables and the output equation (1). In this formulation, we use a control law of the form

w = ay, Vt=0, (4)

where 4} denotes the first element of the sequence 4, ,_; computed at each time ¢ that minimizes
(3).

For the implementation of the control law (4), the outer minimizations in (3) must lead to finite
values for the optima that are achieved at specific sequences iy, ,_; € U, t € Z=o. However, for
the stability results given in [5], we actually ask for the existence of a saddle-point solution to the
min-max optimization in (3) as follows:

Assumption 1 (Saddle-point [5, Assumption 1]). The min-max optimization (3) with cost given
as in (2) always has a saddle-point solution for which the min and max commute. Specifically, for
every time t € Z>g, past control input sequence u; 1.+ 1 € U, and past measured output sequence
Yi—r:t € Y, there exists a finite scalar J € R, an initial condition Z} ; € &, and sequences

3 7
Uiy op_y EU, df_; . p_1 € D such that

% Ak ~ T
Ji= (@, w1, Uppyr—1, Ay [ —15 Yi—L:t)

~ A~k 7
= max Jt(xthy Ut—Lit—15 Upp 715 dth:tJrTflayth:t) (53)
2y p€X,di L4+ 1ED

. Nk ~ 7%
= min ST} p,wri 1, U1, df_p 1 Yt Let)- (5b)
Up.p 71U

In general, J;* depends on the past control and outputs, so we can alternatively write
JE (W pe1, Ye—Lot)-

In the next section we derive conditions under which a saddle-point solution exists for the general
nonlinear case and then specialize those results for DLTI systems and quadratic cost functions.



3 Main Results

Before presenting the main results, for convenience we define the following sets of time sequences
for the forward and backward horizons, respectively, T = {t,t+1,....t+T —1} and £ = {t — L, t —
L +1,...,t — 1} and use them in the sequel.

3.1 Nonlinear systems

Theorem 1. (Existence of saddle-point)
Suppose there exist recursively computed functions Vi,(-), for all k € T, and Vj(-), for all j € L,
such that for ally: 1.+ €Y, and us_r.+ 1 €U,

Vier(@esr) = qeer(Teyr), (6a)

Vi(zx) = min max (lk(mk,uk,dk) + Vk+1(mk+1))
uReU dkE'D

= max min (lk(a:k, U, dk) + Vk+1(azk+1)) Vk e T\t, (6b)

deD UkeU

Vi(z, yt) = ﬁéﬁf}lag (lt(xtautadtayt) + Vie1(@e41))
tE

= maxmin (I (zs, 4, dy, yi) + Vi1 (2e11)), (6c)
dte’D =

Vi@j, w1, yj) = max (L (x5, uj, dj, y5) + Vjp1 (€1, wjera—1, Yjr1:e))s Vi € L\t — L, (6d)

;€

VieL(Wi—Lit—1, Ye—r:t) = max (L (Zt—r, w1, di_1,yi—1)
i‘t_LGX,dt_LG'D

+ Vi n41 (@t L1, W L1401, Ye—L41:t)),  (6€)

where
le (g, g, dy) = cp (g, Ur) — pr(dp), k € T\L, (7a)
le(e, G, i, ye) = (e, i) — 76 (ng) — pe(dy), (7b)
Li(wj,uj, dj, y;) = —n;(n;) — pi(d;), j€L. (7c)

Then the solutions 1y, dk, d*

= and z} ; defined as follows, for all k € T and j € L, satisfy the
saddle-point Assumption 1.

U = arg min max (lk(a:k, U Jk, Yk) + Vk+1(azk+1)), (8a)
ﬁkeu dkE'D

cz,"; '= arg max min (lk(mk,ﬁk,cfk,yk) + Vk+1(azk+1)), (8b)
(IzkED k€

d;-‘ = arg max (lj (@, u5,dj,y5) + Vigr(Tj41, Ujr1ie—1, yj+1:t))a (8¢)
djED

Ak ~ 7

Ty g, = arg mix (L@ rowrn,der Y1) + Vie b1 (T4 L1 W L1201, Yo L 1:2)) - (8d)

Tt €
Moreover, the saddle-point value is equal to JF(us—r4—1,Yt—1:¢) = Vi L(Wt—Lt—1,Yt—L:t)- O



Proof. We begin by proving equation (5b) in Assumption 1. Let 4} be defined as in (8a), and
let 4 be another arbitrary control input. To prove optimality, we need to show that the latter
trajectory cannot lead to a cost lower than the former. Since Vj(xy) satisfies (6b) and @) achieves
the minimum in (6b), for every k € T\¢,

Vii(zk) = min (e @k s ) + Viesr (@r11)) = le(@n, i, df) + Viesr (@r41)- 9)
g,

However, since u; does not necessarily achieve the minimum, we also have that

Vii(zy) = min (U (s iy ) + Viwr (@es1)) < (@ @k, df) + Vi1 (ms1)- (10)
g,

Summing both sides of (9) from k =t + 1 to k =t + T — 1, we conclude that

4T -1 4T 1 4T -1
Z Vi(xr) Z U (g, 0, df) + Z Vir1(Trs1)
k=tt1 k=t+1 k=t+1
t+T—1 t+T—1 t+T—1
= 2 Vi (zr) Z Vit1(Tr41) Z Ui (g, i, df)
k=t+1 k=t+1 k=t+1
4T 1
= V;H—l(xt—i-l 2 lk xkvukvdk)'
k=tt1

Next, summing both sides of (10) from k =¢ + 1 to k =¢+ T — 1, we conclude that

t+1T—-1 t+T 1 t+T—1
Z Vi(zr) Z Ui (g, iy, df) + Z Vit1(Tr41)
k=t+1 k=t+1 k=t+1
t+T—1 t+T—1 t+T 1
= Z Vi(xg) Z Vir1(Zr41) Z U (g, iy, df)
k=t+1 k=t+1 k=t+1
t+T—1
= Viji(xe41) < Z L (g, T, df),
k=t+1
from which we conclude that
t+T—1 t+T—1
Viri(zegr) = Z L (g, @, df) < Z U (g, G, df;). (11)
k=t+1 k=t+1

Similarly, since Vi(x¢,y:) satisfies (6¢) and u; achieves the minimum in (6¢), we can conclude
that

Vi(we,ye) = (e, 0, dF s ye) + Vigr (@e1) < (e, G, dFyye) + Vigr (@e41)- (12)

Then from (11) and (12), we conclude that

t+T—1 t+T—1
V;f(xt,yt) = lt(xtyafvdfayt) + Z lk($k7a27d2) < lt($tvﬁtad?7yt) + 2 lk(xkva/wdlﬂ;) (13)
k=t+1 k=t+1



Next, since Vj(z;, wj.¢—1,;:¢) satisfies (6d) and d;‘ achieves the maximum in (6d), we can conclude
that

Vi@, wjamt, Yjie) = Li(@j,wg, d2,y5) + Vier (@51, i1, Yjur)- (14)
Summing both sides of (14) from j =¢ — L+ 1 to j =t — 1, and using (13), we conclude that

t—1 t—1
7%
Z ‘/j(xjuuj:tfhyj:t) = Z l](xjau]7d]7y]) + Z V7+1 x]Jrluu]t 17?4] t)
j—t—L+1 j=t_L+1 j=t_L+1
t—1
7%
= Vi1 (Tt L1, WL 161, Ye—L41:t) = Z li(zj,u5,d5, y;) + Vi(ze, yr)
j=t_L+1
t—1
= Vipn @ pinwe g Ly noe) = > Llag,ug,dyg) + (e af, df y)
j=t—L+1
t+T—1 t—1 t+T—1
A% Tk 7% A Tk ~ 7%
+ Z lk(xkvukvdk) < Z l]($J7uj7d]7y]) +lt($t7ut7dt7yt) + Z lk($k7uk7dk)
k=t+1 j=t—L+1 k=t+1

Finally, from this and the facts that Vi_p (us—r.t—1, y1—r.t) satisfies (6e) and cZZ‘? ; and 2} ; achieve
the maximum in (6e), we can conclude that

Sk T
Vicp(W—ra—1,Ye—r:t) = - (T} 1, weer, df 1, Y1) + Vie 41 (T4— L1 Wee L4161, Ye—L41:1)

t+T—-1 t—1
Z lk(xkaﬁ;;7dz) +lt(xt7a;:7d;:7yt) + Z l](x]7u]7d;7y]) +lth('i';L[ﬂuthud;:—[nyth)
k=t+1 Jj=t—L+1
t+T—1 R . t—1 . .
Z lk($k7akvdz) +lt($t7at7d;,k7yt)+ Z l](x]7uj7d;<7y]) +lt—L(j?—Laut—Lyd?—L7yt—L)-
k=t+1 j=t—L+1

Therefore 4} is a minimizing policy, for all k€ 7, and (5b) is satisfied with J(u—pr.¢—1,¥t—r:4) =
Vt—L(Ut—L:t—l,yt—L:t)- ) R R R

To prove (5a), let dj; be defined as in (8b), d} be defined as in (8c), and let dj, and d; be other
arbitrary disturbance inputs. Similarly, let 2} ; be defined as in (8d), and let &;_r, be another ar-
bitrary initial condition. Then, since Vi, (z},) satisfies (6b), Vi(zy, y;) satisfies (6¢), Vi(z;, wjr—1,Y;:¢)
satisfies (6d), and dz achieves the maximum in (6b), df achieves the maximum in (6¢), and d;‘
achieves the maximum in (6d), we can use a similar argument as in the proof of (5b) to conclude
that

-1
Vicrr (et W ppr—t, Yeenn) = O, Ly, i yg) + e, G, )
j=i—L+1
471 -1 t4+T—1
. s s
+ Z lk xlmuka ) Z lj(xj7uj7dj7yj)+lt(‘rt7ut7dtuyt)+ Z lk(‘rlmuk?dk)
k=t+1 j=t—L+1 k=t+1

Finally, from (6e), (8c), and (8d), we have

Viep(ug—r:¢-1,Yt-14) = max  max (lth(ithy U1, d¢—1,Yt 1)
wt LEth LGD



+ VieLa 1 (Te—La 1, UL, Ye—L:t))

Ak %
=L@ _p,w—r, df_ 1, yt—1) + Vicp1(Tt— L1, WeeLit—1, Yt—L:t)
l

WV

- Tk
t—L(Tt—r W, di_, Yi—1) + Vic41(Te—p41, We—Lt—1, Yt—Let) s

and

Ak T

Vicp(we—ri—1,Ye—1:6) = b—r(TF pwe—r,di 1, Y1) + Vie 1 (X141, We—Lit—1, Yi—L:t)
/\* 7

> L@, wr,dir, Y1) + Vi b1 (T n41, W Let—15 Yt Lot)-

Then, (5a) follows because

ok T
Vicp(we—ri—1Ye—1:6) = b (TF_p, we—r,di_ 1, Y1) + Vie 41 (Tt 041 We— L1261, Ye—L+1:2)

t+T-1 -1
= Z lk($k7azvdz) +lt($taﬂ?,df,yt) + Z lj(xjvuj7d;7yj) +lt—L(i'z:—Laut—Lydz:—L7yt—L)
k=t +1 j=t—L
71 A A -1 A A
> >0 Wlwkaf,dy) + (e @f dey) + D Ly, dy ) +len(@enwe ndenyye 1)
k—t+1 j=t—L+1

Therefore CZ;:, for all k € T, and J;, for all j € £, are maximizing policies, £} ; is a maximizing
policy, and (5a) is satisfied with J;*(wi—r:4—1,Yt—1:¢t) = Vi (W—L:t—1,Yt—1:¢). Thus, Assumption 1
is satisfied. ]

Next we specialize these results for DLTI systems and quadratic cost functions.

3.2 LTI systems and quadratic costs
Consider the following discrete linear time-invariant system, for all t € Z~,
Tyl = Axy + Buy + Ddy, yr = Cay + ny, (15)

with z; e X =R"™, wy eUd = R™, dy € D =R"™, ny e N =R"™, and y; € ) = R". Also consider
the quadratic cost function

t+T 1
J (T, WL+ T =1, - Lot T—15 Yi—Lit) = (23, Q. + Mujur) + 2 7 Quiyr
k=t
¢ t+T—1
— > Aalyk = Cap) (g — Ca) — >, Nadjdy (16)
k=i—L k=i—L

where Q = Q' > 0 is a weighting matrix, and \,, Ag, A, are positive constants that can be tuned
to impose “soft” constraints on the variables xj, ug, di, and ny, respectively, or to increase or
decrease the penalty for choosing low likelihood values for the disturbances and noise. The positive
scalar weights A\, Ay, and A, could be replaced with positive-definite matrices, and the following
results would still hold with minor adjustments. We use \,, Ag, and A, here for simplicity.

Again, the control objective is to solve for a control input u; that minimizes the criterion (16)
in the presence of the worst-case disturbance dj and initial state =} ;. This motivates solving the

7



optimization problem (3) with the cost given as in (16) subject to the dynamics given in (15). Then
the control input as defined in (4) is selected and applied to the plant.

The following Theorem gives conditions under which a saddle-point solution exists for problem
(3) with cost (16), thereby satisfying Assumption 1, as well as a description of the resulting saddle-
point solution.

Theorem 2. (Ezistence of saddle-point for linear systems with quadratic costs) Let My and Ay,
for allk € T, and Pj and Z;, for all j € L, be matrices of appropriate dimensions defined by?

My, =Q+ A My A Ay Myyr = Q, (17a)
o 1 ! 1 !/
Ap =1+ <Au BB —5-DD )MkH, (17b)
Py = A'Pj A+ AP DZ; ' D'Pi A — X, C'C;
Pt = Mt - )\nCIC, (17C)
Zj = AgI — D'P; 1 D. (17d)

Then, if the following conditions are satisfied,

Mol + B'My 1B > 0, (18a)
Mgl — D' My 1D > 0, (18b)
Aol — D'Pj 1D >0, (18¢)

>0, (18d)

/\nCIC - A,B_L+1A —A,Pt_L+1D
—-D'P_ 1A Al = D'P,_ 1D

the min-max optimization (3) with quadratic costs (16) subject to the linear dynamics (15) admits
a unique saddle-point solution that satisfies Assumption 1. O

Proof. This proof shows that for the linear system (15) and quadratic cost function (16), there exist
solutions as in (8) that satisfy functions as in (6), and therefore, a saddle-point exists by Theorem
1.

In this linear-quadratic case, the functions (6) can be solved for explicitly, beginning with
Vigr—1(+), then Viy7_o(+), etc., and continuing recursively backwards in time until V;_p, by recog-
nizing that, for all k € 7 and j € L,

Q7 (TerT) = $£+TQ$t+T,
cr (g, Ug) = ), Qry + Nyl dg,
pr(di) = —Nadjdy,
pi(d)) = =Aad}d;,
nj(nj) = =An(y — Cz;)'(y — Cay)

and then computing the solutions to (6).
and j € L, given as follows

~—

This results in functions Vi (-) and Vj(-), for all k € T

Virr (Te4r) = 010 Qe4, (19a)

2T denotes the identity matrix with appropriate dimensions.



Vk(xk) = ‘T;Ckak, Vk e T\t, (19b)
Vi(ze,yt) = 2Py, (19¢)
Vi), Yt wje—1) = 25 Py + 2wjz; + ¢4, Vjie L\t — L (19d)
VieL(Ye—L:t, Up—L:4—1) = w,’g,LPt_,let—L - QwQ,LPt_,let—L + ¢, (19e)

where the vectors wj, for all j € £, are defined by

i = A'R(Pjy1Buj +wji1) + A Cly;;
= )‘nC Yt,

with the matrices R; and scalars ¢; defined by
Rj =1+ DZ;'D'P;,,,
¢j = wi DZ; D'wj1 — Myjys + i1 + (WB Py + 2wy Ry Bug;
Ct = _)\nyéyt'

Then conditions (18) come directly from the second-order conditions for strict-convexity /concavity
of a quadratic function. Specifically, for the quadratic cost (16), the costs i (-), l;(-), and [;(-) in
(6) are given as

U (g, g, di) = ) Qg + Nyttt — Nadydr, ke T\t (20a)
l(e, G, i, ye) = 24Qmy + Nytihity — Apminy — Agdidy, (20b)
lj (xj7 Uy, dja y]) = )‘nn i1y — )‘dd dj? JE€E L, (20C)

and condition (18a) comes from computing the Hessian matrix (the matrix of second-order partial
derlvatlves) of Iy (xg, Ug, dk) + Vi1 (f (zg, U, Jk)) with respect to 1, as well as the Hessian matrix of
le(xe, Uy, dt) + Vg1 (f (x4, g, dt)) with respect to @; and requiring these Hessian matrices to be posi-
tive definite. Similarly, condition (18b) comes from computing the Hessian matrix of Iy (xy, U, dk)
Vier1 (f (g, g, dk)) with respect to d. as well as the Hessian matrix of I; (x4, dt) +Vip1 (f (z, 1y, dt))
with respect to dy and requiring these Hessian matrices to be negative definite. Condition (18c¢)
comes from computing the Hessian matrix of ;(x;, u;, d; i)+ Vi (f (g, uy, d}-), Ujit—1,Yj:) With re-
spect to d] and requiring it to be negative definite. Finally, condition (18d) comes from computing
the Hessian matrix of I, (Z— 1, w1, dAt,L) + Vi1 (f(Ze—rn, w1, dAth), Up—Lit—1, Y¢— L) With re-
spect to [#)_, d/_ ;] and requiring it to be negative definite. Therefore, if conditions (18) are
satisfied, the optimization (3) with cost (16) is strictly convex with respect to us¢17—1 and is
strictly concave with respect to Jt, Lt+7—1 and &1, and therefore, the functions (19) satisfy the
equations in (6). Thus a saddle point solution exists because of Theorem 1.

In this case, the solutions (8) can be found analytically and are given by

1

A 1

di = )\—dD'MkHA;;lAl’Za (21)

dj = 2, D'(Pya( A + Buy) + wjn), 21
.Ci';LL = - t:leth’ (21d)



where the corresponding state trajectory is determined from

T = Ay A, (222)
w¥,1 = Rj(Az} + Bu;) + DZ; ' D'w;, (22b)
af =& p. (22¢)

The state trajectory (22) is found by plugging the saddle-point solutions (21) into the dynamics
(15). Finally, as a consequence of the argument in the proof of Theorem 1, the corresponding
saddle-point value is

JEe—rty wt—rt—1) = Vie L(Yt—Lets We—Lt—1)-
]

Remark 1. For times k € T \t, the result given in Theorem 2 is very close to the result derived in [10]
for the affine-quadratic two-person zero-sum game because the equations (6a) and (6b) equivalently
describe a linear-quadratic two-person zero-sum game.

Corollary 1. If the discrete-time linear time-invariant system given in (15) is observable, then the
scalar weights A\, and \g can be chosen sufficiently large such that the conditions (18a)-(18d) are
satisfied. Therefore, according to Theorem 2, there exists a saddle-point solution for the optimiza-
tion problem (3) with cost (16). Therefore, also, Assumption 1 is satisfied. ]

Proof. Condition (18a) is trivially satisfied for all k € T as long as we choose A, > 0 and weighting
matrix Q > 0 because Q >0 = M >0,VkeT. 3

Condition (18b) is satisfied if the scalar weight \; is chosen sufficiently large. To show this,
we take the limit of the sequence of matrices My, as given in (17a), as Ay — o0 and notice that
M, — M, where Mj, is described by

_ _ 1 _
My, = Q + A' (M 1[I + )\—BB’MkH]*l)A;
Mt+T = Mt+T7

for all k € T. Then, as Ay — 00, )\q is greater than the largest eigenvalue of D'M;, 1D, and therefore,
condition (18b) is satisfied when A\ is chosen sufficiently large.

Next we prove that conditions (18c) and (18d) are satisfied, for all j € £, when \,, and \; are
chosen sufficiently large and the system (15) is observable. We first take the limit of the sequence
of matrices P}, as given in (17c), as Ay — o and notice that P; — P; where P; is described by

P = —2,0,0; + AN, AT
for all j e Lut, and O; is defined as
9,:=[C" A'C" A%C' ... AticY.

The matrix ©; looks similar to the observability matrix, and therefore, (9;-@]- > 0 if the system
given in (15) is observable.

*Note that M) = Mj, due to the fact that Q@ = Q' and the matrix identity in [12] which says that A(I + BA)™" =
(I+ AB)™'A.
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Then, the scalar weight \,, can be chosen large enough to ensure that )\n@;@j > AtI M AVT
for all j € £. It then follows that P; < 0 for all j € £. Therefore, condition (18c) becomes
Xal — D'Pj ;1D > 0 in the limit as Ay — o0 and is trivially satisfied if system (15) is observable
and A, is chosen sufficiently large.

Finally, consider condition (18d). Using the Schur Complement, condition (18d) is satisfied if,
and only if,

)\dI — D,Pt,LJrlD >0
and
MC'C —AP_p A= AP_p DM\ —D'P_p,1D)"'D'P,_ 1A > 0.

We just proved that \yI — D'P;_111D > 0 if the system (15) is observable and the weights A\; and
A are chosen sufficiently large. Then, in the limit as Ay — o0, the second inequality becomes

)\nC,C — Alpt_L+1A > 0.

Therefore, if the system (15) is observable, A, can be chosen sufficiently large such that this
inequality is satisfied, and therefore, condition (18d) is satisfied. O

4 Simulation

Various choices for the parameters in the cost function (16) lead to different control inputs that
may all satisfy the saddle-point assumption but that produce very different closed-loop performance.
For instance, there are examples for which a short finite-horizon approach performs better than
a quasi-infinite-horizon approach even for unconstrained linear-quadratic problems. Specifically,
better disturbance attenuation can be achieved for the following unconstrained linear-quadratic
example, where the system is subjected to impulsive disturbances, using the combined MPC/MHE
approach with shorter finite-horizon lengths.

Example 1. (Stabilizing a riderless bicycle.) Consider the following second order continuous-time
linearized bicycle model in state-space form:

T = Az + B(’LLt + dt), yr = Cxy + ny (23)

The state is given by x; = [gb ) gb 5]I where ¢ is the roll angle of the bicycle, ¢§ is the steering

angle of the handlebars, and ¢ and ¢ are the corresponding angular velocities. The control input
uy is the steering torque applied to the handlebars. The matrices defining the linearized dynamics
are, as described in [13],

0 0 1 0
Ao | 0 0 0 1
= [13.67 0225 -1.3190> —0.164v —0.5520 |’
4.857 10.81 — 1.1250>  3.621v  —2.388v
)
0 1 000
B=1 33| ¢= [0 1 0 0]’
7.457
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where v is the bicycle’s forward velocity. Only the roll and steering angles (and not their corre-
sponding angular velocities) are measured and available for feedback. In this example, we fix the
forward velocity at v = 2 m/s, which results in an unstable system, and discretize the system using
a 0.1 second zero-order-hold.

The control objective is to stabilize the bicycle in the upright position, i.e. around a zero roll
angle (¢ = 0), by applying a steering torque to the handlebars. The disturbance d; acts on the
input and can be thought of as jolting the steering due to sharp bumps in the bicycle’s path or
similar environmental perturbations. We solve this problem by solving the optimization given in
(3) with cost (16) at each time ¢ and apply the resulting @] as the control input. The measurement
noise is a random variable n; ~ N(0,0.001%). The disturbance d; is nominally a random variable
dy ~ N(0,0.01?) but with occasional large, impulsive values.

Because the system (23) is observable, we are able to choose A\g and A, so that conditions
(18) are satisfied. Therefore, a saddle-point solution to (3) with cost (16) exists for the riderless
bicycle example according to Theorem 2. However, conditions (18) are only sufficient conditions
and may lead to unnecessarily conservative weights. In this example, it is possible to achieve
better performance by choosing weights that do not satisfy conditions (18) but that still ensure the
existence of a saddle-point which can be verified numerically.

In this example, we compare results for long horizon lengths (L = T = 200) to results for
short horizon lengths (L =2, T'= 7) and tune the weights Ay and A, in order to achieve the best
performance as determined by minimizing the tracking error [|¢|. Table 1 shows four simulation
scenarios. Rows #1 and #2 of Table 1 show the weights Ay and A, that satisfy the conditions (18)
and provide the best performance for both the long and short horizon lengths. Rows #3 and #4
of Table 1 show the best possible weights Ay and A,, for performance that still ensure the existence
of a saddle-point (verified numerically) but that do not satisfy the conditions (18). For all four
scenarios, the weighting matrix ) in the cost (16) is chosen as a 4x4 matrix with the element in
upper left corner equal to one and all other elements equal to zero, and \, is chosen as 0.001.

Table 1: Tuning Parameters and Performance

L T M An || [deg] [u] [Nm]
#11 200 200 1500 107 29.0 19.3
#2| 2 7 90 107 27.1 19.2
#3| 200 200 0.02 15000 22.1 18.0
#4| 2 7 0.002 15000 14.6 35.5

Figure 1 shows results for the scenarios in rows #3 and #4 of Table 1. The top plot shows
the measured output ¢, the middle plot shows the measured output d, and the bottom plot shows
the applied control input u* as well as the true disturbance d that is the same for all four of the
scenarios in Table 1.

The control input computed using the shorter horizons is able to regulate the roll angle ¢
back to zero without as much oscillation as the control input computed using the longer horizons.
This is because a larger Ay is required with long horizons to satisfy the saddle-point assumption
while a smaller \; can be used with short horizons. In this case, a smaller \; results in a less
conservative control input that better attenuates the large impulsive disturbances. Therefore, it
may be beneficial to use the finite-horizon MPC/MHE approach over other standard infinite-horizon
control techniques for particular types of unconstrained linear-quadratic problems.
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t [s]
Figure 1: Comparing results for longer horizons (red o’s) versus shorter horizons (blue *’s) with
weights given in rows #3 and #4 of Table 1.

5 Conclusion

We discussed the main assumption that a saddle-point solution exists for a new approach to solving
MPC and MHE problems simultaneously as a single min-max optimization problem as proposed in
[5]. First we gave conditions for the existence of a saddle-point solution when considering a general
discrete-time nonlinear system and a general cost function. Next we specialized those results for
DLTTI systems and quadratic cost functions. For this case, we showed that observability of the linear
system and large weights Ay and A, in the cost function are sufficient conditions for a saddle-point
solution to exist.

We showed the effectiveness of this control approach in a numerical example of a linearized rid-
erless bicycle system subjected to impulsive disturbances and illustrated the importance of carefully
choosing tuning parameters in order to achieve desirable performance.
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