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Optimal sampling schedules for /> and /., state-feedback control

Duarte J. Antunes and Jodo P. Hespanha

Abstract— We consider a discrete-time linear system for
which the control input is updated at every sampling time,
but the state is measured at a slower rate. We allow the state
to be sampled according to a periodic schedule, which dictates
when the state should be sampled over a period. Given a desired
average sampling interval, our goal is to determine sampling
schedules that are optimal in the sense that they minimize the 5
or the ho, closed-loop norm, under an optimal state-feedback
control law. Our results show that, when the desired average
sampling interval is an integer, the optimal state sampling turns
out to be evenly spaced. This result indicates that, for the hs
and h.. performance metrics, there is relatively little benefit to
going beyond constant-period sampling.

I. INTRODUCTION

The standard paradigm in digital control is to periodically
sample the system’s output, compute the control action, and
update the system’s input. Digital to analog and analog to
digital converters often dictate these operations to occur
at evenly spaced times, even if, occasionally, at different
rates [1]. However, when, for example, the controller and
sensor processing units ran on shared processors or con-
trol signals are transmitted over shared networks, different
sensor and control update schedules are imposed or can be
selected [2]. Here we address how to optimize the sampling
schedules.

We consider a discrete-time linear system for which the
control input is updated at every time step and the state is
sampled according to an arbitrary periodic schedule; each
schedule is characterized by the intervals between consecu-
tive samples in a period k. The cost of a sampling schedule is
measured by the hy or hoo closed-loop system norms under
an optimal control law. We tackle the problem of picking
optimal sampling schedules with a desired rational average
sampling interval.

In the ho framework, we start by establishing a key result
stating that the expected value of a quadratic cost in the
interval between two samples is a convex function of the
length of the interval (in a natural sense for functions with
discrete domains). Moreover, we show that the hy norm can
be written as a weighted average of samples of this convex
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function at the lengths of the intervals characterizing the
periodic schedule. These two facts lead to a simple way to
modify a schedule in order to decrease the associated ho
norm: take two arbitrary intervals characterizing the schedule
and reduce the largest by the same amount that the smallest
is increased. This implies that:

1) An h-periodic schedule with m intervals between sam-
pling is optimal if (and only if under mild conditions)
all of these intervals are either equal to [ ] or [2]
where ||, [-] denote the floor and the ceil.

2) When % is an integer, then evenly spaced sampling is
optimal and, in fact, it is the unique optimal schedule
(under mild assumptions).

3) The plot optimal achievable i2 norm versus average rate
is a continuous piece-wise affine function connecting
the pairs (1/h,Jo ) where Jop is the hy norm of
periodic control with integer average sampling interval
h (see Figure 3 below).

The results are briefly connected to existing results in the
literature for continuous-time sampled data systems (see
Remarks 2, 3 below).

In the h,, framework, we show that the h., norm only
depends on the longest interval in a schedule, and it is a non-
decreasing function of this longest interval. This implies that:

1) A sampling schedule guarantees the smallest attenua-
tion bound (h., norm) achievable for a given rational
average sampling time % if (and only if under mild
assumptions) the largest interval does not exceed (%l
Note that the optimal schedules (in this sense) are in
general different from the ones for the hy case.

2) Also here, when % is an integer, then evenly spaced
sampling is optimal and it is the unique optimal sched-
ule (under mild assumptions).

3) The plot optimal achievable h., norm versus average
sampling time (or average rate) is a discontinuous
piece-wise constant function, where these constants are
equal to the ho, norms corresponding to evenly spaced
sampling with integer average sampling interval £ (see
Figure 4 below).

A numerical example illustrates the results.

There are some related results in the literature, reviewed
next. The co-design of the control and scheduling of tasks has
been proposed in several papers, see e.g., [3]. The superiority
of evenly spaced sampling in the context of continuous-time
output feedback sampled linear systems has been established
in [4], both in the H5 and H, senses, using arguments based
on the Youla parameterization. The results in [5], a discrete-
time extension of [4] considering the h., setting, do not
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explicitly handle evenly spaced sampling. In the hy setting,
the impact of the variability of the sampling sequence has
been studied in [6], which implies the optimality of evenly
spaced sampling for sampled data systems. However, note
that our results are different from the ones in [5], [6]. In
particular, in the ho setting, neither the above mentioned
convexity properties nor the comparison between arbitrarily
schedules differing by two intervals appear in [6]. In partic-
ular, while [6] shows that the h5 norm is not necessarily a
monotone function of the variance of the sampling intervals,
from the properties established here we can provide a sim-
ple method to find sampling schedules that monotonically
improve the ho norm (see Remark 1 below). In the hoo
sense besides providing a discrete-time result analogous to
the continuous-time provided in [4], we address some of its
implications not addressed in the literature. Besides the tools
we use to derive our results are very different from the tools
used in [4]-[6]. The paper [7] goes beyond the present case
for the ho, problem and searches for state-dependent (event-
triggered) scheduling policies that can outperform periodic
control.

The paper is organized as follows. Section II states the
problem and Sections III, IV provide the main results pertain-
ing to hsy and h respectively. Section V provides numerical
examples and Section VI gives concluding remarks. The
proofs of some auxiliary results are given in the appendix.

II. PROBLEM FORMULATION AND PROBLEM STATEMENT

Consider a linear system
Tt11 = Axy + Boug + Biwy, t € Np:=NU{0}, (1)
with the following output of interest
2y = Cowy + Daruy, (2)

where 2; € R, u; € R™, z; € RP, wy; € R™ for ¢t € Ny.
Without loss of generality, we assume that CQ—r Dy = 0,
and define Q = C) Cy and R = D, Dy;. Futhermore, we
consider B; = I and use the notation B = By. We assume
that (A, B) is controllable, (A, C5) is observable and R > 0.

We assume that the sensors provide the full state x;.
However, not necessarily at every time ¢. In fact, we assume
the following measured output

D if oy =1,
=0t o, =0,

where o} is a periodic binary function with period h € N
and y; = () means that the state is not available at time t.
When

3)

{1 if ¢ is zero or an integer multiple of h,
Ot =

0 otherwise.

we have evenly spaced sampling. Let s, be the sampling
times defined by sp11 = s¢ + 7, so = 0 with 7, =
min{j € Nl|o,,4+,; = 1}. With a periodic schedule, the
sampling intervals 7, eventually repeat themselves, i.e., 74
= 7yy; for some j > 0. Note that the first sampling
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intervals 7 := (79,...,7j—1), characterize the periodic
schedule. Let the average sampling interval be denoted by
h = %(Z%;é 7¢) and the average rate be denoted by r = +.
Note that both  and h are rational numbers. Examples of
periodic sampling schedules with the same average rate are
(00,01,09,...,) = (1,0,0,1,0,0,1,0,0,1,0,0,...) and
(00,01,09,...,) = (1,0,1,0,0,0,1,0,1,0,0,0,...). The
control input u; can be updated at every time ¢ as a function
of the information set J; = {zx|x € {0,...,t}, 0, = 1},
that is, u; = fty,,.(J;) for some functions s, ;. Performance
is measured by either the hy norm or the h,, norm.

The ho norm is defined as follows. Assume that {w|t €
N U {0}} is a sequence of zero-mean independent and
identically distributed random variables with E[w,w/] =

W > 0. Then the ho norm is defined as the average cost
1 T-1
_ 1 2
Jy = lim ?E[; Iz “

We use the notation Jy; to denote Jo for evenly spaced
sampling schedules (3).

To define the ho norm let w = (wg,w;,ws,...),
z = (z9,%1,22,...), define the inner product (w,z) =
Yoo w/ 2z and norm ||w||? := \/{w,w), and let £ be the
Hilbert space of sequences with bounded norm. The system
provides an attenuation bound vy from the input disturbances
to the output of interest if

1212 < ¥2||lw||?, Yw € €3, for z¢ = 0. (5)

We are interested in ensuring that (5) holds for the small-
est possible . The initial condition xy may be non-zero
provided that we redefine (5) along the lines discussed,
e.g., in [8]. The disturbances depend on the information
set Z, = {zxlk € {0,...,t}} that is w; = pw(Zy), for
some functions p,, ¢ We define m, = ({0, fu,1,---) @S
the policy of the controller and 7y, = (f4w,0, Hw,1,---) as
the policy of the disturbances. Then, for a given periodic
sampling sequence characterized by 7, the h,, norm coin-
cides with the smallest attenuation bound and is given by

7 = inf{~|3m, such that (5) holds when the scheduler
is h-periodic with sampling intervals 7T }.
(6)
For evenly spaced sampling (3) we use the alternative
notation

~p, := inf{~y|3m, such that (5) holds

7
when the scheduler is given by (3)}. ™

Naturally if 7; = h for every ¢ € {0,...,5 — 1}, we have
Th =T

A sampling schedule characterized by 7q,...,7;,_, for
some j; is said to be (strictly) superior to another sampling
schedule 73,...,77 ; in the hy (hoo) sense if the corre-
sponding optimal controller achieves a non-larger (strictly
smaller) hy (hoo) cost. It is said to be optimal if there is not
a different strictly superior schedule.

We are interested in finding optimal sampling schedules
with average sampling interval % in the hy and ho, sense.
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wy 2 Proof: We have, fori € N, g(i+1)—3(i) = r(ZY (2))
g and, for ¢ € N\ {1}
e e (B(+1) = B() — (B(i) — B(i — 1)) = u(A'WAT) > 0.

1 Cc 8]

Fig. 1: A non-standard sampled feedback ystem consists
of a controller C and a periodic scheduler S, which sends
measurement/state data to the controller; G represents the
plant.

III. MAIN RESULTS FOR ho CONTROL

The following standard result shows that the optimal ho
norm, associated with the optimal controller can be written
in terms of a key function 5. Let P be the unique positive
definite (since () is positive definite) solution to

P=ATPA+Q—- ATPB(R+ BTPB) 'BTPA.

and let Z = ATPB(BTPB + R)"'BTPA and K =
—(BTPB + R)"!BTPA. Let tr(X) denote the trace of a
matrix X.

Proposition 1: For given T := (79, ..., T;—1), the cost (4)

|

The convexity of 3 is used in the next theorem to improve
upon a periodic schedule, by replacing two of its sampling
intervals by two alternative sampling intervals that are closer
to their means.

Theorem 2: Consider a given periodic schedule with pe-
riod h and characterized by j intervals 7 = (70, ...,7;—1).
Given any two distinct 7; > 7; construct a modified schedule
7- = (7_'0, e ,7_'j_1) Wlth

T — D, if =1
T+ p, if =1
Ty, otherwise.

Ty —

for some p € {0,..., (7 —7)/2]}. Then, T is superior to
T in the ho sense.

Proof: Let J, and J, denote the optimal costs associ-
ated with the original and modified schedules, respectively.
Note that both schedules have the same period denoted by
h. Due to (8) is suffices to prove that

Ja = Jo = £ (B(r) + B(n) = (B(ri = p) + Blr + 1) 2 0.

of an optimal control policy is given by (12)
- Since /3(#) is convex we have, for any p € N,
<> 1w . . . . <>
54 pt Jzztr(PW)+E( B(7e)) ®) Bl+p+1)—pB>G+p) =p(i+p)—pLli+p—1)>... 54 pt
0.751in =0 > B(i+ 1) — B(i) > 0, Vi € N. 0.751in
19.1 mm where (1) = 0 and, for p > 1, (13) 191 mm
) From this fact we conclude that
—
=u(2(> " Y(s))), 9 =
Blw) = w(ZQ_Y () O By = Bri— ) = S Bl — B) — Blri — 1~ )
k=0

where Y (s) = Zi;é A"WAT", for s € N. Moreover, an
optimal control policy that minimizes (4) is

up = Ky, t € Np, (10)
where
Zpp1)e = Ay + Bug,
. Ty, if 0y =1,
€T =
7 &y, i 0 = 0.
O

The proof follows from standard optimal control argu-
ments (see, e.g., [9]) and it is omitted for the sake of brevity.
A function with discrete domain f(7), 7 € N, is said to be

convex if
W fG+D)+fi—1
s < EDAIEZD),
A key result of the present paper is the following obser-
vation that 3 is convex.
Theorem 1: The function 3(i), ¢ € N, defined in (9), is
convex.

VieN\{1}. (D

p—1
> Bn+p—k)—B(n+p—1—k)
k=0
= B(n+p) - B(n)
(14)
which implies (12), concluding the proof. |
This results has several implications given next.
Corollary 1: An h-periodic schedule with m intervals
between sampling is optimal if m; of these intervals equal
hy = L%J and mo equal hy = [%1 where mi + ma = m
him; + homo = h. Moreover, the corresponding hy norm
is equal to

(PW) + 52 B(h1) + =2 B(ho) (15)
Furthermore, if 5(i + 1) > () for every ¢ € N, then these
optimal schedules are unique in the class of schedules with
period h.

Proof: We can list all possible schedules with period
h and m sampling intervals and compute the associated ho
norm. Note that all the schedules that meet the form in the
present corollary have the same ho norm due to (8). If such
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an he norm is minimal we conclude the sufficiency part. In
turn, if we would have a schedule with minimal h, norm
that does not take the form stated in the present corollary,
due to Theorem 2, we could modify it without increasing
the cost so that it does meet the mentioned form, so that it
is equally optimal. If B(¢ + 1) > /(i) for every i € N this
leads to a contradiction meaning that only the schedules of
the form stated in the present corollary are optimal. [ ]

It is immediate from (9) that a sufficient condition for
B(i+1) > B(3) for every i € N is KW # 0.

Corollary 1 implies the following:

i) In general there might be more than one optimal
schedule, e.g., if h = 10, m = 4, 1010100100 are
1001010010 are both optimal.

ii) Given a desired rational average sampling time %, the

optimal schedules are the ones that have m; intervals

equal to | 2 | and m equal to [Z].

Note that we can write (15) as follows

B(h1)(h1 +1—=¢) + B(h1 +1)(¢ - hl)l
¢ (1

(iii)

since h = m1h1 + mshy + mo and

=0
(hl +1-— h/m) _ himq + himse +mo — h+my
h/m - h
mo
E ; (h/m—hl) _ h—h1m1—h2m2
54 pt h/m h
0.751in .. .
19.1 mm Rewriting (15) in terms of the rate » = 1/ we have

B(ha)(r(hy +1) = 1) + B(hy + 1)(1 = rh)|r=mn

Thus, the plot optimal achievable hy norm versus av-
erage rate is (a restriction to the rational numbers of)
a continuous piecewise affine function connecting the
pairs (1/h, Ja ) where Jo 5, is the hy norm of periodic
control with integer average sampling interval h (see
Figure 3 below).

Corollary 1 also implies the following result.

Corollary 2: Evenly spaced sampling is optimal in the
class of periodic schedulers with integer average sampling
time i € N. This is the unique optimal schedule if S(h—1) <
B(h) < B(h+ 1) when h > 1 and if B(1) < B(2) when
h=1.

O

Remark 1: One simple method to arrive at an optimal
sampling schedule as given in Corollary 1 from an arbitrary
scheduled is to recursively reduce the largest interval by
the same amount that the smallest is increased, and set
this amount to the largest possible according to Theorem 2.
The resulting sequence of sampling schedules monotonically
improves the ho norm.

Remark 2: The paper [10] considers a continous-time
version of sampled data periodic control with average in-
tersampling time h. € R-q. This reference provides the
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following expression for the cost of periodic control with
average sampling period A.:

[ s
Je(he) = 00 + hiﬂc(hc), ﬁc(hc):/ tr(Zc/ V(r)dr)ds
@ 0 0 ( 1 6)
where V(s) = [ eAe"W.eAl", A, is the system matrix,
W, is a positive semi-definite matrix proportional to the
covariance of the stochastic disturbances and the expressions
for ; and Z. are omitted here. Note that analogously
to the discrete-time case (. is a convex function since
BY(he) = tr(Z.V (he)) > 0. Due to this convexity property,
many results of the previous section can be extended to the
sampled-data case; however we do not pursue this here.
Remark 3: A different result, shown in [11], states
that (16) as a function of the average rate r = 1/h, ie.,
Jo(1/r) = rB:(L) is convex, Note, however, that neither
Je(h) nor Jo(h) are in general convex functions of h.

IV. MAIN RESULTS FOR hs, CONTROL

We start by considering evenly spaced sampling (3) and
by providing a method to compute v, given by (7). Let us
first define three matrix transformations:

Fy(P):=P+P(*I-P)'P
F,(P):=A"PA+Q-A"PB(B"TPB+R)"'B"PA
F,(P):=ATPA+Q.

for a given v € R5o. When i = 1 the following iteration
Py = F.(F,(P)) with Py = 0 is monotone in the sense
that P,y > P, converges if ~2I > P, for every t € Ny
to the unique positive definite solution 157 of the algebraic
Riccati equation

P, = F.(Fu(Py)), (17)

see [8] (although the expressions in [8] appear in a different
but equivalent form). Due to monotonicity, v > P, implies
that v2I > P, for every t € Ny. Provided that this condition
holds, (5) holds for a policy . specified by u; = K,x,
where

K,=—(R+ B'F,(P,)B)"'B"F,(P,)A.

If v is such that ¥2I > P, does not hold for some ¢, then (5)
does not hold for any m,,.

However, if h > 1 the conditions on v for the existence
of such a control policy are stricter, i.e., v needs to be
larger [12]. They actually become stricter as h increases
leading to non-decreasing sequence of ., as stated in the
next lemma.

Lemma 1: Suppose that v2I > 137, and consider the
following iteration, with M; = P.

’Y’
M1 = Fo(Fo(My)), ke{l,2,...,h},

(18)

19)

which can be ran as long as v2I — Mj, is not singular. Then:
@) if 21 — My > 0, for all k € {1,...,h}, then, for all
kG{]., a0 .,h = 1}, Mk+1 > M.
(ii) for every h € N, inf{y|y*I — M}, > 0} = ~,,, where
vn, 1is given by (7).
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@iii) for every h € N, yp11 > V. O

The proof is given in the appendix.

We turn now to general schedules. The following result
provides a simple way of computing the h., norm associated
with a general schedule from the h., norm associated with
an evenly spaced schedule.

Theorem 3: Consider a periodic schedule characterized by
the intervals 7 := (79,...,7j—1). Let 7 = max{r|i €
{0,1,...,5 — 1}}. Then, v = 7s.

O

Proof: Suppose that v > ~z. Pick a v such that v >
v > 7. Then for any given arbitrary control policy and for
schedules 7 there exists a w € ¢ such that ||z[|2—~2||w||? >
0ie., imp_ oo ZtT:_Ol 2] 2y —y*wfw; > 0. This implies that
there exists a t € N and a w € ¢y such that, for ¢ > ¢,
t—1
ZZtTZt — Ywlw; >0
t=0

(20)

Suppose that we pick # to be a multiple of /. Using Lemma 2
in the appendix, we conclude that if we pick the control
policy u; = Kixy, t € {0,1,...,7} where the K; are
obtained from the iteration (25) initialized with P = Yy =0
and T = ¢, we get

t—1
T 2, T T
E 2 2k — YV wg wy = w0 Poxo—
~—~

k=0 >
N —

54 pt > " (wk — L(Az + Bug)) T (Y21 — Piy1)(wi, — L (Azy, + Buy))
0.751n k=0

19.1 mm (21)

provided that the 421 — P, are invertible. This is indeed
the case since as we now argue v21 — P; > 0 for every
t €{0,1,...,t —1}. To see this it suffices to establish that
P, < P, forevery t € {0,1,...,— 1} since v*I — P, > 0
by hypothesis. If we run the iteration (25) for 7 = ¢ with
Yy = P, we obtain P, = P, for every t € {0,1,...,t}.
From the monotonicity property of Lemma 1 we conclude
that the P, obtained when Yy = 0 satisfy P, < ]57 for
every t € {0,1,...,¢—1} as desired. Note that (21) implies
Zi;é 2]z — Y2wfw; < 0 for every disturbance sequence
which contradicts (20).

Suppose now that 77 < - so that for the schedule 7 we
can guarantee that

Izl = ¥*w]|* <0 (22)

for some v, 77 < v < 77 and for every w € £2. Note that
in this case 421 — M has an eigenvalue which is negative.
Let 4, € argmax{r|¢ € {0,...,5 —1}} so that 7, =T
and consider the following disturbance policy

£ te {0,...,ng —1}

E;(Axt + Bug) +nif t = sg,,
.i/f,tfsem(A.’L'tﬂ—BUt), if te {Sem +1, ceey S, +77'—1}
f4("41'15 +B7.Lt) le {Sem + T80, +7——+q}

0, if ¢ > sg,,+1+q+1

wy =
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where:

e £ € R" is an arbitrary constant;

e 1 € R™ will be chosen in the sequel,;

o L= (I —My) "My, ke{l,...,7—1};

o Ly, te{sy, +7,...,80, +7+q} are given by (29)
in Lemma 4 below (with k = sy, + 7) and ¢ is such
that ||z7, | GoZs, +7— T3, 47+P%s, +7| <afora

given and arbitrary o > 0. Such a g depends on 5, 7
and exists due to Lemma 4.

Then
2 2 2
1201° = ¥ |wll
Slm_l Sg,m—‘rf—l
_ T 2,7 T 2,7
= E 2y 2¢ — YW we + E Zp 2 — Y Wy Wy
t=0 t=sg¢,,
=c
oo
T 2,.T
+ g Zp 2t — Y Wy Wy
t:gem +7
Zw_;rem +?qusem due to (27) below
Sp, +T—1
T 2, T T >
>c+ E Zg2e — Y Wi we + X, +;P,.:c52m e
t=5s¢,,
_ T P _ T _
xslm +fPTxS£m +7 + xsgm +‘T’qu5£m +7

>

>c+a+al, Pz, -
Szm-‘rf—l
Z (we —we) " (21 — M, yr—¢)(we — b)) (23)
t=sg,,

=c+ o +mlszTszm —nT(v*I — Mz)n > 0

where w; = INJ;_t_slm(Axt—i—But), in (23) we have used
Lemma 3 below with Yy = P, and 7 = 7, and in the
last inequality we have picked 7 to be aligned with an
eigenvector associated with an eigenvalue of (y21 — M;)
that is negative and multiplied by a constant high enough to
make the expression positive. This contradicts (22). |

Theorem 3 has several consequences discussed next.

Corollary 3: A sampling schedule guarantees the smallest
attenuation bound (h, norm) achievable for a given rational
average sampling time % if its largest interval does not
exceed h = [L]. Moreover, if

Vio1 > Vi > Viat (24)

the schedules satisfying this property are the unique sched-
ules that guarantee the smallest attenuation bound. Further-
more, under (24), the schedule with smallest average rate
that guarantees this attenuation bound corresponds to evenly
space sampling.

O

Note that also here there can be multiple optimal schedules
(in the sense of this corollary), but are in general different
from the ones for the hy case.

Due to this corollary, the plot optimal achievable Ao,
norm versus average sampling time (or average rate) is
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Fig. 2: 5(h) versus h

(a restriction to the rational numbers of) a discontinuous
piecewise constant function, where these constants are equal
to the ho, norms of evenly spaced sampling with integer
average sampling interval h (see Figure 4 below).

Note that we can have schedules corresponding to arbi-
trarily poor ho, norm and maximum sampling rate. In fact,
the schedule characterized by h = wb + b

[1ifiedo,... wb}
A = el

leads tq an ho, norm -, and average rate ﬁ For systems
for which v, — oo as b — oo, the ho norm becomes
arbitrary poor while the average rate converges to 1 as

b — oo and w — oo.

V. NUMERICAL EXAMPLE
Suppose that

A:

OO =

11 0
1 1|, B=|o|, Q=0L, R=1,
0 1 1

where I3 is the identity matrix. The values of B(h), Ja.p,
and v, are given in Table I and plotted in Figures 2, 3, 4,
respectively.

In Figures 3 the optimal ho value achievable with the
corresponding rational average sampling time is plotted and
in Figure 4 plotted and the optimal /., value achievable with
the corresponding rational average rate is plotted.

VI. CONCLUSIONS

In this paper we have characterized sampling schedules
that are optimal for ho and h., feedback control. We have
shown that if the desired average intersampling time is & then
evenly spaced sampling is optimal in both senses. However,
when the desired average intersampling time is not an integer,
then the class of optimal schedules is different in the ho and

h 1 2 3 4 5 6
B(h) 0 38.1 179.1 5482 1361.3 2960.2
Ja.n 14.3 334 739 151.9  286.5 507.6

Yh [3.805 7.97 1455 2418  37.45 54.58

TABLE I: Values of 5(h), J2p, and 7, for h € {1,2,...,6}
for the numerical example.
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Fig. 3: Jy 5, versus average rate

50
40 1

o

0 1 2 3 4 5 6
av. inter transmission time

Fig. 4: v, versus average sampling interval

hoo senses. While for hs schedules close to evenly spaced

sampling are still optimal, in the h., framework the ., norm < >

is only dictated by the largest sampling interval.

APPENDIX
PROOF OF LEMMA 1
() When k = 1, M, = P, = F.(Fu(P,)) = M —
AT F,(P,)B(BTF,(P,)B + R)“"'BTF,(P,)A < M,. We
now prove that, F,(F,(P)) is a monotone map in the sense
that F,(Fo(P1)) < Fo(F,(P>))when P; < P,. This follows
from the fact that, for P < 42I and that for an arbitrary z

2TF,(Fy(P))x = 2TQx + muz}x(Ax +w)TP(Az 4+ w)

Using induction, suppose that M1 < My for some k €
{2,...,h — 1}. Then F,(F,(Mk—_1)) < F,(F,(My)) and,
concluding the proof.

(i) In [12] it is shown that 7}, = inf{v|y2I — D/ diag(I ®
Q, P’y)Dh > 0}, with

I 0 ... 0

_ A I ... 0
Dy, =

AT oA T

and the condition v2I — D/ diag(I ® Q,P,)D, > 0
is equivalent to the following function being concave in

We, ...y Wh—1:
h—1
T 2, T T5
Zzt 2 — Y wy wg + xp Pyap,
t=0
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where 2,47 = Axzy + wy for t € {0,1,...,h — 1}
Applying dynamic programming to maximize this function
with respect to wy1,...,wp—_1, for £ € {0,...,h — 1}, we
obtain that this cost is equal to
¢
Z z;rzt — 'ygw;rwt + ﬂcLlMgﬂch.
t=0
We can rewrite this expression as
-1
Z z) 2 — V2w, wy + 2] (Q+AT MyA)z,
t=0
=F ’LU;(Mg = 721)105 - Zw;MgAx[
from which clear that this function is concave in w, if and
only if 421 — M, > 0 where £ € {1,...,h} is arbitrary.
(i11) Follows from (i) and (ii).

AUXILIARY LEMMAS
Lemma 2: If 0 < P, < P, then

FC(Fa(Pl)) < FC(Fa(P2))~

O
Proof: The proof follows by noticing that, for every
xr € R"=,

2TF.(F,(P))z = minmax zTQz + uT Ru — y*wTw+
(Az + Bu+ w)"P(Ax + Bu + w)T.

|
Lemma 3: Consider (1), (2), and the following iteration

Pk,1 :FC(FQ(Pk>),]€€ {T,T—l,...,O} (25)

with P, = Y} for some Y; > 0 and where ~ is such that
v2I — Py, is invertible for every k € {r,7 —1,...,0}. Then
T—1

Z z;zk — 'y2w,;rwk -+ mIP—,—x,— = mgPoonr

k=0

r=Il

> " (uk — Kxar) T (R+ BT Fa(Pry1)B)(ur — Kipar)—

k=0

=1l

> " (wi — Li(Azg + Bug)) " (Y?I = Piy1)(wi, — L (Azy, + Buy))
k=0 26)
where K} and L are given by

Ky, = —(R+ BT Fo(Pyy1)B) ' BT Fy(Pey1)A,
Li = ("I = Poy1) ' Pe1 A

for k€ {0,1,...,7 — 1} O
The proof is similar to the one in [7, Lemma] and it is
omitted here for the sake of brevity.
Lemma 4: Consider (1) and v such that v2I — P, > 0.
Then

oo

T 2. T T
Zzt 2z — v w, wy >z, Gexy, 27)
t=Fk

when
L, i (Az; + Buy), if k<t < k+
wy — q.(t k)( t t) q (28)
0,ift>k+gq
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where, for k € {1,...,q},
Ly = (VT — Gx_1)"'Gy1
and, for k € {0,...,q — 1},

Gk-‘rl = Fc(Fa(Gk))

(29)

(30)

with Gy = B where F g is the unique positive definite
solution to the algebraic Riccati equation

Piq = ATPgA+Pq—A" PLoB(R+B" PoB) ' BT PoA.

Moreover, for any z € R™* and o € R+, there exists ¢ € N,
denoted by ¢ = ¢(z, @), such that

|2TGyz — 2T Pyz|| < a. (31)

Such ¢ can be found by running (30) until (31) is met. [
This result is simply restates [7, Lemma 3], where the
proof can be found.
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