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Abstract

We analyze impulsive systems with independent and identically distributed intervals between transi-

tions. Our approach involves the derivation of novel results for Volterra integral equations with positive

kernel. We highlight several applications of these results, and show that when applied to the analysis

of impulsive systems they allow us to (i) provide necessary and sufficient conditions for mean square

stability, stochastic stability and mean exponential stability, which can be equivalently tested in terms

of a matrix eigenvalue computation, an LMI feasibility problem, and a Nyquist criterion condition; (ii)

assess performance of the impulsive system by computing a second moment Lyapunov exponent. The

applicability of our results is illustrated in a benchmark problem considering networked control systems

with stochastically spaced transmissions, for which we can guarantee stability for inter-sampling times

roughly twice as large as in previous papers.
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I. INTRODUCTION

In this paper we provide analytical results for impulsive renewal systems, which are deeply

rooted in a set of novel results for Volterra integral equations with positive kernel, and have

applications to the stability analysis of networked control systems.

Impulsive renewal systems are described by a vector field that determines the evolution of the

state between transition times at which the state undergoes a jump determined by a reset map.

The intervals between transition times are assumed to be independent and identically distributed

(i.i.d.) random variables. In the present paper we restrict ourselves to linear dynamics and reset

maps. Impulsive renewal systems are a special class of the piecewise deterministic processes

considered in [1].

Impulsive renewal systems with general non-linear dynamic and reset maps are considered

in [2]. The nomenclature introduced therein to address such systems is motivated by the fact that

the process that counts the number of transitions up to the current time is a renewal process [3].

The paper [2] considers a more general class of impulsive systems in which the system evolves

according to a stochastic differential equation between jumps (as opposed to a deterministic

vector field). For this class of impulsive renewal systems, sufficient conditions for a form of

exponential stability are provided.

Early work on systems with i.i.d. distributed parameters can be found in [4], [5], [6]. The

stability problems considered in these early references are typically cast into a discrete-time

setting, even if the motivating stability problem is in a continuous-time setting, as it is the case

for randomly sampled systems [6]. Sufficient conditions for continuous-time mean square stability

are provided in [7] for impulsive renewal systems that arise in model-based networked control

systems with stochastically spaced transmissions. The approach followed in [4], [5], [6], [7]

involves a stability test in terms of a matrix eigenvalue computation. An alternative approach

that can be found in the literature to investigate the stability of such systems resorts to stochastic

Lyapunov functions, leading to stability conditions formulated in terms of the existence of a

Lyapunov function satisfying appropriate inequalities [8], [9].

In the present paper, we propose a new approach to analyze impulsive renewal system based on

a Volterra integral equation, describing the expected value of a quadratic function of the system.

Our main contribution to the stability of impulsive renewal systems is stated in two main theorems
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that are proved using novel results for Volterra integral equations. We believe that these stability

results cannot be obtained through any of the previous approaches [2], [4], [5], [7], [8], [9]. The

first main stability theorem establishes necessary and sufficient conditions for mean square sta-

bility, stochastic stability and mean exponential stability. This result provides a unified treatment

for these three stability notions and reveals that these are not equivalent in general. This result

obviates the conservativeness of the results in [2], [7] where only sufficient stability conditions

are presented. We prove that the stability conditions can be cast in terms of a matrix eigenvalue

computation, the feasibility of a set of LMIs, and also tested using the Nyquist criterion. The

stability tests in terms of an eigenvalue or an LMI computation resemble tests available for

Markov linear systems [10], but, to the best of our knowledge, a Nyquist test has not appeared

previously for this type of systems. The second main theorem characterizes the second moment

Lyapunov exponent, which provides the asymptotic rate of decrease/growth for the expected value

of a quadratic function of the systems’ state. We discuss how one can assert the performance of

the system by computing this Lyapunov exponent.

Volterra integral equations arise in many problems in physics, engineering and biology. The

excellent textbook [11] discusses an extensive number of results for these equations. The Volterra

equation considered here has the special property that its kernel is a positive operator in a sense

to be defined below. For this specific class of Volterra equations we show that stability can be

determined through a matrix eigenvalue computation or through a cone programming problem,

and provide a method to obtain the Lyapunov exponent of the Volterra equation. These two results

are important contributions per se and can be used in problems unrelated to impulsive renewal

systems. As an example, we show how they can be used to construct a simple stability condition

for a class of LTI closed-loop systems with non-rational transfer functions. It is important to

note that the notion of positiveness needed in this paper differs from the well-known notions of

monotonicity (see [11, Ch.5]) and positiveness (see [11, Ch.16]).

We illustrate the application of our stability results for impulsive renewal systems in the

networked control setup considered, e.g., in [2] and [12]. It is assumed that the time intervals

between transmissions of sensor and actuation data are i.i.d., which is a reasonable assumption

in networks using Carrier Sense Multiple Access (CSMA)-type protocols [12]. We consider an

emulation-based design, i.e., we assume that a continuous-time stabilizing controller has been
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designed, without regard to the network characteristics, and we are interested in analyzing the

effects of the network on the closed-loop. For a benchmark problem considered in [2], [12], [13]

we verify that the results in [2] were indeed conservative. In fact, with the results in the present

paper one can guarantee stability for an average inter-sampling roughly twice as large as in [2].

The remainder of the paper is organized as follows. Section II defines impulsive renewal

systems and introduces appropriate stability notions. The two main stability theorems are stated

without a proof and discussed in Section III. Section IV derives the Volterra integral equation

describing a second moment of the impulsive systems’ state, and establishes general results for

Volterra integral equations with positive kernel, leading to the proof of the results of Section III.

The applicability of the results to networked control is addressed in Section V. Section VI

contains final conclusions. Some technical results are proved in the Appendix.

Notation and Preliminaries: For a given matrix A, its transpose is denoted by Aᵀ, its hermitian

by A∗, its trace by tr(A). We use A > 0 (A ≥ 0) to denote that a real or complex symmetric

matrix is positive definite (semi-definite). The identity and zero matrices are denoted by I and

0, respectively. We work only in finite dimensional spaces, which can be identified with Cn, or

Rn, subsumed to be Hilbert spaces with the usual inner product 〈x, y〉 = y∗x, Banach spaces

with the usual norm ‖x‖2 = 〈x, x〉 and endowed with the usual topology inherited by the norm.

We consider the usual vector identifications Cn×n ∼= Cn2 , Rn×n ∼= Rn2 for matrices and this

results in the following inner product 〈A,B〉 = tr(B∗A). The Kronecker product is denoted

by ⊗ and (A,B) := [Aᵀ Bᵀ]ᵀ. The expected value is denoted by E[.]. We consider scalar real

measures µ over R≥0, and we omit the ’over R≥0’, since these are the only scalar measures that

we consider. We consider also matrix real measures Θ (each entry θij is a scalar real measure),

with the usual total variation norm |Θ|(E) := sup
∑∞

j=1 ‖Θ(Ej)‖, where the supremum is taken

over all countable partitions {Ej} of a set E (cf. [11, Ch.3, Def.5.2]), and ‖Θ(Ej)‖ denotes the

induced matrix norm by the usual vector norm. One can prove that |Θ|(E) is a positive measure

(cf. [11, Ch.3,Th.5.3]). For a measurable vector function b(s) ∈ Rn and an interval I ⊆ [0,∞],

the integral
∫

I Θ(ds)b(s) is a vector function with components
∑n

j=1

∫

I bj(s)θij(ds). We say

that
∫

I Θ(ds)b(s) converges absolutely if
∫

I ‖b(s)‖|Θ|(ds) < ∞, and use the same nomenclature

when we replace the real measure Θ(ds) by the positive Lebesgue measure ds.
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II. SYSTEM, STABILITY AND PERFORMANCE DEFINITIONS

An impulsive renewal system is described by

ẋ(t) = Ax(t), t *= tk, t ≥ 0, k ∈ Z>0

x(tk) = Jx(t−k ), t0 = 0, x(t0) = x0,
(1)

where the state x evolves in Rn and the notation x(t−k ) indicates the limit from the left of

a function x(t) at the transition time tk. The intervals between consecutive transition times

{hk := tk+1−tk, k ≥ 0} are assumed to be i.i.d.. The matrices A and J are real. The value at time

t of a sample path of (1) is given by x(t) = T (t)x0, where T (t) = eA(t−tr)JeAhr−1 . . . JeAh0 , r =

max{k ∈ Z≥0 : tk ≤ t} is the transition matrix.

The probability measure of the random variables hk is denoted by µ. The support of µ may be

unbounded but we assume that µ
(

(0,∞)
)

= 1, µ({∞}) = 0. We also assume that µ({0}) = 0.

The measure µ can be decomposed into a continuous and a discrete components as in µ = µc+µd,

with µc([0, s)) =
∫ s

0 f(r)dr, for some density function f(r) ≥ 0, and µd is a discrete measure

that captures possible point masses {bi > 0, i ≥ 1} such that µ({bi}) = wi. The integral with

respect to the measure µ is defined as
∫ t

0

W (s)µ(ds) =

∫ t

0

W (s)a(s)ds+
∑

i:bi∈[0,t]

wiW (bi). (2)

We consider the following three stability notions for (1).

Definition 1. The system (1) is said to be

(i) Mean Square Stable (MSS) if for every x0,

lim
t→+∞

E[x(t)ᵀx(t)] = 0,

(ii) Stochastic Stable (SS) if for every x0,
∫ +∞

0

E[x(t)ᵀx(t)]dt < ∞,

(iii) Mean Exponentially Stable (MES) if there exists constants c > 0 and α > 0 such that for

every x0,

E[x(t)ᵀx(t)] ≤ ce−αtxᵀ

0x0, ∀t≥0.
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The following definition of second order Lyapunov exponent is adapted from [9, Ch.2].

Definition 2. Suppose that E[x(t)ᵀx(t)] *= 0, ∀t≥0 and that for every x0 the following limit exists

λL(x0) := lim
t→∞

1

t
logE[x(t)ᵀx(t)].

Then the second order Lyapunov exponent λL for the system (1) is defined as

λL := sup
x0∈Rn

λL(x0).

Moreover, if ∃b>0 :E[x(t)ᵀx(t)]=0, ∀t > b then λL :=−∞.

The Lyapunov exponent provides a measure of how quickly the probability of ‖x(t)‖ being

large decays with time. One can see this, e.g., through the Chebyshev’s inequality

Prob[‖x(t)‖ > ε] ≤
E[x(t)ᵀx(t)]

ε2
.

A small second moment Lyapunov exponent corresponds to a fast exponential decrease of

E[x(t)ᵀx(t)] and consequently to a fast decrease of the probability that ‖x(t)‖ is larger than

some positive constant ε.

III. STABILITY AND PERFORMANCE ANALYSIS OF IMPULSIVE RENEWAL SYSTEMS

In this section we state the two main theorems of the paper. The first one characterizes the

stability of (1) and to state it we need to introduce the complex function

Θ̂(z) :=

∫ ∞

0

(JeAs)ᵀ ⊗ (JeAs)ᵀe−zsµ(ds),

which can be partitioned as in (2), Θ̂(z) = Θ̂c(z)+Θ̂d(z). The following two technical conditions

on the function Θ̂ will be needed:

(T1) Θ̂(−ε) converges absolutely for some ε > 0.

(T2) infz∈C(R,ε){| det(I−Θ̂d(z))|} > 0 for some ε > 0, and

R > 0, where C(R, ε) := {z : |z| > R,/[z] > −ε}.

These conditions hold trivially when µ has bounded support and no discrete component (µd([0, t]) =

0, ∀t≥0), but they also hold for much more general classes of probability measures. Let σ(M)

be the spectral radius of a m×m matrix M , i.e.,

σ(M) := max{|λ| : Az = λz, for some z ∈ C
m}.
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The following is our first main theorem. Each of the conditions appearing in its statement will

be commented in the sequel.

Theorem 3. Suppose that (T1) and (T2) hold. Then, the following conditions are equivalent

(A) det(I − Θ̂(z)) *= 0, /[z] ≥ 0,

(B) σ(M) < 1, where

M :=

∫ ∞

0

(JeAs)ᵀ ⊗ (JeAs)ᵀµ(ds),

(C) ∃P>0 : L(P )− P < 0, where

L(P ) :=

∫ ∞

0

(JeAs)ᵀPJeAsµ(ds).

Moreover, (1) is

(i) MSS if and only if (A), (B) and (C) hold and

e2λ"(A)tt2(m"(A)−1)r(t) → 0 as t → ∞; (3)

(ii) SS if and only if (A), (B) and (C) hold and
∫ ∞

0

e2λ"(A)tt2(m"(A)−1)r(t)dt < ∞; (4)

(iii) MES if and only if (A), (B) and (C) hold and

e2λ"(A)tt2(m"(A)−1)r(t)≤ce−α1t for some c>0, α1>0, (5)

where r(t) := µ
(

(t,∞]
)

denotes the survivor function, λ((A) denotes the real part of the

eigenvalue of A with largest real part and m((A) the dimension of the larger Jordan block

associated with this eigenvalue.

The second main result provides a method to compute the Lyapunov exponent λL for (1).

For simplicity, we restrict ourselves to the case where µ has bounded support. We recall that if

Θ̂(a) converges absolutely for a real b then Θ̂(b) converges absolutely for every a > b (cf. [11,

Ch. 3, Th.3.8]).

Theorem 4. Suppose that (T1) and (T2) hold, that µ has finite support, and let b := inf{a :

Θ̂(a) converges absolutely}. Then, the spectral radius σ(Θ̂(a)) of Θ̂(a) is a monotone non-
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increasing function of a for a > b and the Lyapunov exponent for (1) is given by

λL =







a ∈ R : σ(Θ̂(a)) = 1, if such a exists

−∞ otherwise

Note that, since σ(Θ̂(a)) is non-increasing, one can compute λL by performing a simple binary

search on R.

We comment next on each condition of Theorem 3.

Condition (A): When det(I−Θ̂(iω)) *= 0, ∀ω ∈ R, the Nyquist criterion can be used to check

if (A) holds , i.e., the number of zeros of det(I − Θ̂(z)) in the closed-right half complex plane

counted according to their multiplicities equals the number of times that the curve det(I−Θ̂(iω))

circles anticlockwise around the origin as ω goes from ∞ to −∞.

Eigenvalue condition (B): Using the properties

(AB)⊗ (CD) = (A⊗ B)(C ⊗D), (6)

and (A⊗B)ᵀ = Aᵀ ⊗Bᵀ (cf. [14]), and considering the Jordan normal form decomposition of

A = V DV −1 we obtain

Mᵀ = (JV )⊗ (JV )

∫ ∞

0

eDs ⊗ eDsµ(ds)(V −1 ⊗ V −1).

Thus M can typically be obtained by integrating exponentials with respect to the measure µ.

LMI condition (C): By choosing a basis Ci for the linear space of symmetric matrices, we

can write P =
∑m

i=1ciCi, m := n×(n+1)
2 , and express (C) it terms of the LMIs:

∃{ci,i=1,...,m} :
m
∑

i=1

ciCi > 0,
m
∑

i=1

ci(L(Ci)− Ci) < 0. (7)

Let ν denote the operator that transforms a matrix into a column vector ν(A) = ν([a1 . . . an]) =

[aᵀ1 . . . aᵀn]
ᵀ and recalling that

ν(ABC) = (Cᵀ ⊗ A)ν(B) (8)

(cf. [14]), we conclude that

ν(L(Ci)) = Mν(Ci). (9)

This shows that the integrals that appear in (7) can be obtained by computing the matrix M ,

which can be done efficiently, as noted in the discussion regarding the condition (B).
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A generalized version of [10, Th.3.9], can be used to prove that (C) is the stability condition

for the discrete-time stochastic process vk := x(tk) obtained by sampling (1) at jump times,

which is described by vk+1 = JeAhkvk. However, Theorems 3 and 4 show that the stability

of (1) is not equivalent to the stability of the process vk.

Conditions (i), (ii) and (iii): These conditions pertain to the inter-jump behavior of (1). To

gain intuition on why (A) could not suffice for stability, and on why there may exist systems for

which the stability notions differ, suppose that A=a∈R>0,J=0 in (1) (in which case (A), (T1)

and (T2) hold trivially). For this system, x(t) = 0 if one or more transitions have occurred up to

time t, and x(t) = eatx0 if no jump has occurred up to time t. This latter event is equivalent to

the first interval between transitions being greater than t, and has probability Prob[h0>t]=r(t).

Thus,E[x(t)ᵀx(t)]=e2atx0r(t) and (1) is:

(i) MSS but not SS nor MES if r(t) = e−2at 1
1+t ,

(ii) MSS and SS but not MES if r(t) = e−2at 1
1+t2 .

Conditions (T1) and (T2): Note that (T1) holds if µ has bounded support or if A is Hurwitz, or,

more generally, if for some λ > λ((A), we have that
∫∞

0 e2λsµ(ds) < ∞. Moreover, whenever

(T1) holds, the following proposition provides a simple condition to verify if (T2) holds. The

proof can be found in the appendix.

Proposition 5. Assuming that (T1) holds, the condition (T2) also holds provided that

σ(Θ̂d(0)) = σ
(

∞
∑

i=1

wi(Je
Abi)ᵀ ⊗ (JeAbi)ᵀ

)

< 1.

IV. VOLTERRA INTEGRAL EQUATIONS WITH POSITIVE KERNEL

In this section we consider a Volterra equation taking the form

y(t) =

∫ t

0

Ψ(ds)y(t− s) + g(t), t ≥ 0 (10)

where g : R≥0 2→ Rm and the kernel Ψ is a finite real measure on R≥0 (i.e.,
∫∞

0 Ψ(ds) converges

absolutely). We assume that Ψ has no singular part with respect to the Lebesgue measure other

than a possible set of point masses {ci, i ≥ 1}, which means that we can decompose the integral

of a measurable function a(t) with respect to Ψ into an absolutely continuous part and a discrete

part, i.e.,
∫ t

0

Ψ(ds)a(s) =

∫ t

0

Kc(s)a(s)ds+
∑

i:ci∈[0,t]

Kdia(ci), (11)
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where Kc(s) is a real matrix valued measurable function that only needs to be defined a.e., i.e.,

up to a set of zero Lebesgue measure, and {Kdi, i ≥ 1} are real matrices (cf. [11, p.79]). We

assume there are no point masses at zero, i.e., ci > 0.

We will see shortly in Subsection IV-A that

E[x(t)ᵀx(t)], (12)

can be obtained as the solution to a Volterra equation of the form (10). Moreover, we will see

in Subsection IV-B that this Volterra equation has a positive kernel. We provide general results

for Volterra equations with positive kernel in Subsection IV-C, prove the results of Section III

in Subsection IV-D and discuss more applications of these results in Subsection IV-E.

A. Volterra Equations for Impulsive Renewal Systems

Using (6) and (8), we can write (12) as

E[x(t)ᵀIx(t)] = E[(x(t)ᵀ ⊗ x(t)ᵀ)ν(I)] = (xᵀ

0 ⊗ xᵀ

0)w(t)

where

w(t) := E[(T (t)ᵀ ⊗ T (t)ᵀ)ν(I)], (13)

and I is the identity matrix. Note, however, that all results in this section would hold if we

were to replace the identity matrix I by a general positive definite matrix, which would allow

us to consider a more general quadratic form of the state of (1). The next result shows that w(t)

satisfies a Volterra equation.

Proposition 6. The function w(t) satisfies

w(t) =

∫ t

0

Θ(ds)w(t− s) + h(t), t ≥ 0 (14)

where h(t) := eA
ᵀt ⊗ eA

ᵀtν(I)r(t) and

Θ([0, t]) :=

∫ t

0

(JeAs)ᵀ ⊗ (JeAs)ᵀµ(ds). (15)

Proof: Condition (13) on the time of the first jump t1,

w(t) =

∫ ∞

0

E[T (t)ᵀ ⊗ T (t)ᵀν(I)|t1 = s]µ(ds). (16)
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The integrand has a different expression for s > t and s ≤ t,

E[T (t)ᵀ ⊗ T (t)ᵀν(I)|t1 = s]= (17)






(eA
ᵀt ⊗ eA

ᵀt)ν(I), if s > t

E[(T1(t− s)JeAs)ᵀ⊗ (T1(t− s)JeAs)ᵀν(I)], if s≤ t

where T1(t− s) is the transition matrix of (1) from s = t1 to t, which depends on {hk : k ≥ 1}.

Due to the i.i.d. assumption on the intervals between transitions E[T1(t)ᵀ ⊗ T1(t)ᵀν(I)] = w(t).

Thus, partitioning (16) using (17) we obtain (14):

w(t)=

∫ t

0

E[(T1(t− s)JeAs)ᵀ⊗ (T1(t− s)JeAs)ᵀν(I)]µ(ds)

+

∫ ∞

t

E[(eA
ᵀt ⊗ eA

ᵀt)ν(I)]µ(ds)

=

∫ t

0

(JeAs)ᵀ⊗(JeAs)ᵀw(t− s)µ(ds)+(eA
ᵀt⊗eA

ᵀt)ν(I)r(t),

where we used the fact that we can write the first term on the right hand side of (14) as
∫ t

0

Θ(ds)w(t− s) =

∫ t

0

(JeAs)ᵀ ⊗ (JeAs)ᵀw(t− s)µ(ds),

which can be concluded by extending [15, Th.2.9] to real matrix-valued measures.

The kernel Θ has a special property which we term of being positive with respect to a cone,

as defined below.

B. Cones and positive linear maps

Following [16, p. 6], a cone in K ⊂ Rm is a closed convex set such that if x, y ∈ K then

α1x + α2y ∈ K, for α1 ≥ 0, α2 ≥ 0 and such that the set −K := {−x : x ∈ K} intersects K

only at the zero vector. A cone is said to be solid if the cone contains a ball of Rm, which in

finite-dimensional spaces is equivalent to being reproducing, i.e., any element v ∈ Rm can be

written as v = v1 − v2 where v1, v2 ∈ K (cf. [16, p. 10]). A linear operator A : Rm 2→ Rm is

said to be positive with respect to (w.r.t.) a cone K if it maps elements in K into elements in K.

For a complex vector u = uR + iuI ∈ Cm, uR, uI ∈ Rm, define Au = AuR + iAuI . Let σ(A)

be the spectral radius of A, i.e.,

σ(A) := max{|λ| : Au = λu, for some u ∈ C
m}. (18)
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If A : Rm 2→ Rm is positive w.r.t. the solid cone K then

∃x∈K : Ax = σ(A)x (19)

(cf. [16, Ch.8,9]). The following are examples of cones which will be useful in the sequel.

Examples 7.

1. The positive orthant Rm
≥0 consisting of all vectors with non-negative components is a solid

cone in Rm;

2. The set Sk
≥0 of k×k real positive semi-definite matrices is a solid (and therefore reproducing)

cone when viewed as a subset of the linear space of symmetric k×k matrices with dimension

m := k(k+1)/2, denoted by Sk(R). Note however, that it is not a solid cone if we view it as a

subset of the linear space of k×k matrices with dimension m := k2. To verify that this is the

case, note that any symmetric matrix can be written and the difference between two positive

semidefinite matrices (which confirms the reproducing property), but a non-symmetric matrix

cannot be decomposed in this way.

We can extend the above definition of positivity to the kernel of Volterra equations by defining

Ψ in (11) to be positive w.r.t. the cone K if Kc(s) is positive w.r.t. to K for s a.e. in [0,∞) and

Kdi is positive for every i ≥ 1. Since the kernel Ψ is not affected by the values of Kc(s) on

sets of measure zero, we can arbitrate hereafter that Kc(s) is positive w.r.t. K for every value

of s ∈ [0,∞).

We introduce the Laplace transform of Ψ,

Ψ̂(z) :=

∫ ∞

0

e−zsΨ(ds), (20)

which can be partitioned into Ψ̂(z) = Ψ̂d(z) + Ψ̂c(z) where

Ψ̂c(z) :=

∫ ∞

0

Kc(s)e
−szds, Ψ̂d(z) :=

∑

i≥1

Kdie
−ciz. (21)

We state next that for a real a, Ψ̂(a) is a positive operator. The proof can be found in the

appendix.

Proposition 8. If Ψ is positive w.r.t. a cone K then, for a given real a such that Ψ̂(a) converges

absolutely, Ψ̂(a) is a positive operator w.r.t. K.

!"#"$%&'(")(*+,$"-./'0-)')%1"%2'-.+3

4)%5)".$'6*7#"$$%&'$-'8999':),.6,($"-.6'-.';*$-#,$"('<-.$)-+/'=%(%"1%&>'?-1%#7%)'@AB'@CDC'CE>AD>FC'4G:



C. Main results for Volterra Integral Equations

We establish in this subsection two theorems that characterize the stability of the Volterra

equation (10) when Ψ is positive w.r.t. a solid cone.

We recall that the stability condition for a Volterra equation (see [11, p.195] for the definition)

taking the form (10) is det(I−Ψ̂(z)) *= 0, /[z] ≥ 0. The first of the two theorems in the present

section provides computationally efficient alternatives to this stability condition when the kernel

of (10) is positive. We denote by int(B) the interior of a set B ∈ Rm.

Theorem 9. Suppose that Ψ is positive w.r.t. a solid cone K. Then, the following conditions are

equivalent

(A) det(I − Ψ̂(z)) *= 0, /[z] ≥ 0,

(B) σ(N) < 1, where N :=

∫ ∞

0

Ψ(ds),

(C) ∃x∈int(K) : x−Nx ∈ int(K)

Note that (A) can be tested by using the Nyquist criteria, and (B) by computing the absolute

value of the eigenvalues of N . The condition (C) is a cone optimization problem for which

numerical efficient algorithms can be found in [17].

As a preliminary to prove Theorem 9 we state two lemmas both proved in the appendix. The

first lemma establishes a monotone property for the spectral radius of the Laplace transform of

Ψ. We recall that if Ψ̂(a) converges absolutely for some real a then Ψ̂(z) converges absolutely

in the set {z ∈ C : /[z] ≥ a}(cf. [11, Ch.3,Th.8.2]).

Lemma 10. Suppose that Ψ is positive w.r.t. a solid cone K, and that Ψ̂(a) converges absolutely

for some a ∈ R. Then for any z : /[z] ≥ a, the following holds σ(Ψ̂(z)) ≤ σ(Ψ̂(a)).

The second Lemma characterizes the geometric placement of the zeros of det(I − Ψ̂(z)).

Lemma 11. Suppose that Ψ is positive w.r.t. a solid cone K, and that Ψ̂(a) converges absolutely

for some a ∈ R. Then, if σ(Ψ̂(a)) ≥ 1, there exists a1 ≥ a with the following properties:

(i) a1 is the unique real number such that σ(Ψ̂(a1)) = 1,

(ii) det(I − Ψ̂(a1)) = 0,

(iii) if z : det(I − Ψ̂(z)) = 0 then /[z] ≤ a1.
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Proof: (of Theorem 9)

(B)⇒(A) Note that N = Ψ̂(0). From Lemma 10, σ(Ψ̂(z)) ≤ σ(Ψ̂(0)) = σ(N) for every

z : /[z] ≥ 0. This implies that if (B) holds, all the eigenvalues of Ψ̂(z) have a modulus strictly

less than one, and therefore det(I − Ψ̂(z)) cannot be zero in /[z] ≥ 0, which implies (A).

(A)⇒(B) If σ(N) = σ(Ψ̂(0)) ≥ 1, from Lemma 11 we have that there exists some a1 ≥ 0 such

that det(I − Ψ̂(a1)) = 0, and therefore condition (A) does not hold at z = a1.

(B)⇒(C) If σ(N) < 1 the system of equations

Nx− x = −v

has a unique solution given by x =
∑+∞

k=0N
k(v), which satisfies x ∈ K if v ∈ K due to the

fact that N is a positive operator (since N = Ψ̂(0) and due to Proposition 8). If v ∈ int(K) then

since x = v + w, where w =
∑+∞

k=1N
k(y) ∈ K and v ∈ int(K), we have that x ∈ int(K). In

fact, since v ∈ int(K) there exists an ε such that Bε := {z : ‖z − v‖ < ε} ⊆ K. Thus the set

{w+ z, z ∈ Bε} is a ball of radius ε centered at x which belongs to K since w and z belong to

K, and thus x ∈ int(K).

(C)⇒(B) If (C) holds, then x−Nx = v for some v ∈ int(K), from which we conclude that, for

each k ≥ 1, x−
∑k−1

j=0 N
jv = Nkx ∈ K. This implies that ‖

∑k
j=0 N

jv‖ ≤ c‖x‖ since in finite-

dimensional every cone is normal ( cf [16, Ch.4]). Letting k → ∞ we conclude that
∑∞

j=0N
jv

converges which implies that it converges absolutely, a general fact in Banach spaces (as it is the

case since K ∈ Rm), and this implies that Nkv → 0 as k → ∞. Given any w ∈ K, there exists

α > 0 such that v − αw ∈ K because v ∈ int(K). Then Nkv − αNkw = Nk(v − αw) ∈ K, and

hence Nkw → 0 as k → ∞ because Nkv → 0 as k → ∞ and (‖αNkw‖ ≤ c‖Nkv‖). Finally,

since K is reproducing, for every u ∈ Rm, there exists u1, u2 ∈ K such that u = u1 − u2, and

therefore Nku = Nku1 −Nku2 → 0 as k → ∞, which implies that σ(N) < 1.

The Lyapunov exponent of the Volterra equation (10) is defined as follows.

Definition 12. Suppose that the solution to (10) satisfies ‖y(t)‖ *= 0, ∀t≥0. Then the second

order Lyapunov exponent for (10) is defined as

λV := lim
t→∞

1

t
log ‖y(t)‖ (22)

when such limit exists. Moreover, if ∃b>0 : ‖y(t)‖ = 0, ∀t > b then λV :=−∞.
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The next Theorem provides a method to determine the Lyapunov exponent λV for (10). Recall

that a singularity of a complex function is said to be removable if the function is bounded in a

neighborhood of zi.

Theorem 13. Suppose that (V1), (V2) and (V3) hold, Ψ̂(a) converges absolutely for some real

a and σ(Ψ̂(a)) ≥ 1. Then there is a unique

λ > a : σ(Ψ̂(λ)) = 1 (23)

which is a singularity of [I − Ψ̂(z)]−1ĝ(z), and, if it is not removable, the Lyapunov exponent

λV is given by λV = λ. Moreover, if there does not exists a real a such that σ(Ψ̂(a)) ≥ 1, then

λV = −∞.

Note that σ(Ψ̂(a)) is a non-increasing function of a (cf. Lemma 10), and therefore (23) can

be easily computed by performing a binary search.

To prove the Theorem 13 we need to derive two results. The first states how a special

perturbation of g(t) and Ψ affects the solution of (10). We introduce the following Laplace

transforms

ŷ(z) :=

∫ ∞

0

w(s)e−zsds, ĝ(z) :=

∫ ∞

0

g(s)e−zsds. (24)

The following proposition can be obtained by direct substitution.

Proposition 14. Let gδ(t) := g(t)eδt and Ψδ be a measure such that,
∫ t

0

Ψδ(ds)a(s)=

∫ t

0

Kc(s)e
δsa(s)ds+

∑

i:ci∈[0,t]

Kdie
δcia(ci), (25)

for a measurable function a(t), where Kc and Kdi are specified by (11). Then the solution to

yδ(t) =

∫ t

0

Ψδ(ds)yδ(t− s) + gδ(t), t ≥ 0 (26)

satisfies yδ(t) = y(t)eδt. Moreover

ŷδ(z) = ŷ(z − δ), ĝδ(z) = ĝ(z − δ), Ψ̂δ(z) = Ψ̂(z − δ), (27)

where ŷδ(z), ĝδ(z), and Ψ̂δ(z) are the Laplace transforms of wδ and gδ and Ψδ defined as in (20)

and (24).

The second is an instability result that takes into account the critical case, i.e, it allows the

characteristic equation (det(I− Ψ̂(z)) = 0)) to have zeros on the imaginary axis. It is important
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to emphasize that this result avoids the hard-to-test assumptions typically used to handle the

critical case (e.g. [11, Ch.7,Th.3.7]). Consider the following assumptions.

(V1) Ψ̂(−ε) converges absolutely for some ε > 0.

(V2) infz∈C(R,ε){| det(I−Ψ̂d(z))|}>0 for some ε > 0, and

R > 0, where C(R, ε) := {z : |z| > R,/[z] > −ε}.

(V3) g is bounded and g(t) = 0, t ∈ [b,∞) for some b > 0.

The same arguments utilized in the proof of Proposition 5 can be used to prove that σ(Ψ̂d(0)) <

1 implies (V2).

Lemma 15. Consider a general Volterra equation taking the form (10) and suppose that (V1),

(V2), (V3) hold. Then

(i) there exists at most a finite number of zi ∈ C such that /[zi] ≥ 0 and det(I − Ψ̂(zi)) = 0.

(ii) The solution to (10) is given by

y(t) = ws(t) +
nz
∑

i=1

mi−1
∑

j=0

si,jt
jezit, t ≥ 0, (28)

and its Laplace transform is given by ŷ(z) = [I − Ψ̂(z)]−1ĝ(z), where ws(t) is a bounded

function that converges to zero and si,j are such that in a neighborhood of zi,

ŷ(z) = ui(z) +
mi−1
∑

j=0

si,j
j!

(z − zi)j+1
, (29)

where ui(z) are analytic vector functions.

The proof of Lemma 15 is given in the appendix. Note that the second term on the right

hand side of (29) is the principal part of ŷ(z) at zi and si,j can be uniquely determined by the

characterization (29) (see [15, Th.10.21]).

Proof: (of Theorem 13)

If there exists a real number a such that σ(Ψ̂(a)) ≥ 1, then there exists a unique λ ∈ R such that

σ(Ψ̂(λ)) = 1, which satisfies det(I−Ψ̂(λ)) = 0 (cf. Lemma 11), and therefore λ is a singularity

of [I− Ψ̂(z)]−1ĝ(z). Consider a perturbation to the Volterra equation (10) as in Proposition (14)

with δ = −λ. Since λ is the zero of det(I − Ψ̂(z)) with largest real part (cf. Lemma 10), we

have that z1δ = 0 is the zero of det(I− Ψ̂δ(z)) = det(I− Ψ̂(z−δ)) with largest real part, where

we used (27). Also, due to (27), the principal parts of ŷ(z) about zi and of ŷδ(z) about zi + δ
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have the same coefficients si,j . Thus, from Lemma 15, the solution to the Volterra equation (26)

becomes yδ(t) = vδ(t) + uδ(t) + wδ(t) where vδ(t) =
∑mi−1

j=0 s1,jtj corresponds to the zero of

det(I − Φ̂(z)) labeled z1δ = 0, uδ is a sum of exponent and polynomial functions such that

uδ(t)e−ct → 0, as t → ∞ for every c > 0 and wδ(t) is a bounded function that converges to

zero. Note that uδ may not tend to zero since there may exist zeros of det(I − Φ̂δ(z)) on the

imaginary axis other than z1δ. Since the singularity z1 = λ is not removable, ∃j : s1,j *= 0.

Therefore y(t) = yδ(t)e−δt is such that

λV= lim
t→∞

log(‖y(t)‖)

t
= lim

t→∞

log(‖yδ(t)‖)

t
− δ=0−δ=λ.

If there does not exists a real number a such that σ(Ψ̂(a)) ≥ 1, then using Lemma 10, we

have that σ(Ψ̂(z)) < 1 for every complex z and therefore det(I − Φ̂(z)) *= 0 for all z. Using

the arguments above we can choose δ arbitrarily large, and prove that y(t) = yδ(t)e−δt where

yδ(t) is a bounded function that converges to zero. This implies that ΛV = −∞. Note that, this

latter case encompasses the case where, e.g., Ψ([0, t]) = 0, ∀t≥0 and y(t) = g(t) is such that

y(t) = 0, t > b for some b > 0.

D. Proofs of Theorem 3 and Theorem 4

As a preliminary, we rewrite (14) in two forms. Applying ν−1 to both sides of (14), and

using (8), we obtain

W (t) = K(W )(t) +H(t), t ≥ 0 (30)

where W (t) := ν−1(w(t)), H(t) :=eA
ᵀtXeAtr(t) and

K(W )(t) :=

∫ t

0

(JeAs)ᵀW (t− s)JeAsµ(ds).

Let Kj(W )(t) denote the composition operator obtained by applying j times K. The unique

solution to (30) is given by

W (t) =
∞
∑

j=1

Kj(H)(t) +H(t), t ≥ 0, (31)

(cf. [11, Th.1.7,Ch.4]). Note that H(t) and K(H)(t) are symmetric and therefore W (t) is

symmetric. Let {Ci, 1 ≤ i ≤ m}, with m := n(n+1)
2 , be an orthogonal basis for the space

of symmetric matrices Sn(R) and let Π(x) : Rm 2→ Sn(R) be the invertible map defined by

Π(x) =
m
∑

i=1

xiCi.
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Then (30) (or equivalently (14)) can be written in terms of u(t) := Π−1(W (t)) as

u(t) =

∫ t

0

Φ(ds)u(t− s) + e(t) (32)

where e(t) = Π−1(E(t)) and Φ(ds) is such that
∫ t

0

Φ(ds)a(s) =

∫ t

0

Fc(s)a(s)ds+
∑

i:ci∈[0,t]

Fdia(ci)

where a(t) is a measurable function and

Fc(s) = Π−1ν−1(JeAs)ᵀ ⊗ (JeAs)ᵀf(s)νΠ,

Fdi = Π−1ν−1(JeAci)ᵀ ⊗ (JeAci)ᵀwiνΠ.
(33)

The kernel Φ is positive w.r.t. the cone in Rm corresponding to Sn
≥0(R), i.e., KS := {v ∈ Rm :

∑m
i=1 viCi > 0}. In fact, if x ∈ KS , i.e., X = Π(x) ≥ 0 then using (33) and (9)

Fc(s)x = Π−1(Y ) ∈ KS, where Y = (JeAs)ᵀXJeAsf(s).

Similarly one can prove that all the Fdi are positive operators.

Let Φ̂(z) :=
∫∞

0 e−zsΦ(ds). Since Φ is a positive kernel w.r.t. the solid cone KS (cf. Exam-

ple 7.2)), from Theorem 9 we obtain that the following are equivalent:

(A’) det(I − Φ̂(z)) *= 0, /[z] ≥ 0,

(B’) σ(Φ̂(0)) < 1,

(C’) ∃x∈int(KS) : x− Φ̂(0)x ∈ int(KS).

We shall also need the following facts: Using (33), we have

Φ̂(z) = Π−1ν−1Θ̂(z)νΠ. (34)

Since Φ is positive w.r.t. a solid cone we have that Φ̂(a) for real a is a positive operator

(cf. Proposition 8), and therefore from (19),

∃x∈KS : Φ̂(a)x = σ(Φ̂(a))x (35)

which, using (34), can be written as

∃X≥0Θ̂(a)ν(X) = σ(Φ̂(a))ν(X). (36)

Proof: (of Theorem 3)
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Since, as discussed above, (A’)-(C’) are equivalent, to prove that (A)-(C) are equivalent we

can show that

(C)⇔ (C’) , (C) ⇒ (B), (B)⇒ (A), (A)⇒ (A’).

(C)⇔(C’) Using (34) with z = 0 we write (C’) as

∃P>0 : ν(P )−Mν(P ) ∈ {ν(Q) : Q > 0}. (37)

Applying ν−1 to (37), and using (9), we conclude that (37) is equivalent to (C).

(C) ⇒(B) Let Sn
≥0(C) be the set of n× n complex positive semi-definite matrices and consider

the system

uk+1=Mᵀuk, Uk+1=L′(Uk), ν(Uk)=uk, U0 ∈ Sn
≥0(C), (38)

where L′(Uk) := ν−1 ◦Mᵀ ◦ ν(Uk) is given by

L′(Uk) =

∫ T

0

JeAsUk(Je
As)ᵀF (ds),

and for any Y, Z ∈ Sn
+(C) satisfies

tr(L(Z)∗Y ) = tr(Z∗L′(Y )). (39)

Note that Uk ≥ 0 for a given k implies that Uk+1 = L′(Uk) ≥ 0, and therefore, by induction, we

conclude that Uk ≥ 0 for all k. We show that (C) implies that this system is stable by considering

a Lyapunov function V (uk) = tr(Pν−1(uk)) for (38), where P satisfies (C), that is P > 0 and

L(P )− P < 0. In fact, this function V is radially unbounded and positive definite for Xk ≥ 0,

and verifies V (0) = 0. Using (C) and (39) we have that for every Uk ∈ Sn
≥0(C)− {0},

V (uk+1)− V (uk) = tr(Pν−1(Mᵀν(Uk)))− tr(PUk)

= tr(PL′(Uk))−tr(PUk)= tr((L(P )−P )Uk)=−tr(ZUk)<0,

where Z := −(L(P )−P ) > 0. Therefore (38) is stable for any U0 ∈ Sn
≥0(C), i.e., (Mᵀ)kU0 → 0.

Since any complex matrix Z can be written as Z = Z1−Z2+i(Z3−Z4), where Zi ∈ Sn
≥0(C), 1 ≤

i ≤ 4 (cf. [18, Rem. 2]) this implies that (Mᵀ)kZ → 0, which implies that σ(M) = σ(Mᵀ) < 1.
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(B)⇒(A) For z : /[z] ≥ 0 and X, Y ∈ Sn
≥0(C), we have

|〈Y, ν−1(Θ̂k(z)ν(X))〉|

= |

∫ T

0

. . .

∫ T

0

tr(Y ∗(JeAhk)ᵀ. . . (JeAh1)ᵀXJeAhk . . .

. . . JeAhke−zh1 . . . e−zhkµ(dh1) . . . µ(dhk)|

≤

∫ T

0

. . .

∫ T

0

|tr(Y ∗(JeAhk)ᵀ. . . (JeAh1)ᵀX(JeAh1) . . .

. . . JeAhk |µ(dh1) . . . µ(dhk)

= 〈Y, ν−1(Mkν(X))〉 (40)

where the last equality holds because tr(Y ∗(JeAhk)ᵀ. . . (JeAh1)ᵀXJeAh1 . . . JeAhk) is a non-

negative function since it can be written as the inner product of two (complex) positive semi-

definite matrices. If (B) holds then σ(M) < 1, Mkν(X) converges to zero as k tends to infinity

and by the inequality (40) this implies that |〈Y, ν−1(Θ̂k(z)ν(X))〉| converges to zero for any

matrices Y,X ∈ Sn
≥0(C). Given Z1, Z2 ∈ Cn×n we can write Zj = Zj

1 −Zj
2 + i(Zj

3 −Zj
4), where

for 1 ≤ l ≤ 4 and 1 ≤ j ≤ 2, Zj
l ∈ Sn

≥0(C) (cf. [18]). Thus,

|〈Z1, ν−1(Θ̂k(z)ν(Z2))〉| =
∑

1≤l≤4,1≤j≤2

clj|〈Z
j
l , ν

−1(Θ̂k(z)ν(Zj
l ))〉|

also converges to zero as k tends to infinity, where clj are constants. This implies σ(Θ̂(z)) < 1

in /[z] ≥ 0 and thus det(I − Θ̂(z)) cannot be zero in /[z] ≥ 0, which is (A).

(A)⇒ (A’) If (A′) does not hold then there must exist a z1 : /[z1] ≥ 0 such that det(I−Φ̂(z1)) =

0 and this implies that

∃x∈Cm : Φ̂(z)x = x. (41)

Using (34) we conclude that (41) can be rewritten as ∃X=Y+iZ:Y,Z∈Sn(R) : Θ̂(z1)ν(X) = ν(X)

and this implies that det(I − Θ̂(z1)) = 0, which means that (A) does not hold.

Sufficiency of (A) and (3), (4), (5) for MSS, SS and MES

We start by noticing that (3) is equivalent to h(t) (or H(t)) converges to zero, and (4) is

equivalent to
∫ T

0 h(t)dt (or
∫ T

0 H(t)dt) converging absolutely. Moreover, since E[x(t)ᵀx(t)] =

x0 ⊗ x0w(t) = xᵀ

0W (t)x0, where W (t), given by (31), is non-zero and positive semi-definite,

MSS is equivalent to w(t) → 0 (or W (t) → 0), SS is equivalent to
∫∞

0 w(t)dt (or
∫∞

0 W (t)dt)

converges absolutely.
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Sufficiency of conditions (A) and (3) for MSS and of conditions (A) and (4) for SS follow then

directly from [11, Ch.4,Th.4.9], which states that for a Volterra equation taking the form (14) if

inf([z]≥0 | det(I−Θ̂(z))| > 0 then, w(t) is bounded and converges to zero if h(t) is bounded and

converges to zero,
∫∞

0 w(t)dt converges absolutely if
∫∞

0 h(t)dt converges absolutely. It remains

to prove that inf | det(I − Θ̂(z))| > 0 for z in /[z] ≥ 0 is equivalent to det(I − Θ̂(z)) *= 0 in

the same complex region. Necessity is trivial. To prove sufficiency note that, det(I − Θ̂(z)) *= 0

in /[z] ≥ 0 is equivalent to σ(Θ̂(0)) < 1, due to the equivalence between (A) and (B) in the

present theorem. If σ(Θ̂(0)) < 1, then by Lemma 10, σ(Θ̂(z)) < 1 in the closed right half plane

and therefore inf(| det(I − Θ̂(z))|) > 0 in /[z] ≥ 0. To prove sufficiency of the conditions (A)

and (5) for MES, we use a perturbation as in Proposition 14. For δ < min(ε, α1) where ε is such

that (T1) holds and α1 is such that (5) holds, we obtain that hδ(t) = h(t)eδt, and Θδ, satisfy the

conditions (A) and (3) of the present theorem for MSS and therefore wδ(t) converges to zero,

whereas w(t) = wδ(t)e−δt converges to zero exponentially fast.

Necessity of (A) and (3), (4), (5) for MSS, SS and MES

From (31), W (t) ≥ H(t). Hence, W (t) → 0 (MSS), W (t) is integrable (SS), and W (t)

converges to zero exponentially fast (MES), imply that the respective condition must hold for

H(t) (or equivalently for h(t)) and therefore that (3), (4), and (5) must hold, respectively.

Necessity of (A) for MSS, SS and MES, follows from Lemma 15, which requires (V1) and

(V2), implied by (T1) and (T2), and also (V3), which is assumed for now to hold. If (A) does

not hold, from Lemma 11 there exists a real a > 0 such that det(I − Θ̂(a)) = 0. Thus, from

Lemma 15, w(t) converges to infinity exponentially fast, since the zero zi = a is not a removable

singularity (∃j : si,j ≥ 0 , cf. Proof of Theorem 4). If (V3) does not hold, we can use a similar

reasoning to prove that (A) is necessary for (MSS), (SS), (MES). Let W2(t) be the solution

to (30) when H(t) is replaced by H2(t) := H(t) if t > b,H(t) := 0 otherwise for some b > 0.

Then, W2(t) ≤ W (t) since W (t) − W2(t) = K(W − W2)(t) + H(t) − H2(t), whose solution

is positive semi-definite (cf. (31)). Thus, since (A) is necessary for W2(t) to be MSS, SS and

MES, it is also for W (t).

Proof: (of Theorem 4) Note that the conditions (T1) and (T2) imply (V1) and (V2) and

the fact that µ has finite support implies (V3). Also, recall that E[x(t)ᵀx(t)] = (xᵀ

0 ⊗ xᵀ

0)w(t) =

xᵀ

0W (t)x0. Since W (t) is positive semidefinite, the limit λL(x0) = limt→∞
1
t log(E[x(t)

ᵀx(t)])

exists for every x0 if and only if the limit λV = limt→∞
1
t log(‖w(t)‖) exists, and λV =
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supx0
λL(x0). Note also that E[x(t)ᵀx(t)] = 0, ∀x0

, t > b > 0 if and only if w(t) = 0, t > b > 0

in which case both λL and λV equal −∞ according to our definitions. Thus the present theorem

follows directly from the Theorem 13 applied to the Volterra equation (14) provided that we can

show that the real zero a of det(I− Θ̂(a)) such that σ(Θ̂(a)) = 1, is not a removable singularity

of R(a)ĥ(a) where R(a) := [I − Θ̂(a)]−1.

To this effect, we apply ν−1 on both sides of (36) and obtain

∃X≥0La(X) = σ(Φ̂(a))X. (42)

where

La(X) :=

∫ ∞

0

(JeAs)ᵀX(JeAs)e−asµ(ds).

Similarly to the equivalence between (A’) and (A) established in the proof of Theorem 4, we can

prove that if σ(Φ̂(a)) < 1 then σ(Θ̂(a)) < 1. It is also clear that σ(Φ̂(a)) ≤ σ(Θ̂(a)) = 1. This

implies that σ(Φ̂(a)) = 1. Let Ĥ(b) :=
∫∞

0 eA
ᵀteAtr(t)e−btdt and note that there exists α such

that αX ≤ Ĥ(b). For b > a, σ(Θ̂(b)) < 1 due to the characterization of a of Lemma 10 and

due to the monotonicity property of Lemma 11. Thus, we can expand R(b) as a von Neumann

series and conclude using (8) that

R(b)ĥ(b)=
∞
∑

k=0

Θ̂(b)kĥ(b)=
∞
∑

k=0

ν[Lk
b (Ĥ(b))]≥

∞
∑

k=0

αν(Lk
b (X)), (43)

where Lk
b denotes the composition of applying Lb, k times. Note that from (42) and from the

fact that σ(Φ̂(a)) = 1, we have that lima→b Lk
b (X) = Lk

a(X) = X . This implies, taking the limit

as b → a in (43) , that limb→a,b>aR(b)ĥ(z) cannot be finite and therefore a is not a removable

singularity.

E. Additional applications of the Theorems 9 and 13

We can apply the results provided in Subsection IV-C to other problems where Volterra

equations arise and have the special property of having a positive kernel, e.g., in physics,

engineering, biology (cf. [11, Ch.1]). As an example, consider an LTI system v(t) = (H ∗ e)(t)

where e(t) ∈ Rm is the input, v(t) ∈ Rm the output, H(t) = [hi,j ]m×m is the impulse response,

and ∗ denotes convolution. All signals are defined for t ≥ 0. The Laplace transform of H is
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given by Ĥ(z) :=
∫∞

0 H(t)e−ztdt, and the closed loop is defined by e(t) = v(t) + r(t) for a

reference signal r(t), which leads to the following Volterra equation

v(t) =

∫ t

0

H(s)v(t− s)ds+

∫ t

0

H(s)r(t− s)ds. (44)

The transfer function H is not rational, e.g., when the impulsive response H(t) exhibits de-

lays. Following [11, Ch.1], we say that the closed-loop is stable if v(t) belongs to Lp (i.e.,
∫ t

0 |v(t)|
pdt < ∞, if p < ∞ and v(t) is bounded a.e. if p = ∞) whenever r(t) belongs to

Lp. Assume that
∫∞

0 H(t)dt converges absolutely which, in the case where Ĥ(z) is rational, is

equivalent to saying that the open-loop is stable. The stability of the closed-loop can be tested

by the condition

det(I − Ĥ(z)) *= 0, ∀z∈([z]≥0, (45)

One can conclude this from the stability condition for the Volterra equation (44) or from [11,

Th.4.9,Ch.4]. However, when H(t), ∀t is a positive operator w.r.t. a given cone K ∈ Rm ( e.g.,

Rm
≥0), we can use the following very simple algebraic test for stability.

Corollary 16. If hij(t) ≥ 0 for every t ≥ 0 and 1 ≤ i, j ≤ m, then the closed-loop described (44)

is stable if and only if

σ(Ĥ(0)) < 1. (46)

Proof: Since H(t) is positive w.r.t the solid cone Rm
≥0, Theorem 3 assures that (46) and (45)

are equivalent.

V. EMULATION IN NETWORKED CONTROL

We now consider a networked control system for which a set of nodes consisting on sensors,

actuators, and a controller, are connected through a communication network possibly shared by

other users. The plant and controller are described by:

Plant: ẋP = APxP + BP û, y = CPxP (47)

Controller: ẋC=ACxC + BC ŷ, u = CCxC +DC ŷ. (48)

We assume that the controller has been designed to stabilize the closed-loop, when the process

and the controller are directly connected, i.e., when û(t) = u(t), ŷ(t) = y(t), and we are
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interested in analyzing the effect of the network characteristics on the stability and performance

of the closed loop. This parallels the emulation approach in digital control. The components

yi ∈ R, 1 ≤ i ≤ ny and uj ∈ R, 1 ≤ j ≤ nu of y and u, respectively, are associated with

the ny sensors and nu actuators of the networked control system. The components of these

vectors are sampled and transmitted through the network generally at different instants of time.

The data generated by a given sensor is received by the controller shortly after it is sampled

and transmitted by the sensor, and likewise a given actuator receives its data shortly after it is

sent by the controller. We denote the times at which (at least) one of the nodes transmits by

{tk, k ∈ N}. The transmitted data may arrive corrupted at the receiver and we denote such an

event by a packet drop. We are interested in scenarios for which the following assumptions hold:

(i) The time intervals {tk+1 − tk} are i.i.d.;

(ii) The transmission delays are negligible when compared to the time constants of the system

dynamics;

(iii) Corresponding to each transmission there is a probability pdrop of a packet drop. Packet

drops at different transmission times are independent.

Assumption (ii) is common. We assume (iii) for simplicity, but extending the results in this

paper along the lines of [19] we could consider a more general set-up where the packet drops

in the channel are modeled by a Markov chain. This is more appropriate when errors are likely

to occur in bursts. Assumption (i) holds, at least approximately, for scenarios in which nodes

attempt to do periodic transmissions of data, but these regular transmissions are perturbed by the

medium access protocol. For example, nodes using CSMA for medium access, may be forced to

back-off for a random amount of time until the network becomes available. In [12], it is argued

that for variants of CSMA protocols such as slotted p-persistent and pure ALOHA, the intervals

between consecutive node transmissions are indeed i.i.d. random variables. This argument is

especially compelling if one does not need to restrict the distribution to exponential, which was

necessary to apply the results in [12], but not for the results in the present paper.

Between sampling times, û and ŷ are held constant, i.e.,

û(t) = û(tk), ŷ(t) = ŷ(tk), t ∈ [tk, tk+1), k ∈ Z≥0.

Let

e(t) := (eu(t), ey(t)) = (û(t)− u(t), ŷ(t)− y(t)),
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and ωk := 1 if a packet drop occurred at transmission time tk and ωk := 2 otherwise. Denote

by diag([A1 . . . An]) a block diagonal matrix with blocks Ai and let

Ωωk

k := diag([πωk

1k . . . πωk

nuk
]), Γωk

k := diag([νωk

1k . . . νωk

nyk
])

where πωk

jk := 0 if uj is transmitted at tk and the packet is not dropped, and πωk

jk := 1 otherwise;

and likewise νωk

ik := 0 if yi is transmitted at tk and the packet is not dropped and νωk

ik := 1

otherwise. The fact that in general only a subset of nodes transmits at a given sampling time tk
is captured by

e(tk) = Λωk

k e(t−k ), Λωk

k :=diag([Ωωk

k Γωk

k ]). (49)

Defining x := (xA, e), where xA := (xP , xc), the following impulsive renewal system de-

scribes (47), (48), (49),




ẋA(t)

ė(t)



 =





I

Ae





[

Axx Axe

]





xA(t)

e(t)









xA(tk)

e(tk)



 =





I 0

0 Λωk

k









xA(t
−
k )

e(t−k )



 , (50)

where

Axx =





AP +BPDCCP BPCC

BCCP AC



 ,

Ae =





0 −CC

−CP 0



 , Axe =





BP BPDC

0 BC



 .

Suppose that the intervals between transmission tk+1 − tk are uniformly distributed on [0, τ ].

Then, we wish to: (i) determine for which values of the maximum sampling time τ the sys-

tem (50) is stable (MSS sense); (ii) assess the performance of the networked control system by

computing the second-moment Lyapunov exponent of (50).

A. Inverted Pendulum

Suppose that the plant (47) is described by

AP =





0 1

1
2 0



 , BP =





0

1



 , CP =





1 0

0 1



 ,
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Fig. 1. Nyquist plot illustration of stability for the impulsive renewal pendulum system.

which by properly scaling the state and input can be viewed as a linearized model of a damp-free

inverted pendulum. The controller is synthesized assuming û(t) = u(t), ŷ(t) = y(t) and it is

chosen to be an LQR controller given by u(t) = Koptŷ(t), Kopt =
[

−1.618− 2.058
]

which is the

solution to the minimization of
∫∞

0 [xP (t)ᵀxP (t)+u(t)2]dt. In this example, we assume that there

are no packet losses, and that only the control law is sent through the network. The equations

for (xP (t), eu) take the form (50) with Axx = AP + BPKopt, Aex = BPKopt, Ae = −Kopt,

Λωk

k = 0 for all k. Thus, (50) takes the simplified form (1). We can test for which values of

τ the system is MSS (or equivalently SS and MES since τ is finite, cf. Theorem 3), using the

algebraic condition (B) or the LMI condition (C) of the Theorem 3. Performing a binary search

we conclude that the maximum value of τ for which the system is MSS is τc = 1.391. Using

the condition (A) of the Theorem 3 and the Nyquist Theorem, we can illustrate this graphically

in Fig. 1 by drawing the Nyquist plot of det(I − Θ̂(z)). In Figure 1 we see that for a value

τ = 1.35 less than τc the number of anti-clockwise encirclements of the curve det(I − Θ̂(jω)),

when ω varies from ∞ to −∞ is zero, while for a value τ = 1.43 greater than τc, the number

of encirclements is one, which by the Nyquist Theorem implies that the stability condition (A)

does not hold.

To assess the closed-loop performance we consider

E[xP (t)
ᵀxP (t) + û(t)2dt], (51)

which is the function whose integral is minimized when designing the controller in the ab-

sence of a network. Notice that, since û(t) = e(t) + KoptxP (t), we can re-write (51) as

E[[xP (t)ᵀ e(t)]UᵀU [xP (t)ᵀ e(t)]ᵀdt]], with U =





I 0

Kopt 1



. Using the Theorem 4 we can

compute the Lyapunov exponent of this function for different values of τ . The results are
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TABLE I

VARIATION OF THE LYAPUNOV EXPONENT OF (51) WITH THE SUPPORT τ OF FOR THE INTER-SAMPLING DISTRIBUTION

τ 0.1 0.3 0.6 0.9 1.2

Lyap. exponent −2.152 −2.111 −1.904 −1.836 −0.709

summarized in Table I, quantifying the performance degradation as the distribution of times

between consecutive transmissions assigns high probability to slow sampling.

B. Batch Reactor

This example considers a linearized model of an open loop unstable batch reactor, described
by (47), where

AP =

















1.38 −0.2077 6.715 −5.676

−0.5814 −4.29 0 0.675

1.067 4.273 −6.654 5.893

0.048 4.273 1.343 −2.104

















,

BP =

















0 0

5.679 0

1.136 −3.146

1.136 0

















, CP =





1 0 1 −1

0 1 0 0



 .

As in [2], we assume that only the outputs are sent through the network, using a round-robin
protocol, i.e., Γωk

k = Ωωk

k , ∀k where: Γωk

k = I2, if ωk = 1; Γωk

k = diag([1 0]), if ωk = 2 and k is
even; Γωk

k = diag([0 1]), if ωk = 2, and k is odd. The system is controller by a PI controller,
described by (48), where

AC =





0 0

0 0



 , BC =





0 1

1 0



 , CC =





−2 0

0 8



 , DC =





0 −2

5 0



 .

To compare our results with the ones in [2] we consider uniformly and exponentially (µ([0, x)) =

1−exp(−λexpx)) distributed time intervals hk. The results are summarized in Table II, and were

obtained using an extension of Theorem 3 given in [19].

VI. CONCLUSIONS AND FUTURE WORK

We presented stability and performance results for impulsive renewal systems. Our approach

is based on a Volterra equation that describes the time evolution of the expected value of a
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TABLE II

STABILITY CONDITIONS FOR THE BATCH REACTOR EXAMPLE

Nec. & Suf. Cond. Results taken from [2]
no drops p = 0.5 no drops p = 0.5

Maximum support τ

of Uniform Distribution
0.112 0.0385 0.0517 0.0199

Max. expected value 1/λexp

of Exponential Distribution
0.0417 0.0188 0.0217 0.00924

quadratic function of the systems’ state. A direction for future work consists of extending the

results of this paper to compute any moment of the state of the system.
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APPENDIX

Proof: (of Proposition 5) The condition (T1) assures that Θ̂d(y) converges absolutely for y >

−ε and in this region, σ(Θ̂d(y)) is continuous (cf. [11, Ch. 3, Th.3.8]). Therefore, σ(Θ̂d(0)) < 1

implies that σ(Θ̂d(−ε1)) < 1 for some ε1 ∈ (0, ε), and from Lemma 10 we have σ(Θ̂d(z)) < 1

in /[z] ≥ −ε1, which encompasses C(ε1, R), R > 0. This implies inf | det(I − Θ̂d(z))| > 0 in

C(ε1, R).

Proof: (of Proposition (8)) From the fact that

Ψ̂(a) =

∫ ∞

0

Kc(s)e
−asds+

∑

wiKdie
−aci , (52)

it suffices to prove that
∫∞

0 Kc(s)e−asds is a positive operator since this implies that (52) is a sum

of positive operators and therefore a positive operator. It is clear that the fact that Ψ̂(a) converges

absolutely implies that
∫∞

0 Kc(s)e−asds converges absolutely. Since the space of continuous

function with bounded support on R≥0, denoted by Cc, is dense in the space of measurable

function whose Lebesgue integral on R≥0 is absolutely convergent, denoted by L1, (cf. [15,

Th.3.14]), there exists a sequence Kn(s) ∈ Cc such that |
∫∞

0 (Kn(s) − Kc(s))e−asds| < εn
2 ,

where εn → 0. Since Kn(s) is Riemann integrable, we can find a matrix step function KR
n (s),

and hn-spaced points si such that
∫∞

0 KR
n (s)e

−asds =
∑Nn

i=1 hnKR
n (si)e

−asi . The result of this

!"#"$%&'(")(*+,$"-./'0-)')%1"%2'-.+3

4)%5)".$'6*7#"$$%&'$-'8999':),.6,($"-.6'-.';*$-#,$"('<-.$)-+/'=%(%"1%&>'?-1%#7%)'@AB'@CDC'CE>AD>FC'4G:



integral is a positive operator since it is the sum of positive operators. Moreover for each n we

can choose Nn sufficiently large such that |
∫∞

0 (KR
n (s)−Kn(s))e−asds| < εn

2 . Thus,

|

∫ ∞

0

KR
n (s)e

−asds−

∫ ∞

0

K(s)e−asds| < εn → 0, as n → ∞

and therefore
∫∞

0 K(s)e−asds is a positive operator since it is the limit of positive operators,

and the space of positive operators w.r.t a given cone is closed (cf. [16, p.22]).

Proof: (of the Lemma 10) By Proposition 8, Ψ̂(a) is positive w.r.t. K, and by induction so

is Ψ̂(a)k. Let v belong to the dual cone K∗ of K, i.e., the set v ∈ Rm such that 〈x, v〉 ≥ 0, ∀x∈K.

Such v different from zero always exists [16]. For every v ∈ K∗ and for real a, 〈Ψ̂(a)kx, v〉 is a

positive number by definition of K∗. For z : /[z] ≥ a and for every v ∈ K∗, w ∈ K and k ≥ 1,

one can show that

|〈Ψ̂(z)kw, v〉| ≤ 〈Ψ̂(a)kw, v〉. (53)

For example for k = 2, let

a(r, s) := 〈Kc(r)Kc(s)w, v〉, bj(s) := 〈Kc(s)Kdjw, v〉

di(r) =: 〈KdiKc(r)w, v〉, hij := 〈KdiKdjw, v〉

which are positive functions due to the fact that the kernel Ψ is positive and by definition of

K∗. Then
|〈Ψ̂(z)2w, v〉| =

|

∫ ∞

0

∫ ∞

0

a(r, s)e−zre−zsdrds+

∫ ∞

0

∞
∑

j=1

bj(s)e
−zcje−zsds+

∫ ∞

0

∞
∑

i=1

di(r)e
−zcie−zrdr +

∞
∑

i=1

∞
∑

j=1

hije
−zcje−zci|

≤

∫ ∞

0

∫ ∞

0

|a(r, s)|e−are−asdrds+

∫ ∞

0

∞
∑

j=1

|bj(s)|e
−acje−asds+

∫ ∞

0

∞
∑

i=1

|di(r)|e
−acie−ardr +

∞
∑

j=1

∞
∑

i=1

|hij|e
−acie−acj

= 〈Ψ̂(a)2w, v〉

where we used the fact that a(r, s), bj(s), di(r), hji are positive functions.

If σ(Ψ̂(a)) < 1, then Ψ̂(a)k converges to zero as k tends to infinity, and so does 〈Ψ̂(a)kw, v〉

for every v ∈ K∗, w ∈ K. Since K is solid, and therefore reproducing, so is K∗(cf. [16, Th. 4.5]
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and use the fact that a cone in (Rm, ‖.‖) is normal [16, p. 37]). Thus, for any u, y ∈ Rm we can

write u = u1 − u2 and y = y1 − y2, for ui ∈ K, yi ∈ K∗, i ∈ {1, 2} and obtain that

|〈Ψ̂(z)ku, y〉| ≤
∑

1≤i,j≤2

|〈Ψ̂(z)kui, yi〉|. (54)

Each of the terms on the right hand side of (54) tend to zero as k → ∞ due to (53) and the

fact that σ(Ψ̂(a)) < 1. This implies that 〈Ψ̂(z)ku, y〉 → 0 for every u, y ∈ Rm and therefore that

Ψ̂(z)k→0 as k→∞, which in turn implies that σ(Ψ̂(z))<1.

To conclude the proof we note that for α > 0, if σ(Ψ̂(a)) < α then σ( 1αΨ̂(a)) < 1. Using

the above arguments this implies that σ( 1αΨ̂(z)) < 1, for z : /[z] ≥ a, or equivalently that

σ(Ψ̂(z)) < α. Since α is arbitrary, σ(Ψ̂(z)) ≤ σ(Ψ̂(a)).

Proof: (of Lemma (11)) To prove (i), note first that, σ(Ψ̂(y)) is continuous along y ≥ a and

converges to zero as y → +∞. By the intermediate value theorem, if σ(Ψ̂(a)) ≥ 1 then ∃a1≥a :

σ(Ψ̂(a1)) = 1. To see that a1 is the unique real number that satisfies σ(Ψ̂(a1)) = 1, suppose that

σ(Ψ̂(a2)) = 1 for another real number a2. Due to Lemma 10, we must have σ(Ψ̂(y)) = 1 in

y ∈ [min{a1, a2},max{a1, a2}]. Since, by the property (19), σ(Ψ̂(a1)) = 1 is an eigenvalue, this

implies that det(I − Ψ̂(y)) = 0, in y ∈ [min{a1, a2},max{a1, a2}]. But det(I − Ψ̂(z)) = 0 is

analytic and the zeros of analytic functions (other than the identically zero function) are isolated

(cf. [15, Th.10.18]), which leads to a contradiction.Since Ψ̂(a) is a positive operator due to

Proposition 8, by the property (19) of positive operators w.r.t. solid cones, σ(Ψ̂(a1)) = 1 is an

eigenvalue and this implies that det(I−Ψ̂(a1)) = 0 (part (ii)). Finally, we argue by contradiction

to prove (iii). If there exists w satisfying /[w] > a1 and det(I − Ψ̂(w)) = 0 then Ψ̂(w) has an

eigenvalue at 1 and therefore σ(Ψ̂(w)) ≥ 1. From Lemma 10, σ(Ψ̂(w)) ≤ σ(Ψ̂(/[w])) which

implies that σ(Ψ̂(/[w])) ≥ 1. Now, σ(Ψ̂(/[w])) cannot be equal to one since a1 is the unique

real number that satisfies this property and /[w] > a1. This leads to a contradiction since, again

by Lemma 10, σ(Ψ̂(/[w])) ≤ σ(Ψ̂(a1)) = 1.

Proof: (of the Lemma 15)

Theorems [11, Ch.7,Th.2.4,2.5] and the argument in [11, p.192] would allow us to conclude
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that (i) and (ii) hold if:

inf
z:([z]=0

| det(I − Ψ̂(z))| > 0, (55)

lim
|z|→∞,([z]≥0

inf | det(I − Ψ̂(z))| > 0, (56)

g(t) is bounded and converges to zero. (57)

Note that (55) is restrictive since det(I − Ψ̂(z)) would not be allowed to have zeros or the

imaginary axis (critical case). It is clear that (V3) implies (57). Note also that (V2) implies (56)

and, since we assume (V2), the condition (55) can be simply stated as the characteristic equation

det(I − Ψ̂(z)) = 0 has no zeros on the imaginary axis (non-critical case).

The proof of (i) under assumptions (V1), (V2) is a direct consequence of the arguments

in [11, p.192] and [11, p.195] are is therefore omitted. To prove (ii) under assumptions (V1),

(V2) and (V3) we argue as follows. Let gδ(t) and Ψδ be as in Proposition 14. Due to (27)

the zeros of det(I − Ψ̂δ(z)) are given by zi + δ, where zi are the zeros of det(I − Ψ̂(z)). If

det(I − Ψ̂(z)) has zeros on the imaginary axis (critical case), i.e., (55) does not hold, we can

always choose (due to part (i) of the present theorem) a δ : 0 < δ < ε, where ε is the constant in

(V1), and such that the characteristic equation of the Volterra equation (26) does not have zeros

on the imaginary axis. Thus, the Volterra equation (26) satisfies the conditions (55), (56), (57)

required by Theorems [11, Ch.7,Th.2.4,2.5] to assure (i) and (ii). Thus from Theorems [11,

Ch.7,Th.2.4,2.5] one can conclude that

yδ(t)=ysδ(t)+
nz
∑

i=1

mi−1
∑

j=0

si,jt
je(zi+δ)t+

nw
∑

i=1

ni−1
∑

j=0

qi,jt
jevit, (58)

where vi are the zeros of det(I − Ψ̂δ(z)) in 0 < /[wi] < δ and we used the fact, due to (27),

that the principal parts of ŷ(z) about zi and of ŷδ(z) about zi+ δ have the same coefficients si,j .

Thus (28) follows from (58) due to y(t) = yδ(t)e−δt.
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