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Abstract. We consider the problem of estimating the locations of mo-
bile agents by fusing the measurements of displacements of the agents
as well as relative position measurements between pairs of agents. We
propose an algorithm that computes an approximation of the central-
ized optimal (Kalman filter) estimates. The algorithm is distributed in
the sense each agent can estimate its own position by communication
only with nearby agents. The problem of distributed Kalman filtering
for this application is reformulated as a parameter estimation problem.
The graph structure underlying the reformulated problem makes it com-
putable in a distributed manner using iterative methods of solving linear
equations. With finite memory and limited number of iterations before
new measurements are obtained, the algorithm produces an approxima-
tion of the Kalman filter estimates. As the memory of each agent and the
number of iterations between each time step are increased, the approx-
imation improves. Simulations are presented that show that even with
small memory size and few iterations, the estimates are quite close to
the centralized optimal. The error covariances of the location estimates
produced by the proposed algorithm are significantly lower than what is
possible if inter-agent relative position measurements are not available.

1 Introduction

Mobile autonomous agents such as unmanned ground robots and unmanned
aerial vehicles that are equipped with on-board sensing, actuation, computa-
tion and communication capabilities hold great promise for applications such as
surveillance, disaster relief, and scientific exploration. Irrespective of the appli-
cation, their successful use generally requires that the agents be able to obtain
accurate estimates of their positions. Although typically position information is
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provided by GPS, in many scenarios GPS may be available only intermittently,
or sometimes not available at all. These situations include underwater operation,
presence of urban canyons, or hostile jamming. In such a situation, localization
is typically performed by integrating measurements of displacements, which can
be obtained from IMUs (inertial measurement units) or/and vision sensors [1-3].
Since these measurements are noisy, their integration over time lead to high rate
of error growth [3-5].

When multiple agents operate cooperatively, it is possible to reduce lo-
calization errors if information on relative positions between pairs of agents are
available. Such measurements can be obtained by vision-based sensors such as
cameras and LIDARs, or RF sensors through AoA and TDoA measurements.
These measurements, although noisy, furnish information about the agent’s loca-
tions in addition to that provided by displacement measurements. The problem
of fusing information on relative positions between mobile agents for estimating
their locations is commonly known as cooperative localization in the robotics lit-
erature [6-8]. The typical approach is to use an extended Kalman filter, to fuse
both odometry data and robot-to-robot relative distance measurements [8, 9].

However, computing the Kalman filter estimates requires that all the mea-
surements (inter-agent as well as displacement measurements of all the agents)
are made available to a central processor. Such a centralized approach requires
routing data though an ad-hoc network of mobile agents, which is a difficult
problem [10]. Therefore, a distributed scheme that allows agents to estimate their
positions accurately through local computation and communication instead of
relying on a central processor is preferable. In the sensor networks and control
literature, the problem of distributed Kalman filtering has drawn quite a bit of
attention [11-14]. The papers [12, 15] in particular present a distributed Kalman
filtering techniques for multi-agent localization. The paper [16] addresses coop-
erative localization in mobile sensor networks with intermittent communication,
in which an agent updates its prediction based on the agents it encounters, but
does not use inter-agent relative position measurements.

In this paper we approach the problem of distributed Kalman filtering for
cooperative localization from a novel angle, by reformulating the problem as a pa-
rameter estimation problem. The Kalman filter computes the LMMSE estimates
of the states of a linear system given the measurements. It is a classical result
that under infinite prior covariance, the LMMSE is the same as the BLUE (best
linear unbiased estimator) [17]. For the problem at hand, the BLUE estimator
has a convenient structure that can be described in terms of a graph consisting
of nodes (agent locations) and edges (relative measurements). This structure can
be exploited to distribute the computations by using parallel iterative methods of
solving linear equations. The proposed method therefore is designed to compute
the BLUE estimates using iterative techniques, and is based our earlier work on
localization in static sensor networks [18, 19]. If the agents were to have infinite
memory and could run infinitely many iterations before they move and change
their positions, the estimates produced by the proposed algorithm are equal to
the centralized BLUE estimates, and therefore the same as the Kalman filter



estimates. Due to memory and time constraints, the proposed algorithm uses
only a small subset of all the past measurements and runs only one (or a few)
iterations. This makes the method an approximation of the Kalman filter. Fewer
the number of iterations and smaller the size of past measurements retained, the
easier it is to implement the algorithm in a distributed setting. Simulations show
the approximations are remarkably close to the centralized Kalman filter/BLUE
estimates even when a very small amount of past data is used and only one
iteration is executed between successive motion updates.

The rest of the paper is organized as follows. Section 2 describes the es-
timation problem precisely. Section 3 describes centralized Kalman filtering for
cooperative localization and its reformulation as a problem of parameter esti-
mation in measurement graphs. Section 4 describes the proposed algorithm, and
simulations are presented in Section 5.

2 Problem description

Consider a group of n mobile agents that need to estimate their own positions
with respect to a geostationary coordinate frame, whose origin is denoted by
2o. In the absence of GPS, we arbitrarily fix the initial position of one of the
agents, say, the first agent, as the origin. Time is measured with a discrete index
k =0,1,2,... The noisy measurement of the displacement of agent j obtained
by its on-board sensors during the k-th time interval is denoted by u;(k), so that

uj(k) = zj(k + 1) — z;(k) — w;(k), (1)

where z;(k) is the position of agent j at time k, and {w,(k)} is a zero-mean
noise with the property that Efw;(k)w;(¢)] = 0 unless ¢ = j, k = £. We assume
that certain pairs of agents, say i, j, can also obtain noisy measurements y;; (k)
of their relative position

Yij (k) = zi(k) — (k) + v (k), (2)

where v;;(k) is zero-mean measurement noise with E[v;;(k)vms,(¢)] = 0 unless
(ij) = (mn),k = £. We assume that the agents are equipped with compasses,
so that all these measurements are expressed in a common Cartesian reference
frame. The goal is to combine the agent-to-agent relative position measurements
with agent displacement measurements to obtain estimates of their locations
that are more accurate than what is possible from the agent displacement mea-
surements alone. In addition, the computation should be distributed so that
every agent can compute its own position estimate by communication with a
small subset of the other agents, called neighbors. We assume that two agents
that can obtain each others’ relative position measurement at time index k can
also exchange information through wireless communication during the interval
from k to k + 1.



3 Kalman filtering vs. BLU estimation from relative
measurements

The availability of the displacement measurements allow us to write the following
process model for the j-th vehicle:

zj(k+1) = 2 (k) + u;(k) +w; (k), (3)

where u;(k) is now viewed as a known input. One can stack the states z;(k), j =
1,...,n into a tall vector x(k) and write the system dynamics

x(k+1) =x;(k) +u(k) +w(k), y(k)=C(k)x(k)+ v(k)

where C(k) is appropriately defined so that entries of y(k) are the inter-agent
relative position measurements (2). When the control input and the measure-
ments {u(t)},{y(#)},t € {0,1,...,k} are made available to a central processor,
along with the initial conditions x(0| — 1) and P(0| — 1) = Cov(x(0] — 1) —
x(0),%(0]—1)—x%(0)), and the noise covariances Q(t) := Cov(w(t), w(t)), R(t) :=
Cov(v(t),v(t)), a Kalman filter can be used to compute estimate x<81man (k| k) =
E « (Z(k)|{u},{y}) of the state x(t), where E % (X|Y) denotes the LMMSE es-
timate of a r.v. X in terms of the r.v. Y [20].

To distribute the computations of the Kalman filter, we reformulate the
problem into an equivalent, deterministic parameter estimation problem. We
associate the positions {zo} U {z;(t)}, 7 € {1,...,n}, t € {0,1,...,k} of the
entities until time k& with the nodes V (k) of a measurement graph G(k) =
(V(k),E(k)). The edges E(k) of the graph correspond to the relative position
measurements between the nodes V (k). If an edge is between two nodes that
correspond to subsequent positions of same agent j, then the edge corresponds
to a measurement of the displacement of the agent between those two time
instants. If |, on the other hand, the edge is between two nodes that correspond
to the positions of two distinct agents at a particular time instants, then the
edge corresponds to the noisy measurement of the relative position between the
agents. All measurements mentioned above are of the type

<e:xu_$v+€e (4)

where u and v are nodes of the measurement graph G(k) and e = (u,v) is an
edge (an ordered pair of nodes). In particular, an edge exists between a node
pair v and v if and only if a relative measurement of the form (4) is available
between the two nodes. Since a measurement of x,, — x,, is different from that of
Ty — T4, the edges in the measurement graph are directed. The edge directions
are arbitrary. Figure 1 shows an example of a measurement graph.

3.1 BLUE estimation

We briefly review the BLUE (best linear unbiased estimator) from relative mea-
surements for graphs that do not change with time. The BLUE is optimal (min-
imal variance) among all linear unbiased estimators. Consider a measurement
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(a) Measurement graph G(4). (b) Communication  be-
tween k =3 and k = 4.

Fig. 1. (a) An example of a measurement graph generated as a result of the motion of
a group of four mobile agents. The graph shown here is G(4), i.e., the snapshot at the
4" time instant. The unknown variables at current time k = 4 are the positions z;(t),
i € {1,2,...,4}, at the time instants k € {0, 1,...,4}, except for the initial position
of agent 1: x1(0), which is taken as the reference. (b) The communication during the
time interval between k£ = 3 and k = 4. In the situations shown in the figure, 4 rounds
of communication occur between a pair of agents in this time interval.

graph G = (V, E), where the nodes in V correspond to variables and edges in E
correspond to relative measurement between node variables of the form (4). Let
V. C 'V denote the non-empty subset of nodes whose variables are known, which
are called reference variables , and n = [V \ V.| be the number of unknown
variables that are to be estimated. Let x be the vector obtained by stacking to-
gether the unknown variables. As described in [19], given a measurement graph
with n unknown variables, the BLU estimate X* is given by the solution of a
system of linear equations

Lx =D, (5)

where £ and b depend on the measurement graph G, the measurement error
covariance matrices P,,e € E, the measurements (.,e € E and the reference
variables z,.,7 € V,.. The matrix £ is invertible (so that BLU estimate X* exists
and is unique) if and only if for every node, there is an undirected path between
the node and at least one reference node [21]. Under this condition, the covariance
matrix of the estimation error X := cov(x*,x*) is given by

Y=Lt (6)

By splitting the matrix £ = M — N where M is a block diagonal degree matrix
and N is a generalized adjacency matrix of the network, the above system of
equations can be written as Mx = Nx + b, which leads to the following block-
Jacobi iterative method for solving it:

%(k+1)= M 'Nx(k)+ M 'b. (7)



where M is block diagonal and N is sparse. In particular, only those entries on
the i-th block row of N are non-zero that corresponds to ¢’s neighbors in G.
This structure makes it possible to compute the updates in (7) in a distributed
manner, so that each node only needs to communicate with its neighbors. The
resulting algorithm can be shown to converge under certain assumptions on the
measurement error covariance matrices, even when executed in an asynchronous
manner, and in the presence of temporary communication faults. The reader is
referred to [19, 21] for the details.

When the measurement graph is time-varying, if all the measurements
corresponding to the edges in G(k) are available to a central processor at time
k, the processor can compute the BLU estimates of all the node variables in the
graph G(k) (which correspond to the present as well as past positions of the

agents) by solving (5). The resulting estimate is denoted by xBLVE (k).

The following result, which follows from standard results in estimation
theory shows that under uninformative prior, the blue estimate is equivalent to
the Kalman filter estimates.

Lemma 1. If P71(0|—1) = 0, then #%3man(k|k) = xBLUE(k) for every k. O

For the problem at hand, we assume that no prior information on the agent
positions are available at time 0 except for inter-agent position measurements
y(0) and the position of one of the agents that is used as a reference. In that
case the information form of the Kalman filter can be used to compute the
LMMSE estimate of the agent positions [22]. The result above shows that under
the assumption of no prior information, the BLUE estimates are identical to the
Kalman filter estimates. Therefore, from now on we do not distinguish between
galman (1) and xBLVE (k) and refer to them simply as the centralized optimal
estimate x* (k).

In the next section we will utilize the BLUE formulation to devise dis-
tributed algorithms to compute the estimates.

4 A distributed algorithm for dynamic localization

In this section we present a distributed algorithm to obtain estimates of the po-
sitions mobile agents that are close to the centralized BLU estimator described
in the previous section. By distributed we mean every agent should be able to
estimate its own position, and all the information needed to carry out the compu-
tation should come from local sensing and communication with its neighboring
agents.

4.1 Infinite memory and bandwidth

We first describe the algorithm by assuming that every agent can store and

broadcast an unbounded amount of data. We will relax this assumption later.
For every agent j, let V,(k) contain all the nodes that correspond to

the positions of itself and the positions of the agents with whom j has had
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Fig. 2. The subgraph Gi(3) of agent 1 at time 3, for the measurement graph shown
in Figure 1.

relative measurements, up to and including time k. Let E;(k) be the subset of
edges in G(k) that are incident on nodes that correspond to j’s current or past
positions. By assumption, the relative measurements and their error covariances
Ce, Peye € Ej(k) are available to agent j at time k. We now define the local
subgraph of agent j at time k as G;(k) = (V,(k),E;(k)). Figure 2 shows the
subgraph of agents 1 at time k = 3 corresponding to the measurement graph
shown in Figure 1.

The nodes in a local subgraph G; (k) are divided into two categories - the
internal nodes V;(k)™ and the boundary nodes V;(k)*®. The internal nodes
are the nodes that correspond to the positions of the agent up and including time
t. The boundary nodes consist of the nodes in the local subgraph that correspond
to the positions of the neighboring agents. Thus, V;(k) = V; (k) U V; (k)P4
and Vj (k)int M Vj(k)bdy = 0

To explain the algorithm, imagine first that the agents have stopped mov-
ing at time tg0p. We have proposed a distributed algorithm in [19, 23] for local-
ization of static agents that is based on the Jacobi iterative method of solving
linear equations [24]. If agents stop moving, they can use the Jacobi algorithm to
compute the optimal estimate of its entire position history in distributed man-
ner. We describe the procedure briefly, which will serve as a stepping stone into
developing the proposed algorithm.

Algorithm A.1: static agents Let o be the global reference node. Consider the
set of past positions of agent j until time tsop, i.€., {Zy, v € Vj(tstop)™ \ {0}}.
The vector of the node variables in this set is denoted by X;(¢stop). The set of
unknown node positions at time tsop is U; X, (tstop ). Let X] (tstop) be the estimate
of X;(tstop) Obtained by agent j at the end of the 7th iteration. The estimates
are obtained and improved using the following distributed algorithm, starting
with an arbitrary initial condition:

At 7th iteration, every agent j does the following.

1. Tt broadcasts the current estimate i;(tstop) to all of its neighboring agents.
Consequently, it also receives the current estimates X7 (tsiop) from each of its
neighboring agents, 7.

2. Tt (agent j) assigns the boundary nodes V;(tsop)? as the reference nodes
of its local subgraph G (fsiop) and sets the reference variables to be the es-



timates of those node variables that it has recently received from its neigh-
bors. With this assignment of reference node variables and with the relative
measurements {(c, e € E;(ts0p)}, agent j then sets up the system of linear
equations (5) for its local subgraph G (tsiop), and solves these equations to

obtain an updated estimate of X;H(tstop) of its “internal” node variables.
O

The following result about the behavior of the estimates follows from the
convergence property of the Jacobi algorithm (see [19, 23]).

Proposition 1. The estimates of all the node variables X(tsiop) (i-€., all agents’
past positions up to time tsop) converge to their centralized optimal estimates:
f(}'(tstop) — fc;(tstop) as T — 0. O

As a result, if agents stop moving, by communicating with its neighbors
and updating sufficiently many times, an agent can obtain an estimate of its
entire position history that is arbitrarily close to the optimal estimates. Note
that the description above implicitly assumes that the iterations are executed
synchronously, i.e., there is a common iteration counter 7 among all the agents.
However, the result in Proposition 1 holds even if communication and computa-
tion is performed in an asynchronous way, where every agent has its own iteration
counter 7. This follows from standard results in asynchronous iterations [23].

Now we are ready to describe the algorithm for localization of mobile
agents with finite memory and finite bandwidth.

Estimation with mobile agents: Algo A.2 In the description below, Ti,em
is a fixed positive integer that denotes the “size” of a subgraph of G(k) every
agent maintains in its local memory at time k. The parameter Ty,en is fixed
ahead of time and provided to all agents; its value is determined by the memory
in each agent’s local processor. The maximum number of iterations carried out
by an agent j during the interval between times k£ and k + 1, which is denoted
by 7#* depends on the maximum number of communication rounds between
j and its neighbors during this interval.

Let G(k)Tmen = (V(k)Tmem E(k)Tmen) be the subgraph containing nodes,
V (t)Tmem | that correspond to all agent positions from time max (k — Tinem,0)
until time k and containing edges, E(k)Zmem | corresponding to relative measure-
ments between to nodes in G(k)Tmem. More simply, G(k)Zmem is the subgraph
containing all nodes and edges corresponding to positions of agents and rela-
tive measurements at the current and previous Tem time instants. In this case,
X]T(k) is a vector of the estimates of the positions of agent j from time instant
max(k — Tiem, 0) to time &, obtained in the 7th jteration.

1. If GPS is not available to every agent at k = 0, one agent’s initial position
serves as the global reference. Every other agent starts with the initial esti-
mate that is obtained by adding the relative measurements on a path from
itself to the agent whose initial position is taken as the global reference. For



example, when agent 1 is the global reference and relative position measure-
ments are available between agents with successively increasing indices, we
have JA?J' (O) = Yj,5-1 (O) + yjflyj,Q(O) R y211(0) + Il(O) We assume that
these measurements are transmitted to the agents initially before they start
moving.
2. During the time interval between time indices k and k£ + 1, each agent j
updates the estimate of x;(¢) in the following way.
— initialization: 2{” (k) = &™) (k — 1) + u;(k — 1).
— collect inter-agent measurements, i.e., obtain ¢, ., for v = i(k) and w €
N (1).
— iterative update: node j now iteratively updates its position by the algo-
rithm described in the previous section. Specifically, it runs the algorithm

Tmem
A1 for the subgraph G (k) . O

agent 4

agent 2 agent 3

t2

agent 3 agen
agent1l | 4

agent 1 k=2 k=4

k=3 k=4 k=3
(a) Them =1 (b) Tmem = 3

Fig. 3. Truncated subgraphs, Gs(4) of agent 3 at time 4 for the measurement graph
shown in Figure 1.

The algorithm continues as long as the agents continue to move. Figure 3
shows an example of the local subgraphs used by an agent (agent 3 in Figure 1)
for two cases, Tmem = 1 and Tem = 3. Note that the proposed algorithm is
particularly simple when Tiemn = 1, since in that case the iterative update is the
solution to the following equation:

J

> VR (ET ) + vk,

€N (k)

Silk — D@7 (k) = W, (k= 1) (&5 (k = 1)+ u;(k = 1))+

where W;(k) := cov(w;(k), wJT(k:)) and Vj ;(k) = cov(v;;(k), viTj (k)) are the er-
ror covariances in the displacement measurement u;(k — 1) and inter-agent rela-
tive measurement y;; (k), respectively, and S;(k) := ijl(k) + D ien; (k) ijl(k)

When all the measurement error covariances are equal, the update is simply:

(0 pepm——— T L) + ;s
J(k) |Nj(k)+1|( J (k—1)+u;(k 1)+i€%k)( i (k)—i—y“(k)))



When Tiem = 00, the algorithm is simply the Jacobi iterations to compute
the BLUE estimates of all the node variables in the graph G(k), i.e., the past
and present positions of the agents. In this case, Proposition 1 guarantees that
the estimates computed converge to the BLUE estimates as 7% — oo. When
the algorithm is implemented with small values of Tiem, after a certain number
of time steps, measurements from times earlier than Ti,e steps into the past
are no longer directly used. Past measurements are still used indirectly, since
they affect the values of the reference variables used by the agents for their
local subgraphs. With finite Tiem, the estimates are no longer guaranteed to
reach their centralized optimal. A further reduction in accuracy comes from the
fact that in practice 7™** may not be large enough to get close to convergence
even in the truncated local subgraphs. The algorithm therefore produces an
approximation of the centralized optimal estimates; the approximation becomes
more accurate as 7™** and Tyem increases.
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Fig.4. A snapshot of the measurement graph G(k) at time k = 5 created by the
motion of 5 mobile agents, for which the simulations reported here are conducted.

Communication and computation cost The amount of data an agent needs
to store and broadcast increases as the “size” of the truncated local subgraph
that the agent keeps in local memory increases, and therefore, on Tien. When
the neighbors of an agent do not change with time, the number of nodes in its
local truncated subgraph of an agent at any given time is Tinem + NubrIimem,
where Ny, is the number of neighbors of the agent. In this case, the number of
edges in the truncated local subgraph is at most Tiem + TmemNnbr (the first term
is the number of odometry measurements and the second term is the number
of relative measurements between the agent and its neighboring agents that
appear as edges in the subgraph). Therefore, an agent needs a local memory
large enough to store £[2Tmem (1 + Nubr) + Timem Nabr] floating-point numbers,
where ¢ = 2 or 3 depending on whether positions are 2 or 3 dimensional vectors.
An agent has to broadcast the current estimates of its interior node variables, i.e.,
T em numbers, at every iteration. Thus, the communication, computation and
memory requirements of the algorithm are quite low for small values of Tiem.
We assume that the agents can obtain the error covariances of the measurements
on the edges that are incident on themselves, so these need not be transmitted.



5 Simulations

We illustrate the algorithm’s performance by numerical simulations. All simu-
lation results are shown for the case Tyhem = 1. Five agents move in a zig-zag
trajectory; the resulting measurement graph is shown in Figure 4(a). A time
trace of the number of neighbors of agent 1 is shown in Figure 4(b). The initial
position of agent 1 (bottom left node in Figure 4) is taken as the reference. Every
measurement of x, — x, is obtained from noisy measurements of the distance
||xy — || and the angle between a,, and z,. The distance and angle measure-
ments are corrupted with additive Gaussian noise, with o, = 0.05m and oy = 5°.
The measurement error covariances are estimated from the range and bearing
measurements and the parameters o,., og (as explained in [19]), which makes the

covariances of the errors on relative position measurements on distinct edges
distinct.

8 T T
—e—Dead Reckoning
—4—Algo (1 Iterations)
6 —*—Algo (3 Iterations) }
—=—Algo (Inf Iterations)
4+ ——BLUE
2 \
0w 2 v
il

Fig. 5. Covariance of the estimate of the current position of agent 5 (of Figure 4)
as a function of time. Agent 5 is the one farthest from agent 1, whose initial position
being the reference node. Dead reckoning provides an estimate of positions by summing
optometry data. Estimates from algorithm 2 are shown for 7% = 1,3, and co. BLUE
refers to the centralized optimal.

A*A*Dead‘Reckoning
—4—Algo (1 Iterations)
6k—4iﬁfAlgo (3 Iterations)
(Inf Iter.

0 5 10 15 20 25
Time (k)

Fig. 6. Covariance of the estimate of the current position of agent 4 (of Figure 4) as a
function of time.



Covariances of agent position estimates produced by the proposed algo-
rithm are estimated from 1000 Monte-Carlo runs. Figure 5 shows the covariance
of the estimate of x5(t), the position of agent 5, as a function of ¢. Agent 5 is
the one farthest away from agent 1. The figure shows that the location estimates
produced by the proposed algorithm are much more accurate than those pro-
duced by integrating the displacement measurements alone (dead reckoning). It
is seen from the plot that the estimation error covariance of the algorithm (even
with Tihem = 1 and 722* = 1) is close to that of the centralized optimal estima-
tor (BLUE). Comparison among the plots for 7m#* = 1,3 and oo shows that, as
expected, the estimation accuracy improves with increasing number of iterations
between every time step. However, it is also seen that the improvement levels off
quickly. In fact, even with the minimal possible number of iterations 7™# = 1,
the estimation accuracy is quite close to the best possible (with 78* = o0).
This property of the algorithm enhances its applicability since good estimates
are obtained with little delay. Figure 6 plots these variables for the second agent.

6 Conclusion

We presented a distributed algorithm for mobile agents to estimate their posi-
tions by fusing their own displacement measurements with inter-agent relative
position measurements. The algorithm is distributed in the sense each agent can
estimate its own position by communication only with nearby agents. The al-
gorithm computes an approximation of the centralized optimal (Kalman filter)
estimates. The problem of distributed Kalman filtering for this application is
reformulated as a problem of computing the BLUE estimates. The graph struc-
ture of the BLUE estimation problem, which makes it computable using iterative
methods of solving linear equations, makes distributing the computations possi-
ble. With finite memory and limited number of iterations before new measure-
ments are obtained, the algorithm produces an approximation of the Kalman
filter estimates. As the memory of each agent and the number of iterations be-
tween each time step are increased, the approximation improves. Simulations
show, however, that even with small memory size and a single iteration, the
estimates are quite close to the centralized optimal. Simulations further show
that the error covariances of the state estimates that the proposed distributed
algorithm yield are significantly lower than what is possible by dead reckoning.

There are several aspects of the proposed algorithm that need further in-
vestigation. Although numerical simulations show that the estimates produced
by the algorithm are close to the centralized optimal estimates, a precise char-
acterization of the difference is lacking. In particular, it will be useful to under-
stand the affect of the parameters Tiem and 7™ on the performance of the
algorithm. Moreover, the evolution error covariance will depend on the number
of agents and the measurement graph, which is determined by agents’ motion.
The relationship between the covariance and agent motion is a subject of future
research.
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