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Model-free Adaptive Switching Control

of Time-Varying Plants

Giorgio Battistelli, J@o P. Hespanha, Edoardo Mosca and Pietro Tesi

Abstract

This paper addresses the problem of controlling an uncetiaie-varying plant by means of a
finite family of candidate controllers supervised by an appiate switching logic. It is assumed that, at
every time, the plant can be modeled by an uncertain simgletisingle output (SISO) linear system.
It is shown that global stability of the switched closeddosystem can be ensured provided that (i)
at every time there is at least one candidate controller wmatld stabilize the current time-invariant

“frozen” plant model, and (ii) the plant changes are eitimdrequent or satisfy a slow drift condition.

I. INTRODUCTION

NE of the approaches for controlling uncertain or time-uagyplants relies on the
O introduction of adaptation in the feedback loop. In recesdrg adaptive switching control
has emerged as an alternative to conventional continucaystatbn. In switching control, a so-
called supervisor selects a specific feedback controllemana family of admissible ones, based
on the measured data. The latter are processed so as to greblgpervisor to determine whether
or not the current controller is adequate, and, in the negi replace it by a different candidate
controller. For an early overview of the topic, the readereiferred to [1].

To date, most of the contributions on switching control h&aeen basically of a two-fold

nature. On one side the major emphasis in [2]-[8] has beermlomst adaptive stabilization of
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time-invariant systems. Within these contributions, thdalsified controlapproach developed
by M.G. Safonov and co-workers [5], [6] provides guarantegstability for plants subject to
large parametric uncertainties, unmodeled dynamics astdrbances. Unfortunately, as will be
discussed in detail later, this methodology is tailored datml time-invariant systems and has
no direct generalization to time-varying systems. On theeoside the main focus in [1], [9]-
[14], has been on switching control schemes capable, dtileasinciple, of dealing with plant
variations. However, these techniques can become ingfeiftthe available knowledge about
the plant is limited so that the family of candidate plant misddoes not tightly approximate
the process dynamics over the whole uncertainty set.

The main goal of this paper is to consider a novel switchingesusory scheme by which
previous theoretical results on unfalsified control can ktereded to time-varying plants. In
particular, the proposed solution consists of a switchiungesvisory logic whereby a controller,
selected from a finite family of pre-designed candidate rodiets, is at any time switched-on
in feedback with the plant, according to the information e turrent and past closed-loop
behavior. Unlike [4]-[6], [8], the supervisory scheme hereposed follows a fading memory
paradigm and uses a specially devised mechanism to adgpseeect when past recorded
information can be discarded without destroying stabil&g will be seen, this supervisory
scheme not only retains the desirable robustness feattite¥aisified control, but, being based
on a fading memory paradigm, also provides stability gumes)for plants whose parameters
are either slowly time-varying or subject to infrequent psnlit will be also shown that the
applicability of the proposed control scheme does not démenthe “complexity” of the plant
uncertanty set, which need not be convex nor even connected.

A final point is worth-mentioning. Multiple schemes for sghtng adaptive control have been
proposed in the literature, which differ on how they choagento switch controllers, andlow
to select a new controller. Regarding the “how” question, weppse a supervisory scheme that
is not pre-routed [3], [10] in that it decides which conteslto place in the feedback loop based
on an assessment of the potential performance of each e@edidntroller. This assessment
is achieved by means of data-driven test functionals aptu@ntfy, from time to time, the
suitability of each candidate controller to control themplaand, hence, without actually placing
each controller in the loop. Regarding the “when” questioe, wge a hysteresis scheme that

switches to a new controller when a “significant” performanaess is detected. This type of
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supervisor does not directly enforce a dwell-time [9], [1&]slow down switching.

Notations. Throughout the paper, the prime denotes transppsg Euclidean norm, and
the space of all real-valued vector sequences on th& sebtf nonnegative integers. For any
s € S, andty,t € Zy, to < t, we defines|§O = {s(to),...,s(t)}. For simplicity, if ¢, = 0,

s|§0 = s'. Given \, 0 < XA < 1, we denote the\-exponentially weighted;-norm of s]io by

I slg, [Ix == \/Zizto A2(t-7) |s(7)|2 whenevert > t,, or the zero number otherwise. X = 1,
we let || s|; || denote thel,-norm of s|; . The (.-norm of s, is defined as| s, ||l =
max e (4, +} Max; |s;(7)| wheres; denotes theé—th component ofs. The sequence <€ S is

said to beboundedif its /.,-norm is finite.

Il. PROBLEM FORMULATION AND PAPER OVERVIEW
A. Plant and control system

We consider the switched system depicted in Figure 1. Th& ptaconsists of a discrete-time

strictly causal SISO linear time-varying dynamic systersatided by

Ai(d) y(t) = Bi(d) (u(t) + nu(t)) + A(d) ny(t),
teZ,. (1)

In (1), u is the input,y is the outputyn, is the input disturbance and is the output disturbance.
Ai(d) and B,(d) denote time-varying polynomials in the unit backward sbiieratord. It is
assumed that at any timethe time-invariant system obtained by freezing the pararastof
(1) at their values at time belongs to a set”?, which represents the set of all possible plant
configurations. Further, |€®. denote a generic member &7, and B, (d)/A.(d) its corresponding
transfer function. The se?” will also account for both the range of parametric uncetyaand
the unmodelled dynamics. Indeed, as we will see later onisghper, no assumption ot
will be required other than it is a compact seg. for any P, the polynomialsA, and B,
have (possibly unknown) bounded orders and their coeftigibalong to a (possibly unknown)

compact set.

The switching controllerC, is assumed to have the one-degree-of-freedom fafm =
Cou)(r(t) —y(t)), wherer is the output reference, while the subscrift) identifies the specific

candidate controller connected in feedback with the plantree ¢t. We shall assume thattakes
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values in the (finite) seV := {1,--- , N}. Then,% := {C;, ¢ € N} will denote the finite family
of candidate controllers. In particular, each membe¥¢’at taken as a linear time-invariant (LTI)

controller with transfer functior;(d)/R;(d). Accordingly, the plant input. is given by

Ro)(d) u(t) = So(y(d) (r(t) —y(t)) (2)

Given a finite family¢” of candidate controllersgs(P.) will denote the subset of” composed

by all controllers which (internally) stabiliz®,.

Definition 1: The switched system (1)-(2) is said to be (globalsable if, for all initial
conditions, any bounded exogenous ingttn,,n,) produces a bounded outp(t,y). The
problem is said to be feasible #s(P,) # (), V P, € 2. >

B. Supervisory control architecture

The supervisor processes the available plant I/O data tergenthe sequeneethat specifies
the switching controller’,. In particular, to decide when and how to change the coetralhe
supervisor embodies a family := {II;; i € N} of test functionals that attempt to quantify the
suitability of each candidate controller to contrBl Given II, the hysteresis switching logic
considered hereafter is as follows: At each step, one caspiie least index.(¢) in IV such

thatII,, () < IL;(¢), Vi € N. Then, the switching index sequeneds given by

)

o(t+1) =1(o(t),11(2)), o(0) =iy e N
. . 3
2, if H,(t) < Hi*(t)(t) +h

i.(t), otherwise

16, 11(1)) =

whereh > 0 is the hysteresis constant.

Many adaptive control schemes based on hysteresis swgtdmaive been considered for
time-invariant plants, and shown to provide robustnessnagdarge uncertainties, unmodeled
dynamics and disturbances. However, no similar resultsaeaédable for plants subject to time
variations.

To handle time variations in the plant dynamics, one needsebkectIl with finite or fading
memory. Unfortunately, this involves the potential riskttthe switched system become unstable

due to persistent switching. To the best of the authors’ kedge, efforts to ensure stability
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Fig. 1. Adaptive switching control scheme

without relying on a finite switching stopping time are resed to [1], [9]-[14] However, these
techniques can become ineffective if the available knogdedbout the plant is limited, so that
one cannot find a “tractable” parameterized set of plant risothet tightly approximates the
set of admissible plants. To prevent the type of instabiliyuced by persistent switching and
to provide robustness of the control scheme several techgsifave been proposed [2], [5]-[8],

[16]. These techniques combine (3) with test functionalshefform
Ii(t) = | m; [l (4)

wherer := {m; i € N} is an underlying family of test functionals. This type of swgsory
schemes, including unfalsified control, provides a simpleans for preventing the risk of
instability caused by persistent switching. Indeed, th@esmmum norm in (4) ensures that all the
test functionals admit a limit as tends to infinity. Then, by the presence of the hysteresis in
the logic (3), the switching stops whenever at least one efrtts is bounded ( [17], Lemma
1). However, the same supremum typically leads to unboundé&din applications involving
time-varying plants.

This paper aims at overcoming such limitations by consmdemovel hysteresis switching
algorithms in which the test functionals have adeptivememory. In particular, the scheme here
proposed embeds in (3) rasetting logic viz. a mechanism according to which the supervisor
resets all thdl,’s to zero whenever suitable events (resetting conditiogsyr. Specifically, we

consider test functionals of the form
t
IL(t) = || ml, lloos t € Tk,
Tk = {tk, e 7tk+1 - 1}

(5)
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where {tk}kEZ+ denotes a sequence of resetting instants to be specifieccldrdy, we shall
denote by HSLeo the Hysteresis Switching Logic defined by (3) and (4), and LHR
(Hysteresis Switching Logic with Resetting) the new swibghiogic defined by (3) and (5).

The remainder of the paper is as follows. In Sect. Il we rebakic concepts underlying
unfalsified control, and derive certain key properties abtaristic of the HSL-R. The adaptive
mechanism used by the supervisor to generate the resetistgnts is analyzed in Sect. IV
and Sect. V. It is shown that, for time-invariant systems, pinoposed supervisory scheme can
ensure stability without relying on a finite switching stopptime, thus widening the theoretical
properties of unfalsified control to logics other than H&L.-In Sect. VI, we show that without
any further modification, the same supervisory scheme amealsure stability in the presence
of time variations of the plant parameters, provided that [diter are infrequent or satisfy a

slow drift condition. Finally, Sect. VIl ends the paper witbncluding remarks.

[11. M ODEL-FREE ADAPTIVE CONTROL

In unfalsified control, the feedback adaptation task ofsstaadaptive control is replaced by
the so-called controller falsification. The basic conceglibd this approach can be described
as follows. At each time and for each indéx N one computes in real-time time the solution

v; to the the difference equatioef( Remark 1

Si(d) (vi(t) = y(t)) = Ri(d) u(t) (6)

As shown in Fig. 2p; equals the reference sequence which would reproduce tbedezt1/O
sequencéu, y) should the planf be fed-back by the candidate control&r, irrespective of the
way the plant input: is generated (this motivates foy the namevirtual or fictitious reference
[4]). The introduction of the virtual reference makes it gibge to evaluate that would have
been achieved by the feedback connection of the controllevith the real process (denoted by
(P/Cy)) if the reference has been equakito In this respect, consider the time-varying feedback
system(P/C;) mapping the “input’w; := [v; n, n,] to the “output’ ¢; == [u (v; —y)].
Accordingly, a possible related performance measure catobstructed as follows

nit) = i

_ . tez 7
PR + (7)

Preprint submitted to IEEE Transactions on Automatic Control. Received: June 24, 2011 05:07:04 PST



Limited circulation. For review only

wherey is a positive constant. In case of noise-free LTI plafiprovides an estimate from below
of the A\-weighted’H., mixed-sensitivity norm [18] of the loogP/C;) with virtual reference
input v; and output; containing the control input and the virtual tracking erraor; — y, which
would like to minimize. The test functional (7) can be viewasla variant of the (unweighted)

'H., mixed-sensitivity performance criterion often consiakne unfalsified control [5].

Remark 1:0On-line computation of (6) requires that all the candidadatwllers be stably
causally invertible (SCI), but suitable arrangements whigmove this design constraint have
been reported in the literature [19]. For simplicity of getation, we will not pursue this issue

further in this paper. v

A. Assumptions

We now introduce the assumptions needed to provide stabfiithe switched system. To this

end, some preliminary definitions are needed.

Definition 2: A polynomial p(d) is said to be a\-Hurwitz polynomial (in the indeterminate

d) if it has no root in the closed disk of radius! of the complex plane. >

Definition 3: The feedback lood P./C;) composed by the time-invariant plaft. and the

controller C; is said to be\-stableif its characteristic polynomial
X+/i(d) 1= Ai(d) Ri(d) + B.(d) Si(d)
is a \-Hurwitz polynomial. >
We make the following assumptions.

Al The plant uncertainty se¥’ is compact, in the sense that there exists an integépossibly
unknown) such that for every, € & the polynomialsA, and B, have order smaller than

n* and their coefficients belong to a compact subseRdf"!. .

A2 For any P, € &, there exists a candidate controlley € € such that(P,/C;) is \-stable

A3 For each candidate controllér;, € ¢, S; is a A-Hurwitz polynomial. .

A4 The exogenous inputs n,, andn, are bounded. .
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Fig. 2. Thei-th virtual candidate loop.

Remark 2: The assumption A1 can be omitted when the plant is a timedsmvasystem.
However, we introduce it now for simplicity of exposition2Amplies feasibilityviz. €s(P.) # 0,
vV P, € &. A3 requires that, in addition to the SCI condition, the iseeof each controller has a
large enough stability margin under the SCI condition. Bee&ss a finite set, this requirement

is no stronger than requiring all controllers to be Hurwged Remark 1 above). v

B. Key lemmas

In this subsection, we introduce certain key propertiesnupdich the stability analysis

depends. To this end, some preliminary observations argedee

Let 3, denote the switched system (1)-(2) mapping the “input’= [r n, n,] to the
“output” ¢ := [u (r — y)] under a given switching sequeneeTo avoid needless complications,
we assume that the switching controller (2) as well as (6)oaté initialized at time zero from
zero initial conditions: By lettingn := max {deg S;, deg R;; i € N} and assuming(¢) = ¢ the

control input is then given by

m

u(t) = s (r(t —k) —y(t — k) = Y rau(t — k)

k=0

where s;;, and r;;, denote the coefficients of the polynomigi$d) and R(d), respectively. An
analogous initialization is made for (6). Regarding theiahicondition of (1), denoting by

(up, yp) the sequence of actual input/output pairs of the plantve have that

yp(t) = Zbkt up(t — k) — Zakt yp(t — k)
k=1 h=1

where b, and a;, denote the coefficients of the polynomial(d) and A,(d). Accordingly,

up(k) andyp(k), k = —1, ..., —n*, denote the plant initial conditions. In view of the feedbac
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configuration in Fig. 1, the sequencep, yp) satisfiesup = u + n, andyp = y — n, after the
initial time ¢ = 0, whereas no relationship generally holds betwées, yr) and (u, y) before
time zero. In order to simplify the notation and have the saymbols in the initialization
of (1), (2) and (6), we letup = v + n, andyp = y — n, hold true even for negative
times. In practice, this is equivalent to the following ialization for (1): u(k) = y(k) = 0,
ny(k) == up(k) andny(k) = yp(k), k = —1,...,—n*. With this in mind, we shall denote
by ép = [up(—1) - -+ up(—n*) yp(—1) --- yp(—n*)]" the vector composed by the plant initial

conditions.

Let now

1" := min {max 7;(¢)} + h, kelZy (8)

iEN tETk
The following lemmas are the main results of this section famtlamental for the subsequent

developments of the paper.

Lemma 1:Consider the HSL-R. Le91, denote the number of switchings over the interval

Ty, and [«| denote the smallest positive integer greater than or eguald R, . Then,

7Tg(t+1)(t) < Hk, Vte Ty 9)
N, < N[II*/h], VkeZ. (10)
hold for any resetting sequenc{e,c}kem. u

The proof of Lemma 1 can be omitted since (9) follows diredtym the hysteresis logic
and (10) is a straighforward consequence of the fact the ftesitionals IT; are monotone

nondecreasing over each time inter{g|.

Lemma 2:Consider a HSL-R switched systen) based on the test functionals (7). Let A1,
A3, and A4 hold. Then, there exists a finite-valued functgposuch that

Il < B(IT%) G JEp] A+ P N5,

VteT, (11)

holds for any resetting sequen@a}keZ+.

Proof. See the appendix. n
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Before concluding this section it is important to observe thd.emma 2 the time variations

of the plant parameters can be arbitrary and, at this timedavaot yet need assumption A2.

V. STABILITY UNDER ADMISSIBLE RESETTING

As seen from Lemma 2, the bound in (11) depend on both the segs¢ll*};cz, and
{¢"*1}ez, . In unfalsified control based on HSie, the term||¢**~!||, is absent since there
is only one reset timet, := 0 at start-up, andl'y, = Z. . In this case, stability depends only
on boundedness di°, and, hence, it can be guaranteed simply by ensuring bonedsdf at
least one of the test functionals (this nice property is isedg the motivation which led [5] to
introduce the notion otost detectabilityof the test functionals). Under resetting, the analysis
becomes more complicated. Indeed, even if the plant is invemiant but there are infinitely
many resetst — t;, does not grow unbounded as— oo, and, hence, the terf(tx ||, NItk T1
need not vanish. This is consistent with the intuition thestetting destroys the monotonicity of
the test functionals and therefore that boundedne$§lbf,cz, alone may not prevent instability
due to persistent switching.

The remainder of this section is devoted to show that, nahetks, adaptive resetting mecha-

nisms do exist which preserve stability of the switched esyst

A. Admissible resetting times

The notation for this subsection is as in Section IlI-B. Cdesithe switched system, and

define the following performance measure for the closegsloo

() = | ¢* [l
' p [t

Consider now the following definition.

teZ., . (12)

Definition 4: (Admissible Resetting Timed} sequence of reset time§,},.,, is called

admissibleif, for every k£ € Z,, we have that
W*(tk — 1) S Wg(tk)<tk - 1) -+ €, €e>0 (13)
>

In essence, (13) only allows theth reset to occur at the timg if (13) holds.
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To understand the rationale for (13), notice that, when thatgs time-invariant;r, can be
viewed as an estimate of tlectual reference-to-data induced gain, whereascan be viewed
as an estimate of thertual reference-to-data induced gain. To obtain stability itngortant
that these two estimates do not differ significantly. Theguradity (13) guarantees that a reset
occurs only ifr, is not much larger tham,, whereas, as will be seen soon, the selection of

through HSL-R makes sure that remains bounded.

Consider an admissibile resetting sequence. Then, congb(d®) with (13) and (9) we get
¢t < (TTFL 4 €)(u + ||* 1] ). Notice that the above inequality is well-defined for= 0
since by definition||¢~!||» = 0 which leads toll~! = 0. Further, ||r L[\ A5+ < |7, <
|w!||x. Then, under an admissible resetting sequence, Lemma 2Zesripht

IS lIn < @) (| €p | A + (I e+ 1)+ [w'll ),

Vit e Tk (14)

from which we have at once the following.

Theorem 1:Consider the same assumptions as in Lemma 2 and further assathe < IT*,
Vk € Z,, for some finite constanil*. Then, the HSL-R switched system), is stable for any

admissible resetting sequentg}, , and
Il < @ () [&p [ X714+ (IT7) (1 + Jw'[ly)
VteZ., (15)
whereh (IT*) := g (IT*) (II* + e+ 1). .

In essence, Theorem 1 indicates that, under the admiggibdindition (13), stability of the
switched system depends only on boundednesd16%,.z, . This is precisely the point where
assumption A2 becomes important. In particular, as diggliss next subsection, for time-
invariant plants, A2 is sufficient to prove that, like HSk; HSL-R leads to stability, as long as

the resetting sequence is admissible in the sense of Definti

B. Stability in the time-invariant case

In order to prove boundedness ¢fI*},c;, when the plant is time-invariant, we use the

following result.
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Lemma 3:Let the HSL-R switched systerm, be based on the test functionals (7). Let
Al1—A4 hold and further assume that on a given interfalT + 1,..., T} the coefficients of
the polynomialsA; and B; in (1) remain constant. Then, there exist positive constantg:, g»

and g; such that, for any®, € &,
Ws(t) < g+ a |€p | >\t+1—|— QQH w' H,\ +gg|| CT_I ||,\)\t_T+1, Vit e {7‘,7‘ +1,... ,T} (16)
holds true for some € N.

Proof. See the appendix. u

From Lemma 3 one sees that when the plant is a time-invanetes ¢ = 0 andT = c0),
A2 is sufficient to ensure boundedness{dﬁf’“}kem. Indeed, by lettingsq := g9, k1 := g1 and

Ko = (1 — X2)~1/2 g, and recalling that|/¢!|, = 0, we have that (16) implies
ms(t) +h < Ko+ ki [&p |+ Raflwl o +h
= Iy (17)
for everyt € Z,..
Then, combining (17) with Theorem 1, it is immediate to derilie following result.

Theorem 2:Let the HSL-R switched systeii, be based on the test functionals (7). Then, if

the plant is time-invariant, under assumptions-A43, 3, is stable for any admissible resetting
sequence(ty}, ;. - .

Remark 3:Notice that, for time-invariant systems, stability of sstied systems based on
unfalsified control can be proven using analysis tools gsitteple compared to the ones given
here €f. [5]-[7]). On the other hand, the present analysis tools daelg on switching stopping,

a property that is crucial for the results in [5], [6] and [7]. v

V. FINITE-TIME RESETTING

As described in the previous subsection, for time-invdr@ants, HSL-R allows one to prove
stability results similar to those available for HSk: In this subsection, we show that the
reset admissibility condition (13) is always attained intértime, which ensures that past data
records are periodically discarded whenever the plant mjcsgremain constant over a large

enough horizon, and it will become crucial in the presencelant variations.
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Taking (13) and Theorem 1 into account, consider the folhgwesetting rule
to =20
tpyr :=1+min {t: t > ty; (18)
m(t) < Tourny(t) +e}, k€Zy
which, by construction, always generates an admissibkdtieg sequence satisfying (13). Notice
now that, under the same assumptions as in Theorem 1, tloaving upper bound on the plant

data can be derived
max ¢!y < g (I17) | €p] + (1= X%)72 b (I) (4 + ] )
= Z(II") , (19)
where ||w|| is finite in view of assumption A4. Then, by letting

N, == N [II*/A] (20)

A(ITF) = (M, + 1) [mgA %W , (21)

the following result states that whefil*},cz, is bounded, the HSL-R based on (18) always

experiences at least one resetting.

Lemma 4:Consider the HSL-R based on (18). Then, under the same assom@&s in

Theorem 1, one has

thor —ty < AIY), VkeZ,. (22)

Proof. See the appendix. u

From Lemma 4 it is also immediate to conclude that, when theatgk time-invariant, under
assumptions AXA4, a reset always occurs after at mds{II},) time steps, wherél’, is as
in (17). Lemma 4, along with Theorem 2, completes the ansligsi LTI plants. It is important
to emphasize that the complexity of the control scheme mepdere does not depend on the
“complexity” of the set# of frozen plant models, which could contain plants with vergh

order or be very non-convex.
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A. Example 1

Although the introduction of HSL-R is mainly motivated byetlyoal of handling possible
plant variations, there are good reasons to use it also itirteinvariant case. In fact, when

the plant is time-invariant, equation (16) implies that

ms(t) < go+ g1l &p [ AT+ g w’ik [x + gollw™* |5,

VteTy, keZ, (23)

holds for somes € IN. This equation indicates that the effect of plant initiahddions and past
disturbances oil* and, hence, on the controller selection, vanishes agreases. In view of
Lemma 4, this property, which cannot be exploited in HSLbecause of infinite memory, can
provide definite improvements in performance for HSL-R.

As a simple illustration, consider the continuous-time Lifiktable plant with transfer function
P(s) = K/(s—0.4), K € [0.1,1], controlled by feeding its input via a zero-order holder and
sampling its output every).2s. Two proportional-integral (PI) controllers/,(s) = (3.485 —
3.265d)/(1 — d) and Cy(s) = (27.36 — 25.63d)/(1 — d), have been designed so as to provide
good performance over the uncertainty set. We compare &Sind HSL-R both with hysteresis
h =1 and with\ := 0.99 andx = 1 in the test functionals (7). In particulax,has been selected
large enough so as to satisfy assumptions A2 and A3 for thertaio discrete-time plant and
the candidate controllers. For HSL-R, we have adopted thet re¢e (18) withe := 0.01. Let
K = 0.16 so that both the controllers stabilize the plant but o@ly performs satisfactorily
and further assume that, andn,, are zero everywhere except on the interMal, 800] where
a burst in noise is modeled by taking, to be uniformly distributed orn—0.5,0.5]. Fig. 3-4
show the plant output response for zero plant initial coodg and a square-wave reference
of period 500 s and amplitude2.5. In both HSLoc and HSL-R, the output noise caus€s
to be switched-off. However, due to its memory feature, tt#l 4o does not allon’; to be
switched-on again. On the contrary, with HSL®R, is promptly re-selected right after resetting,

as shown in Fig. 5.
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Fig. 3. Supervision based on HSk; Top: Plant Output; Bottom: Switching sequence.
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Fig. 4. Supervision based on HSL-R; From top to bottom: Plant Output; Bwgcsequence; Resetting sequentesfands
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Fig. 5. Test functionals. Top: Supervision based on HS|.Bottom: Supervision based on HSL-RI{ grey line,II» black

line).

VI. STABILITY UNDER TIME VARIATIONS OF THE PLANT PARAMETERS

This section shows how HSL-R makes it possible to achievieilgyaproperties similar to
those derived for LTI plants in the presence of time variaiof the plant parameters. Recall
from Theorem 1 that the switched system is stable if therst&x finite constanil* such that
II* < 1I* for everyk € Z. . Notice that here, unlike the time-invariant case, theterise of an
upper boundlI* requires thanoneof the test functionals can grow without bound whether or
not the corresponding candidate controller is stabilizi@tpser to what one could expect, even
if a particular controller”; does not stabilize the plant, the corresponding test fanatir; will

not grow unbounded. Indeed, one sees from (7) that
mi(t) T+ p~ ¢+ [w' |y (24)

for everyi € N and everyt € Z,. As discussed hereafter, stability may be obtained when the

plant variations are infrequent or satisfy a slow drift cibiod.
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A. Infrequent plant changes

Let {/.}
¢y := 0 by convention. AccordinglyL. := {¢.,...,lc1 — 1}, ¢ € Z,, will denote thec-th

.z, denote the sequence of time instants at which a plant \amiatccurs, with

time interval over which the plant is constant. Although van ao longer usél’,; in (17) to
deduce that the switched system is stable, Lemma 3 enswefotheveryc € Z, there exists

a candidate index € N such that
mo(t) + h < Iy + gs || ¢, A5, Vi e L (25)

wheregs is as in (17). Thus, for any given accuraeyand provided thal.. be large enough,

the right hand side of (25) will eventually become smallarthl’., + ». In this respect, let
LY = {t € Lo gsllC AN < v}

Then, if at least two resets occur ouet, i.e. there is at least onk such thatT;, C LY one can

use equation (14) to conclude that at tifye, the following upper bound holds
[¢ 7], < Z (T +v) (26)

with Z(-) as in (19). Notice that one single reset would not be sufficierce the bound in (14)
depends on bothl* andIT*~!. At the present stage, Theorem 1 cannot be invoked to coaclud
stability of the switched system since the existence of aefinpper bound fofI1*},c7, is not
evident from boundedness ¢t‘~'},cz. . Nonetheless, this implication actually holds as we

show below.

Lemma 5:Let the HSL-R switched systeii, be based on the test functionals (7) and reset
rule (18). Let AX-A4 hold. Further assume that

VeeZy JkeZ, suchthatT, CLY. (27)
Then,I1* < 1%, for everyk € Z ., with
Wy =gy + 9 Z (I3 +v) (28)
whereg := max{gs, 2 '}. Hence,X, is stable.
Proof. See the appendix. u

In the light of Lemma 5 one sees that a sufficient conditiorstability of the switched system

is that the minimum interval between two consecutive plartations (or plandwell-timg be
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large enough to allow the fulfillment of the condition (27).this respect, let. denote the first
time instant ofL?, i.e. /% := min{¢ : ¢ € L”}. Thus, condition (27) amounts to requiring that,
for anyc € Z,, (., is always greater or equal @ plus the time needed for two resetting to

occur. To this end, notice that using (26) in the definitiorififone obtains

1%
¢ — 1, < |lo
[ & ggzmmvﬂ

Moreover, by simple induction argument, if condition (28)datisfied up to a certaif). then
IT%., is an upper bound on the smallest test functional dverin turns, in agreement with
Lemma 4, this implies that after at masi\ (I15.,,) steps subsequent & the two required reset

times occur. Hence, the following result can be claimed.

Theorem 3:Let the HSL-R switched systeii, be based on the test functionals (7) and the
resetting rule (18). Let ALA4 hold. Then,Y, is stable provided that

beyr — L > POgA -‘ +2A (H*Tv)

14
93 Z (117 + v)
holds for everyc € Z... .

B. Slow parameter drift

Let 9(t) € R*™, t € Z,, denote the vector of time-varying parameters composechby t
coefficients ofA,(d) and B,(d). Consistent with this notation, we can re-write A1 as reqgiri
thatd(t) € ©, VYt € Z, for some compact s&b. Assume now that the parameter vectior)

takes values insid® with bounded variation rate.e.
0(t)e O, [0(t+1)—0(t)] <o, VteZ, (29)

whered > 0 defines the variation rate. Further asssume that each dentrt stabilizes the plant
as long a¥9(t) belongs to a certain subset C © and the variation rate does not exceed a certain
thresholdd,,,q., 1.€. 0 < 0,,4.. It IS well known that, although stability of a time-invanialoop
(P(6)/C;), 6 € ©; need not imply stability of the time-varying loo@P(6(t))/C;), 6(t) € ©;,
such a property holds provided that,, be small enoughcf. (30)). In this respect, we consider

the following assumption.
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A5 There exists a positive constaftsuch that, for eacld € O, there exists at least an index
1 € N such thatt € ©; and

. . / >
N

In words, the set®;, i € N form a large enough overlapping partition of the parametric

uncertainty se®.

As shown hereafter, under A5, conclusions similar to thoseved in Section VI-A, holds
true in case the plant variations satisfy a slow drift cand#. The idea is to derive an inequality
of the type given in (25). To this end, consider the followifagt. Even if{fc}cEZ+ need no
longer satisfy (29), under the problem feasibility and tlielibonal assumption that < 6,,42,
there always exists a controll€f;, which stabilizes the plant in the time intervied,., ..., (. + 7}
with 7 := |3/d], |«| denoting the largest integer less than or equal o R, . In accordance

with (16), this implies that, for every, there always exists an indexsuch that
ms(t) < co+ e [Ep [ AT ool w' |l + eal| CTH AT
Vte{l,,....lc+T1} (30)
holds for some finite positive reals, c¢;, co and c;3. Notice that these constants will now
depend ory (hence, in general, they will be greater than those in (18apeng to the frozen-
time analysis). Following the same procedure used to olifdinfrom equation (16), one can
introduce a corresponding upper bound for equation (30)drticular, by lettingry := cy,
k1 :=c; andiy := (1 — A?)~Y/2¢,, we have that
ms(t)+h < Ro+ Ay |ép|+Ra|lwl,+h
= I, (31)
for everyt € {¢.,... 0.+ T}.
In essencell%, can be viewed as the upper bound on the smallest test fuattidmen the

parameter vectof(t) remains inside a given subset and its variation rate does not exceed
the threshold,,, ...

Using these properties, the stability analysis becomesasito that developed in the previous

subsection. Indeed, Ie(tﬁq}qez+, with /, := 0 by convention, denote the subsequence of plant
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variations such that,,, := min{(.; (. — ¢, > 7}. In words, if6(¢,) belongs to©, then/,.,
denotes the first time instant at which a variation in the {pf@rameter vector can caugdo

leave®;. Thus, (30) can be written in a more convenient form as fadlow
ms(t) < co+c1|ép| /\t+1+02|| thA + | géq—l”/\/\t—éqﬂ
Vte{l, ...l —1}

Indeed, by virtue of (30), this inequality holds true on théeival {@q, o ,éq + 7}. Moreover,
it also holds on the intervaﬂéq +74+1,... ,Eqﬂ — 1} since, by definition, over that interval no
plant variations may occur. On the other hand, from the defmiof ﬂ*TI it follows immediately
that

To(t) + h < Ty + csl|¢la Al

for everyt € {éq, e ,éqH — 1}. Notice that this formula parallels the one in (25) obtairfed

the case of infrequent plant changes.

Accordingly, let
Iy, =10 + ¢ Z(ITy, + v)

wherec := max{cs, 2u~'} and further assume that

T2 {10& o Z(0 )w + 2A(I7y)
= () (32)

Since under (32) we have thét,, — /, > Z(II3,) for everyq € Z_, next result follows along

the same lines as that of Theorem 3.

Theorem 4:Let the HSL-R switched system, be based on the test functionals (7) and the
resetting rule (18). Let ALA5 hold. Then,Y, is stable provided that
) S min { 5ma:p7 ’_AL } (33)
=E(Iy)
]
In (33), we used the fact th&(IT:,) < 3/6 implies Z(IT5,) < |3/6] = 7, sinceZ(II%y,) is a

positive integer.

Preprint submitted to IEEE Transactions on Automatic Control. Received: June 24, 2011 05:07:04 PST



Limited circulation. For review only

3 |
T

0 500 1000 1500 2000 2500 3000 3500 4000
time (s)

Fig. 6. Supervision based on HSk-in the presence of infrequent plant variations. Top: Plant Output; Botfmitching
sequence (solid line), and time variations i6f (dotted line).

C. Example 2

Consider the continuous-time LTI plant with transfer fuaonti

K
S+ T

controlled by feeding its input via a zero-order holder amanpgling its output every).2s.

P(s) =

(14 Am(s))

Furthermore K € [0.1,1], 7 € [-0.5,.0.5] while A,, represents the plant unmodeled dynamics.
Three PI controllers have been designed so as to provide geddrmance over the uncertainty
set specified by< andr. In particular,C; andC, are the same as in Example 1, whilg(s) =
(1.7424—1.6325d)/(1—d). We first compare HSloo and HSL-R under the set-up used Example
1 for the case where the plant variations are subject toqo#&st large jumps. In particular, we
consider an unstable plant with= —0.4 and gainK that switches betweei5 and0.1 every
500 s. Notice that for K’ = 0.1 only C, is stabilizing while for K = 0.5 only C; and C5 are
stabilizing. Fig. 6-7 show the plant output responsegy(s) = 1/(s* + 100) and disturbances
modeled by taking:, andn, to be uniformly distributed ii—0.1, 0.1]. One sees that, while the
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Fig. 7. Supervision based on HSL-R in the presence of infrequent ydaiations. From top to bottom: Plant Output; Switching
sequence (solid line) and time variations Igf (dotted line); Resetting sequence gtands for resetting)

control self-reconfiguration capability progressivelygoedes under HSbe, this issue does not
arise in the HSL-R because of resetting. Fig. 8 finally demanulation results for HSL-R when,

in addition to the abrupt changes &f, T varies slowly according to(¢) = 0.4sin(0.02 7t).
Notice that in this example\,, was chosen to be a marginally stable transfer function. This
is consistent with the fact that the proposed method all@&gel plant modeling uncertainties,

including norm-unbounded unmodeled dynamics.
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Fig. 8. Supervision based on HSL-R in the presence of slow paramefierFdlom top to bottom: Plant Output; Switching
sequence (solid line), time variations Af (dotted line) and time variations of (dashed line); Resetting sequendestands for
resetting)

VIlI. CONCLUSIONS

Consideration has been given to the control of uncertain-tiamging plants by means of
adaptive switching control techniques. We have introducedvel class of algorithms based on
hysteresis switching, which, when combined with apprdprtast functionals, makes it possible
to achieve stability for time-varying systems under lardanp modeling errors, unmodeled
dynamics and persistent disturbances.

The unique feature of this type of supervisory scheme is tth@tsupervisor orchestrates the
switching by means of a specially devised mechanism whigcm ftime to time, determinates
whether past data are still relevant to achieve closed-#ability. In particular, this mechanism

consists of a logic according to which the test functionagsraset to zero whenever the measured
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data indicates that the information contained in the testtionals is no longer needed to achieve
the desired stability properties. Although the major enghhas been on the stabilization of time-
varying systems, simulation results indicate that thisesuvigory scheme compares favorably with
HSL-0co even when applied to time-invariant systems, since it do¢sealy on a finite switching
stopping-time.

These results lend themselves to be extended in variougtidime. First, the idea of selecting
online the memory of the test functionals can be extendedukesrmore elaborated than a
simple resetting logic. As a second point, notice that thévaton for considering supervisory
schemes based on unfalsified control was mainly dictatecheygbal of achieving robustness
against large modeling uncertainties. Nonetheless, tpeoaph here introduced could be used
within supervisory schemes alternative to model-free @witg control. In this respect, it is
known that the adoption of model-based test functionalssogmificantly improve the transients
performance [7], [19]. Hence, a natural question, whosavanss yet unavailable, is how a

resetting logic can be adapted to supervisory schemes lmasatlltiple models.

APPENDIX

Throughout the appendix, we shall make use of the followiraperties.
) |l <1 af, [AAC

i) 2l < Il a2l X

i) | 2" s < | 2l A AP0, <

To prove Lemma 2 we use the following result.

Proposition 1: Under assumption Al, there exist finite nonnegative comstayy ¢g; and g,

such that

I°lIx < g0 [P [N + qal| @' ([ + g2l ¢l

VteZ, (34)
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Proof of Proposition 1For any LTI feedback loogP,/C;) we have (dropping the arguments

d andt)
R; —5; 0 0 0
¢ = w (35)
By Al, we also get
KO < eoll g I +enll wly I, VEeZy

for some positive constantg andc¢;, with ¢ = max{n*, m}. According to i), by lettingc, :=

co A" D andes := ¢, 77 we get

I < IO+ 1S I

< (+ NI I +esll wl_, In, VteZy

where the second inequality follows recalling tlfgkt) = 0, £ = —1, —2,.... Finally,
-1
lwlig Ix < 0wty In < Tt [+ 1wl 2y (WA
< Jwtlla+[Ep AT, Ve Zy (36)

where the second inequality follows by ii) with= —¢ andh = —1, and the third since,, (k) =

up(k), ny(k) = yp(k) k= —1,...,—n* andn,(k) =ny(k) =0, k = —n* —1,—n* -2, ...
This completes the proof. u
Proof of Lemma 2Consider an arbitrary: € Z, and letTy; = {tu, -+ toyjsy — 1},

trjo] := tx, represent thg-th subinterval ofT';, over which the switching signal is constant.

For clarity, the proof is divided into three steps.

— Basic recursive equation.

First, notice that
1 I < 1 I+ 1 (o — )" lIx

o () (4117 112

+ (1 + mow(®) | (voy — ) |In, VE € Zy

IN
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Consider now an arbitrar¥,;;. Accordingly, for some € N, one hass(t) =14, Vt € Ty;. Let

d; == v; — r. By exploiting ii) with respect ta);, with o = 0 andh = ;;) — 1, we get

tot—1 L
16511 < || 5i|ik['] I+ || 8F0 7 At L

s trii1—1 .
< gi H 5 ‘ 5} . H)\t k5] 4 ” @kb] HA/\t t)+1
~ . trr—1 4
S Ji || 5 ‘ H L ” /\t try)t+1 + ” 5ik[.7] ”)\)\t ) +1
< Gill 6T WALV E € Ty (37)

In (37), we made use of the following facts: The second inggyu#ollows, for some finite
positive constanty;, becauseS;(d)d;(t) = 0 for everyt € Ty and S;(d) is a A-Hurwitz
polynomial; the third inequality is obtained using i) andtilfeg g; := ¢;A~%; the last inequality
follows with g; := 1+ g; since, for all candidate indices, (6) is initialized at timero from zero
initial conditions,viz. 0;(k) =0, k = —1,-2,.. ..

By A3 one sees that the map frofnto J;,

Si(d) 6i(t) = Si(d) (vi(t) — r(t)) = [Ri(d) — Si(d)] C(t)

has bounded\—weighted/,-norm. In particular, since (6) is initialized at time zerorh zero
initial conditions, it readily follows thaf|df|, < g;|¢'ll,, V¢ € Z, Vi € N, and some finite
nonnegative constaf.

Hence, lettingg := max;cn {¢:} andg := max;cn {g,}, we finally get

1< < mon(®) (117" 1)
+ g (14 T (t)) [ [N
VtGTk[j], 7=0,-- N (38)

whereg := §3.

— Upper-bound on data between switching

From Lemma 1, we haveg(m)(t) < II* for everyt € T;. Then,
¢ Ia < T (4117 1)
g (L4+T0F) [ ¢t funtr,

Vit € Ty \ {tagen — 1}, 7 =0,--, M (39)
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In words, the performance signal related to the switchedantroller cannot exceed”, apart
from the time instants right before switching. Notice thgtliemma 1 this may happen at most

N,-times, since, aftedt, switching, no more switching occurs ovéy,.

— Proof of (11).
In order to prove (11) we use (39) and exploit the results opBsition 1 at the time instants

{tk[jH] — 1}. Without loss of generality, let,,g > 1, go and g as in (34) and, respectively,
(39). It is also convenient to lek := max {go, g1} With go andg; as in (34), and write in more
compact formL (¢,&p, p, w) == p+|&p | A1+ || w' || ,. Then, combining (34) and (39), we get
¢ In < g2l ¢ 1 IIa + g3 L (8, Ep, 1, w)

S (gQHk + g3> L (t7 €P7 K, "UJ)

+g2g (1+T1F) [| ¢t [T Bt

< G ([ AT 4 L, Ep, pyw))

thTk[j], j:O, ,‘ﬁk (40)

In the second inequality we used the fact thef|, < ||w!|x, while Gy := g5 + g2 g(1 + I1¥).

By induction, it is easy to show that

Jj+1
It < (Z G?) (=M 4+ L (t, €,y w))
m=1

J
Vie | Tupm, 5=0,---,9 (41)

m=0

Indeed, consider the following facts. By (40), equation (At)ds for j = 0 sincet,q = t.

Assume next that (41) holds up to a certair: 91,. Then, by (40),

|| Ct ||)\ < Gk (||Ctk[j+1]_1H/\ )\t_tk[j+1]+1 +L (ta va H, w))

j+1
< Gg { <Z GZL) (” Cte1 ||/\)\tk[j+1]*tk
m=1

+ L (tk:[]-i-l} - ]-7 £P7 22 'I,U)) )‘t_tk[j+1]+1 +L (tv §P7 M, ’LU)}

42
< <Z GZL) <|| Ctk—l ||)\>\t—tk+1
m=1

+ L <t7 £P7 , 'UJ)) ) Vte Tk[j-l—l} (42)
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In (42), the second inequality follows since, by assumpti@i) holds true up tg; the last

inequality follows since

L (tk[jJrH —1,¢ép, w) bt
(//J + |§P ‘ )\tk[1+1 I+ H w a1 H ) )\t*tk[j+1]+l
<p+ |§P|)\t+1+ ||wt”/\ = L(t,&p, p,w)

where the inequality is obtained using iii) with respect|f@’:+17"||, with o = 0, £ = 0
and h = t — ty;41) + 1. Hence, (42) holds true foj + 1, and the proof follows by letting
g (IF) == Y4 . .
Proof of Lemma 3Let 0(t) € R*, t € Z,, denote the vector of time-varying parameters
composed by the coefficients af, and B;. Consistent with this notation, we can re-write A1
as requiring that/(t) € ©, Vt € Z, for some compact seb. By assumptiong(t) = ¢ for all
te{r,7+1,...,7} and some& € O, i.e. P = P(0) = B(0)/A) forall t € {r,7+1,...,T}.
Consider now that, under assumption A3, the virtual refezsrin (6) are well-defined. Thus,

combining (6) and (1) we can writ@y/; (; = ¥ w;, Where

R, =S 0 0 0
(I)g/i = R \I/g = (43)
B(6) A() A(0) —B(6) —A(®)
Consider next that, for any candidate controliérsuch that(P(0)/C;) is A-stablethere exists

a polynomial matrix/y,;(d) such that

G(t) = () Lojild) | &7y | + @5 i(d) Wo(d) wi(t) (44)

whereg; == [/ w;], ¢ = max{n*,m}, and®y; is such thatlet &y /; is a A-Hurwitz polynomial.
Consider now that, by assumption A2, for aflyc © there exist a candidate controllér and
an open bal; aroundd; such that(P(#)/C) is A-stablefor all # € ©,. Thus, an infinite open
covering for© exits. In turn, in view of assumptions Al and A2, this impltee existence of a
finite (closed) coverin@, ...,y for © such that, for each, all the plantsP(6), 6 € ©;, are
stabilized by a common controll€r,;), p(j) € N. As a consequence, from (44), it is therefore

immediate to conclude that there exist positive reals andm,; such that, for any € 0;,

T—1 r t
I Gl I < mogll & |7~y N - mall | lla, - Ve € {7 +1,...,T}  (45)
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holds true whereng; := supges, |95/, ;) To/00) oo rs 115 = subgeq, 195, ;) Polloor AN H [|oo n
denotes the\-weightedH,, norm of H. Hence, eq. (45) holds true ovér with finite positive

constantsmg := max;cy mo; andm; = max;cy My .

Now, consider that using i) with = 0 andh = 7 — 1 we have|[[lx < || &I +

17— Y|A A" TL. Moreover, using i) we also have
T—1 T—1 —(g—
H&T g I &ol7 g A~
< (Gl a4+ w72y ) A=Y (46)
Consider next thaf Cs]::; lx = [|¢77]|x because of the zero initial condition constraint, while
[ ws\:; Ix < JJwI=Hx + || ws :q AT < JlwI™Y[x + |€p| AT, the first inequality being obtained
from ii) with a =7 — g andh = —1.
Overall, we get
1€ My S ma [ [Ix +me [ 1N
+ ms ‘ fp ‘ )\H_l + ms H wg_l H)\)\t_T—H (47)
wherems, := 1+meA~@1 andms := meA~(~Y. Finally, by noting that|¢7=!(|x < [|¢7 Y|l +
oI Hx + [Jw™ ]\ and JwI 7ty < Jol s + lw™!|x and exploiting iii) with respect ta,
andw, with « =0, h =t — 7+ 1 and? = 0, we get
IG My S mallog iy +ma [| ¢ AT

+mg [Ep] AT+ my [ w! ||y (48)
wherem, := my +my + mgs. Hence, (16) immediately follows from the definition of thgs. =

Proof of Lemma 4.Consider the same notation as in the proof of Lemma 2. Since by
assumptionlI®* < II* for every k € Z,, the number of switching on every intervdl, is
upper bounded by1.. Now, using (38) and (39) we obtain

1
pA |ty
Vi€ Tigy \ {tagja — 1} (49)

Tu(t) < Moy (8) + enpy (1)
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for every j < 9, where

ex)(t) =g (14 Togny(£)) [ CHOTH AT 0

< G || ¢TI e Ty \ {trgey — 1} -

We first derive an upper bound feg;. By (41),

Iy
[ ¢\ < <Z GZ”) (¢t I =
m=1

+L (tk[j] - 17§P7 1, w))

and, hence,
exy) (1) < @ (T1F) (J[ ¢t A=
+L (try) — 1,&p, pyw) ) A1
<g (1) {(1F" ) (- [ s [ A
+L (try) — 1,Ep, pyw) J AT H
where the second inequality follows from the definition ofraskible resetting times (see

equation (14)). Consider further thatt ||, < (1 — A\?)7?||w||, and thatL (¢, &p, p, w) <
w4 [€p| + (1 — A2)~Y2||wl|» for everyt, from which we finally obtain

ex)(t) < {g (II") [&p|
(1 - /\2)—1/29 (IT) (1 + I+ €) (u+ || w ”OO)} Nt — 7 (I1%) At L (50)

whereZ (+) is as in (19).
Consider now that, because of (49), we hayeg(t) > eu for everyt € Ty \ {tuyry — 1},

and, hence,

€

Indeed, if the latter condition were not satisfied we wouléntthave a reset beforg(;. ),

contradicting the fact thaty;; 1] < tym,+1] = tr+1. Applying (51) recursively, we get;; <
ti + 7 [log, en/Z (I1%)]. Then, the claim follows by recalling that the number of shihg is

upper bounded b¥1..

Preprint submitted to IEEE Transactions on Automatic Control. Received: June 24, 2011 05:07:04 PST



Limited circulation. For review only

Qe NLe—1

N
, | |

th—1 tp —1 tp =4qc Le —1 Le tht1

Tre—1
[
! ! ! ! !
t th—1 tp =1 1k =4qc le—1 £ tot1
Le

Fig. 9. Segment of time axis for dwell-time computation.

Proof of Lemma 5Consider the subsequen{:@;}C€Z+ of resetting instants defined hy :=
maxpez, {tr; te < Lc}. Notice that, under (27){qc}c€Z+ exists well-defined sincg, = 0 and
¢ < q;if i <j. LetQ.:={q.,...,q41 — 1} and note thaty.cz, Q. = Z,. Thus, in order to
prove that the switched system is stable, it is sufficientrtivg that the upper bound’.,, holds
over each interval). since this implies that the same upper bound will hold ovehés,.

Decomposé). asQ. = (Q.NL. 1)U (Q.NL,) and first assume that the inten@lNL._; is
non-empty, as depicted at the top Figure 9. By definigjomecessarily belongs t%_,, Then,
from equation (25) it follows that on this interval one has tipper boundl;,, 4+ v. Thus, (11)

implies
1¢ I < o (M +v) (p+[€p AT+ [ n+ [ ¢=7H AT, Ve QN Le-1(52)

Indeed, equation (52) follows immediately by extending tdomclusions of Lemma 2 to any
truncation of a resetting interval)(. in this case). In addition, by (27) there exists a resetting
interval, sayT_4, right beforeQ., which is contained intd.”_, (bottom of Fig. 9) and therefore
such thatll*~! < II%,, + v. Since by virtue of (18) the sequence of reset times is adlofess
the sequencé(® '} cz, is such that|¢% ||\ < (II5; + v +¢€)(u + ||r%!||»). Combining this
inequality with (52), it follows immediately that¢*||, < Z (I}, + v) for everyt € Q. NL._;.
Thus, from the definition ofZ(-) and taking (24) into account we get(t) < 2u~'Z (IT%; + v)
for everyt € Q.N 1L, ;. Finally, substituting (26) into (25) it follows that for s@ indexs we
have thatr,(t) + h < II%, + g3 Z (I}, + v) holds on the intervaQ. N L. from which the upper
bound (28) follows.

If insteadQ. NL._; = 0, thenQ, C L. andq. = £.. In such a case (28) follows immediately
by (25) and (26). .
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