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Abstract— A new method for solving output-feedback robust to “worst-case” disturbances and noise, this ap-
model predictive control (MPC) and moving horizon esti-  proach involves the solution of a min-max optimization
mation (MHE) problems simultaneously as a single min-\yhare an objective function is minimized with respect

max optimization problem was recently proposed. This t trol | t iabl d imized with t
method allows for stability analysis of the joint output- 0 control input variables and maximized with respec

feedback control and estimation problem. In fact, under t0 disturbance and noise variables, similar to game-
the main assumption that a saddle-point solution exists for theoretic approaches to MPC considered in [8, 9].
the min-max optimization problem as well as standard The motivation for the combined MPC/MHE ap-
observability and controllability assumptions, practicd 5r0ach s proving joint stability of the combined es-
stability can be established in the presence of noise and . . .
disturbances. In this paper we derive sufficient conditions timation and control problems, and the results in [5]
for the existence of a saddle-point solution to this min-max guarantee boundedness of the state, bounds on the track-
optimization problem. For the specialized linear-quadraic  ing error for trajectory tracking problems, and practical
case, we show that a saddle-point solution exists if the stability in the presence of noise and disturbances.
system is observable and weights in the cost function are gegjges standard assumptions regarding observability
chosen appropriately. A numerical example is given to . . .
illustrate the effectiveness of this combined control and and ConFrO”ab'“tY of the nonlinear process, the_ main
estimation approach. assumption required for these results to hold is that
there exists a saddle-point solution to the min-max
|. INTRODUCTION optimization problem at every time step.
The analysis of the min-max problem that appears
Classical MPC has been a prominent control techn the forward horizon of the combined MPC/MHE
nique in academia and industrial applications fogppproach is closely related to the analysis of two-player
decades because of its ab|l|ty to handle CompleX muk‘ero_sum dynamic games as in [10] and to the dynamic
tivariable systems and hard constraints. MPC, which igame approach td/* optimal control as in [11]. In
ClaSSica”y formulated with state-feedback and inVOlveﬂqese ana|yses the control is designed to guard against
the repeated solution of an open-loop optimal contrahe worst-case unknown disturbances and model uncer-
problem online in order to find a sequence of futurqainties, and in both of these references, saddle-point
control inputs, has a well-developed theory as evidencegyuilibria and conditions under which they exist are

by [1-3], and has been shown to be effective in practicgnalyzed. The problem proposed in [5] differs, however,
[4]. However, with more efficient methods and continuegn that a backwards finite horizon is also considered

theoretical work, more recent advances in MPC includg, order to incorporate the simultaneous solution of

the incorporation of disturbances, uncertainties, fastgn MHE problem, which also allows the control to be
dynamics, distributed systems, and output-feedback. ropust to worst-case estimates of the initial state.
Related to these advances is the recent work com-|n this paper we derive conditions under which a
bining nonlinear output-feedback MPC with MHE into saddle-point solution exists for the combined MPC/MHE
a single min-max optimization problem [5]. This com-min-max optimization problem proposed in [5] and
bined approach simultaneously solves an MHE problempecialize those results for discrete linear time-invaria
which involves the repeated solution of a similar op{(DLTI) systems and quadratic cost functions. We show
timization problem over a finite-horizon of past meathat in the linear-quadratic case, if the system is ob-
surements in order to find an estimate of the currerdervable, simply choosing appropriate weights in the
state [6, 7], and an MPC problem. In order to becost function is enough to ensure that a saddle-point
solution exists. A numerical example discussed at the
forD- ébnt%;pp gf;?]a nﬂicar' ';iig::qga are. dWithC;*;fputggga%nd of the paper shows that, even for unconstrained
University of California, Santa Barbara, CA 93106 usa, linear-quadratic problems, better regulation perforneanc
dacopp@ngr . ucsbh. edu, hespanha@ce. ucsb. edu  may be achieved using this MPC/MHE approach with



shorter finite horizons. Just as in a two-player zero-sum dynamic game,
The paper is organized as follows. In Section I, weplayer 1 (the controller) desires to minimize this cri-
formulate the control problem and discuss the maiterion while player 2 (the noise and disturbance) would
stability assumption regarding the existence of a saddléike to maximize it. This leads to a control input that is
point. In Section I, we describe a method that can beesigned for the worst-case disturbance input, measure-
used to compute a saddle-point solution and give conment noise, and initial state. This motivates the following
ditions under which this method succeeds. A numericdinite-dimensional optimization
example is presented in Section IV. Finally, we provide

some conclusions in Section V. _ Iin A max
Upie+T—1€U 1 €X di_p.447—1€D

Il. PROBLEM FORMULATION Je(Be—r, we—rie—1, Qptrr—1, de—Li 4715 Ye—1:t) . (3)
As in [5], we consider the control of a time-varying The measurement noise variables .., do not explic-
discrete-time process of the form ity show up in (3) because they are not independent
optimization variables as they are uniquely defined by
Top1 = fi(@e, ug, di), ye = gi(xz) +n, (1) the remaining optimization variables and the output
equation (1). In this formulation, we use a control law

Vt € Zso, with statex, taking values in a set’ c R"=.
The inputs to this system are tleentrol inputw, that
must be restricted to a sét c R", the unmeasured up =y, Vt=0, (4)

disturbanced, that is known to belong t0 a s& <\ pere 4 denotes the first element of the sequence

R™¢, and themeasurement noise; € R"». The signal - . S
s e Y R denotes themeatsured outputhagt] i uf,,p_, computed at each timethat minimizes (3).

: o For the implementation of the control law (4), the
available for feedback. Theontrol objectiveis to_sglgct outer minimizations in (3) must lead to finite values
the control signaki; € U, Vt € Z=q, SO as to minimize

finite-hori N £ the forfn for the optima that are achieved at specific sequences
a finite-horizon criterion of the for uf,.p, € U, t € Zzo. However, for the stability
results given in [5], we actually ask for the existence

of the form

Ji(Tt-pywtpt4T 1, dt Lot 4T 1, Y- Lit) of a saddle-point solution to the min-max optimization
L in (3) as follows:
= Z ek (k, ur) + e (Tes) Assumption 1 (Saddle-point [5, Assumption 1]):
k=t

The min-max optimization (3) with cost given as in (2)
t t+T1T—1 . . . N
B Z (ng) — Z oe(d) (2) always has a saddle-point solution for which the min
7t7Lnk k ATk and max commute. Specifically, for every time Z-,
a past control input sequence, ., 1 € U, and past
for worst-case values of the unmeasured disturbdnee measured output sequenge 1., € )V, there exists a
D, Vi € Zzo and the measurement noise € R™, finite scalarJ € R, an initial conditionz} ; € X, and
Vi € Z=o. The functiong: (-), i (-), andpx(-) in (2) are  sequences?,, . , €U, d* ;.. , € D such that
all assumed to take non-negative values. One can view ) ’ )
the termsp; (-) andr,(-) as measures of the likelihood of J;* = Ji(#}_ 1, Wi—L:—1, Upgr—1, df— g4 715 Yi—L:t)

k k=t—L

specific values fot; andn,;. Then, the negative signs in = max

front of p,(-) andn,(-) penalize the maximizer for using &t r€X,di—r:t47—1€D

I_ow !ikelihood va}lues for the disturbances and noise (Iow .J,(&,_r, us—ru—1, 4y 71, Ay LotsT—1, Yi—Lt)

likelihood meaning very large values fpy(-) andn;(-)). (5a)
The optimization criterion includ€s € Z~, terms of —  min

the running cost, (x, u), which recede as the current Ut 716U

time ¢t advancesl. +1 € Z-, terms of the measurement  J,(#¥ , w; 141, Geq7—1, CZZ'lL:HTfu Yi—L:t)-

costn.(n¢), and L + T € Z-, terms of the cost on (5b)
the disturbanceg; (d;). We also include a terminal cost 0

gr+7(2t47) 10 penalize the “final” state at time+ 7. In general,J;* depends on the past control and outputs,

so we can alternatively writd* (us_r,.e—1, Ye—r,:¢)-
1Given a discrete-time signat : Zso — R”, and two times In th t ti y d i (ut Lé.t.l’yt L'tg hich
to,t € Zs0 with to < t, we denote btho:t the sequence n e next section we derive conditions under wnic

{20 Zto+1s - - - » 2t }- a saddle-point solution exists for the general nonlinear



case and then specialize those results for DLTI systemsfz = arg max min (lk(:ck, U, czk,yk) + Vk+1(:ck+1)),

and quadratic cost functions.

I1l. M AIN RESULTS

Before presenting the main results, for convenience -
we define the following sets of time sequences for

the forward and backward horizons, respectivgly;=
{t,t+1,...t+T—1}andL = {t—L,t—L+1,....t—1}
and use them in the sequel.
A. Nonlinear systems

Theorem 1:(Existence of saddle-point)

(ik €D UpeU
(8b)
d*

j = arg max (lj (.Tj, Uy, dja yj)

dAjE’D
+ Vip1 (41, w4 1:0-1, Yj1:4)), (8C)

/\* — ~ -
&f ;= argmax (L (&—r,u—r,de—1,yi—1)
Ty, EX

+ Vi1 (@4— L1, We— L 1—1, Ye—L41:4)) - (8d)

Moreover, the saddle-point value is equal to

JFE (o1, Y1) = Vi L (We—Lit—1, Yt—Let)-

O

Suppose there exist recursively computed functions

Vie(+), for all k e T, andV;(-), for all j € £, such that
forall y;_rs €Y, andu;_r..—1 €U,

Vigr(@ipr) = @ar(@e47), (6a)

Vi(xy,) = min max (I(zx, @k, di) + Vi1 (€r41))
UreU dreD

= max min (lk(Ik,ﬂk, Czk) + Vk+1(17k+1))7

likED upeU
Vke T\t, (6b)

Vi(z¢, y¢) = min max (lt(xtaﬁtvcztvyt)+‘/1f+1(xt+1))

iU g,ep
= max min (I (2, G, di, ye) + Vig1(2e41)),  (6C)
d.eD WeU
Vi, wjim1, yje) = max (1(x, us, dj, y;)
djED
+ Vg1 (@1, Ui 1ie—1, Yjr1)), Vi€ L\t — L, (6d)
Vier(Ue—rt—1, Yt—1:t) = max
:it_LEX,dt_LE'D
(e (@e—r w1, drr,ye—1)
+ Vi1 (Te— L1, WLy 1—1, Ye—L41:t)),  (6€)
where
lk(ilfk, ﬁk, Czk) = Ck(Ik, ﬁk) — pk(czk ,k € T\t, (7a)
(e, Gy diy ye) = co(we, @) — me(ne) — pildy), (7D)
(g, ug,dj,y;) = —nj(n;) — p;(d;), jeL. (7c)

Then the solutionsi?, d¥, ci;‘, and £} ; defined as
follows, for all k € 7 andj € L, satisfy the saddle-

point Assumption 1.

af = arg min max (I (xx, @, di, Y) + Vir1 (Tr21)),s
areUd dreD

(8a)

Proof. We begin by proving equation (5b) in Assump-
tion 1. Leta; be defined as in (8a), and let be another
arbitrary control input. To prove optimality, we need
to show that the latter trajectory cannot lead to a cost
lower than the former. Sinc®j(x)) satisfies (6b) and
4;. achieves the minimum in (6b), for evekye T\t,

Vi) = min (g, g, d) + Vi (2541))
U

= lk(xkuﬁ/Z?dAZ) +Vk+1(xk+1)' (9)

However, sinceu;, does not necessarily achieve the
minimum, we also have that

Vi) = min (In(wp, g, df) + Vi (2541))
U

< le(@h, Uk, df) + Vies1 (zrg1). - (10)

Summing both sides of (9) fromt = ¢t + 1 to & =
t+ T — 1, we conclude that

t+T—-1
D1 Vilaw) =
k=t+1
t+T—1 A t+T—1
2 lk(xkuﬁ/27d2)+ 2 VkJrl(:EkJrl)
k=t+1 k=t+1
t+T-1 R
= Vipr(wen) = D) b(ar, @, df).
k=t+1

Next, summing both sides of (10) frof = ¢ + 1 to
k=t+T -1, we conclude that

t+7-1
Z Vk(xk) <
k=t+1
t+7—1 R t+7—1
Z lk(l'k,ﬁk,d;ck)-i- Z Vi1 (Tr41)
k=t+1 k=t+1
t+7-1 R
= Vig(w) < D) o, . di),
k=t+1



t+T -1

from which we conclude that Z lk(xk,ﬂ;’:,cz;f) n lt(:ct,ﬂf,czf,yt)

t+T—1 k=t+1
Vig1(@i41) = Z lp(zp, 0F, dF) K
k=t+1 + Z lj(xj,uj,d‘;’-‘,yj)
t+T—1 j=t—L+1
D1 Wlwk ik, df). (11) t+T 1
k=t+1 + 1 L(xt Iy Ut— L,dt L Yi— L Z lk a:k,uk,dk)
Similarly, since V;(z,y;) satisfies (6¢) andi k=t+1

achieves the minimum in (6c), we can conclude that . .
+lt(xt7ut7dfayt) Z lj(xjaujvd;:ayj)

Vi(wr, o) = li(we, 0 dF ye) + Viga (w41) =tk
N %
<lelwe, Ty df,y) + Vi (@e1). - (12) Hhon @iy, i),
Then from (11) and (12), we conclude that Therefore 4 is a minimizing policy, for all k& €

T, and (5b) is satisfied with/* (ws—r.t—1,Yyt—r4) =
a5 Ak 3 Vi L(Ut L:it—1,Yt— Lt)
Viwe,ye) = (e, A, dF, o) + 2 ok, g, di) To prove (5a), letd? be defined as in (8b)/* be
. k=t defined as in (8c), and let, andd; be other arb|trary
5 o disturbance inputs. Similarly, lety , be defined as in
< (g, Uy, df, ye) + l Jug,dp). (13 o = P Y ™
t(@e, e, 47, ye) Z (s e, ). (13) (8d), and letz;_;, be another arbitrary initial condition.
_ o ) Then, sinceVj(zy) satisfies (Gb)Vt(:z:t,yt) satisfies
Next, since Vj(x;, ;.- 1,y7t) satisfies (6d) andl}  (6c), Vi, ujie— 1,y3t) satisfies (6d), and* achieves
Vil N (s s and d;" achieves the maximum in (6d), we can use a
(@, w1, Yge) = L, w5, dF, yj) similar argument as in the proof of (5b) to conclude
+ ‘/j+1(517j+1auj:t—17yj:t)- (14)  that

Summing both sides of (14) from = ¢ — L + 1 to

t+T—1

k=t+1

j =t—1, and using (13), we conclude that Vim L4t (Tep41, U— L tit—1s Yo L1t) =
t—1
t1 t1 N Z Uiz, ug, df y;) + (e, 0, df 5 ye)
D Vilapugn i) = Y, Lilag,ug,di ;) j=t—L+1
j=t—L+1 j=t—L+1 t+T—1 . t—1 B
+ 3 W(maldi) = ) Ly, dyyg)
+ Z Vi1 (@js1, Uji—1, Yjit) k=t+1 j=t_L+1
j=t—L+1 _ Lt -
= Vipt1(Ttor41, W L4141, Yt—L41:t) = + Uy, 4f, dyy ye) + Z U (2, i, dy).
t—1 k=t+1
7% Ak Tk
2 bl dy o) + A, dE ) Finally, (5a) follows from this, (6e), (8c), (8d), and
Jf;_l“l . similar arguments as used before (further details of
t+T— t— . : ;
e 5 5 which can be found in [12]), which lead to
=t J:t;i;l_l Vt—L(ut—L:t—l, yt_L:t) = lt—L(ZEffL, Ut—L, CZ:LL, yt_L)
U df y) + D (s s df).  Vem b1 (Be Loty Ut L 1it—1, Yo 1)
k=t+1 t+T-1 R R
_ A% Tk T ]
Finally, ~from this and the facts that = 2 Ielows 0, df) + Ly, aF df )
Vier(ui—r4—1,y—1+) Satisfies (6e) andd¥ , and i k=t
z* . achieve the maximum in (6e), we can conclude
tl’:atL +];LZJ Zj,Us, Jayj)+lt L('rt Ly Ut— Ladt Ly Yt— L)
o ey t+T—1
Viep(ue—rt—1,Ye-rn:¢) = b n(Tf_p,ue—r,df_r,y:-1) 2 Le(@n, @, i) + (e, 0, o, )
Vi1 (T L1, WL 1615 Ye—L41:t) k=t+1



t—1 . . .
< dimensions defined B
+ > Lilwgug,diyy;) Y

j=t=L+1 - My =Q+ A My AJ' A, Myr =Q, (17a)
+ i (T—p, U, A1, Ye—1.). 1 1

¢ (T p,ue 0, di L, Y1) AL :=I+(/\—BB’—/\—DD’)Mk+1, (17b)
u d

Thereforeci;’;, for all k € 7, and d;“ for all j € L,

-k o . T Pj=A'Pj A+ A'Pj,1DZ;'D'P; 1A — \,C'C;
are maximizing policiesz; ; is a maximizing pol- J J+14 Tt j+1l 4 j+1 A C'Ch

icy, and (5a) is satisfied With* (us_ .41,y 1:¢) = Py = M — X\, C'C, (17c)
Vier(We—r:t—1, Yt—L:t)- Zj = NI — D'Pj;1D. (17d)
Thus, Assumption 1 is satisfied. = Then, if the following conditions are satisfied,
Next we specialize these results for DLTI systems and \ 1 + B'M,, B > 0, (18a)
guadratic cost functions. Aol — D' Mypy D > 0, (18b)
B. DLTI systems and quadratic costs Aal —D'Pj; 1D >0, (18c)
: : M C'C — AP 1 A —A'P,_p 1D
Consider the following DLTI system, for alle Z=, n ¢t—L+1 t—L+1
g Y =0 [ “D'Ppg A Al — D'Pt_LHD] >0,
Tt41 = Axy + Buy + Ddy, yr = Cxy +ny, (15) (18d)

the min-max optimization (3) with quadratic costs (16)
subject to the linear dynamics (15) admits a unique
saddle-point solution that satisfies Assumption 1.]

with z; e X = R, uy, e U = R", d; € D = R4,
ny € N = R", andy, € ) = R™. Also consider the
guadratic cost function

Proof. This proof can be found in [12]. O

Ji(x_p u_pgar—1, di—porT— L . . . . . .
tFero i rap 1, i pap 1, Yo ) Corollary 1: If the discrete-time linear time-invariant

B t+i71( Qe+ M) + 20 system given in (15) is observable, then the scalar
T oA LTk T AullpUk) T Ty T4 T weights)\,, and\; can be chosen sufficiently large such

; 1 that the conditions (18a)-(18d) are satisfied. Therefore,
- Moy — Can) (yr — Cxp) — Nod.d according to Theorem 2, there exists a saddle-point
:;L (o o) (o t) k:tZlL AR solution for the optimization problem (3) with cost (16).
(16) Therefore, also, Assumption 1 is satisfied. O

k

whereQ = Q' > 0 is a weighting matrix, and\,, Proof. Condition (18a) is trivially satisfied for alt € T

\a, and )\, are positive constants that can be tuned t8S 10ng as we choosg, > 0 and weighting matrix
impose “soft” constraints on the variables, dj,, and @ =0 becaus&® >0 = M; >0,YkeT.°
ny, respectively, or to increase or decrease the penalty Condition (18b) is satisfied if the scalar weighy
for choosing low likelihood values for the disturbancedS chosen sufficiently large. To show this, we take the
and noise. The weights,, A4, and\, could be replaced imit of the sequence of matrice¥y, as given in (17a),
with positive-definite matrices, and the following results?S A« — o and notice that\l;, — M;, where M, is
would still hold with minor adjustments. described by

Again, the control objective is to solve for a control
inputwy that minimizes the criterion (16) in the presence
of the worst-case disturband and initial statery ;. My 7 = My,
This motivates solving the optimization problem (3) with )
the cost given as in (16) subject to the dynamics givefPr all & € 7. Then, as\s — 0, A4 is greater than the
in (15). Then the control input as defined in (4) islargest eigenvalue ob’M;.., D, and therefore, condi-
selected and applied to the plant. The following Theorerion (18b) is satisfied wher\; is chosen sufficiently
gives conditions under which a saddle-point solutioh@rge- -
exists for problem (3) with cost (16), thereby satisfying Next we prove that conditions (18c) and (18d) are
Assumption 1. satisfied, for allj € £, when \,, and \; are chosen

Theo_rem 2:(EXI_SteI’IC€ of saddle-point for linear sys- 2] denotes the identity matrix with appropriate dimensions.
tems with quadratic costs) L&, andAy, forallk € T, 3Note thatMj = M], due to the fact tha@ = Q' and the matrix
and P; and Z;, for all j € £, be matrices of appropriate identity in [13] which says thati(I + BA)~! = (I + AB) 'A.

- ~ 1 -
My =Q+ A" (My[I + )\_BB,Mk+1]71)A§

U
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sufficiently large and the system (15) is observable. We Example 1:(Stabilizing a riderless bicycle.) Consider
first take the limit of the sequence of matricgs, as the following second order continuous-time linearized
given in (17c), as\; — o and notice that’; — P;  bicycle model in state-space form:

where P; is described by .
T = Az + B(Ut + dt), Yt = Cay +ny (19)

5. _ I. ) ltfj v t—j . .
b An®;0; + AT M AT, The state is given by, = [¢p & ¢ 6]' where ¢

forall j e £ ut, and©; is defined as is the roll angle of the bicyclej is the steering angle
of the handlebars, and and § are the corresponding
0, =[C" AC A0 A't—ﬂ'c’]'_ angular velocities. The control input; is the steering

torque applied to the handlebars. The matrices defining
The matrix©; looks similar to the observability matrix, the linearized dynamics are, as described in [14],
and thereforeP’,©; > 0 if the system given in (15) is _

observable. 8 8 (1) (1]
Then, the scalar weighf\, can be chosen large A= 1367 025-1319° 01640 —0.552 |

enough to ensure thaxneg_@j > A’t—thAt—j’ for :4.857 10.81 — 1.12502 3.621v  —2.388v

all j € L. It then follows thatP; < 0 for all j € L. 0 Lo oo

Therefore, condition (18c) becomég/ —D'P; 1D > 0 B=1_g339|: €= [0 1 0 0] ;

in the limit asA; — oo and is trivially satisfied if system | 7.457

(15) is observable and,, is chosen sufficiently large. \ypere, is the bicycle’s forward velocity. Only the roll
Finally, consider condition (18d). Using the Schuranq steering angles (and not their corresponding angular
Complement, condition (18d) is satisfied if, and onlye|ocities) are measured and available for feedback. In

if, \gI —D'P;_41.D >0 and this example, we fix the forward velocity at= 2 m/s,
which results in an unstable system, and discretize the
MC'C — AP 1A system using @.1 second zero-order-hold.
—A'P, (1 1DM\I-D'P, 1 .1D) 'D'P, ;1A > 0. The control objective is to stabilize the bicycle in the

upright position, i.e. around a zero roll anglkg € 0),

We just proved thak, I —D'P;_r+1D > 0 ifthe system  py applying a steering torque to the handlebars. The
(15) is observable and the weights and,, are chosen disturbancei, acts on the input and can be thought of
sufficiently large. Then, in the limit a3, — oo, the jerks on the steering due to sharp bumps in the bicycle’s
second inequality becomes path or similar environmental perturbations. We solve

, , = this problem by solving the optimization given in (3)

ACC— AP 4>0. with cost (16) at each time and apply the resulting
uf as the control input. The measurement noise is a

Therefore, if the system (15) is observablg, can . 9 .
be chosen sufficiently large such that this inequalitgandom variabler, ~ N(0,0.001%). The disturbance

. . N 5
is satisfied, and therefore, condition (18d) is satisfie S nommall_y a random_ vanaplét N(0,0.01%) but
0 with occasional large, impulsive values.

Because the system (19) is observable, we are able to
choose)\; and \,, so that conditions (18) are satisfied.
Therefore, a saddle-point solution to (3) with cost (16)

Various choices for the parameters in the cost functioaxists for the riderless bicycle example according to
(16) lead to different control inputs that may all satisfyTheorem 2. However, conditions (18) are only sufficient
the saddle-point assumption but that produce very ditonditions and may lead to unnecessarily conservative
ferent closed-loop performance. For instance, there aveeights. In this example, it is possible to achieve better
examples for which a short finite-horizon approach peperformance by choosing weights that do not satisfy
forms better than a quasi-infinite-horizon approach everonditions (18) but that still ensure the existence of a
for unconstrained linear-quadratic problems. Specifisaddle-point which can be verified numerically.
cally, better disturbance attenuation can be achieved for In this example, we compare results for long horizon
the following unconstrained linear-quadratic examplelengths ¢ = 7' = 200) to results for short horizon
where the system is subjected to impulsive disturbancdsngths . = 2, T' = 7) and tune the weights; and \,,
using the combined MPC/MHE approach with shortein order to achieve the best performance as determined
finite-horizon lengths. by minimizing the tracking errgf¢|. Table | shows four

IV. SIMULATION



simulation scenarios. Rows #1 and #2 of Table | show V. CONCLUSION

the weights\; and A, that satisfy the conditions (18) e discussed the main assumption that a saddle-point
and provide the best performance for both the long angh | tion exists for a new approach to solving MPC
short horizon lengths. Rows #3 and #4 of Table | shownq MHE problems simultaneously as a single min-max
the best possible weights; and A, for performance  gptimization problem as proposed in [5]. First we gave
that still ensure the existence of a saddle-point (verifiegynditions for the existence of a saddle-point solution
numerically) but that do not satisfy the conditions (18)yhen considering a general discrete-time nonlinear sys-
For all four scenarios, the weighting matr@ in the  tem and a general cost function. Next we specialized
cost (16) is chosen as a 4x4 matrix with the elemenhose results for DLTI systems and quadratic cost func-
in upper left corner equal to one and all other elemenigyns, For this case, we showed that observability of

equal to zero, and,, is chosen as.001. the linear system and large weights and )\, in the
TABLE | cost function are sufficient conditions for a saddle-point
TUNING PARAMETERS AND PERFORMANCE solution to exist.
L T N A o] [deg]  Juf [Nm] We showed the effectiveness of this control approach
z; 200 ?00 égOO 18: 33(1) }gg in a numerical example of a linearized riderless bi-
#3| 200 200 002 15000 221 180 _cycle system _subjected to impulsive d|sturb_ances_and
#4| 2 7 0.002 15000 14.6 35.5 illustrated the importance of carefully choosing tuning

_ o parameters in order to achieve desirable performance.
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