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Disturbance Attenuation for Linear Systems:
Optimal Solutions and Nonlinear Control

Davide Mannini, Joao P. Hespanha, James B. Rawlings

Abstract—This study presents the optimal solutions to the
state feedback finite horizon disturbance attenuation problem
using a game theory approach. The proposed solution method
is valid for linear dynamical systems and quadratic objective
functions, under bounded disturbances. Two solution regions
in the space of initial states define the optimal value of the
controller. The first region, which contains the zero initial
state, features the linear optimal H. controller, whereas the
second region is characterized by a nonlinear optimal control,
which converges to the linear quadratic regulator (LQR) for
large initial states. The transition between the two regions
provides a unified framework that spans from H. control to
LQR control, depending on the relative sizes of the initial
state and the bound on the disturbance. A novel solution
algorithm is introduced, reducing the optimization of the
disturbance attenuation problem to a linear algebra problem
for the first region and a single, scalar nonlinear program
for the second region. The performance of the algorithm is
tested on a representative set of numerical examples. This
paper enhances the versatility of disturbance attenuation state
feedback controllers by introducing an efficient optimal solution
strategy applicable to both zero and nonzero initial states.
One consequence of these results is that optimal disturbance
attenuation of even linear systems requires nonlinear control.

I. INTRODUCTION

The disturbance attenuation problem, also known as the
sensitivity problem, involves designing a state feedback
control policy that ensures disturbances on a dynamic
system are attenuated to a tolerable extent. As a form
of robust control, disturbance attenuation is critical for
systems with highly coupled controls, operational state-
dependent dynamics, or substantial modeling uncertain-
ties [1]. Applications span across diverse fields including
aerospace engineering (particularly helicopter control)
[1, 2], mechanical engineering (engine and submersibles
control), chemical engineering (distillation column opera-
tions), and nuclear engineering (pressurized water reactor
control) [3-7].

The design of minmax controllers using game-theoretic
approaches dates back to the 1960s, with early work by
Dorato and Drenick [8] examining the sensitivity problem
in the time domain. Zames [9] popularized the disturbance
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attenuation problem for linear systems by formulating
it in the frequency domain, aiming to minimize the H.
norm of the closed-loop transfer function from bounded
disturbance input to performance output. The complexity
of solving the problem in the frequency domain motivated
Glover and Doyle [10] to develop time domain solutions.
Basar [11] further expanded this approach, facilitating
a reconciliation with previous dynamic game theory ap-
proaches by solving the finite and infinite horizon problems
recursively using dynamic programming for zero initial
states. This framework casts the disturbance attenuation
problem as a dynamic noncooperative sequential zero-sum
game with two participants: the control (leader) and the
disturbance (follower).

Existing time domain solutions typically assume zero
initial states or consider small regions around the origin.
Didinsky and Basar [12] addressed nonzero initial states
by delineating distinct solution regions in the initial state
space, while Basar [13] obtained a nonlinear controller for
a scalar example near the origin. Despite developments
in both recursive and non-recursive solution methods, a
comprehensive, efficient algorithm spanning all potential
initial states and bounded disturbances remains elusive.

In this paper, we broaden disturbance attenuation by
formulating a unified framework capable of handling both
zero and nonzero initial states. We adopt a finite-horizon,
zero-sum Stackelberg game approach with bounded dis-
turbances, leading to an optimal state-feedback controller
that is inherently nonlinear. The main contributions are:

o A scalar-parameter (Lagrange multiplier) optimiza-
tion for linear systems and quadratic costs, enabling
an efficient way to solve the disturbance attenuation
problem under any initial condition.

o A characterization of two solution regions in the
initial-state space: (i) a region containing the origin,
which features the classic H. solution, a linear control
policy, and (ii) a region characterized by a nonlinear
state-dependent control policy, which converges to
the linear quadratic regulator (LQR) solution for large
initial states.

o A practical algorithm combining linear algebra op-
erations (in the linear region) with a single scalar
nonlinear program (in the nonlinear region).

The paper is structured as follows: Section II pro-
vides background on previous disturbance attenuation
approaches and introduces game theory preliminaries.
Section III presents key theoretical results for solving
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the disturbance attenuation problem. Section IV examines
static disturbance attenuation to illustrate solution struc-
tures and sequential game properties. Section V formulates
the finite horizon disturbance attenuation problem for
linear systems under bounded disturbances. Section VI
characterizes the solution regions and presents an efficient
algorithm. Section VII demonstrates the proposed ap-
proach through numerical examples, showing the nonlinear
nature of optimal control and computational performance
across different systems. The paper concludes with a sum-
mary in Section VIII, and mathematical proofs provided
in the Appendix.

Notation: Let I and R denote the integers and reals.
|x| denotes the Euclidean norm of vector x; |M| denotes
the induced 2-norm of matrix M. The norm of a signal,
defined as vector-valued function of scalar-valued time t,
x(1), is defined as [|x(1)[|, = (T_ox(k)*x(k))"/?. Let y € YV
be a vector sequence defined as y := (y(0),y(1),...,y(N —
1)). Let K. and Kpgr denote the optimal control state
feedback gain obtained from the H. control problem and
the LQR problem, respectively. The column space (range)
and nullspace of a matrix M are denoted by #Z(M) and
N (M), respectively. The pseudoinverse of a matrix M is
denoted as M ™. A stationary point is a point in the domain
of a function at which the gradient is zero.

II. BACKGROUND
A. Previous Disturbance Attenuation Work

Previous approaches to disturbance attenuation with
nonzero initial conditions have provided valuable insights
but have some limitations. Didinsky and Basar [12] identi-
fied that the space of initial conditions can be partitioned
into two distinct regions: one admitting pure-strategy
saddle points and another requiring mixed policies. Their
analysis did not yield explicit structure for the optimal
controller in all regions, however.

Khargonekar et al. [14] formulated an H. control
problem where, unlike the approach proposed here, the
initial state is treated as an additional disturbance input
rather than as a parameter for feedback. Their formulation
maximizes over both the initial state and the exogenous
disturbance, effectively seeking robustness against both
sources of uncertainty simultaneously. This differs fun-
damentally from the ideas of interest here, where the
initial state is a measured (or estimated) parameter used
to compute the feedback control.

This paper solves for the optimal control policy across
the entire state space, explicitly revealing how the non-
linear control structure emerges from the underlying
game-theoretic minmax problem, and provides a seamless
transition between H., and LQR control as the initial state
varies.

Furthermore, previous work considered open constraint
sets and thus formulated the problem by taking infimum,
the current approach extends the formulation to closed
constraint sets. This modification allows the problem
statement to use minimization and guarantees the exis-
tence of solutions without requiring limiting processes.

B. Game Theory Preliminaries

The disturbance attenuation problem can be formulated
as a two-player, zero-sum game. We introduce concepts re-
lated to static Stackelberg games, which feature sequential
moves with one player (the leader) moving first and the
other (the follower) responding,.

Consider a function f: Ux W — R, where (u,w) e UxW,
with U CR"” and W C R™. When control u is the leader
and disturbance w is the follower, the Stackelberg game
formulation is

P rnuinmvzlef(u,w) = f(u* W (u"))

where w%(-) denotes the optimal solution to the inner
problem max,, f(-), when it exists.

Definition 1 (Stackelberg equilibrium for &?). The point
(u*,w°(u*)) € Ux W is a Stackelberg equilibrium of prob-
lem &7 if

fw) < fus w'(w)) < flunw’(u) ueUweW

When disturbance w is the leader and control u is the
follower, the formulation becomes

2 maxmin f(u,w) = F(w"), w')

where u°(-) denotes the optimal solution to the inner
problem min, f(-).

Definition 2 (Stackelberg equilibrium for &2). The point
(u’(w*),w*) € Ux W is a Stackelberg equilibrium of prob-
lem & if

S w),w) < fW),w*) < flu,w*) ueUweW

Remark 3. While nonzero-sum Stackelberg games typ-
ically feature a first-mover advantage, zero-sum Stack-
elberg games often exhibit a second-mover advantage.
Generally, strong duality does not hold for Stackelberg
games, so that

minmax f(u,w) > maxmin f(u,w)
u w w u

When strong duality does hold in zero-sum Stackelberg
games, the solutions are saddle points.

Definition 4 (Saddle point for zero-sum games). The
point (u*,w*) € Ux W is a saddle point (also called Nash
equilibrium) for zero-sum games with function f(-) if

Ft,w) < fu*,w*) < flu,w*) uelUweW

For saddle points, the order of players’ actions does not
impact the outcome of the game, i.e., min, max,, f(u,w) =
max,, min, f(u,w). Moreover, saddle points for zero-sum
games with differentiable functions are always stationary
points, while Stackelberg equilibria are not necessarily
stationary points [15].

The disturbance attenuation problem is formulated as a
zero-sum Stackelberg dynamic game with a second-mover
advantage. Robust control designs a controller resilient
against worst-case bounded disturbances, mathematically
interpreted as a minmax sequential game where the
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disturbance (follower) holds an advantageous position.
The dual problem, placing control in the follower posi-
tion, represents finding the worst-case disturbance of a
feedforward controller.

Although the optimal control is obtained by solving
a sequential game between control and disturbance, in
actual applications the disturbances entering the closed-
loop system are typically unknown. We may consider a
variety of scenarios, including how the controller performs
when faced with the computed worst-case disturbances, or
how fragile the controller is when its assumptions about
the disturbance class are violated.

C. Mathematical Problem Statement

This paper addresses the finite horizon disturbance
attenuation problem for discrete-time linear systems with
quadratic costs and bounded disturbances. The system
dynamics are

=Ax+Bu+w x(0) = xo

where x € R" is the state, u € R™ is the control input, and
w € R" is the disturbance. The objective function is

Z£

= (1/2)(¥'Ox+ u'Ru), terminal cost
Vi(x) = (1/2)x'Psx, and sequences u:= (u(0),...,u(N —1)),
w = (w(0),...,w(N —1)). The disturbance is constrained
to |[w|3 < & for given bound o >0, and the weighting
matrices satisfy O >0, R >0, and Py > 0.

The disturbance attenuation problem is formulated as
the zero-sum Stackelberg game

Vv (x0;u, w) i)+ Vi(x(N))

with stage cost £(x,u)

minmax Vy (xo;u,w) s.t. [|w]3 <o

u w
where control acts as the leader and disturbance as the
follower. This paper derives and characterizes the optimal
state feedback control policy Ky (xg) across different regions
of the initial state space.

III. GAME THEORY RESULTS

This section introduces a proposition to solve the
disturbance attenuation problem, a minmax optimization,
and the worst-case feedforward control problem, a maxmin
optimization. The following Schur complements of the
matrix M(A) are useful for expressing the solutions

_ [Mu M,
M) = {Mfz M22—M]
M (A) := My — AI) — MiuM{ My
Moy (X) := Myy — Mo (My — AI) "M,

Proposition 5 (Minmax and maxmin of constrained
quadratic functions). Consider quadratic function V(-):

R™" — R, compact constraint set W := {w | w'w = 1},
and Lagrangian function L(-) : R 5 R

V(uw) = (1/2) L"V]/M(O) m + M/d
Lu,w,A) = (1/2) [Z]/M(A) m + m/dM/z

where L:=V —(A/2)(w'w—1). We consider the two con-
strained optimization problems

min maxV (u, w)
weWw

robust control (1)
u

max minV (u, w)
weW u

Assume M(0) > 0 and M, > 0. For d € Z(M(L)) de-
note stationary points by (u*(1),w*(1)) and evaluated
Lagrangian function

worst-case feedforward control — (2)

w(2)
[W*(l)] € -M"(A)d+. N (M(L))
L(R) = V(i ,w") = (1/2)A((w") " — 1)
—(1/2)d'M* (A)d + 12

We then have the following results.

1) The solution to problem (1) exists for all d € R™™"
and is given by

— u(20)

where A? denotes the solution to the following
optimization, which exists for all d € R™™"

w—wﬂW

A0 = arg mln L(A) (3)
AZ|Mo |
and W is all solutions to
Miyu* (20 )+(M22—lf D’ = —d;
The optimal cost is given by V(u?,w?) = L(12).

2) The solution to problem (2) exists for all d € R
and is given by

u?:yo w(}:w*(l}))ﬁw
where 2.]9 denotes the solution to the following

optimization, which exists for all d € R™™"

7Lf =arg min L(A) (4)

A>|My, |
is all solutions to

My +Mpw*(A9) = —

and u®

L(Ag).
The proof of Proposition 5 is given in the Appendix.

Remark 6 (Proposition 5 with d =0). When d =0, the
optimal solutions are

The optimal cost is given by (uf,wf)

= [Mxn| A} =My

and the stationary points are

)] e v
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More details are available in [16, 17].

Furthermore, to facilitate the definition of the solution
regions in Section VI, we present the following proposition,
which provides a solution to the constrained quadratic
maximization problem.

Proposition 7 (Constrained quadratic optimization). De-
fine the convex quadratic function, V() : R” - R and
compact constraint set W

V(w) = (1/2)w'Dw+w'd W= {w|ww=1}

with D € R"*" > (0. Consider the constrained maximization
problem

max V' (w) (5)

Define the Lagrangian function
Lw,A) =V (w)—(1/2)A(W'w—1)
and the (unconstrained) Lagrangian problem

maxrriinL(w,l) (6)

w

and the (unconstrained) dual Lagrangian problem

IrgnmaxL(w,)L) (7)

1) Solutions to all three problems (5), (6), and (7) exist
for all D >0 and d € R" with optimal value

VO=10=—(1/2)d' (D —Apl) d+Ap/2

where

. _[p 1

Ap := largest real eigenvalue of P, P:= [dd’ D}
2) Problems (6) and (7) satisfy strong duality, and
the function L(w,A) has saddle points (sets) (w*,A%)

given by

wh =
—(D—Apl)7d,
A" =2Ap
3) The optimizer of (5) is given by w® = w*.
4) The optimizer of (6) is given by

0 * &O(WO) —R

w'=w
5) The optimizer of (7) is given by

WO(}/O>: {_(D_)LPI)+d‘|'</V(D—lpI)7 Ap = |D|

—(D—2pl)7d, Ap > |D|
A0=Ap
6) Additionally Ap = |D| if and only if (i) d € Z(D —
|D|I) and (ii) |(D— |D|I)"d| < 1. If (i) or (ii) do not
hold, then Ap > |D| and |(D—2ApI)~'d|=1.

The proof for Proposition 7 is given in [16, 17].

(- (D—AP1)+d+/(D—AP1)> AW, Ap=|D|

IV. STATIC DISTURBANCE ATTENUATION

Before examining the disturbance attenuation problem
for dynamic systems, we analyze the simpler steady-
state case to illustrate the solution structure of sequential
games. We consider both the disturbance attenuation
problem (minmax optimization) and the worst-case feed-
forward control problem (maxmin optimization).

A. Minmax Optimization: Disturbance Attenuation

The static disturbance attenuation problem is formu-
lated as

minmax Vg (ug, wy) st ws? <o (8)

Us Wy

with objective function
Vi(us, ws) = (1/2)(X;0x5 + usRus)

where Q >0 and R > 0. The steady-state model is defined
as
Xy = Axs + Bug + Gwy x5 = Yyus + Y,,wy

with ¥, := (I—A)7'B and ¥, := (I —A)~'G. Assume the
system lacks an integrator (1 ¢ eig(A), i.e., matrix A has no
eigenvalues equal to 1), and x; € R*, u; € R™ and w,; € R”
represent, steady-state values.

We first establish the equivalence of the inequality and
equality constraints in the optimization problem.

Proposition 8. Problem (8% can be equivalently formulated
with the constraint |wg* = a rather than |wy* < a,
yielding

minmax s.t. wy € Wy (9)

Us Wy

Vs(usaws)
(04

where W, := {w; | |ws]* = at}.

Proof. Consider arbitrary fixed uy. If ¥;,QY,, =0, then V;
does not depend on wy, so assume Y;,QY,, # 0. Suppose for
contradiction that max,, Vi(us,ws) has an unconstrained
optimum when |w;|* < a.

The quadratic term in Vi(ug,wy) with respect to wy
is (1/2)wi(Y,,QY,,)ws. An unconstrained maximum exists
only if Y/ QY, < 0. However, since Q > 0, Y,,0Y, > 0.

Ap > |D| Therefore Y,,QY,, =0, which contradicts our assumption.

Thus, max,, Vs(us,ws) does not have an unconstrained
optimum, and the constraint must be active at the
solution, giving |wy|* = a. O

Thus problem (8) is equivalent to (9)

Vs(”s, WS)

minmax s.t. wy € Wy

Us  Wg

The objective function can be rewritten as

) / Yul Y, +R YL: Y, s
) =0y [1] [H@Ie R 1G] [

Applying Proposition 5, the optimal solutions are
ug =0 wi(u)) € N (Y, 0%, — AN NW,
with optimal objective value
V,(ud wd(u2)) = (1/2)02°
where A0 = |Y! QY,,|.

s
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Fig. 2. Maxmin problem from (10). Top: optimal disturbance w

0
s

Fig. 1. Minmax problem from (8). Top: optimal control u) within
the unit circle. Middle: vector plot of w?(u,) as a function of u;.
Bottom: Contour plot of the objective function Vi(w?(us),us) as a
function of uy, including the optimal objective value V.

on the unit circle. Middle: vector plot of u%(wy) as a function of w.
Bottom: Contour plot of the objective function Vi(ud(ws),w;) as a
function of wy, including the optimal objective value V.
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B. Maxmin Optimization: Worst-case Feedforward Con-
trol

The dual problem to (9) is

. Vs (us y Ws )
maxmin —
Ws Ug (04

s.t. wy € Wy (10)
This formulation finds the worst-case disturbance for a
feedforward controller. From Proposition 5, the solutions
are

wl=w'NW,  u)(w)) =—(Y,0%+R)""Y,0¥,w)

where
u* Y0V, +R Y oY,
[w*} E'/V([ Y,0Y, Y0¥, —A%
with optimal objective value
Vs(u (wg),w?) = (1/2)ad’

where A0 = |Y,QY,, —Y,,0Y, (Y, QY, + R)~'Y,0V,|.

Remark 9. Comparing the optimal values:

Vsommmax - 1/2 ‘Y QY |
Vsomaxmm 1/2 !Y QY _Y/QY( uQYM +R)7]Yu/QYW|

Since the matrix Y/ QY,(Y!QY, +R)"'Y/QY, >0 is typi-
cally positive definite, a nonzero duality gap exists with
Vo >V

§,min max s,max min"

C. Numerical Example

To visualize the solutions, we examine a system defined

by
2 1 1 0

S R
with G=1, Q=R =1, and o = 1. Fig. 1 shows the
optimal solutions for the minmax problem (disturbance
attenuation), depicting u?, w?(u?), and objective function
contours for u; within the unit circle. Similarly, Fig. 2
illustrates the maxmin problem (worst-case feedforward
control) solutions.

The quantitative difference between the two formula-
tions is evident in their duality gap:

1A -0 =1.31-0.48=0.83

s,minmax s,max min

The minmax problem exhibits a unique Stackelberg equi-
librium with multiple possible disturbance outcomes:

0 —0.53
yielding Vi(u?,w?(u?)) = 1.31. Notably, (u2,w?(u?)) is not
a stationary point, and V(-) is not differentiable at this

solution. Conversely, the maxmin problem features two
distinct Stackelberg equilibria:
0.13}

o, [-0.79 0o [~
Wy = { 0.62 us () =F | .59

with objective value V;(u?(w?),w?) = 0.48. Unlike the
minmax case, each maxmin solution (u?(wW?),w?) is a

stationary point.

This example clearly demonstrates how the sequential
nature of the game significantly impacts both the solution
properties and optimal values.

V. DYNAMIC DISTURBANCE ATTENUATION

The disturbance attenuation problem in the frequency
domain seeks a feedback controller, K(s), that minimizes
the H., norm of the transfer function from disturbance
input to performance output [9]. This norm is defined as

o Ol
Tl = e ol

leading to the optimization problem

win sup 1201
K(s )w(s A0 HW( )”2

Applying Plancherel’s theorem provides a time domain
interpretation

sup ||z:(s)H2 _
()20 W)l i

[12(0)1l
0 [[w(0)ll

which, with an introduced control u(r) that minimizes z(z),

yields
min  sup llz(2)]l
u(t) ()20 W)l

This is equivalently expressed by squaring the objective

function 5
t
wn s JEOE

u(t) oy 220 [W(D)I13

A. General Framework

Based on Section V, we formulate a general disturbance
attenuation problem for discrete-time systems

xt = flx,u,w) SR XUXxW—R"

where x € R” is the state, u € U CR™ is the control input,
and w € W C R? is the disturbance.

Define the following sequence of vectors for the state,
x:= (x(1),x(2),...,x(N)), control, u:= (u(0),u(1),...,u(N—
1)), auxiliary control, v := (V(O),v(l), V(N — 1)), and
disturbance, w:= (w(0),w(1),...,w(N —1)).

Parameterize the control 1nput with an embedded
feedback structure

w(v)=Kx+v

where K is either an optimization variable or a fixed
parameter, and v becomes the primary control variable.
This formulation incorporates feedback while optimizing
only over control actions. The finite horizon optimal
control problem is

Pn(xo) V(x0) = min max Vy(xo: 1 (v),w)

vey (xg) weWy

with cost function

Vv (xo0: (v Z (x(0), u(i)) +Vr(x(N))
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and constraint set
YV (x0) ={veV]|x@i),u()) €Z,
Vi€ Toy—1, X(N) € Xy, Yw € Wy C RV}

For horizon N € I>p, denote the state trajectory by
x(i) = ¢(i,x0;,u(v),w) and the control input by u(i) =
w(x(i),v(i)). Let v°(xo) be the minimizing control sequence,
10 (xo) :== u(v*(xp)) the corresponding control policy, and
V(x0) = Viv(x0; u%(x0)) the value function. Assume that
a solution to Py(xg) exists for all xg € Zn(xo) = {xo |
Yn(xp) # 0} and that 2y is not empty. The optimal
control applied to the system is ky(xo) = Kxo + v (0;x0).

Remark 10. In actual closed-loop implementation, the
control and disturbance do not interact in a game-
theoretic manner; the controller simply applies Ky(xo)
to achieve robustness against unknown bounded distur-
bances.

Remark 11. The disturbance attenuation problem as
formulated here aims to maintain good performance (min-
imize cost) despite worst-case disturbances, rather than
to cancel disturbances. In this game-theoretic framework,
the disturbance is chosen adversarially after the control,
making disturbance cancellation impossible. Instead, the
controller seeks to attenuate the effect of the disturbance
on the overall cost, not to counteract the disturbance
signal itself. This is fundamentally different from dis-
turbance rejection approaches, such as the dual maxmin
optimization, which aim to directly cancel the measured
or estimated disturbances in a feedforward fashion.

B. Quadratic Function and Linear System Framework

We implement the optimization framework in Section V
for a specific class of systems: linear dynamics with
quadratic cost functions and bounded disturbances. The
performance output is

1[0 0 ] [x()
Z(t) - ﬁ |: 0 Rl/2 bl(t)
with system dynamics and cost function
fxu,w) =Ax+Bu+w x(0) = xo
2 =0(x,u) = (1/2)(X'Ox + u'Ru) Vi(x) = (1/2)x'Psx

where x,w e R", ue R™, 0 >0, and R > 0.
With the control parameterization u = Kx + v, the
objective function reduces to

ZE

Iv(xo) = {v e R"™ | (x(i),u(i)) € Z,
Vielon-1, x(N) € Xy, Vwe Wy}

|z

X(),V W —|—Vf( (N))

where Z = R" x R™. The disturbance sequence w is chosen
to lie in a bounded set Wy C Wy, defined as

Wo = {w] [wll3 < o}

Where the scalar « is the disturbance bound. By Propo-
sition 8, the inequality constraint can be replaced by an
equality constraint

Wo = {w|||w]3 = a}

The model is solved as a finite horizon non-recursive
problem, where the state sequence is

X = x)+BV+9Gw

with

Ax B 0 0O - 0
A% AxB B 0o - 0
o — |A¥| z.— | ARB  AkB B - 0
' Nolw aN2m aNd
A¥ AR'B AR B AR ..« B

I 0 0 - 0

Ax I 0O - 0

g—| A Ak I - 0

.71 .72 173 t. .

AR AR AR g

where Ax = A+ BK. The control u given the control
parametrization u = Kx+v

u=#xg+ #Hx+v

with
K 0O 0 0 0 O
0 K 0 0 00
K = 0 = 0K 0 00
0 0 0 K 0
Defining

enables the cost function to be expressed as

Vn(xo;v,w) = (1/2) ’Axo+l§v+(7w% (11)
with
2 = diag (diagy_, (Q), Py) X = diagy(R)

D = diag(Q, 2, %)

I 0 0
A= |o B=|% G= |9
A, Bu Gu

The final disturbance attenuation problem is

Vv (x0; v, W)

minmax s.t. ||w||§ =a (12)

v w

where o represents the disturbance bound. This is a zero-
sum Stackelberg game with constrained convex-convex
objective. Its dual problem is

Vn (xo;v, W)

max min s.t. ||w||% =a

w v
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C. Disturbance Attenuation Problem Solution
The objective function in (11) can be expressed as

Viv (x0; v, W) = (1/2)( H/M(O) m +2 LVV]Id+x6ExO)

w

where
B'DB B'DG

_ _|B'] 57 F_ 1
M()L)—{G—,DB G’DG—M} d_[G—,}DAxO E=A'DA

Defining u; = |G’DG| and
L(x;A) := (1/2)ad + (1/2) (x4 Exo —d'M T (1)d)
the solution to (12) from Proposition 5 is
V0 = v (1°)
w’ € —(G'DG — A°1)"(G'DBV° + G'DAxq) + ./ (G'DG — A°I)

where

va((i))} €M (M)d+ N (ML)

The optimal objective value is
VO (x0;v0, w0) = (1/2)aA’ + (1/2) (xhExo —d’M T (A°)d)
or equivalently
VO (x0:v0, W) = (1/2)ad’ + (1/2)xpT1(A%)xo
where

NG —E—AD[B G| M* (A" [g} BA

with A9 determined from

0 : .
A= arggﬁ L(xo; 1)
This approach reduces the constrained minmax optimiza-
tion to a scalar minimization over a Lagrange multiplier.
In a different context, Sayed et al. [18] also solved a
class of sequential games, including (12), by reducing the
constrained minmax optimization to a scalar minimization
over a Lagrange multiplier A.

VI. SOLUTION STRUCTURE

This section characterizes the two solution regions in
the space of initial states. An efficient algorithm for
numerically solving the disturbance attenuation problem
in each region is then presented.

A. Solution Regions

Optimization problem (12) features two solution regions
in the space of initial states, based on the theoretical
results from Proposition 7. Applying these results to
the proposed disturbance attenuation problem requires
establishing a connection between the general conditions
in the proposition and the specific problem structure.

From part 6(ii) of Proposition 7, the condition
[(D—|D|I)Td| <1 determines when Ap = |D|. For the

problem in (12), with D = G'DG, u; =
d = [B; G)'DAxy, this condition becomes
2

<o

|G'DG|, and

£t

To facilitate a clear characterization of the solution re-
gions, define the gain matrix J(i;) as

- 0 0 Bl -
s =g 3| mw) g |4
1) Region Z1: Region Z} € R" consists of initial states
where the optimal solution to miny>,, L(xo;24) is A% = ;.
From part 6(ii) of Proposition 7, this corresponds to

21 = {x0 | [T ()xol” < @}

This region, which contains the origin, is characterized by
a linear optimal feedback control policy in the initial state
xo. A unique value of A% = u; leads to a unique optimal
control sequence v? that depends linearly on xo.

Remark 12. Note that the zero initial state, xo = 0, is
clearly contained in 2.

2) Region Zyr: Region Zn; encompasses initial states
where the optimal solution to miny>,, L(xo;4) is A%(a) >

Hi.
I =R"\ 21

In this region, the optimal value A°(a) depends on the
parameter o. Consequently, the optimal control sequence
v0(@) is a nonlinear function of both xy and «, leading to
a nonlinear controller.

An important property of region Zy; is that as the
initial state magnitude increases, the optimal control
approaches the linear quadratic regulator solution, as
established next.

Proposition 13 (Convergence to LQR Solution). Fix the
disturbance bound « > 0. Then as |xg| — oo, the optimal
solution of the disturbance attenuation problem (12) co-
incides asymptotically with the linear quadratic regulator
(LQR) solution.

Proof. Rescale V(xo;v?,w®) by dividing by parameter «,
giving
X0 \/ X0
o)
The ratio |xo|/+/¢ controls the scaling between the size
of the disturbance and the size of the initial state. As
|xo| — oo with fixed a, this ratio approaches infinity.
When this ratio approaches infinity, the optimal value
of A approaches u;, and the system behaves as if the
disturbance magnitude o approaches zero. Because the set
Wy is continuous in a [19, pp.152-153], the solution to
the inner maximization problem exists and is continuous
in o [20, Corollary 5.4.2], [21, Theorem C.28]. Thus,
when a — 0, the worst-case disturbance w® is forced to 0,
reducing the problem to

gi£(1/2)1+(1/2)(

minV (xo;v,0)
v
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which is the standard LQR problem. O

Remark 14. An important distinction between the two
regions concerns the uniqueness of the optimal distur-
bance. In region 27, the disturbance solution w°(v?) is not
unique, as indicated by Proposition 7. When A? = p; =
’G’ DG, the matrix G’'DG — A°I has a non-zero nullspace,
leading to multiple possible worst-case disturbances. In
contrast, within region 2y, where A? > u;, the matrix
G'DG — A°I is non-singular, resulting in a unique optimal
disturbance wo(v0).

3) Solution Properties: The optimal solutions exhibit
markedly different properties in the two regions. In 27,
the optimal solution to (12), (v0,w?(v?)), is a Stackelberg
equilibrium that is not a stationary point, and strong

duality does not hold
Vn(xo; v, w . Vn(xp;v,w
7N(x0 )> max min 7N(XO )
[wi3=e ¥ «

min max

Vo wli=a a

Conversely, in 2y, although the optimization remains

a sequential game (where control moves first, followed by

disturbance), strong duality holds, and the optimal solu-

tion (vO(a),w’(v?(@))) is both a Stackelberg equilibrium
and a saddle point

min max ———=
Vo wli=a o [wi3=a ¥ o

B. Selection of Control Gain Parameter K

Basar [11] established the solution to problem (12)
for zero initial states, xop = 0. For the infinite horizon
formulation, the resulting optimal control gain constitutes
the classical H. controller and can be derived using
linear matrix inequality (LMI) methods [22, p.128]. This
standard H.. gain, denoted as K2, provides the appropriate
stabilizing feedback for the control parameterization

K=K°

so that the feedback parameterization is implemented as
u=K%x+v. When xy # 0, the optimization determines
a control sequence v0 that compensates for this parame-
terization while still achieving the minimum value of the
objective function in (12). This choice of parameter is
justified in the following proposition for xo € 2.

Proposition 15 (Optimality of H. Control for xo € 27).
For the disturbance attenuation problem (12) with horizon
N, terminal cost Py = P., and control parametrization u =
Kx+v, when xy € 27, the optimal solution is K = K2 and
v =0. Thus, u® = K%x.

Proof. Consider the cost function from (11)

Vv (x0,viw) = (1/2) |Axo + Bv + Gw|12j
where D > 0. Given the constrained maximization over w,
we W,

V VW
maxM s.t. |[w]} =«
w

where
Vv (x0,viw) = (1/2) (W/G/DG_W +2wWG'Dd + xyExo + d'[)d)

with
d = Axy+Bv E=ADA

For xg =0 and v # 0, from Proposition 7
VO(O,V) =(1/2) < —d' (G'DG— 7LPI)+d+d,Dd+;Lp(X>

where Apl > G'DG, and thus —d'(G'DG — ApI)"d > 0. For
xo =0 and v=0, then d =0, and from Proposition 7

v(0,0) = (1/2)Apct
It follows that
v%(0,0) <Vv°(0,v) for all veR™

Thus, when xo = 0, the optimal value for K is K2 with
v0 =0.

Since xg =0 € 27 and v? =0 at xo = 0 as shown above,
the uniqueness of v*(A%) within .27 implies that vO(u;) =
0 for all xg € Z1. Therefore, throughout region 27, the
optimal control is u® = K%x. O

C. Solution Algorithm

This section introduces an efficient solution algorithm
for the disturbance attenuation problem that leverages the
properties of regions 27 and £y to reduce computational
complexity.

Algorithm 1 Disturbance Attenuation Problem

Require: xg, up, ot, K2
Ensure: A9, v0, wo(v9)
Compute J(uy)
if |J(11)x0)* < o then
A0 — > Region Z: linear algebra problem
Calculate v0 and w®(v?) from Proposition 5
else
Solve A° = argminy >, L(xo;A)
scalar nonlinear optimization
Calculate v and w’(v°) from Proposition 5
end if

> Region Zyi:

This algorithm efficiently solves a linear algebra problem
in region 27 and a scalar nonlinear optimization problem
in region Zyr. Efficiency is measured by the reduction
from high-dimensional constrained minmax optimization
to either matrix operations (in 27) or single-variable
search (in Zyr). The optimal gain for the H. control
problem, K2, can be computed offline through standard
linear matrix inequalities [23, p.109],[22, p.128]. Com-
putational performance is demonstrated in Section VII,
showing modest horizon requirements and convergence
with 40-50 function evaluations across different system
dimensions.
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Fig~ 3. Duality gap, Vminmux(xo;voawo(vo)) _Vmaxmin(xo;vo(wo)awo)v as
a function of x¢ for ¢ =1.

VII. RESULTS AND NUMERICAL EXAMPLES

This section presents numerical examples demonstrating
the application of Algorithm 1 to the disturbance attenu-
ation problem for both scalar and multivariable systems.

A. Strong Duality and a Dependence

Consider the scalar system from Basar and Bern-
hard [24, p.92]

A=1 B=1 R=1 Q=1 (13)

with horizon N =2, terminal cost Pr =2, and disturbance
bound o = 1. For this system the region 27 is

21 ={-V3<x<V3}

This analysis investigates how the duality gap varies across
regions 27 and Zy; as a function of the initial state.
The duality gap is defined as the difference between
the optimal objective values of the disturbance attenu-
ation problem Vipinmax (x0; v°, w°(v?)) and its dual problem
Vinaxmin (X0; VO (W?), w?). As shown in Fig. 3, the duality
gap is zero in region Zy; where strong duality holds, but
positive in region 27 where strong duality does not hold.

Fig. 4 illustrates the nonlinear dependence of the op-
timal control input K'[(\), on parameter o in region Zyp
for xp = 4. In contrast, the optimal control remains
independent of o in region 2.

B. Degenerate Region 27

Consider another scalar example from Basar and Bern-
hard [24, p.92]

A=05 B=1 R=1 0=02
with optimal gains
—K.=04 —Kior=0.1

and parameters N = 1500, Pr = 0.4, and o = 1. For this
system, the region 2 degenerates to a single point

21 ={0}

As shown in Fig. 5, the H. control gain K. is optimal only
at the origin. This example requires a large horizon length
to achieve convergence to the infinite horizon solution.

10

K% (20)

T
7.5 10.0

Fig. 4. Optimal control input K,(\), as a function of the parameter o
for xo = 4.

=
B
oz
°
1.0 Eo
i
1
—~~ 1
o 1
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N 0.4 _KOC ............ : ...................
1
1
1
0.1 1 i
0.0 I f T
2 0 2
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Fig. 5. Top: Optimal control input K]?, as a function of xp, where
K](\),(xo) = Kxp. Bottom: Control gain K as a function of xg, where

K'g(xo) = Koxo .

C. Optimality for xg € ZyL,

Returning to the first example system with parameters

A=1 B=1 R=1 Q=1

N =2, Pr=2, and a =1, the performance of the proposed
method is compared against standard H.. control. Fig. 6
shows the difference between the optimal objective value
of the proposed solution method, with u = ky(xp) =
K.xo +v°(0;x9), and the objective value obtained from
standard state feedback H. control using u = K.xg. The
results confirm the suboptimality of H. control when used

outside the %2 region.
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Fig. 6. The cost difference AV = V(xo;Kwxo) — V(x0;kn(x0)) as a
function of initial state.

11 . ‘.00 .. ° o.‘ ...
N* o .. °
10 ."°
. ...”.
91— T T T
20 40 60
n

Fig. 7. Average horizon length N* required for solution convergence
as a function of system dimension n, averaged over 180 simulations
per dimension.

D. Multivariable Systems

Experiments were conducted with multivariable systems
using randomly generated matrices A € R™" and B € R™"
where m = n/2, with dimensions ranging from n = 15 to
n =65, over 180 simulations per dimension. In all cases,
Q=1I, R=1, and Py =0, with initial states scaled to fall
within the region Zyr. The required horizon length for
solution convergence remains modest across all system
dimensions. As shown in Fig. 7, the average converged
horizon length N* ranges from approximately 9 for n =15
to 11.5 for n = 65, exhibiting only a weak dependence
on system dimension. This characteristic enables effi-
cient handling of large-scale systems without excessive
computational requirements. For these experiments, the
convergence criterion is (197 —A9)/A% <1072, where A%~
represents the optimal value from the previous shorter
horizon computation. The algorithm consistently achieves
convergence with 40-50 function evaluations across all
dimensions.

11

E. Closed-loop Performance

The closed-loop performance of the disturbance at-
tenuation approach is analyzed in a receding horizon
implementation, where the optimization problem is solved
at each time step. Performance is measured using time-
averaged stage cost.

lkfl

U@@%MH»:;X;@@MQ)

where (x(k),u(k)) = (1/2)(x'(k)Ox(k) +u'(k)Ru(k)). In this
setting, the optimal control k3 (xo) is applied and the state
evolution is simulated under the worst-case disturbance
w?. The closed-loop disturbance attenuation problem can
be considered as a repeated sequential game.

Definition 16 (Closed-Loop Robust Positive Invariant Set).
A set X CR" is a closed-loop robust positive invariant set
for the system x* = f(x,u,w) under controller u = x(x),
weW, if x e X, then f(x,x(x),w) € X for all we W.

This investigation focuses on whether region 27 is
robustly positive invariant under the closed-loop dynam-
ics, comparing this approach with standard H. control
through two examples. All simulations use a disturbance
bound o = 1.

Remark 17. The robust positive invariance property of
21 significantly impacts the long-term performance of
disturbance attenuation controllers.

For the first example, consider the system (13) with
parameters N =2, Pr =2, and initial state xo =5 € Zyy.
Here, region 27 is

21 = {x0: —V3 <x9 <V3}

and is robustly positive invariant for both controllers.
While the optimal disturbance is unique when x € Zyg,
there are infinitely many possible worst-case disturbances
when x € 27 for this system. Therefore, disturbance values
are randomly selected from [—1, 1] when the state is within
Z1. As shown in Fig. 8, which displays the first and last
50 time steps of a 12000-step simulation, both controllers
achieve similar performance, with this method providing a
temporary 8% cost reduction during the transient phase.
This advantage disappears as t — oo because both control
policies become identical once the state enters 2.

For the second example, consider the following system

A=05 B=1 R=1 Q=04 (14)

with parameters N = 10, Pr = 0.65, and initial state xo =
5 € Zni. Here, region 27 is

21 ={x0: —v0.69 < xp < V0.69}

In this case, £ is not robustly positive invariant for
either controller. As in the first example, when x € 27,
disturbance values are randomly selected from [—1,1],
while for x € £y, the unique optimal disturbance is
applied. As shown in Fig. 9, the approach achieves a
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Fig. 8. Closed-loop simulation for the system defined in (13).
Top: State x Middle: control u and Bottom: percentage cost
savings as a function of time units. The set 27, is a robust positive
invariant set for the closed-loop system. Injected disturbances
are shown in purple.

substantial steady-state performance improvement, with
a 8% cost reduction that persists as t — .

These examples demonstrate the following: when 27
is robustly positive invariant, performance improvements
are transient; however, when £ is merely a subset of the
robust positive invariant set, this approach consistently
outperforms standard H. control in steady state.

VIII. SUMMARY

This paper advances the theory of disturbance attenua-
tion by demonstrating that optimal state feedback control
for linear systems results in nonlinear control. We establish
a unified framework connecting H. control and LQR,
formulated as a zero-sum Stackelberg game with bounded
disturbances.

Two distinct solution regions in the space of initial
states exist. In the first region denoted 27, which contains
the origin, the optimal control coincides with the linear
H., controller. In this region, the optimal solution has
unique mathematical properties: it forms a Stackelberg
equilibrium that is not a stationary point, strong duality

Fig. 9. Closed-loop simulation for the system defined in (14).
Top: State x Middle: control u and Bottom: percentage cost
savings as a function of time units. The set 27 is not a
robust positive invariant set for the closed-loop system. Injected
disturbances are shown in purple.

does not hold, and the optimal control is independent of
the disturbance bound.

In contrast, the second region (denoted Zy.) features
a nonlinear optimal control policy that varies with the
disturbance bound and converges to the LQR solution as
the initial state magnitude increases. Here, the optimal
solution is both a Stackelberg equilibrium and a saddle
point, with strong duality holding throughout this region.

An efficient solution algorithm that exploits this re-
gional structure is introduced, reducing computational
complexity to a linear algebra problem in the region and
a scalar nonlinear optimization problem in the second
region. The numerical studies indicate that modest predic-
tion horizons (10-12 steps) suffice for convergence across
a range of system dimensions.

Closed-loop simulations reveal performance improve-
ments over traditional H. control when the first region
Z1 is not a robust positive invariant set for the closed-
loop system. In such cases, performance gains persist in
steady state, with cost reductions of up to 8%.
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IX. Appendix

The proof of Proposition 5 require a few preliminary
results, given here as Proposition 18, Proposition 19, and
Lemma 20. The proofs of these three preliminary results
are given in [16, 17].

Proposition 18 (Positive semidefinite partitioned matri-
ces). The matrix M > 0 if and only if M;; >0, My —
M?zMFLlMIZ Z 07 and %(Mlg) g <@(M]l).

Proposition 19 (Minmax and Maxmin of a Quadratic

Function). Consider the

Lagrangian function L(-) :

Rm+n+1 SR

L(uw,w, L) = (1/2) MIM(A) m + m/du/z

with Mj; >0, M(0) >0, and the two problems

minmax L(u, w, 1) maxminL(u, w, 1) (15)
u w w u
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We characterize existence of solutions as a function of
(decreasing) parameter A.

1) For A > |Mpy;|: Solutions to both problems exist for
all d € R™™".
2) For A = |M»y;|, we have the following two cases:

a) For d € Z(M(|Mp])): The solutions to both
problems exist.

b) For d ¢ #(M(|M2]|)): Neither problem has a
solution.

If M(0) is such that |My;| < |[Ma|, then we have the
following cases.
3) For |Mj| < A < |Myp|: Only the solution to the
max,, min, L problem exists, and it exists for all
d € R™,
4) For A = |Mj|, we have the following two cases:
a) For d € Z(M(|My1])): Only the solution to the
max,, min, L problem exists.
b) For d ¢ %#(M(|My|)): Neither problem has a
solution.
5) For A < |Mji|: Neither problem has a solution.
If M(0) is such that |Mj;| = [Mp], then cases 3 and 4 do
not arise.
For d € #(M(1))
(u(2),w*(1)) by

denote the stationary points

] e wras o)
When solutions to the respective problems exist, we have
that
u'(A) = argmuinmvaleL(u,w,l)
w'(A) = argmv?xmuinL(u,w,l)
LO°(A) = —(1/2)d'M* (A)d+ A )2

and the inner optimizations, u’(w*(1)) and w°(u* (1)), are
given by all solutions to

M QO(W*) + Mi» w* = —d
Miz u* + (Mxp—Al) WO(M*) =—dy
or, after solving,
P = —M{| (Miow* +dy) + N(Mp)
W) = —(Mp—ADT(Mu'+d)) + N(Map—Al)

Lemma 20 (Saddle points of the Lagrangian of constrained
quadratic optimization). The following (w*,A*) are saddle
points of L(w,A) := (1/2)w'Dw+w'd — (1/2)A(W'w —1).

wh =

((D— ID|I)*d+ ./ (D— |D|I)> AW, Ap=|D|

(D—Apl)~'d,
A*=2Ap
Proof of Proposition 5. First note that M(0) > 0 implies

that M», >0 and M;; > 0 as discussed after Proposition 18.

1) First we note that problem (1) is equivalent to
min, max,, miny L(u,w,A). Because My, > 0, Propo-
sition 7 applies, and we have strong duality in

A,P > |D|

14

the inner two optimizations giving the equivalent
problems
minminmax L(u,w,A) = minminmax L(u, w, 1)
u A w A u w
Now we apply Proposition 19 and insert the solution
to the min, max,, L problem giving
min L°(A)  L°(A) = —(1/2)d' M (L)d+ A /2
A2 |Mp|
which is (3). Note that the constraint on A follows
because as stated in Proposition 19, a solution to
min, max,, L(u,w,A) does not exist for A < |Mp].
Given the optimal solution A°, we then evaluate the
optimal # and w? from the formulas in Proposi-
tion 19, and we have to intersect the inner solution
set w0 with set W as in Lemma 20 to obtain the
solution to the original constrained problem (1).
Proceeding similarly, we note that problem (2) is
equivalent to max,, miny min, L(#,w,A). But here we
must solve the inner min, L before we can appeal
to Proposition 7 for strong duality of the outer two
problems. Since Mj; > 0, the inner problem has a
unique solution for all d € R™™ with optimal value

L@, w, A) = (1/2)w Myyw+w (da — MMy d)
—(1/2)d\My, dy — (1/2)A(wW'w—1)

Because M;; >0, Proposition 7 again applies, and we
have strong duality in the outer two problems giv-
ing the equivalent problem min, max,, min, L(u,w,1).
From here, we again apply Proposition 19 and
proceed as in the previous part. We obtain the
optimization problem minle“lLo(l), which is (4),
and the constraint on A follows because the solution
to max,, min, L(u,w,A1) does not exist for A < |My|.
Finally, in this problem, we must intersect the outer
solution w* of max, min,L with W to solve the
original constrained problem (2). O
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