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A converse Lyapunov theorem for
asymptotic stability in probability
A.R. Teel, J.P. Hespanha, A. Subbaraman

Abstract

A converse Lyapunov theorem is established for discrete-time stochastic systems with non-unique
solutions. In order to prove the result, mild regularity conditions are imposed on the set-valued mapping
that characterizes the update of the system state. It is shown that global asymptotic stability in probability
implies the existence of a continuous Lyapunov function, smooth outside of the attractor, that decreases
in expected value along solutions. Additional results on the robustness of global asymptotic stability in

probability are used to construct a Lyapunov function with the desired regularity properties.

I. INTRODUCTION

Converse Lyapunov theorems address when asymptotic stability implies the existence of a
Lyapunov function, usually with nice regularity properties. Converse Lyapunov theorems have
a long history and have been used frequently in the nonlinear control literature to establish
robustness of asymptotic stability, to demonstrate the existence of stabilizing control laws, and
to motivate the notion of control Lyapunov functions, among other applications.

For non-stochastic systems, the most recent converse Lyapunov theorems address asymptotic
stability for systems with non-unique solutions. This trend started in [1], which addressed locally
Lipschitz differential inclusions with not necessarily convex values. In turn, [2] established a
converse Lyapunov theorem for global asymptotic stability of the origin for differential inclusions
satisfying mild regularity conditions, including differential inclusions associated with Krasovskii
solutions and Filippov solutions for discontinuous differential equations. In [3], these results
were extended to compact attractors and local asymptotic stability. The existence of smooth
Lyapunov functions was established for discrete-time systems with non-unique solutions in [4],

[5], and [6], and for hybrid systems with non-unique solutions in [7].
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For stochastic systems, converse Lyapunov theorems appear in [8] for a type of asymptotic
stability in probability and in [9, Chapter V] for a type of stochastic exponential stability.
Converse Lyapunov theorems for various stochastic recurrence properties are summarized in
the comprehensive text [10]. Converse theorems related to almost sure stabilizability are in [11].

In this paper, we present a converse Lyapunov theorem for discrete-time stochastic systems
with non-unique solutions. Under mild regularity conditions, we establish that global asymptotic
stability in probability of a compact set implies the existence of a continuous Lyapunov function
that is smooth outside of the attractor and that decreases in expected value along solutions.
Unlike the non-stochastic case, global asymptotic stability in probability does not always guar-
antee the existence of a Lyapunov function that decreases exponentially in expected value. The
phenomenon discussed in [12, pg. 214] is related to this limitation. The construction that we
use has some connection to the Lyapunov function construction used for [13, Theorem 19.3-
19.10] for continuous-time deterministic systems. Inspired by [2], [3], and [4], we establish
the regularity properties of the Lyapunov function by first establishing that global asymptotic
stability in probability is robust to sufficiently small, positive definite state perturbations. This
idea has also been explored in a stochastic setting in [14].

The results of the paper are organized as follows: We cover notation and some basic definitions
in Section II. In Section III, we describe the class of stochastic systems that we consider,
including a short review of stochastic processes with non-unique solutions. Our main results are
stated in Section IV, which includes our definition of asymptotic stability in probability and the
converse theorem in Section IV-A and robustness results in Section IV-B. Section V describes
some probability functions that are used to give equivalent characterizations of global asymptotic
stability in probability. The Lyapunov function is constructed in Section VI from the functions
in Section V. The proofs of robustness of asymptotic stability in probability are provided in
Sections VIII and X, using some extra facts about probability functions that are summarized in

Sections VII and IX. We draw some conclusions and indicate future work in Section XII.

II. NOTATION AND BASIC DEFINITIONS

R>( denotes the nonnegative real numbers; Z>( denotes the nonnegative integers. For a closed
set S C R" and x € R", |z|g := infyeg |z — y| is the Euclidean distance to S. B (resp., B°)
denotes the closed (resp., open) unit ball in R”. For a closed set S C R"” and ¢ > 0, S + B
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(resp., S + cB°) denotes the set {x € R" : |z|s < e} (resp., {x € R" : |z|s < €}). The function
I : R™ — {0,1} satisfies [g(x) = 1 for x € S and [g(z) = 0 otherwise. A function ¢ : R — R
is upper semicontinuous if lim sup,_, . ¢(x;) < ¢(x) whenever lim;_,, x; = x. The function I is
upper semicontinuous for closed S. A set-valued mapping M : R? = R" is outer semicontinuous
if, for each (z;,vy;) — (x,y) € RP x R" satisfying y; € M(z;) for all i € Zsg, y € M(z). A
mapping M is locally bounded if, for each bounded set K C R?, M(K) = J,cx M(x) is
bounded. B(R™) denotes the Borel field, the subsets of R™ generated from open subsets of
R™ through complements and finite and countable unions. A set F' C R™ is measurable if
F € B(R™). A mapping M : R? =% R" is measurable [15, Def. 14.1] if for each open set
O C R the set M~1(O) := {v € R? : M(v) N O # &} is measurable. When the values of M
are closed, measurability is equivalent to M ~!(C) being measurable for each closed set C C R"
[15, Thm. 14.3]. A function o : R>y — R>¢ is of class K if it is continuous, strictly increasing
and a(0) = 0. It is of class K if it is of class K and unbounded. A function ¢ : Z>o — R>
is of class L if it is nonincreasing and lim,_,, ¥(¢) = 0. A function 7y : R>¢ X Z>¢ — Rx¢ is of
class KL if v(-, k) € K for each k € Z>o and (s, -) € L for each s € R>(. Given a compact
set A CR"™, p:R" — Ry is of class PD(A) if it is continuous and p(z) =0 <=z € A. A

function p : R>g — R is of class PD if it is continuous and p(s) = 0 <= s = 0.

III. DIFFERENCE INCLUSIONS WITH RANDOM INPUTS

Consider a set-valued mapping G : R” x R™ = R" and a stochastic discrete-time system with

state x € R™ and (random) input v € R™ written formally as
€ G(z,v) . (1)

We impose the following regularity conditions throughout the paper.
Standing Assumption 1: The set-valued mapping G satisfies the following properties:
1) For each v € R™ the mapping = — G(x,v) is outer semicontinuous.
2) For each x € R™ the mapping v — G(x,v) is measurable.
3) The mapping v — graph(G(-,v)) := {(z,y) € R" x R" : y € G(x,v)} is measurable.
4) The mapping G is locally bounded.
Without the first and last condition, even for non-stochastic systems, it may be impossible to

construct a continuous Lyapunov function [4]. The second and third conditions guarantee that GG
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generates stochastic processes, as we show below. If G is a (single-valued) function that satisfies
the first two conditions then it also satisfies the third condition; see [15, Example 14.15]. We
allow G(z,v) to be empty for some (z,v). Consequently, solutions may not be defined for all
initial conditions, times, and inputs.

Let S.,,(z) denote the set of maximal (non-random) solutions to (1) starting at x that
are causal, measurable functions of the inputs. That is, ¢ € S, (z) if ¢ comprises a se-
quence of measurable functions ¢; : dom ¢; C (R™) — R", i € L=y, with ¢9 = x such that
Git1(vo, ..., v;) € G(di(vo, ..., vi—1),v;) for all i € Zso and all (vo,...,v;) € dom ¢;41 with
the property that dom ¢;.1 = {(vo, ..., v;_1,v;) € dom ¢; x R™ : G(¢;(vo, ..., vi_1),v;) # S}
Under Standing Assumption 1, S, ,,,(x) is non-empty for each x € R™. See [16, Lemma 3].

Now we add a probability structure to (1). Let (€2, F, P) be a probability space. For i € Z,, let
v; : 2 — R™ be a sequence of independent, identically distributed (i.i.d.) random variables. Thus,
vi'(F):={w e Q:v;(w) € F} € Fforeach F € B(R™). Let Fy, := {v; '(F): F € B(R™)}
be the o-algebra generated by v, and let F, ; := {]-"Vj 17 €H0,... ,z}} be the natural filtration of
v. From the i.i.d. property, each random variable has the same probability measure s : B(]Rm) —
[0,1] defined as u(F) :=P{w € Q:v;(w) € F} and E [f(viy1)|Fvi] = Jam f( ) for each
1 € Z>( and each measurable f : R™ — R. A random process x is an adapted solution candidate
from x € R™ if it comprises a sequence of random variables x; : @ — R", ¢ € Z>(, with x) =z

for all w € Q, and F; 1 = F,

Xi+1

C Fy,; for each 1 € Z>( so that x is adapted to the natural
filtration of v, imposing a causality structure on x relative to v. An adapted solution candidate
x from z € R", together with a random variable Ty : Q@ — Z>, U {oc}, is an adapted random
solution of (1) if x;11(w) € G(x;(w), vi(w)) for all w € dom x;,1 :={w € N :i+1 < Ty(w)}
and i € Zs>o. An adapted random solution (x, Tyx) from x € R"™ is said to be maximal if it
cannot be extended, i.e., there does not exist another adapted random solution (y, Ty) from zx
such that dom x; C dom y; for all i € Z>, y;(w) = x;(w) for all w € dom x; and all i € Z>,,
and dom x; # dom y; for some i € Z>o. We use S, () to denote the set of maximal adapted
random solutions of (1) from = € R" and write x € S, .(z), suppressing the associated random
variable T. The next result, established in Section XI-A, relates adapted random solutions
x € S,r(x) to causal, measurable non-random solutions ¢ € S, ,,,(x) through the conditions
domx; = {weQ: (vo(w),...,vii1(w)) € dom ¢;}

Vi € Zsy . )
x;(w) = ¢i(vo(w),...,vii1(w)) Vw € dom x;
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Proposition 1: 1) For each ¢ € S, ,,(x) there exists x € S, () satisfying (2).
ii) For each x € S, »(x) there exists ¢ € S.,,(z) satisfying (2).
Henceforth, to save on notation, subsets of ) expressed in terms of the inverse image of the
random variables x; will be assumed to be relative to dom x;. In particular, for Z C Zx,
Miezx; (F) = Niez (dom x;) N (x;(F)) = Niez {w € Q: (w € dom x;) A (x;(w) € F)}
Uierx; (F) = Ujer (dom x;) N (x;(F)) = User {w € Q: (w € dom x;) A (x;(w) € F)}.

7

IV. MAIN RESULTS
A. Converse Lyapunov theorem

A compact set A C R" is stable in probability for (1) if for each £ > 0 and p > 0 there exists
§ > 0 such that, for each 2 € A+ 0B and x € Sar(2), P (Uiez.,x; " (R"\(A+¢B?))) < p. A
compact set A C R" is almost surely globally asymptotically recurrent for (1) if, for each z € R",
each x € S,,(2), and each € > 0, P (Miez.,x; " (R"\(A+¢B°))) = 0. A compact set A C R”
is globally asymptotically stable in probability for (1) if it is both stable in probability for (1)
and almost surely globally asymptotically recurrent for (1). An upper semicontinuous function
V i R™ = Ry is a strict Lyapunov function relative to A for (1) if there exist oy, as € Ko
and ¢ € PD(A) such that oy (|z]a) < V(x) < ag(|z]a) and' [5,, maxgeg@w V(g)u(dv) <
V(z) — o(x) for all z € R™. Our main result is stated next.

Theorem 1: If the compact set A C R" is globally asymptotically stable in probability for (1)
then there exists a smooth on R™\ A, continuous, strict Lyapunov function relative to .A for (1).

Theorem 1 is the converse of [16, Corollary 1], for example, which establishes that Lyapunov
conditions imply global asymptotic stability in probability for (1).2
B. Robust global asymptotic stability in probability: the effect of inflations

To prove Theorem 1, we use two results of independent interest on the preservation of global

asymptotic stability in probability under inflations of the mapping . The first inflation is

" e G, (z,v) = G(z,v) UM, (1) 3)

"If ¢ is upper semicontinuous and G (=, v) # @ then there exists g* € G(z,v) such that SUPgeg(z,0) P(9) = #(g™). Hence,
We Use maXgec(z,v) V (9) for supgcg(s,v) V(9). We also use maxgeg(z,v) #(9) =0 when G(z,v) = @ and ¢ : R" — R>,.
The definition of global asymptotic stability in probability in [16] appears to be stronger than the definition here but is, in

fact, equivalent due to Theorem 1 and the results in [16]. It is similar to the characterization in [9, Theorem 4.3].
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where M, (z) = @ for x € A+ 2B° and M, (x) = A+ v(|x|4)B otherwise, where v € K,
Proposition 2: For each v € K, the set-valued mapping G, defined in (3) satisfies the
conditions of Standing Assumption 1.
The previous result is proved in Section XI-B while the next result is proved in Section VIII.
Theorem 2: If the compact set A C R" is globally asymptotically stable in probability for (1)
then there exists v € K, such that A is globally asymptotically stable in probability for (3).
When we apply the Lyapunov construction to (3) we get a Lyapunov function for (1) since
G(z,v) C G,(x,v) for all (z,v) € R™xR™. Moreover, the introduction of the function v € K,
guarantees that the Lyapunov function V' satisfies oy (|z|4) < V(x) for some a; € K.

The second inflation is relative to (3) and has the form
et e G, (z,0) ={weR":weg+p(g)B, g€ G (x+plx)B,v)} p € PD(A). (4)

Proposition 3: For each v € K, and each continuous function p : R” — R, the set-valued
mapping G, defined in (4) satisfies the conditions of Standing Assumption 1.

The previous result is proved in Section XI-C while the next result is proved in Section X.

Theorem 3: If the compact set A CR" is globally asymptotically stable in probability for (3)
then there exists p € PD(.A) such that A is globally asymptotically stable in probability for (4).

Thus global asymptotic stability in probability is robust to small, state-dependent perturbations.
When we apply our Lyapunov construction to (4) we get a Lyapunov function V' for (1) that
satisfies o (|x]|4) < V(x), since G(z,v) C G,(x,v) C G, (x,v) for all (z,v) € R* x R™.
Moreover, the introduction of the function p guarantees that the Lyapunov function we build can

be made smooth on R™\ A while retaining the property that it is a Lyapunov function for (1).

V. STABILITY IN TERMS OF PROBABILITY FUNCTIONS
A. Weak viability

The probability that a closed set S C R"™ is weakly viable is quantified through the func-
tions mgn(j + 1,¢) /Rm eHGlE(ng Is(g)msn(7, g)u(dv) for each (j,€) € Zso x R™ where
mgn(0,€) := 1. Due to [17, Lemma 3], the functions £ — mgn(j,€) € [0, 1] are well-defined,
upper semicontinuous, and mgn(j + 1,£) < mgn(j, &) for each (j,&) € Zso x R™. For the
relation to weak viability, consider the next result, proved in Section XI-D.

Proposition 4: Let S C R™ be closed. For each x € R™ and k € Z>; there exists x € S, ()

such that mgn(k,z) = P (N, x;'(9)) = SUDye s, 1 () P (ME_,z;(9)).
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If S; C Sy then mg, A(J,€) < mg, (4, &) for all (j,&) € Z>o x R™. Moreover, mgn(§) =
lim;_,o mgn(J, ) is well defined for each £ € R™. The next result is proved in Section XI-E.

Proposition 5: Let A C R™ be compact. The following statements are equivalent:

1) A is almost surely globally asymptotically recurrent for (1).

2) For each ¢ > 0 there exists p € [0,1) such that Mg\ (ateo)n(§) < p for all £ € R™.

3) For each ¢ and £ € R™, Mgn\(atepe)n(§) = 0.

4) For each compact set KX C R", p > 0, and ¢ > 0 there exists { € Z>( such that

M\ (Ateso),n (6, §) < p forall § € K.

B. Weak reachability

The probability that a closed set S C R" is weakly reachable is quantified through the functions
msu(j41,€) == [om MaXgea(e,w) max {Is(g), msu(j, 9)} u(dv) for each (j,€) € ZxoxR™ where
msu(0,€) := 0 for each £ € R™. Due to [17, Lemma 2], the functions £ — mg(7,€) € [0, 1] are
well-defined, upper semicontinuous, and mg ,(j, &) < mgu(j+1,€) for each (j,€) € Z>o x R™.
For the relation to weak reachability, consider the next result, proved in Section XI-F.

Proposition 6: Let S C R™ be closed. For each x € R™ and k € Z>, there exists X € S, ()
such that mg(k,z) = P (UL x;'(9)) = SUDye s, 1 () P (U z;1(9)).

Evidently, if S; C Sy then mg, ((7,&) < ms, (7, &) forall (j,&) € ZsoxR™. Also, mg (&) :=
max {Ig(&), lim;_,oo msy(7,€)} is well defined for each £ € R". Using Proposition 5 and the
proof of [17, Prop. 5], under the conditions of Theorem 1, for each ¢ > 0, with S := R"\ (A +
eB°), £ — mgu(€) is upper semicontinuous and [, maXyec(e,v) Msu(g)p(dv) < mgy(€) for
all £ € R™. The next result follows from the stability in probability definition and Proposition 6.

Proposition 7: The compact set .4 C R" is stable in probability for (1) if and only if for each

e > 0 there exists a. € KC such that Mgn\ (a4epe)u(§) < a-(|€]4) for all £ € R™.

C. Post-transient weak reachability

For each { € R", define mg,(0,¢) := mgy(§) and, for j € Zsg, define mg(j + 1,¢) =
me MaXgea(e,v) Ms,u(f, g)p(dv). As established in [17, Lemma 5], under the conditions of
Theorem 1, for ¢ > 0 and S := R™\(A + B°), the functions £ — mg (7, &) are well defined,
upper semicontinuous, and satisfy 0 < mg(j+1,&) < mgy(j,€) < 1 for all (4,¢) € Zso x R™
While it will not be proved because it is not used in this paper, it can be shown that if the compact

set A is globally asymptotically stable in probability for (1) then, for each € > 0, j € Z>, and
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¢ € R, we have s ,(j,€) = sup,es, () P (Uiez.,2; '(S)) when S := R™\(A + ¢B°). The
following result is proved in Section XI-G.

Proposition 8: The compact set A C R” is globally asymptotically stable in probability for
(1) if and only if for each € > 0 there exists 7. € KL such that mgn\(atepe),u(k, &) < V(1€ 4, k)
for all (k,&) € Z>o x R™.

VI. PROOF OF THEOREM 1

All probabilities are generated from (4) with v € K., and p € PD(A) chosen according to
Theorems 2 and 3 so that the compact set A is globally asymptotically stable in probability for
(4). Fix € > 0, define S, := R"\(A 4 ¢cB°), let k. € K, and define W, : R* — R, as

[e.e]

Wo(€) =Y (ke + 1) = 5 (4)) s (0, €) - %)

i=0
Due to Proposition 8 applied to (4), W.(£) = 0 for all £ € A.
Proposition 9: There exists k. € K., such that W, in (5) is well defined, locally bounded,
upper semicontinuous, arbitrarily small near .4, and W_.(§) > k.(1) for all £ € S..
Proof: Define mg, (k, &) := ms. ,(k—1,&)—ms. ,(k,&) > 0 for each (k, &) € Z>1xR". Then
W.(&) =72, ke(i)ms. (i, §). Using Proposition 8, there exists 7. € KL such that mg, (¢, ) <
Ve (€] 4, €) for all (£,€) € Z>o x R™. Hence, for all (¢,&) € Z>y x R",

ZZ£+1 77155 (7'75) = Z?if-kl (ﬁlssw(i - 17 5) - %SE,U(iv 5)) = ﬁlsg,U(& g) <V (|£|A7 6) :

Let i — p; be a strictly increasing, unbounded mapping satisfying py = 0 and v.(2¢, p;) < 27°
for all i € Z>;. Let p. € K, satisfy p.(i) = p; for each i € Zs. Define k.(s) := p-!(s). Then

[e'e] o] Pj o] Pj
S h@is =3 3 momsio] <> [ S oo
i=1 Jj=1 \i=pj-1+1 Jj=1 \i=pj-1+1
[e%] Pj [e’e] [e’e] o0
=> 17 >0 mai, )| <D i DD ms(,9) | <Yl pica) -
j=1 \  i=pj-1+1 j=1 \ i=pj-1+1 j=1

Given £ € R", let i € Z>; satisfy [£|4 < 2! and observe that

o) 1—1 o)
D 37 (s i) = Y 7= (€las 1) + Y 7= (1€]as p51)
j=1 j=1

j=i

i(i —1)

i—1 o)
<Y @7TL0)+ > (P p) <
j=1

j=i

%=(270,0) + 352707,
Jj=t
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Since Y 77 j27U7Y < oo it follows that £ — W.(€) is well defined and locally bounded.
Let A > 0. Pick i* € Zxq so that Y 2. j27U=") < 0.5\, Next, pick § € (0,1] such that
7:(6,0) < \/(:*)2. Then, following the calculations above, for |£]|4 < § we have

1 00 (i 2
W) < 300 37 (1614, 0) + 0572 270D < Ul (5,0) + 3 <3+ 3 =

Therefore, W, is arbitrarily small near A.

By the definition of mg_, we have mg. ,(0,£) = mg. () = 1 for all £ € S.. Hence, from
the definition of W, in (5), W.(&) > (k-(1) — k-(0))ms. u(0,€) = k(1) for all £ € S..

For upper semicontinuity, the calculations above give that for each z € R”, § > 0 and
A > 0 there exists i* € Zsq such that W.(2) < 320" [ke(i + 1) — 62(i)] s, (4, 2) + A for all
z € x+0B. The function z — mg_ (7, z) is upper semicontinuous for each i € Zx,. Also, since

K € Ko, the values k(i + 1) — k(i) are positive. Let the sequence z; converge to x. Then

limsup; ., We(z;) < limsup; . (Z;‘ol [ke(i+ 1) — k()] ffzss,u(i,xj)) + A
< 35 k(i + 1) = ()] s (i @) + A < Wa(z) + A
Since A > 0 is arbitrary, W, is upper semicontinuous. [ |
Proposition 10: There exists o, € PD such that me MaXgeq, , (@0 We(g)u(dv) < We(zx) —
o-(max {0, |z|4 — €}) for all z € R".
Proof: Let (. € L satisfy ve(s,lz(s)) < 0.5 for all s > 0. Let . € PD satisfy
o-(max {0,s —e}) < 0.5 min (ke(i + 1) — Ke(7)) Vs> 0. (6)
i€{0,....[C(s)]-1

.0(0,8) =mg, (&) =1 for € € S, it follows that

Ss

Since

~

-1

(ms.0(i,€) — s o(i + 1,€)) =1 —ms o(6,) 21— 7:(I€la ) VEES.. (D

o

Using the definition of W in (5),
[ ma W) = [ mayec, e o (6l + 1) = 5.(0) s, .G g)(de)
Rm™m ger,V(f7'l))
< me i= 0 (KJE(Z + 1) - /{E( )) maXgeG, ., (&) is,U(ia g)ﬂ(dv)

= ZOO ("ie(z ) Z)) me maXgeq, ., (&,v) ﬁl&,u(@ g):u(dv>
=> 20 (ke(i+1) — re(2)) ms. (i + 1,8) (8)
= Wa(&) =227 (ke (i + 1) = (4)) (s 0(i, &) —1ms, u(i+1,6)) -
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10

Then, combining (6), (7), and (8), we get

[ Welg)n(do) = Wole) < = 3 (seli+ 1) =) . €)=, +1.6)

mg€Gp,v (&)

=0
<— omin (61 = k6) (1= (Il T (€10))
i€{0,...[0(|gla)1-1}
< -0.5 min (r(i+1) — k(i) < —0- (max {0, [{]a —€}).
i€{0,...,[Z= (1€l -1}
This bound proves the proposition. [ |

Since W. is locally bounded for each € > 0, there exists a nondecreasing sequence of positive
numbers WW; such that, for each i € Z>o, Wo-i(x) < W, for all z € A+ 2'B. Let the strictly

decreasing sequence of positive numbers «;, ¢ € Zxg, satisfy Z;’ZO a;W; < oo. Define
V(z) =) aiWyi(x) . 9)
i=0

Since, for each i € Z>o, Wo-i(z) =0 for all x € A it follows that V' (z) = 0 for all z € A.
Proposition 11: The function V' in (9) is well defined, locally bounded, upper semicontinuous,
bounded away from zero on closed subsets of R™\.4, and arbitrarily small near .A.

Proof: Let x € R™. Let i* € Z>( be such that |z|4 < 2. Then
*—1 i*—1

V() =Y aiWai(z) + D aiWari(z) < 3 aiWori(a) + 3 asW, .
=0 i=i* i=0

Since Y, oW, < oo, V(z) is well defined and locally bounded.
Let z; be a sequence converging to x. Let A > 0 and let ¢* be such that |z|4 < 21" and

Zoo a;W; < \. Then, since Wo—: is upper semicontinuous for each i € Z>,

1ir_risup V(z;) <limsup (Zz:l aiWQi(:)sj)> + iaiwi < Ziaiwgi(x) +A<V(z)+ .
Jreo I \i=o =i
Since A > 0 is arbitrary, the upper semicontinuity of V" follows.

We show that V' is bounded away from zero on each closed set S C R™\A. Let ¢ € Z>( be
sufficiently large so that S C R"\(A+27‘B°) =: S,-.. Using Proposition 9, Wy—¢(£) > ky-¢(1)
for all £ € Sy—¢. Thus, V(§) > ayky-¢(1) for all £ € S.

Finally we show that V' is arbitrarily small near A. Let A > 0 be arbitrary. Pick i* € Z~( so
that 37, a;W; < 0.5\ Pick X > 0 such that ZZ:O a; A < 0.5). According to Proposition 9,
there exists 0 € (0, 1] such that |z|4 < § implies Wo-i(z) < X for all i € {0,...,i*}. Then

Vig) < S ad+ 357 W, 05A+05 =\ Voec A+B.
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It follows that V' is arbitrarily small near .A. [ |
Proposition 12: There exists ¢ € PD such that /Rm gegs,%é,v) V(g)p(dv) < V(x) — o|x|4)
for all x € R™.

Proof: Define o(s) := >~ a;00-i(max {0, s — 27'}). This function is well defined for the
same reason that V' is well defined. Indeed, from the bound in Proposition 10 and the fact that
Wy-i(g) > 0 for all g € R™, it follows that g,—i (max {0, |z| 4 — 27°}) < Wy-i(z) for all z € R".
Thus g,-:(max {0,s — 27%}) < W, for s < 2. From here, the proof that o is well defined and
continuous follows the same lines as the proof that V' is well defined and upper semicontinuous.

Also, o € PD since each g5-i € PD. Using Proposition 10 and the definition of V' in (9),

o

/R max V(g)u(dv) < /Z;a max Woy-i(g)p(dv) Za,/ max W2 (g p(dv)

mg€Gp,u(x,v) 9€Gp v (z,v) mgE€Gp,u(x,v)
< (Woi () — 0a-s(max {0, |24 — 27})) = V(@) — ol|z]),

which establishes the result. [ ]
We use the following result to get the desired lower bound on V.
Proposition 13: For the system (4), for each v € K, p € PD(A), and k € Z>, there exists
R > 0 such that mgn\(atge)n(k, &) = 1 for all £ € R™\ (A+ RB°).
Proof: Define S := R™\(A + 2B°). From the definition of G, in (3) and G, in (4) we
have that A+ v(|z|4)B C G, ,(z,v) for all z € S. We claim that, for the system (4),

ms(h.6) > Ty (min, V/(6L0) V() € Zoo xS (10)

This bound holds by definition for £ = 0. Suppose it holds for some k£ € Z~,. Then, for £ € S,

msn(k+1,6) = /R max  Ts(g)msn(k, g)u(dv)

m g€G), u(f U)

> /R mex | Ls(9)lj2.00) ( min v (Ig\A)) p(dv)

m gEA+V([£|4)B €{1,....k}

= max I I o min v
gEATV(E|4)B s(9)Te, )< e{1,...k} (|g|A))

= Ii2,00)(¥([€].4)) f2,00) (iegﬁﬂ VM(K\A)) =l2,00) ( min Vi(|§|A))-

i€{1,...k+1}

By induction, (10) holds for all £ € Z>o. Now let k € Z>( be given. Pick R > 2 such that
mineqr, gy ¥ (R) > 2, which can be achieved since ' € K, for each i € {1, ..., k}. With this
choice, it follows from (10) that mgn(k,&) = 1 for all £ € R™\(A + RB°). The result of the
proposition now follows from S C R"™\ (A + B°). u
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Corollary 1: When constructed from the system (4) with v € K, and p € PD(A) such that
A is globally asymptotically stable in probability, the function W; in (5) is radially unbounded.
Proof: Define S; : R"\ (A + B°). Using Proposition 13, given i* € Zx, let R > 0 be such

that mg, ,(i* — 1,z) =1 for all z € ]R"\(A + RB°). Then, for x € R"\(A + RB°),

Wi (x Z/{l i)mg, (i, ) > k(i ngl (i,2) = k1 (I")mg, u(i" — 1, 2) = K1 (77) .
=0
Since k1 € K and ¢* is arbitrary, the corollary follows. [ |

Corollary 2: When constructed from the system (4) with v € K, and p € PD(A) such that
A is globally asymptotically stable in probability, the function V' in (9) is radially unbounded.
Proof: Using (9), V(x) > agWy(z) for all z € R". Corollary 1 now gives the result. B

The next result follows from the combination of Corollary 2 and Proposition 11.
Proposition 14: There exist ay, ap € Ko such that oy (|x]4) <V (z) <as(|z|4) for all z € R™.
Proof: For s > 0, define a;(s) := infycpm\ (aysme) V(2) and as(s) = sup,caym V(7).
Also, set a1(0) = a»(0) = 0. According to Proposition 11, these functions are well defined. By
construction, and since V' (£) = 0 for all £ € A, they satisfy a;(|¢|4) < V(§) < ay(|€|4) for all
¢ € R™. By construction, they are nondecreasing functions of s. Also, due to Proposition 11 and
Corollary 2, they approach zero as s approaches zero, they are positive for s > 0, and they grow
unbounded as s — co. That is to say, that have all of the properties of K., functions except for
continuity and strict monotonicity. It is then straightforward to construct a;, as € Ko such that
ai(s) < ay(s) and as(s) < as(s) for all s > 0. These functions establish the proposition. W
Now we smooth V' to get the result of Theorem 1. Let the upper semicontinuous V' and the
continuous function p satisfy the conditions of Propositions 12 and 14. Following [4], define
Vi(e) = / Vo + o0l and o.(a) = [ ollo+ ole)el (e for all = € R
where 1) : " " — R5( is smooth with support on ]]EB[R and o0 € PD(A) is smooth on R"\ A. In
particular, from the properties of V', o, and o, we have V;(z) = os(z) = 0 for all x € A. As in
[4, (33)-(34)], if we pick o to satisfy o(x) < 0.5|z|4 for all x € R™, then g, € PD(A) and V;
is smooth on R™\ A, continuous on R"™, and a4 (0.5|x|4) < Vi(x) < as(1.5|x]4) for all x € R™.

We also choose ¢ sufficiently small so that
o(x) <0.5p(x) < p(x + o(x)) V(z,§) e R" x B . (11)
It follows from (11) that
refe+o(@)it+plx+o(@))B V() eR" xB . (12)
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Then, since G(x,v) C G,(z,v) for all (x,v) € R" x R™ and

Gpu(z+o(@)§v) ={w:w={g} +p(9)B,g € G,(z + 0(2){ + p(z + o(2){)B, v)} ,

(11) and (12) imply that if g € G(z,v), § = g+ 0(9)¢, £ € B then g € G, (z + o(x),v).

Consequently, with o satisfying the constraint (11), for all x € R™ we have

[ viauta) = [ max ([ vig+ otoowene) ua

m gEG(x,v) m gEG(x,v

< [ m( max v<g+a<g>5>w<5>d5)u<dv>

gn 9€G(a0)

_ /( i v<g+o—<g>§>u<dv>)w<£>d5

R™ g€G(z,v)

/ n (/[Rm GEGato@)) V(@)M(dv)) »(&)dg
< /Rn (V(x 4 o(2)€) — o]z + o(2)€]0)) (€)dE = Vi(x) — os() .

It follows that V, satisfies the conditions of Theorem 1.

IN

VII. SIMPLE BOUNDS PERTAINING TO REACHABILITY AND VIABILITY PROBABILITIES

We collect bounds used to prove Theorems 2 and 3. Bounds that depend more heavily on the
Standing Assumption 1 and that are needed for Theorem 3 are deferred to Section IX.
The following result is a special case of [17, Lemma 4].
Lemma 1: Let Sy, Sz C R™ be closed. Then mg,us,n (4, &) < mg, n(4,€) +ms, (7, &) for all
(J,€) € Z>o x R™.
The following result is contained in [17, Lemma 7].
Lemma 2: Let S, S; C R" be closed. For each (k,?,£) € Z>¢ X Z>o X R",
msu(l, &) < mgyu(k, &) +me a(k,§)+ sup mgu(4,C) .
CER™\S;
Lemma 3: Let S, S; C R"™ be closed. For each (k,?,£) € Z>¢ X Z>o x R",
mgn(k+£,&) <mg n(k, &)+ sup mgn(¢,() . (13)
CERM\S;
Proof: The bound (13) holds for k£ = 0 and all (¢,§) € Z>o x R" since mg, (0,§) =1 for
all £ and mgn(k+¢,£) <1 for all k,¢ and {. Now suppose that (13) holds for some k € Z>
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and all ((,&) € Z>o x R™. Then, using mgn(k + ¢, g) < mgn (¢, g) for all g € R™, we get that
mgn(k+0,9) = Irms, (9)msn(k+£,g9)+Is,(9)msn(k + £, g)

< I[]R”\S1 (g>m5,ﬂ(k + 67 g) + I[51 (g) [m51,ﬂ(k7 g) + Sul\)S mS,ﬂ(£7 C)]
(eR™\S1

S ]IR"\S1 (g)mS,ﬂ(fa g) + ]15’1 (g) [mSLﬁ(k)g) + SU-I\) mS,ﬁ(ga C)]
CeER™\ S

S I[R"\Sﬁ (g> sup mS,ﬂ(& C) + I[Sl (g) m51,ﬂ(k7 g) + sup ms,ﬂ(gv g)]
CER"\Sl CER"\S1

= Is,(9)msn(k,g) + sup mgn(4,Q) .

CER"\Sy
Therefore,
mS,ﬁ(k + 14 + ]-7 5) = max ]IS(g)mS,ﬁ(k + f, g):u(dv)
Rm gEG(f,v)
< max ]131( )msl,ﬁ(kag) + sup msﬂ(ga C) u(dv)
Rrm 9EG(&,v) CER™M\ S,
_ / e Ts,(9)ms, (k. )u(dv) + sup_ms(€.)
RrRm 9EG(&,v) CER™\ S,
= mgnlk+1,§)+ sup mgn(l, Q) .
CeR™\S1
The result now follows by induction. [ |

The next result establishes that the value mg(k, &) becomes small for fixed £, uniformly
over £ in a compact set, when S = R™\ RB° and R — oo. It exploits local boundedness of G.

Lemma 4: Let A C R™ be compact. For each k € Z>(, ¢ > 0, and r > 0 there exists & > 0
such that, with S = R™\(A + RB°), mg(k,&) < ¢ for all { € A+ rB.

Proof: Let F' € B(R™) be a compact set such that u(R™ \ F') < ¢/k. Let Ry = r and, for
ie{l,...,k}, let R; > R; 1 satisfy G(A+ R,_1B,F) C A+ R;B. Define R := Ry, + 1 and
S := R™\(A+ RB°). By definition, mg(0,z) = 0 for all x € A+ R;B. Suppose that, for some
0e{0,....,k—1}, mgyu(¢,x) < le/k for all x € A+ Ry_/B. Then, for all x € A+ Ry_(41)B,

mgu(l+1,2) /F max max {Is(g), msu(¢, g)} n(dv)

g€G(z,v)

max max {Is(g), msu(?, g)} p(dv)
Rm\F gEG(x U)

<
jJhax max {Is(g), msu(l, 9)} +¢/k

geArE%f,gBmS’U(f’ g)+elk <le/k+e/k=({+1)e/k
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By induction, we conclude that mg(k,z) < ke/k =cforal z € A+ R, B=A+rB. N

The last two results of this section give a relationship between probabilities, denoted with
a subscripts “a” and “b” respectively, for 7 € G,(x,v) and =+ € G,(r,v) when there is an
appropriate containment relation between G, and G,.

Lemma 5: Let S C S} C R™ be closed and suppose there exists /' € B(R™) with p(F) =0
such that G, (&, v) NS C Gy(&,v) for all (§,v) € Sy x (R™\F). Then mg sn(k, &) < mysq(k, &)
for all (k,§&) € Zxo x 5.

Proof: The asserted bound holds by definition for £ = 0 and all £ € S;. Now suppose the
bound holds for some k € Z>( and all £ € S;. Let £ € S; and note that

Mo sk +1,6) = / max Ts(g)masn(k, )u(dv)
Rm 9€Ga (&)

B e I Ma ka d'U
e\ 9<Ga (€218 s(@)masn(k, g)p(dv)

< / max Is(g)mpsn(k, 9)u(dv) = mysalk +1,€) .
R™ gEGb(£ U)

The lemma now follows by induction. [ |
Lemma 6: Let S, S; C R" be closed and satisfy R™\S C S;, and suppose there exists F' €
B(R™) with p(F") = 0 such that, for each ({,v) € S; x (R™\F), either G,(&,v) C Gy(&,v) or
Gy(&,v) NS # @. Then m, su(k, &) < mpsu(k,€) for all (k,&) € Zso x 5.
Proof: The asserted bound holds by definition for £ = 0 and all £ € S;. Now suppose the
bound holds for some k € Z>( and all £ € S;. Let (§,v) € S; x (R™\F) and note that

max max {1 masu(k, = max ma {H [gmg(g)ma,s,u(k, }
. (}g(u) x{ls(g), ma,su(k,9)} gEGa(}gU) x Is(9), R\S<g) su(k, g)
<  max max{ls(g),Ls,(9)masu(k,g)}
9€Ga(§:v)
<  max max{ls(g),mssu(k,9)}
9€G4 (&)
<  max max{Is(g),mss0(k,9)}

g€GH(&,v)

where the last inequality comes from G,(£,v) C Gu(&,v) or Gy(&,v) NS # O, the latter
condition implying that the last quantity is equal to one. The lemma now follows by induction

after integrating both sides of the preceding inequality and using pu(F') = 0. [ ]

VIII. PROOF OF THEOREM 2
We use the subscript v in probabilities for (3). For r > 0, define S, := R™\ (A + rB°). Since
G,(z,v) = G(x,v) for all x € A+ 2B° and A is stable in probability for (1), due to Lemma 6
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there exists 0 > 0 and, for each r > 0, there exists «, € K, such that, for each v € K,
Mys,0(€) < ar(l€la)  VE€A+IB. (14)

In particular, the choice of v € K., does not affect the characterization of stability in probability
of A for (3). Therefore, according to Proposition 5, it is enough to show that for each r > 0
there exists o, € [0,1) such that m, g, 1(§) < o, for all £ € R™.

Since G, (z,v) = G(x,v) for all x € A+ 2B° and since A is globally asymptotically stable
in probability for (1), Proposition 5 implies that for each r > 0 there exists ¢y € Z>( such that

Moy, (A+B) (A+rE0),0 (L0, §) < Marm)(asrro)n (0, §) <025 VE€ A4 0B . (15)

Let §; € (0,9) be such that a;(d;) < 0.25 where o € K, satisfies (14) with » = 1. Define
7 := max {r,1}. Note that S, = S; U ((A+ B)\(A+ rB°)) and S; C S; := R"\(A + B°). It
then follows from (14), (15), and Lemma 1, that, for all » > 0 and ¢ € A + 6, B,

My, 5,1 (o, &) < My (a4 (A+rB),n (L0, &) + M5, 0(00,§) <0.254+0.25=0.5.  (16)

Let e1,e9 € (0,1) satisfy ;1 + €2 < 0.5. Let m;n € (0,1) be a monotonically decreasing
sequence such that ) m; o < e1. Let m;, € (0,1) be a monotonically decreasing sequence

such that >~ >° m; < €. For i € Zs, let r; = 6;2" and pick ¢;;; sufficiently large so that
ms,, n(liv1,7) < Min Vee A+ 1B . A7)

The values ¢; exist according to Proposition 5 and since A is globally asymptotically stable in

probability for (1). Pick ; > r;;; sufficiently large so that, with v(s) = s for all s > 0,
mmsﬁwu(gz'ﬂ»f) < m;u Vre A+r, 1B . (18)

The values [3; exist according to Lemma 4. Without loss of generality, we assume i +— [3; is
strictly increasing. Let v € K, satisfy v(s) < s for all s > 0 and v(f5;) < r; for all i € Z>,
which is possible since the values r; are positive, strictly increasing, and unbounded.
Define K, := S,,\Ss = (A+ 3;B) \ (A + r;B°), and note that, since v(3;) < r;,
Ik.(g)=0. 19
S )

Now we show that, for all £ € A+ 3B and all k € Z>,,
mV,Ki,ﬂ<k7 5) = mKi,ﬂ<k7 5) . (20)
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The equality (20) holds for £ = 0 and all £ € R". Suppose (20) holds for some k € Z>, and
all £ € A+ 5;B. Using (19), G(&,v) C G,(&,v) for all (z,v) € R" x R™, and K; C A+ 3;B,
it follows that if £ € A + ;B then

max HKi(g)mKi,ﬂ(kag) S max ]IKi(g)ml/,Kuﬂ(k>g)

QEG(§7'U) gEGy(f,v)
< max g, (9)muk,n(k,9)+ max Ik, (g9)m,k,n(k,
< Dax T (9)mukin(k,g) + _ max | T (g)myi.n(k, )
_ T vk, g) = Iy Ak, qg) .
oax w:(9)mu, i 0 (K, 9) x| K (9)mu, n(k, 9)
Thus max I, (9)m, k,n(k,g) = max Ik, (g9)mk,n(k,g) for all £ € A+ 3;B. In turn,
geGV(ﬁvv) gEG(§7v)

(b +1,6) = / max Tie.(g)mu . (k, g)p(do)
Rm QEGV(SKU)

= max HKi (g)mm,m(ka g),u(dv) = mm,n(k‘ + 1, f) V& e A+ BiB.
Rm gEG(&,v)

Hence, by induction, (20) holds for all k € Z>( and all £ € A+ §,B.
Using Lemmas 1 and 6, (17), (18) and (20), we get, for each ¢ € Z>; and all £ € A+1r; 1B,

mys, alir1,€) < mus, u(livn, ) +my, g 5g, (b, €)

m;u + mKi,ﬂ(EH-la 5) (21)

IN

< miy+ms,, n(liy1,€) < Mo+ Min

Next, we claim that for all i € Z>, and all £ € A+ r;B,

i i—1
Mu.s, N (Z 0, 5) <05+ Y (mju+mia) - (22)
=0 §=0
The bound (22) holds for 7 = 0 and all £ € A+ 7r,B = A+ ;B according to (16). Now suppose

the bound (22) holds for some ¢ € Z>( and all £ € A+ r;B. Then, using (22) and (21) with this
i, and Lemma 3, we get for all £ € A+ r; 1B,

i+1 %
My,s,,n <Z 4y, §> < mys, 0 (lir1,§) + sup mys.n <Z ¢, C)
=0 =0

CER™\S,,

< Mys, (liv1,€) + sup mus,n (Z£j=<>
5=0

CeA+r;B
i—1 )
< Mo+ min+ 054+ (Mot mie) =05+ (Mo +mn) -
§=0 §=0
It now follows by induction that for each i € Z>( and all £ € A+ r;B, (22) holds. In turn, we

A~

conclude that, for each » > 0 and each € R", m,, 5, 7(§) < 0.5+ 72 (mju +mjn) =0 < 1.

This bound establishes almost sure global asymptotic recurrence of A for (3).
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IX. THE EFFECT OF PERTUBATIONS ON REACHABILITY AND VIABILITY PROBABILITIES

We use the subscript “p” for probabilities for 7 € G, (z, v) :=G(x + pB, v)+pB where p > 0.

A. Perturbed Reachability

Claim 1: For each closed set S; C R", compact set So C R", k € Z>(, and £ > 0 there exists
p > 0 such that, for all £ € S, + pB,

max max{l m k, dv) <  max m E+1,(0)+¢
[ s mox s, (g)ms, ok () € s (1,0

Proof: If the claim is false then for some closed set .S;, compact set Sy, k € Z>g, € > 0,

and each i € Z>,, there exists §; € Sy + (1/i)B such that

max max {lg, (g), ms, u(k, dv) > max mgulk+1,{)+¢. 23
/%mQEGl/i(&,U) {S(g) S7U( g)}lu( ) CE(&it+eB)NS2 S’U( C) 23)

Without loss of generality, we assume that the sequence &; converges to some & € S5, and so,
for i large enough, £ € (& +<B) N S,. By the outer semicontinuity of GG for fixed v and Fatou’s
Lemma, with ¢(k, g) := max{Igs, (g), ms, u(k,g)} we have

limsup/ max gb (k, g)p(dv) max qb (k, g)p(dv) = mg, u(k+1,€)
i—oo JRm 9€G1/;:(&iv) RrRm gEG(&,v)
< u(k+1,0) .
N ce(ﬁﬂ%ﬂs‘z M.l ‘)
This bound contradicts (23) for sufficiently large ¢ and thus establishes the claim. [ ]

Lemma 7: For each closed set S; C R”™ such that R"\S; is compact, each compact set

Sy CR™, £ € Z>q, and € > 0 there exists p > 0 such that, for all k£ € {0,...,/¢},

mp,51,U(k7 5) S Ce(é“r—ri-lgB}s):ﬂSg mSLU(k? g) +€ v£ € S2 + p]B . (24)

Proof: The proof exploits the fact that, for a closed set S; C R", positive real numbers p;

and p,, and an upper semicontinuous function ¢ : R™ — R,

max max{ﬂgl(g), max gb(()} < max max{ls (9),0(g9)} . (25)

gerl (fﬂ)) <€g+p2]B gerl +p2 (gvv)

To see that this fact holds, let g* € G, (£, v) and (* € g* + p,B satisty

max max{l[sl(g) max ¢(C)} = max {Ig, (¢%), o(C*)} . (26)

9€Gp, (§,v) CEG+paB

Since both ¢* and g* belong to G, +,,(§,v), we have

max {Is, (9"), ¢(¢")} < max  max{ls,(g9), 6(g)} - 27

9EGp 4py (§
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Combining (26) and (27) gives (25).

Let S; be closed, Sy compact, and ¢ € Z. By the definitions of m,, s, (0, &) and mg, (0, ),
the bound (24) holds, both with Sy and also with S5 := RTS& in place of Sy, for £ = 0 with
e =0 for any p > 0. Suppose for some k € {0, ..., ¢} that for each ¢, > 0 there exists p; > 0
such that (24) holds, for both S, and also with S5 in place of Sy, with € = ¢, and p = p.

Let €41 > 0 be arbitrary. Let p > 0 satisfy the conclusion of Claim 1 for ¢ = 0.5¢4; for the
given S, and also for Sy = S3. Pick £, = 0.5 min {g4,1, p}. Pick py > 0 such that (24) holds,
for both Sy and also with Sy = S5, with £ = g5, and p = py. Pick pry1 = min {pg, 0.5p}. Now
let £ € S; + prr1B, where i € {2,3}, and note that

s s (k£ 1,6) = / max_ max {Ts, (9), mpe,, 5,.0(k; 9)} j(dv)

R™ 96G0k+1 (&)

< / max max {Hsl (g),mpk,sl,u(kag)}ﬂ(dv)
R

m g€G0A5p (57”)

g/ max max < Is, (g), max msl,u(k,C)‘l'%)}M(dv)
R

m QGGOA5P(57U) Ce(g+erB)NR™\Sy

g/ max max < Ig (g9), [ max mshu(k,g)ngk)},u(dv)
R

m 9€Go.5,(&,v) (egt+erB

< max  maix {Is,(9), ms, (b 9)} (o) + =i
Rm 9E€G0.5p+¢ (§,0)

< / max max {Ig (g), ms, u(k, g)} p(dv) + 0.5ep41
Rm gEGp(ﬁ,v)

IA

ynax m k+1,()+0.5e11 +0.5¢
CE(£+0.5e441B)NS; 517U< C) k+1 k+1

< max m k+1,0)+¢ ‘
T (e(€HerB)NS; 51,0 <) k+1

The result of the lemma now follows by induction. [ ]

B. Perturbed Viability

Claim 2: For each pair of compact sets 51,52 C R", each k € Z>, and each ¢ > 0 there
exists p > 0 such that, for all £ € S, + pB,

max [ m k, dv) < ma m E+1,0)+¢.
/ngecp(?u) silg)msink, guldv) < max  msa <)

Proof: Suppose the claim is false, in other words, for some pair of compact sets 57, 5o C R”,

some k € Z>q, some € > 0, and each i € Z>, there exists §; € Sy + (1/7)B such that

! k. g)p(dv) > k+1,0)+e¢. 28
/Rm geé?/?éi,v) si(g)msyalk, g)u(dv) cd&f&?ﬁf)n& sl ¢) (28)
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Without loss of generality, suppose the sequence &; converges to some £ € S5, and so, for ¢ large

enough, & € (& + cB) NSy, By the outer semicontinuity of G for fixed v and Fatou’s Lemma

lim sup/ max g, (9)ms, (K, g)p(dv) max ]Isl( Ymg, n(k, g)p(dv)
i—oo  Jrm 9€G1(&iw) RrRm 9€G(&,v)
:m51,ﬂ(k+17£) — max mSl,ﬂ(k—i_luC) .

CE(&+eB)NS,

This bound contradicts (28) for sufficiently large i, establishing the claim. [ ]

Lemma 8: For each pair of compact sets 51,52 C R", each ¢ € Z>, and each € > 0 there

exists p > 0 such that, for all k € {0,..., ¢},

mp,Sl,ﬂ(k7 5) S Ce(ﬁr—ri-l?]és):ﬂsz mSLﬂ(k? g) +€ v£ € S2 + p]B . (29)

Proof: This proof exploits the fact that, for a closed set S; C R", positive real numbers p;

and p,, and an upper semicontinuous function ¢ : R™ — R,

max I max < max [g, . 30
QEGP1(£ U) 51 ( )Ce(g+P2B)ﬁS1 ¢(<) - gEGP1+p2(f,v) S (g)¢(g) ( )

Indeed, let g* € G, (&,v) and C* € (g* + p2BB) N Sy satisfy

max I (g) max ¢(¢) = Ig (97)(C) . G

9€Gp, (€,0) ¢E(g+p2B)NS1

Since (* € 51 and (* € Gy, (€.0). we get I, (67)6(C) =1, (Do) < mox 5, (9)0(s).
Combining this bound with (31) gives (30).

Let Sy, S, C R”™ be given compact sets and ¢ € Z>,. By the definitions of m, s, (0, &) and
ms, (0, &), the bound (29) holds, both with Sy and also with S; in place of S5, for £ = 0 with
e =0 for any p > 0. Suppose for some k € {0, ..., ¢} that for each ¢, > 0 there exists p; > 0
such that (29) holds, for both S; and also with .S; in place of Sy, with € = g5, and p = p.

Let €41 > 0 be arbitrary. Let p > 0 satisfy the conclusion of Claim 2 for ¢ = 0.5¢,; for the
given S, and also for Sy = S;. Pick ¢, = 0.5 min {g4,1, p}. Pick py > 0 such that (29) holds,
for both Sy and also with Sy = S, with £ = ¢, and p = py. Pick pry1 = min {pg, 0.5p}. Now
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let £ € S; + pra1B, where i € {1,2}, and note that

mpk+1751,ﬂ(l{; + 17 5) = / max I[Sl (g>mpk+1751,ﬂ(l{;7 g):u<dv)
R

m gEka+1 (&v)

IN

m 9€Go.5,(&,v)

/ max g, (g)m%sl,m(k‘, g)u(dv)
R

IA

/ max g (9) ( max  mg, n(k, () + 5k) w(dv)
R ) ¢e(

m g€Go.5,(&,v g+epB)NSy

IA

| pmax s (gms, (k. g)n(de) + =1
R

m g€G0.5p+¢,, (§,0)

< / max g (g)ms, n(k, g)pu(dv) + 0.5e541
rm 9EGH(§:v)

= k+1 0.5 0.5¢
B C€(§+0%€2§1B)05imsl’m( +1.0)+ k1T k+1

< max m k4+1,0)+¢ ‘
T (e(€HerpaB)NS; sun( ¢) k+1

The result of the lemma now follows by induction. [ ]
Corollary 3: For each closed set S C R", compact set K C R", ¢ € Z>(, and € > 0 there
exists p > 0 such that, for all k& € {0,..., ¢},

< K B .
mp,S,ﬂ(ka 5) = CE(SIE?Ié()ﬂK mS,ﬂ(ka C) +e v§ € + P

Proof: Since G,(x,v) C Gy(x,v) for all p € (0, 1], we can use Lemma 4 with A = {0}
and Lemma 6 to assert that for each £ > 0 there exists R > 0 such that, for all p € (0, 1],

mp,Rn\RBo,U(k:,ﬁ) <eg VEk € {0, . ,g} , 56 K+B.

Then defining S; := SN RB and S; := K and applying Lemma 8 and Lemma 1, we can assert
that, for each ¢ € Z>, and each ¢ > 0 there exists p € (0, 1] such that, for all £ € {0,..., ¢},

k&) < k, e K+ pB.
mp,s.0( 5)_&@3%%%,& ¢)+e 3 +p

This bound is the result of the corollary. [ |
The next result combines Corollary 3 and Proposition 5.
Corollary 4: If the compact set A C R"™ is almost surely globally asymptotically recurrent
for (1) then for each pair of positive real numbers ;1 > 7; and each € > 0 there exist { € Z>

and p > 0 such that m, gr\(a+rB)en (0, §) < € for all £ € A+ 7B,
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X. PROOF OF THEOREM 3

69

Throughout this proof, we use the subscript “p” to refer to probabilities for the system (4). The
proof is split into two parts. In the first part, we construct a continuous function pe,; : R™ — Rxq
that is zero for all x € A + 2B and positive otherwise. We refer to this case as “perturbations
out to infinity”. In the second part, we construct a continuous function p;, : R® — R that
is zero for all x € R"\ (A+3B°) and for x € A and is positive otherwise. We refer to
this case as “perturbations in toward the set A”. The result then follows by taking p(z) =
min {pin (), pout () }. Throughout the proof, for each r > 0, S, := R™\ (A + rB°).

1) Perturbations out to infinity: This part of the proof is very similar to the proof of Theorem
2. Due to the assumed global asymptotic stability in probability for (1) and Lemma 6, there
exists 6 > 0 and, for each r > 0, there exists «, € K. such that, for each continuous function

p: R" — Ry satisfying p(z) = 0 for all x € A + 2B,
Mps,0(€) < ar(lfla)  VEEA+IB . (32)

Hence, the set A is stable in probability regardless of how we choose p on R"\(A + 2B). We
show that there exists a continuous, nonnegative function p that is positive on R\ (A 4 2B) and
preserves almost sure global asymptotic recurrence of A. That is, there exists such a function p
such that m, g (&) = 0 for each r > 0 and all £ € S,. Due to Proposition 5, it is enough to
show that for each r > 0 there exists g, € [0, 1) such that m, s, ~(§) < o, for all £ € S,.

Since G, ,(z,v) = G,(x,v) for all (z,v) € (A+2B) x R™ and A is globally asymptotically
stability in probability for (3), it follows from Proposition 5 and Lemma 5 that for each r > 0
there exists ¢y € Zx( such that, for each function p that is zero on A + 2B,

My, (A+BN (A+rBo),0 (Lo, §) < Magep (arree)n(o,§) <025 VE€ A4 0B . (33)

Let 0; € (0,min{d,1}) be such that a;(d;) < 0.25 where a; € K, satisfies (32) with
r = 1. Define 7 := max {r,1}. Note that S, = S; U ((A+B)\(A+rB°)) and S; C S5, :=
R™\ (A + B°). It then follows from (32), (33), Lemma 1 and Lemma 5 that, for all » > 0 and
¢ e A+ 6,B, and for each function p that is zero on A + 2B,

Mps,.0(0o, &) < My arB)\(A+rBo)n (Lo, §) + My 5,.0(los §)
< 0.25+ mmshu(f) <0.25+ 041(51) <0.5.

(34)
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Let ¢4 € (0,0.5). Let m;n € (0,1) be a monotonically decreasing sequence such that
Z;’ZO m;n < €1. For i € Zxo, let r; = 5,2% and, using Corollary 4, pick /;,; sufficiently
large and p; > 0 sufficiently small so that

mpi’sri’n(ei_i_l, .CC) S mif] VSL’ € A + Ti+1]B . (35)
Without loss of generality, assume ¢ — p; is monotonically nonincreasing. Let p : R” — R

be continuous, positive on R™\ (A 4 2B), and such that p(§) = 0 for all £ € A+ 2B and

p(§) < min{0.5)¢[4, i} VE € Sosr, - (36)

For example, pick p(§) := inf.epn (p(2) + |2 — €]) with p(2) := min{max {0,0.5z|4 — 1}, 5(2)}
and p(z) = p; for all z € (A+0.5r;11B)\ (A + 0.5r,B°). It follows from p(g) < 0.5|g| 4 in (36)
that (g + p(¢9)B) N S,, # @ implies g € Sy, and thus, since S,, C So 5,

Gou(z,0) NS, C Gy u(z,v) V(z,v) € S, x R™ . (37)
It then follows from (37), (35), and Lemma 5 that
mmswm(&ﬂ, JJ) S mm VJJ € (.A + 7”2‘+1B)\(.A + TZ'BO) . (38)

Now let » > 0 be arbitrary. We claim that, for all ¢ € Z>( and all £ € A+ r;B,

% i—1
My s n (Z 0, g) <05+ ) mjn . (39)
j=0 Jj=0

The bound (39) holds for s = 0 and all £ € A+ ryB = A+ ;B according to (34). Now suppose
the bound (39) holds for some ¢ € Z>( and all £ € A+ r;B. Then the bound (39) holds with ¢
replaced by i + 1 for £ € A + r;B since

%

i+1 1—1 ?
M5, (Z @w&) < M50 ( @'a§> <05+ ) myn <05+ ) o -
j=0 0 3=0 J=0

j=

Now consider £ € (A + r;11B)\(A + r;B°). Using (39) and (38), and Lemma 3, we get

i+1 7
Mp,5,.0 (Z 4, 5) < mps,n(liv, §) + sup mys, (Z 4, C)
=0 =0

CERM\ S,

i i—1 7
S mmsri’m (&'4_1, 5) -+ ; iup Bmmsr’n ( E Kj, C) S mm -+ 0.5 + E ﬁlj’n =0.5 + E mj,ﬂ .
CA+T; ; i ]
‘ J=0 J=0 3=0

It follows by induction that (39) holds for each i € Z>( and all £ € A+ r;B. In turn, it follows
that M, s, () < 0.5+ > mjn =: ¢ < 1 for each 7 > 0 and each { € R" as required.
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2) Perturbations in toward the set A: We construct a continuous perturbation that satisfies
p(&) =0 for all £ € AU (R™\(A+ 3B°)). The nominal system is the one constructed under
“perturbations out to infinity”, for which A is globally asymptotically stable in probability.

For each i € Zs define r;, := (3)(27), lio := 2%, and ;, := 27", Then using stability in
probability for (3) and Lemma 7, let p; , > 0 and ¢, , € (0,7;,] be such that, for each i € Z>,,

Mp; a,8r ,U(Ei,aa 6) < €ia VS e A+ 5i,a]B . (40)

Without loss of generality, assume that ¢ — p; , and ¢ — 0, are nonincreasing. Let p, : R" —
R>( be continuous and satisfy p,(£) = 0 for all £ € AU (R™\(A + 3B°)), p.(§) > 0 otherwise,
and p, (&) < p;, for all £ € A+ r; ,B. It follows, for all (z,v) € (A+r;,B) x R™, that either
Gpop(2,v)CGy, , v(x,0) or Gy, W(z,0) NS, , # @. From Lemma 6, §;, € (0,7;,4], and (40),

Ti,a

mﬁaysri’a,U(gi,a7 é_) < €ia Vg e A+ 57;’[118 . (41)

Let my; and mn; be monotonically nonincreasing, summable sequences of positive numbers.
For i € Z>q, define r; := (3)(27"). Using global asymptotic stability in probability, Corollary
4, and Lemma 7, pick ¢; € (0,7;) sufficiently small, then ¢; € Z>, sufficiently large, and then

pi > 0 sufficiently small so that ¢ — d; and ¢ — p; are nonincreasing and, for all £ € A+ §;B,

My, (AsrB)Ss,, 0 (L €) < M Mp,.5, 00, &) < My 42)

Let p, : R® — R be a continuous function that is positive on (A + 3B°)\.A and satisfies
(&) < min {0.5]&| 4, pa(§)} for all £ € R™ and py(§) < p; for all & € A+ 2r;B. Thus

pr,l,(l’, U) N (A + TZB) C sz‘,l/(xa 'U) \V/(ZL', 'U) € (A + TZ]B) X Rm (43)
so that, with Lemma 5, the containment 0; € (0,7;), and the first inequality in (42), we have
M, (A+r;B)NS;, H,m(@’ §) < mny VéEe A+ 6B . (44)

Moreover, due to the bounds on p, we have G, ,(z,v) C G, ,(x,v) for all (z,v) € R" x R™
and, for all (z,v) € (A+r;B)xR™, we have either G, ,(z,v) C G, ,(x,v) of G, ,(x,v)NS,, #
& so that, with Lemma 6, the second inequality in (42), and (41) we have

Mpy.s,, 00 &) < My VéEe A+ 6B (45a)
Mp,s, 0(lia, &) < €ia  VEEA+ 0B . (45b)
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The combination of (44) and (45a), together with Lemma 1 gives that
mpb756i+17m(€i, g) S mm- + ’ﬁluﬂ' V§ € .A + 5218 . (46)

Let > 0 and let iy € Z>( satisfy r;, < r. Let { € Z>( and £ > 0 be arbitrary, let i* € Z>

satisfy €;+ o < €, li» o > £ and 7« , <7, and leti € ZL>;, satisfy o

> 1 < 0o We claim that

M5 0(6E) < S (@muy+mny) +e  VEE A+ 6B, Vie{%,.w?}. (47)

J=i+1
For i = Z (47) follows from (45b) with ¢« = *. Now suppose (47) holds for some 7 €
{z’o +1,... ,?}. Apply Lemma 2 with S; = S5, ,, k = {; and use (45a) and (46), to get

M 5,00, €) < 20 +mag+ > (2my+mng)+e VEEA+GB .
Jj=i+1

Now (47) follows by induction. Stability in probability then follows from (47) since ¢ € Z>
and € > 0, and hence Z in (47) are arbitrary and the bound tends to zero as ¢ — oo since the
sequences my ; and mp ; are summable.

Finally, we establish almost sure global asymptotic recurrence of A. Let m;n, m;, be
monotonically nonincreasing sequences of positive real numbers with >~ mq,; < 0.25 and
Yooy, < 0.25. Set 19 = oo and r; := 3(277*!) for ¢ € Z>q. Pick 0; € (0,7;), {; € Zso, and

pi > 0 so that

M airgss,, 06 €) Mg, Mps, o€ <mu;  YEEA+OB  (48)

and ¢ — ¢; and ¢ — p; are nonincreasing. Since S,, = &, we can take dy = 3. Let p. : R" — R
be a continuous function that is positive on (A + 3B°)\.A and satisfies p.(§) < pp(§) for all
¢ €R™ and p.(&) < p; for all £ € A+ 2r;B. Like in (46), we conclude from (48) that

Mo 55,0 (0r &) <Tn +10u; V6 €A+ GB . (49)

Let 7 > 0 be given. Let 0 € (0,7) be such that m,, s, ;(§) < 0.25 for all £ € A+ B. Let j be

the smallest nonnegative integer such that §; < §. We claim that, for each ¢ € {0,...,j},

j—1 j—1
M, 5001 (1 +Y 4, g) <> (Mait+mu)+025  VEEA+B . (50)
k=1 k=i
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The case ¢ = j uses My, s, u(§) < 0.25 for £ € A+ 6B, 6; < §, and Lemma 1 with 5, = @.
Suppose (50) holds for some ¢ € {1,...,7}. Let £ € A+ §;_1B. Using Lemma 3 and (49),

j—1 j—1
M, 500 <1+ > M) < Mgy n(lion, )+ sup my, 50 (1+ZM>
k=i

h—i1 (eA+6;B
j—1 j—1
< Meiot Moo+ Y (Mg + o) +0.25 =Y (Mn, + M) +0.25 .
k=i k=i—1

Now (50) follows by induction for all i € {0, ..., j}. From (50), we conclude using Y .~ mn; <
0.25 and )2 my,; that m, s () < 0.75 for all £ € A+ 3B. Since m,, g, () = 0 for all
£ € 53:=R"\(A+ 3B°), it follows from Lemma 3 with S; = S3 and k and ¢ arbitrarily large

that A is almost surely globally asymptotically recurrent.

XI. PROOF OF PROPOSITIONS 1-8
A. Proof of Proposition 1

i) Let ¢ € S.m(x) and ¢ € R™. For each i € Zxq define ¢f,, : (R™)"\dom ¢;s; — R
by @5, (vo,...,v;) := ¢ for all (vy,...,v;) € (R™)""\dom ¢;4;. This function is measurable
since it is constant on its domain, which is measurable by virtue of ¢;,; being measurable.
Consider ¢;,1 and ¢¢, | to be set-valued mappings defined on (R™)"*! that are empty valued
outside of their domains. For each i € Zxq define ¢, : (R™)"! = R™ as ¢¢ 4 (vo, ..., v;) ==
Gig1(vo, ..., v;) UG, (vo, ..., v;). According to [15, Proposition 14.11(b)], ¢¢,, is measurable.
By construction, ¢¢, ; is a (single-valued) function defined on (R™)"*! that is equal to ¢;41 on
dom ¢;41. Define x;41(w) 1= ¢, ,(Vo(w),...,v;(w)) so that, in particular, the conditions (2)
hold. According to [18, Theorem 1.4, p. 601], x;,; is a random variable; according to [18,
Theorem 1.5, p. 603], x is adapted to the natural filtration of v. It follows from the properties
of ¢ that x € S, ().

ii) Follows from [18, Theorem 1.5, p. 603] and the properties of functions ¢ € S, ().

B. Proof of Proposition 2

Since v € K, M, is outer semicontinuous and locally bounded. Therefore, GG, is locally
bounded. Since the graph of the union of two set-valued mappings is equal to the union of
their graphs, it follows that  — G, (z,v) is outer semicontinuous. Finally, it follows from [15,

Proposition 14.11(a)] that v — G, (x,v) and v — graph(G,(-,v)) are measurable.
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C. Proof of Proposition 3

The set-valued mapping H : R" = R” defined as H () := {£}+p(£)B is outer semicontinuous
and locally bounded, since p is continuous, and G, (z,v) = H(G,(H (x),v)). Thus, according
[15, Prop. 5.52(a),(b)], G, satisfies the first and last conditions of Standing Assumption 1.

The measurability of v — G, ,(x,v), which is the second condition of Standing Assumption
1, follows from two applications of [15, Theorem 14.13(b)]. The random variable v plays the
role of the variable ¢ in each application of the theorem. In the first application, the constant
(with respect to v) mapping H plays the role of S and G plays the role of M. In the second
application, G, (H (z), ) plays the role of S(-) and H(-) plays the role of M(t,-).

Finally, consider the measurability of v — graph(H (G, (H(-),v))). The proof of [15, Prop.
5.52(b)] shows that, for set-valued mappings S : R” = R" and 7" : R" = R", the graph of T'o S
is equal to the domain of the set-valued mapping R given as (z,w) — S(z) N T~!(w), and the
graph of R, up to a reordering of coordinates, is equal to the set [graph(.S) x R"]N[R"™ x graph(7’)].
Let H play the role of S and G, (-, v) play the role of T'. By assumption, graph(7") is measurable,
while graph(.S) is constant and thus measurable. From [15, Theorem 14.11(a)], the graph of R is
measurable. Since the domain of R is the projection of the graph of R, [15, Theorem14.13] gives
that the domain of R is measurable. In turn, v — graph(G, (H(-),v))) is measurable. Applying
this idea again with S(-) = G,(H(-),v))) and T'= H gives that v+ graph(H (G, (H(-),v))) is

measurable, which is the third condition of Standing Assumption 1.

D. Proof of Proposition 4

Let (k,z) € Z>; x R". Due to [17, Prop. 8], there exists ¢ € S.,,(x) satisfying ¢,41 €
argmax ;¢ (4, v ls(g)msn(k — (1 + 1), g) for all i € {0,...,k — 1}, where the dependence of
$is1 0n (vg, ..., v;) is suppressed. Let x? be the random process generated from ¢ according to

Proposition 1 and let x € S, () be arbitrary. We claim that,® for each ¢ € {1,... k},
E [(Hﬁzl ]Is(xj)) msn(k — €,%0)] < mgn(k, z) (51)
with equality when x = x?. Using x € S, () and the definitions of x? and mgn(k, ),

E [Is(x1)msn(k —1,%x1)] < / gerg?x )Hs(g)mgm(k‘ — 1, 9)p(dv) = mgn(k,x)
Rm x,v

*When computing the expected value, we set Is(x;(w)) = 0 for w ¢ dom x; and ms,~(k — £, x¢(w)) = 0 for w ¢ dom x;,.
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with equality when x = x®. So (51) holds for ¢ = 1, with equality when x = x?. Now suppose
(51) holds for some ¢ € {1,...,k — 1}, with equality when x = x?. By the definition of mg

and the properties of x, we have

msn(k — £x;) = ‘/‘ max Ls(g)msn(k — (€ + 1), g)u(do)
RmQEG(X(g,U) (52)

Wpo
> E[ls(xp1)msn(k — (0 +1),%01)|F]
with equivalence when x = x?. Using (51), (52), we get

E [(Hz“ ]IS(X])) msn(k— (£+1), Xe+1)}
= E[(ITe Ts(3))) E T (kes)msn(k = (€4 1), x041) | ]

< E | ([Tjmi Is0) ) misa(k = £.x0)| < msa(k, @)
with equality for x = x?. Thus, by induction, (51) holds for all £ € {1,...,k} with equality for
x = x?. The case { = k in (51) gives E [Hle Hg(xj)] <mgn(k,x)=E [Hle Hs(X?):|. Since
X € Sar(x) is arbitrary and IP’(ﬁf:lxj_l(S)) =E [H?zl Hg(xj)], this case establishes the result.

E. Proof of Proposition 5

We start by proving the following preliminary result:
Proposition 15: For each closed set S C R™, the function mg is upper semicontinuous and
msn(§) = me maXgec(e,v) Ls(9)Msn(g)p(dv).
Proof: Let the sequence x; converge to x as j — oo. Let i* € Z>( be arbitrary. Then, using

upper semicontinuity of mgn(:*,-) and the monotonicity of mgn(-, z;),

lim sup (hm ms (i, x])) < limsup (mgn(i*, z;)) < mgn(i*, x) .
j—00 100 j—s00
Then, since i* € Z> is arbitrary, limsup <hm mgn (i, 9:])> < lim mgn(¢*, ), which is the
j—00 i— ¥ —00
desired upper semicontinuity since Mmgn(§) := lim; o mgn (7, §). Next we claim that

lim max m max lim m 53
o geen) Sm(] 9) O ) J00 Sm(] 9) (53)

Let ¢ > 0. Let g; € G(&,v) satisfy maxgegeo) msn(J,9) = msn(J,g;). Without loss of
generality, perhaps by identifying a subsequence, assume that g; converges to some g* € G(&,v).

Let j* be such that mg(j*, ¢*) < limj_o msn(j, g*) + €. Then

lim max mgn(j,g9) = hm mgm(j gj) < limsupmgsn(j*, g;) < msn(j*, g")
J—o0 geG(§,w) j—00

< lim mgn(j,¢%) + e < max lim mgn(j,9)+¢ .
Jj—roo geG(&w) j—00
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Since € > 0 is arbitrary, lim;_,o maXgec(e,0) Msn(J; 9) < MaXgeq(e,w) iMoo Mg (J, g). Con-
versely, it is clear that maxgeq (e v) imjoo ms(f, 9) < lim; oo maxgeqe) msn(J; g). Thus,

(53) holds. Finally, using the Lebesgue dominated convergence theorem and (53),

ﬁls,m(g) = lim ms,m(j =+ 175) = lim max I[S(g)ms,ﬂ(ju g),u(dv)
j—o0 J—=00 Jrm geG(£,v)
— [t max LslgmsaG.guld) = [ max Lslg) lim mon(g)u(do)
Rm J—00 g€G(§,v) Rrm 9€G(§,v) j—roo
= max lg(g)m dv) ,
[ max Ts(o)sao)u(do)
which is the stated result. [ |

We present several corollaries of Proposition 15.
Corollary 5: Let S C R™ be closed and p € [0,1). If mgn(§) < p for all £ € S then
msn(€) < p for all £ € R™
Proof: By assumption, Is(g)msn(g) < p for all ¢ € R™. From Proposition 15, for each
£ € R", Mgn(§) = Jpm MaXgea(en) Ls(9)msn(9)u(dv) < [g. pu(dv) = p, giving the result. ®
Corollary 6: Let S C R" be closed. For each k € Z>,,

mgsn(§) < mgn(k,§) SCUE msn(Q) VEeS . (54)
€
Proof: The bound in (54) holds for k£ = 0 since mgn(0,£) = 1 for all £. Suppose the bound

(54) holds for some k € Z>(. Using Proposition 15 and the definition of mgn, for £ € R",

Fsn@)= [ max Ts(g)sn(gu(dv) < ( mas Ts(g)mso (k. g)u(dv)) up s (€)
RmQEG(fﬂ)) R™ gEG(f,v) ces
= ms,m(kf + 1, f) * Sup ﬁ%s,n((’) .
ces
The corollary now follows by induction. [ ]

The next result comes from Corollary 6, taking the limit as £ — oo in (54), and Corollary 5.
Corollary 7: Let S C R" be closed. Then g (§) < Mg (§)-supees s (¢) foreach § € S.

In particular, sup.cgMsn(¢) < 1 implies sup cga s (¢) = 0.

We are now ready to prove Proposition 5. The claim 2) = 3) follows from Corollary 7.
3) = 4): Suppose that there exist a compact set X C R" and p > 0 and for each i € Z5
there exists &; € K such that mgn(i,&;) > p. Without loss of generality, we can assume that

the sequence &; converges to a point { € K. By assumption, there exists ¢* € Zxo such that
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msn(i*,€) < p/2. Since mg(i*,-) is upper semicontinuous, for i € Zs;- sufficiently large we
have mg(7,&) < mgn(i*, &) < p. This contradiction establishes the result.

The claims 4) = 1) and 1) = 2) follow from Proposition 4 and the definition of almost
sure global asymptotic recurrence of .A.
F. Proof of Proposition 6

Let (k,x) € Zs; x R™. Due to [17, Proposition 8], there exists ¢ € S.,,(z) satisfying
Qi1 € AargMax ey, oy Max{ls(g), msu(k — (i +1),9)} for all i € {0,...,k — 1} and ¢;y; €
G(¢;, v;) for i € Z>y, where the dependence of ¢; 1 on (v, ..., v;) is suppressed. Let x? be the

random process generated from ¢ according to Proposition 1 and let x € S, (x) be arbitrary.

We claim that,* for each ¢ € {1,...,k},

E {max{ max Ig(x;), msu(k — ¢, XZ)H <mgu(k,x) (55)
je{1,...,0}

with equality when x = x?. Using x € S, () and the definitions of x? and mg(k, x),

E max {Is(x1), msu(k —1,%;1)}] < / geng?x )max {Is(g), msu(k —1,9)} p(dv) = mgy(k, x)
Rm v

with equality when x = x®. So (55) holds for ¢ = 1, with equality when x = x?. Now suppose
(55) holds for some ¢ € {1,...,k — 1}, with equality when x = x?. By the definition of mg

and the properties of x, we have

msu(k —0,x,) = / max max {Is(g), msu(k— (¢ +1),9)} p(dv)
ngEG(X[,’U) (56)

Wwpo
Z E [max {HS<XZ+1>7 mg7u(l{3 — (£ + 1), Xz+1)} |./_"g]

-----

{0, 1}, and max {Is(xs+1), msu(k — €, xe41)} € [0,1], we get
E [max { - max  Ig(x;),msu(k— (€ + 1),Xg+1)}]

— & [ { T, B Tl s (= (4 1.5} 73

<E [max{ max Ig(x;), msu(k — ¢, Xg)}:| <mgu(k,x)
je{1,...,.0}

with equality for x = x¢. By induction, (55) holds for all £ € {1, ..., k} with equality for x = x?.

The case ¢ = k in (55) gives E [maxje{l ,,,,, k) Hs(xj)} < mgy(k,z) =E [maxje{l ,,,,, k} I[S(xj-’)}.

Since x € S, () is arbitrary and P (U;?:lxj_l(S)) =E [ r{r}axk} I[S(Xj)] , the result follows.
]e 7777

*When computing the expected value, we set Is(x;(w)) = 0 for w ¢ dom x; and ms,u(k — £, x¢(w)) = 0 for w ¢ dom x;.
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G. Proof of Proposition 8

Using Propositions 5 and 7, we show that the bound in Proposition 8 is equivalent to the
combination of the bound in Proposition 7 and almost sure global asymptotic recurrence of A.

<= To see that the bound in Proposition 8 implies the bound in Proposition 7, define a.(s) :=
Ye(s,0) + s, note that a. € K, set k = 0, and note from the definition of 7gn\(44em0),u that
Mg (Ateo),0(€) = M\ (Ateo),u(0,€) < Ye([€]4,0) < ac([€].a)-

That the bound in Proposition 8 implies almost sure global asymptotic recurrence follows
from the equivalence of item 4 and item 1 in Proposition 5 and the fact that, for each closed

set S C R" and each k € Z>,,
msn(k+1,8) <msy(k,§)  VEER". (57)

Indeed, according to Lemma 1 with S} = @ and the definitions of mg, and mg, we have that
msn(1,€) < msu(1,8) < mgu(€) = msu(0,€) so that (57) holds for £ = 0. Now suppose
(57) holds for some k € Z>,. Then

mgn(k+1,&)= max I[s( Ymgn(k, g)p(dv) < max msu(k: L, g)p(dv) = mgy(k, ).
rRm 9€G(&,v) RrRm 9EG (&)

By induction, (57) holds for all k£ € Z>,. With S = R"\ (A +¢eB°), (57) gives mgn(k+1,¢) <
msu(k, &) < (|€] 4, k) for all £ € R™. Since . € KL, we have item 4 in Proposition 5.

—> Due to the equivalence between item 4 and item 1 in Proposition 5, almost sure global
asymptotic recurrence of A implies that, for each » > 0 and R > r there exists ¢, p € L
such that mg, ~(¢,§) < ¥, g(¢) for all (¢,§) € Z>o x (A+RB), where S, := R"\(A+7rB°).
We claim that, for each » > 0 and R > 0, there exists QZT,R € L such that mg, ,((,§) <
QZT,R(E) for all (£,&) € Z>ox(A+ RB). It is enough to prove that for each ¢ > 0 and R > 0
there exists ¢ > 0 such that mg, ,(¢,§) < ¢ for all £ € A+ RB. For ¢ > 0, let 7 > 0
satisfy «,.(7) < 0.5¢ where the functions «,. € K, characterize stability in probability of A.
Let ¢ € Z>o be such that {5 p(¢) < 0.5¢. Using [17, Lemma 6], for { € A+ RB we get

ms, u(,€) < ms.q(,€) + sup Mg, u(¢) < 0.5 + 0.5¢ = ¢ as desired. We can assume that
CEA+TB

s — @Zm(f) is continuous and strictly increasing on (0, c0). For all (s,¢) € R>q X Zx, define

Yr(8,0) = mm{ +(s), @bm( )} and note that 7, € L. Then the result follows from

i, o(6,€) < min {ay (1€La) Bria(0 ] = 3 (€la6)  V(L.E) € Zso x R
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XII. CONCLUSION

We have established that the existence of a continuous strict Lyapunov function that is smooth
on R™\ A is necessary for global asymptotic stability in probability of the compact set A
for a class of stochastic difference inclusions. To prove this result, we gave an equivalent
characterization of global asymptotic stability in probability that entails uniform attractivity
in probability and we established that global asymptotic stability in probability is robust to
sufficiently small, state-dependent perturbations. The ideas presented here apply readily to other
forms of stochastic stability, including the notion of recurrence, a property described thoroughly
in [10]. Future work will describe the Lyapunov construction for this setting. In addition, we
expect to be able to extend the contribution of this work to a large class of stochastic hybrid

systems, merging our approach with the framework used in [7].
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