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Abstract
Optimization in Stochastic Hybrid and Switching Systems

Farshad Ramezan Pour Safaei

This work focuses on optimal quadratic control of a class of hybrid and switch-
ing systems. In the first part of this dissertation, we explore the effect of stochas-
tically varying environments on the gene regulation problem. We use a mathe-
matical model that combines stochastic changes in the environments with linear
ordinary differential equations describing the concentration of gene products. Mo-
tivated by this problem, we study the quadratic control of a class of stochastic
hybrid systems for which the lengths of time that the system stays in each mode
are independent random variables with given probability distribution functions.
We derive a sufficient condition for finding the optimal feedback policy that min-
imizes a discounted infinite horizon cost. We show that the optimal cost is the
solution to a set of differential equations with unknown boundary conditions. Fur-
thermore, we provide a recursive algorithm for computing the optimal cost and the
optimal feedback policy. When the time intervals between jumps are exponential
random variables, we derive a necessary and sufficient condition for the existence

of the optimal controller in terms of a system of linear matrix inequalities.

Vil



In the second part of this monograph, we present the problem of optimal con-
troller initialization in multivariable switching systems. We show that by finding
optimal values for the initial controller state, one can achieve significantly better
transient performance when switching between linear controllers for a not neces-
sarily asymptotically stable MIMO linear process. The initialization is obtained
by performing the minimization of a quadratic cost function. By suitable choice of
realizations for the controllers, we guarantee input-to-state stability of the closed-
loop system when the average number of switches per unit of time is smaller than
a specific value. If this is not the case, we show that input-to-state stability can

be achieved under a mild constraint in the optimization.
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1

Introduction

Dynamical systems that integrate continuous and discrete dynamics are usu-
ally called hybrid systems. Continuous dynamics describe the evolution of contin-
uous (real valued) state, input and output variables, and are typically represented
through ordinary differential equations (in continuous time) or difference equa-
tions (in discrete time). Whereas the discrete components describe the evolution
of discrete (finite or countably valued) state. The defining feature of hybrid sys-
tems is the coupling of these two diverse types of dynamics; for example, allowing
the flow of the continuous state to depend on the discrete state and the transitions
of the discrete state to depend on the continuous state. Traditionally, researchers
have focused on either continuous or on discrete behavior. However, a large num-
ber of applications (especially in the area of embedded computation and control

systems) fall into the class of hybrid systems.
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During the past decades, hybrid systems have been the focus of intense re-
search, by control theorists, computer scientists and applied mathematicians [74,
43, 24]. More specifically, many researchers have investigated the applicability of
hybrid systems in various applications such as traction control system [8], flight
control and management systems [71], chemical reactions and biological applica-

tions [34, 2], and TCP/IP networks [27], etc.

Much of the work on hybrid systems have focused on deterministic models that
completely characterize the future of the system without allowing any uncertainty.
In practice, it is often desirable to introduce some uncertainty in the models, to
allow, for example, under-modeling of certain parts of the system. To address
this need, researchers in hybrid systems have introduced what are known as non-
deterministic models. There are a few intuitive ways to introduce uncertainty
in the traditional hybrid system’s framework. For instance, one does so in the
continuous-time dynamics through the use of stochastic differential equations,
rather than the classical ODE’s [35]. Another way is to replace the deterministic
jumps between discrete states by random jumps governed by some prescribed

probabilistic laws [6, 26].

Stability of stochastic differential equations has been studied quite extensively
for a number of years, for example, by [7, 36, 45, 80]. By contrast, the problem

of designing optimal controllers to stabilize systems of this type has received less
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attention. From the optimal control perspective, a number of researchers have
considered optimization problems on Stochastic Hybrid Systems (SHS). The au-
thor of [46] studies the Linear Quadratic Regulator (LQR) problem for Markov
Jump Linear (MJL) systems and presents various algorithms to compute the op-
timal gains. The author of [46] considers both infinite and finite horizon cases
and provides a sufficient condition for the existence of solution in the infinite hori-
zon case. Moreover, based on the Stochastic Stabilizability (SS) concept for MJL
systems, [36] establishes a necessary and sufficient condition for finite cost in the
infinite horizon case. Several researchers have constructed iterative algorithms to
solve the system of coupled Riccati equations occurring in jump linear control
systems. For instance, [23] proposes the construction of a sequence of Lyapunov
algebraic equations whose solutions converge to the solution of the coupled Riccati

equations that will appear in this monograph.

In MJL systems, as special class of SHS, the waiting times between consecutive
jumps are assumed to be exponentially distributed [46]. Thus, over sufficiently
small intervals, the probability of transition to another state is roughly propor-
tional to the length of that interval. The memoryless property of the exponential
distribution simplified the analysis of MJL systems, however, in many real world
applications, the time intervals between jumps have a probability distribution

other than the exponential. As a generalization of MJL systems, one can consider
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Stochastic Hybrid System with renewal transitions [6] in which the holding times
(times between jumps) are independent random variables with given probability

distribution functions, and the embedded jump chain is a Markov chain.

The key challenge in studying SHS with renewal transitions lies in the fact
that the Markov property of MJL systems does not hold. This prevents the direct
use of approaches based on Dynkin’s formula [46]. However, this issue can be
overcome by adding a timer to the state of the system that keeps track of the

time elapsed since the last transition. Such approach has been introduced in [16].

1.1 Statement of Contribution

Stochastic Gene Regulation in Fluctuating Environments. We start
our discussions by formulating the gene regulation problem in stochastically vary-
ing environments. This is our main motivation for studying the optimal control
of stochastic hybrid systems with renewal transitions. For gene dynamics mod-
elled by a linear system, we derive a mathematical model that represents the total
life-time cost of a living organism. Such a cost is the expected square difference
between the current protein level and the level that is assumed to be optimal

for the current environment plus the cost of protein production/decay, integrated
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over the life span of the organism. We show that such cost could be represented

by a discounted infinite horizon LQR problem with switching equilibria.

This formulation can be used to study how living organisms respond to en-
vironmental fluctuations by orchestrating the expression of sets of genes. We
illustrate the applicability of our results through a numerical example motivated
by the metabolism of sugar by E. Coli in the presence and absence of lactose in the
environment. Considering linear dynamics for enzymes and mRNA, we compute
the optimal gene regulator that minimizes the expected square difference between
the current states and the one that would be optimal for the current environment,
plus the cost of protein production/decay, integrated over the life span of the

bacterium.

Quadratic Control of Markovian Jump Linear Systems. Inspired by
the gene regulation problem in stochastically varying environments, we derive
an optimal controller that minimizes a discounted infinite horizon LQR problem
with switching equilibria in which the holding times (times between jumps) are
exponentially distributed. We show that the optimal control is affine in each
mode, which turns out to be consistent with the biologically meaningful model for
protein degradation considered in [1]. As our contribution, we derive a necessary
and sufficient condition for the existence of the optimal control, which can be

expressed in terms of a system of Linear Matrix Inequalities (LMIs).
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Quadratic Control of Stochastic Hybrid Systems with Renewal Tran-
sitions. Following the ideas in [68, 11], we consider quadratic control of SHS
with renewal transitions which can be viewed as the generalization of the opti-
mal control of MJL systems. We derive an optimal control policy that minimizes
a discounted infinite horizon LQR problem with switching equilibria. We show
that the optimal cost is the solution to a set of differential equations (so-called
Bellman equations) with unknown boundary conditions. Furthermore, we pro-
vide a numerical technique for finding the optimal solution and the corresponding

boundary conditions. This is one of our main contributions.

While the proofs of our results are inspired by the extended generator approach
for Piecewise Deterministic Markov Processes in [16], we do not require the as-
sumption that the value function belongs to the domain of the extended generator
of the closed-loop process. Diverging from [16], we also do not require the vector
field of the process be bounded in x uniformly over the control signal, which would
not hold even for linear dynamics. We overcome this issue by deriving a Dynkin’s-
like formula for the “stopped process” [42], which under appropriate assumptions

converges to the original process. This is also one of our main contributions.

Controller Initialization in Multivariable Switching Systems. In the
Chapters 3 and 4 of this dissertation, we mainly focus on stochastic hybrid sys-

tems with renewal transitions and study the optimal LQR problem of such sys-
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tems. In the final chapter of this monograph, we focus on a slightly different
problem. We show how one can achieve significantly better transient performance
by taking advantage of an additional degree of freedom that is rarely used by
designers. In particular, we investigate optimal controller initialization in multi-
variable switched systems and show that this results in a significantly smoother

transient.

Our main motivation for considering this problem is to ultimately combine
the idea of controller initialization with the LQR problem of SHS to achieve the
best overall performance. The specific problem formulated in Chapter 5 was
first introduced in [33], which provided a method to select controller realizations
and initial conditions for the case of an asymptotically stable SISO plant to be
controlled. The stability results of [33] were restricted to the case of piecewise
constant reference signals. Our contribution is to extend these results to MIMO,
possibly unstable processes and show that it is possible to obtain input-to-state
stability (ISS) of the closed-loop for arbitrary references. In particular, we show
that ISS can be obtained through two alternative mechanisms: when the average
number of switches per unit of time is smaller than a specific value, the closed-
loop system remains ISS. If this is not the case then the ISS property can still be
achieved by adding a mild constraint to the optimization and selecting the initial

controller state.
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1.2 Organization

In Chapter 2, we start by modelling a simple one-step gene expression process
with two discrete environments and then generalize it to a n-step process with an
arbitrary number of environments. In Chapter 3, the optimal control strategy for
fluctuating environments with exponential holding times is derived. We further
establish a necessary and sufficient condition for the existence of solution in terms

of linear matrix inequality conditions.

Chapter 4 concerns with a sufficient condition for optimal LQR problem of
stochastic hybrid systems with renewal transitions. We derive a set of differential
equations (with unknown boundary conditions) to be satisfied by the optimal cost.
A numerical algorithm is provided for finding the optimal solution.

As an additional problem, we focus on controller initialization of Multivariable
switching systems in Chapter5. We consider a class of switched systems which
consists of a linear MIMO and possibly unstable process in feedback intercon-
nection with a multicontroller whose dynamics switch. It is shown how one can
achieve significantly better transient performance by selecting the initial condition

for every controller when it is inserted into the feedback loop.
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1.3 Notation

The following notation will be use throughout this monograph. For a given
matrix A, its transpose is denoted by A’. We use A > 0 (A > 0) to denote
that a symmetric matrix is positive definite (semi-definite). The identity and
zero matrices are denoted by I and 0, respectively. Given a measurable space
by (2,B) and probability measure by P : B — [0, 1], stochastic process X :
Q x [0,00) = X C R” is denoted in boldface. We use wpo to denote universal
quantification with respect to some subset of Q with probability one. Notation
E,,{x(t)} indicates expectation of the process x conditioned upon initial condition
xo. 14 denotes an indicator function. We also use the notation t A s = min(t, ).
We denote by z(t7) and z(¢") the limits from the left (lim,4 z(7)) and the right

(lim, ¢ (7)), respectively.



2

Stochastic Gene Regulation in
Fluctuating Environments

Living organisms sense their environmental context and orchestrate the expres-
sion of sets of genes to utilize available resources and to survive stressful conditions
[57]. Recently, several researchers have considered the effect of stochastically vary-
ing environment on gene regulation problems [18, 38, 62]. Following this line of
research, we consider a model of gene regulation where the environment switches
between discrete states at random time intervals. These states could potentially
represent physiological or hormonal states that a cell senses in multicellular organ-
isms. Different environmental conditions have different optimal expression levels,
and the performance of the cell improves as the expression level approaches the
optimum. For example, a protein that provides a useful function under some envi-
ronmental conditions may produce deleterious byproducts under other conditions.

A recent study of the yeast Saccharomyces cerevisiae found that increasing the

10
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expression level of a gene leads to slower growth for one fifth of all genes [78].
Therefore, cells need to adjust their expression level to the level which is opti-
mal for the current environment. Our goal is to consider a cost function that
represents the expected cost of deviating from the optimal expression level in the
current environment plus the cost of protein production/decay over one individual
life span of the cell. Motivated by this problem, we study the optimal control of
Stochastic Hybrid Systems (SHS) with renewal transitions in Chapters 3 and 4
that can be used to compute the optimal gene regulation strategy in fluctuating

environments.

The model that we use to represent the gene regulation problem in fluctuating
environments is a special case of Piecewise Deterministic Markov (PDM) processes
[16] and Stochastic Hybrid Systems (SHS) [26]. SHSs have been frequently used
to model gene regulatory networks. For instance, they can be used to model the
uncertainties associated with activation/deactivation of a gene in response to the
binding/unbinding of proteins to its promoter. By modeling autoregulatory gene
networks as a SHS with two discrete states, [60] analyzes the reduction of intrinsic
noise caused by the transition of a promoter between its active and inactive states
in a genetic network regulated by negative feedback. In [63], this model is extended

to a network of N genes. Moreover, SHS models have been shown to be useful for

11
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parameter identification and modeling of subtilin production in Bacillus subtilis

[14] and nutrient stress response in E. Coli [13].

2.1 Systems Dynamics

Inspired by [65], we model the gene regulation problem in stochastically vary-
ing environments in a general framework. We consider linear dynamical models
in every environmental condition where the parameters depend on the current

environment.

2.1.1 Dynamics of a Simple Gene Regulation

Cells living in complex environments can sense a variety of signals. They
monitor their environment through such signals and respond to environmental
changes by producing appropriate proteins. The rate of protein production is
determined by transcription regulatory networks composed of genes that code for
special proteins called transcription factors [4]. Active transcription factors bind
into the promoter region of the DNA and can cause an increase or decrease of the
rate at which the target genes are transcribed. The genes are transcribed into
mRNA which is then translated into protein, see Figure 2.1. The environmental

conditions, mediated through cellular processes, alter the conformation of the

12
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Protein YD
4 Translation
Promoter RNAp mRNA /\/}/\/'\
Transcription
DNA me — ) .
Gene Y GeneY

Figure 2.1: Gene expression: process by which information from a gene is used
in the synthesis of a protein. Major steps in the gene expression are transcription,
RNA splicing, translation, and post-translational modification of a protein.

transcription factors in a way that affects their binding affinities. It is these
changes in the transcription factor proteins that regulate the expression of the

target gene, creating positive or negative feedback loops.

Gene networks have been described using a variety of modelling approaches.
One simplification is to consider ordinary differential equations (ODEs). ODEs
can be used to describe the time course of gene product concentrations. We focus
on the dynamics of a single gene that is regulated by a single transcription factor.
This transcription interaction can be described by Y — X which reads “transcrip-
tion factor Y regulates gene X”. Once the transcription factor Y activates the
gene X, it begins to be transcribed, the mRNA is translated, and this results in
the accumulation of protein X. We assume that the rate of protein production is

denoted by w (in units of concentration per unit of time).

The process of protein production is balanced by two additional processes:

protein degradation (protein destruction by specialized proteins in the cell) and

13



2. Stochastic Gene Regulation in Fluctuating Environments

dilution (due to increase of the cell volume during growth). We denote the total
degradation/dilution rate by g which is the sum of the degradation rate jiq., and

the dilution rate pg;,

H = Hdeg + K-

Thus, the change of concentration of X can be described by the dynamic equation

where x describes the protein concentration.

2.1.2 Gene Regulation in Fluctuating Environments

We consider a cell encountering a series of environmental conditions and our
goal is to understand what the optimal gene regulation strategy is as the environ-
ments fluctuates. Let us start by assuming that the cell encounters two different
environmental conditions: environment 0 favors low concentration of protein while
environment 1 favors high concentration. These conditions may represent physi-
cal parameters such as temperature or osmotic pressure, signaling molecules from
other cells, beneficial nutrients, or harmful chemicals. The random environmental
shifts can be modeled by exponential waiting times with parameters \; (Chapter
3) for which the history does not influence the future states or by more general

probability distribution functions (Chapter 4). Given this definition, for the case

14
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Figure 2.2: Gene regulation in stochastically varying environments.

of exponential waiting time, the expected waiting that the environment stays in

state i is 3 for i € {0,1}.

We start by considering a scenario where the optimal concentration of the
protein X depends on the current environment, denoted by env(t) € {0,1}, and
the degradation rate is constant. The evolution of protein concentration x(¢) can

be modelled by

dx
gp = Uenv — px(t) (2.1)
where u; is the rate of transcription in environment i € {0,1} and p is the pro-

tein degradation/dilution rate. Figure 2.3 shows a sample path of the resulting

stochastic system due to changing environments.

Let us consider a simple evolutionary scenario. We assume that the optimal
concentration levels of the protein X are 0 and 1 in environments 0 and 1, re-

spectively. At each point in time, we assume that cost of deviation of the protein

15
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Figure 2.3: A sample path over one individual’s life span. The solid line il-
lustrates how the environment changes stochastically while the trajectory of the
protein concentration x(¢) over one sample path is depicted by the dashed line.

level from the optimal level in the current environment is a quadratic function of
the difference between these values. This cost can be written as (x(t) — env(t))?,
since we assumed that the optimal protein levels are 0 and 1 in environments 0

and 1, respectively.

We also consider a term in the cost function that reflects energetic costs of
producing/decaying mRNA and proteins [75]. This cost may be written as a
quadratic function of the current transcription rate u(t), resulting in a total cost
that is given by (x — env)? + yu? and defines the penalty in environment env
associated with the protein concentration x plus the cost of instantaneous protein

production/decay. The parameter v determines the tradeoff between keeping x(t)

16
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close to its ideal value env(t) and not “wasting” resources in the protein produc-

tion/decay. One can also consider the case in which v is environment-dependent.

We assume that organisms die at a rate independent of the strategy they use
to regulate gene expression. If the life span (T,.) of a cell is modelled by an
exponential random variable with mean 1/p, the probability that an organism is
still alive at age t is given by P(T. > t) = e *'. This assumption is consistent
with the experimental data in [69, 64] and [17]. One can show that the total

expected lifetime cost of an individual is proportional to

/0 h e_”t<(x(t) —env(t))’ + w(t)?) dt. (2.2)

Equation (2.2) provides the cost associated with a specific realization of the
stochastic process env(t) that models environmental changes. Since an individ-
ual cannot “guess” the future evolution of env(t), its best bet is to minimize the
expected value of such cost, given the current environment and concentration of

X

J=FE, {/ e " ((x(t) — env(t))” + vu(t)?) dt} (2.3)
0
conditioned upon the initial condition 2z, = (x(0), env(0)).

One can also interpret (2.2) by considering a “killed process” X that is equal

to x as long as the cell is alive and X = env after the organism is dead (which

17
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1* step
A
~ ~

I Zjlstep
< e @

— (2

Figure 2.4: An example of multiple-step gene expression process with an arbi-
trary number of environmental conditions.

generated no further cost with the control u = 0), the total lifetime cost of the

killed process is

J=E., {/Ooo(i(t) —env(t))? + yu(t)? dt} :

One can show that the killed process generates the same cost as (2.3), i.e. J =J,

see [16, Chapter 3].

2.1.3 Generalization

We now generalize the system described above by considering a multiple-step
gene expression process (Figure 2.4) with an arbitrary number of environmental
conditions. This can be used to model the multiple-step process in gene production
(e.g., the transcription-translation process DNA — mRNA — protein) and also

regulation based on multiple transcription factors.

We model the process of switching between environments by a continuous-time

Markov chain q(t) taking values in the set S = {1,2,..., N} with transition rate

18
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matrix P := {\;;} where
P(q(t+dt) =7 |q(t) = 1) = \;;dt + O(dt) i # j. (2.4)

Here, \;; > 0 (i # j) is the rate of departing from state ¢ to state j and
N
=1, j#i
The different values of q(t) correspond to distinct linear dynamics according to

the following model:
X = Agx + Bqu + dg (2.5)

where x denotes a stochastic process in R", q denotes the current environmental
condition, u € R™ an input to be optimized, and dq is an g-dependent bias
term. The affine term d in the dynamics is needed for environments that create
or consume x at a fixed rate without control cost. Our goal is to compute the
optimal control input u that minimizes an infinite-horizon discounted criteria of

the following form

by means of a feedback policy that computes u = u(x,q) where all the @Q; and
R; are positive definite matrices. We will derive the optimal control policy that

minimizes the discounted criteria (4.9) in the following chapters.
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2. Stochastic Gene Regulation in Fluctuating Environments

In the remainder of this chapter, we consider a real gene regulatory network
that can be modeled by (2.5). We will return to this example at the end of
Chapter 4 where we derive the optimal gene regulator for stochastically varying

environments with S—distributed waiting times.

2.2 Example: Metabolism of Lactose in E. Coli

As discussed before, living organisms respond to changes in their surroundings
by sensing the environmental context and by orchestrating the expression of sets
of genes to utilize available resources and to survive stressful conditions [48]. As
an example, we consider a model for the [ac operon regulatory network in E. Coli
bacterium. E. Coli regulates the expression of many of its genes according to the
food sources that are available to it. In the absence of lactose, the Lac repressor
in E. Coli binds to the operator region and keeps it from transcribing the lac
genes. If the bacteria expressed lac genes when lactose was not present, there
would likely be an energetic cost of producing an enzyme that was not in use.
However, when lactose is available, the lac genes are expressed because allolactose
binds to the Lac repressor protein and keeps it from binding to the lac operator.
As a result of this change, the repressor can no longer bind to the operator region

and falls off. RNA polymerase can then bind to the promoter and transcribe the
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lac genes. Therefore, depending on the presence or absence of lactose, E. Coli
must detect when a specific protein is necessary to produce. This will be studied

in more details in Section 4.4.
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Quadratic Control of Markovian
Jump Linear Systems

Hybrid Systems have been the topic of intense research in recent years. Such
systems combine continuous dynamics and discrete logic. By introducing random-
ness in the execution of a hybrid system, one obtains Stochastic Hybrid Systems
(SHSs). As surveyed in [54, 44], various models of stochastic hybrid systems have
been proposed differing on where randomness comes into play. In most of the mod-
els mentioned in these surveys, the solutions are assumed to be unique, however
some researchers have recently proposed modelling tools for a class of uncertain
hybrid systems with not necessarily unique solutions [70]. Markov Jump Linear
(MJL) systems, can be viewed as a special class of stochastic hybrid systems that
has been studied in the control community for the past few years. One can trace

the applicability of MJL systems to a variety of processes that involve abrupt
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changes in their structures (e.g. chemical plants, robotic manipulator systems,

solar thermal receiver, biological systems, paper mills, etc. [15]).

In Chapter 2, we modelled the gene regulation problem in stochastically vary-
ing environments as a Markov Jump system. We considered linear dynamical
models in every environmental condition where the parameters depend on the
current environment. Motivated by this problem, we derive an optimal controller
that minimizes a discounted infinite horizon LQR problem with switching equi-
libria. We also derive a necessary and sufficient condition for the existence of the
optimal control, which can be expressed in terms of a system of Linear Matrix
Inequalities (LMIs). The material in this chapter covers the case of exponential

waiting times and is based on [48].

When we apply the optimal control results to the computation of optimal gene
regulatory responses in variable environments, we conclude that the optimal rate
of protein production is affine with respect to the current protein level, which
turns out to be consistent with the the biologically meaningful model for protein
degradation considered in [1]. Our results also show that the optimal control in a
variable environment switches between several (affine) feedback laws, one for each
environment. However, the feedback law that corresponds to each environment
would typically not be optimal for that specific environment, if the environment

was static. The implication of this fact is that an organism that evolved toward
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optimality in a variable environment will generally not be optimal in a static envi-
ronment that resembles one of the states of its variable environment. Intuitively,
this is because the individual will always be trying to anticipate a change that is

never realized. This will be illustrated through a numerical example in Section

3.3.

This chapter is organized as follows. In Section 3.1, we define the Stochastic
Stabilizability concept. In Section 3.2, the optimal control strategy for Markov
Jump Linear Systems is derived, and we establish a necessary and sufficient con-
dition for the existence of solution in terms of LMIs. Section 3.3 provides a case
study and we conclude the chapter in Section 3.4 with some final concluding

remarks.

3.1 Stochastic Stabilizability

Our goal is to compute the optimal control input u(¢) that minimizes an
infinite-horizon discounted criteria 2.6 by means of a feedback policy that com-

putes

u = u(x,q) (3.1)

where p is a deterministic state feedback law. Note that (2.6) is conditioned

upon the initial condition zy = (9, o) = (x(0),q(0)). Toward this goal, we shall
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provide a necessary and sufficient condition for the existence of solution, which

requires the notion of stochastic stabilizability that we have adapted from [36].

Consider a Markov Jump Linear (MJL) system given by (2.4)-(2.5) and let
x(t; zo,qo) denote the trajectory of the process starting from initial condition
20 = (x(t0),a(to)) = (x0,q), and under the feedback control (3.1). The system
is Stochastically Stabilizable (SS) if there exist a symmetric matrix M and a set
of linear gains {L; : i € S} such that the solution of (2.4)-(2.5) with d; = 0 and

u(t) = —Lqux(t) satisfies

lim ., { /0 Yty dt} < 2! Mo (3.2)

Tf—>oo

for all finite o € R™ and qg € S. Essentially, stochastic stabilizability of a system
is equivalent to the existence of a set of linear feedback gains that make the state
mean-square integrable when d; = 0, Vi € S. The next result from [36, Theorem
1] provides a necessary and sufficient condition for stochastic stabilizability of

MJL systems.

Theorem 3.1.1. The system (2.4)-(2.5) is stochastically stabilizable if and only
if there exists a set of matrices {L; : i € S} such that for every set of positive

definite symmetric matrices {N; : i € S}, the symmetric solutions {M; : i € S}
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of the coupled equations

N

Jj=1

are positive definite for all i € S.

3.2 Jump Linear Quadratic Regulator

In the following theorem, we compute the optimal control policy p*(z,q) that

minimizes the infinite-horizon discounted criteria (2.6).

Theorem 3.2.1. Consider the following optimization problem

min J subject to X = AgX + Bqu(x,q) + dg (3.4)
o

with J given by (2.6). If there exists a solution A; € R™™ T, € R*, Q; € R,

1 € S to the following set of equations

N
j=1
N
(A} = A;BR;7' B} — pI)T; + 20 (Bytt; + di) + > ATy = 2Qi7; (3.6)
j=1
1 N
— DiBR B + DBt + di) — p; + > N+ HQiz =0, (3.7)
j=1
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Plant

v

\ 4

Figure 3.1: Structure of the Jump Linear Quadratic Regulator.

then the minimal cost for x(0) = xg,q(0) = qo is given by J* = x{Ayxo+ 2oLy +

Qq, and the optimal control is given by
* = g — 1B’ (2A r
pr(x,q) = tgq — §Rq W(2Agx +Tg). (3.8)

Theorem 3.2.1 states that the optimal way of using x(¢) and q(t) is to feed

them back in the control law (3.8) as shown in Figure 3.1.

Proof of Theorem 3.2.1. Let us introduce the value function as V (¢, o) = min .J
o
conditioned on x(0) = xg, q(typ) = qo. From [16], the Hamilton-Jacobi-Bellman

(HJB) equation for this problem is given by
0 =min{LV (z,i) — pV(z,i) + (x — ;)'Qs(x — Z;) + (u — @) R;y(u — ;) } (3.9)

where LV denotes the extended generator of the Markov pair {q(t), x(t)}, see [26].

The minimization in (3.9) can be done explicitly, leading to the optimal feedback

1 ov
*=q; — —R1Bi(—Y,
u' =~ SR UBi(5 )
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that can be replaced in (3.9). Using (3.5)-(3.7), it is straightforward to verify that

V(z,i) = 2’ Njx + 2'T; + Q; is a piecewise continuous solution to (3.9), since

1% . al
0 =7—(Aix+ B’ +d;) + D Nl Aja + 2Ty + Q)

j=1
— p(%l/\ll‘ + JJ/FZ' + Qz) + (.T — t’Z’z)/Ql(QZ — sz)

Thus, by [16, 42.8], V and u* = p*(x,q) are optimal which completes the proof.

O

Next, a necessary and sufficient condition for the existence of the optimal
regulator will be stated in terms of stochastic stabilizability of the system. We
show that under a stochastic stabilizability assumption, the optimal control policy
leads to a finite cost for which one can compute a finite upper bound on .J. The

main result of this section is stated in the following theorem.

Theorem 3.2.2. Consider the system (2.4)-(2.5) and (2.6) and assume that p >
—Xii for alli € §. When the system is stochastically stabilizable, the minimum
cost is finite, the equations (3.5)-(3.7) have solutions, and the control policy (5.8)
is optimal. Conversely, if for some linear policy the cost (2.6) is bounded then the

system 1s stochastically stabilizable.
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Proof of Theorem 3.2.2. We start by proving the first part of the theorem by
showing that Stochastic Stabilizability results in a finite optimal cost. Then, we
show that there exists a solution to (3.5)-(3.7) and therefore the optimality of

(3.8) follows from Theorem 3.2.1.

Due to the stochastic stabilizability assumption (Theorem 3.1.1), there exists
a set of gains {L;} such that for any set of matrices {N; > 0}, the correspond-
ing solutions {M;} in (3.3) are positive definite. In what follows, we show that
choosing the control u(t) = —Lyx(t) (which is not necessarily optimal) results in

a finite cost.

We take matrices N; in (3.3) to be N; = Q; + LiR;L; > 0 and M; to be the
corresponding positive definite solutions. Given x(0) = zo and q(0) = ¢, one can

compute the cost of applying this control policy using

J-E, { / e (X — Tq) Qa(x — Tq) + (1 — Tig) Ra(u — 7)) dt}
=E,, { /O e " (X' Ngx — 2X/(QqTq + LiyRqliq) + Uy Rqliq + ToQqTq) dt} :
(3.10)

Defining W (x,q) = x'Myx and applying the extended generator of the stochastic

system (2.5)-(2.4), see [26], we obtain LW (x,q) = —x'Ngx. So one can show that

W ! min Nz
- = —X/ aX < —« o= mln/JJ—()
W X qX ? ,umax(Mi)

qe S
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where « is positive. So LIW < —aW and by the Gronwall-Bellman lemma [40]

B {W(x @)} < e W (o, q).

Thus, one can conclude that

Ty Ty
E., {/ x' Myx dt} < (/ e dt) xo My, xo.
0 0

Lebesgue’s Dominated Convergence Theorem in [58] justifies the existence of the

limit as Ty — oo and we have

e Ty 1
E., {/0 x' Myx dt} = T}linoo E., {/0 x' Myx dt} < E%Mqo%-

We can bound the integral (3.10) which can be written as

J=E, { / e " (lig Rqllq + TqQqTq) dt} + E., { / e ' (x' Ngx) dt}
0 0
-2E,, {/ e "X (QqTq + LiRyllq) dt} : (3.11)
0

Since S is finite, the first term in (3.11) can be bounded by

e 1
E., { /0 e—Pt(a;Rqaq + f’(qufq) dt} < ;%a}gx (w; Riu; + TQ;%;).

For the second integral in (3.11), we have

o0 max ,umax(Ni
E., {/ e 'x' Nyx dt} S
0

) o0
< E. P! Myx dt
= i i (M) {/ ¢ X }
max fimax (Vi)
< M
T min i (M;) o 0 a0 o
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and the third one can be bounded by!

EZO {/0 G_th,(quq + L,qRqﬂq) dt}
S max |Q1jz + L;RZQZZ’EZO {/ €_pt’X| dt} .
! 0

Defining k := max|Q;Z; + L. R;u;|, and using the Cauchy Schwarz inequality for

square integrable functions

M%{/ eﬂﬂﬁ}su% / fmﬁ/‘kPﬁ
0 0 0
K oo
= —=I, / x|? dt
T { o }
< ! E., / X' Mqx dt » .
\/me.in,umin(Mi> 0

Note that, by the Cauchy Schwarz inequality, one can show that EF{y} < \/E{y?},

SO

i E, / X' Mqx dt
\/ 2pmin fiyin (M) 0

< - E, { / X' Mx dt}
¢2p min fiin (M; ) 0
/1
S r . _xGMqu07
\/2p min Hmin(Mi) a

therefore the cost is bounded. This finite quantity (resulting from a not necessarily

optimal control) is an upper bound for the optimal cost to go.

!We use the Cauchy Schwarz inequality: |[E{XY}* < E{X?}E{Y?} and also | [ fg dz|* <
J1f1? d - [g* da.
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We now show that (3.5)-(3.7) has a solution and therefore the optimality of
(3.8) follows from Theorem 3.2.1. Due to the Stochastic Stabilizability assump-
tion, one can guarantee the existence of a set of positive solutions A; to (3.5) [36].
From (3.5), it is straightforward to show that A; — B;R; *BIA; + (\is — p)/2 I is

Hurwitz. Let us define

k := min

€S ’

1

therefore (4; — B;R; ' BiA; + (\is — p + k)/2 I) is Hurwitz. Since, by assumption
p > — M\, one can conclude that (A; — B;R; ' BiA;+ (k/2—p) I) is a stable matrix.
Moreover, knowing A;, (3.6) turns out to be a system of linear equations in T';.
Stacking all the entries of the matrix I'; in a tall column vector z € R™, we can
write (3.6) as Mz = w for an appropriately defined vector w € R™ and with the

coefficient matrix M defined as
k . / -1 v/ k
M = P—§I ® I, +diag | A; — A;B;R; Bi“'(E‘Pﬂ .

By the results of [12], the eigenvalues of the transition rate matrix P are zero
or negative therefore (P — £1) ® I, is also Hurwitz. Thus, the system of linear
equations (3.6) has a full rank coefficient matrix and has a unique solution. Sim-
ilarly, knowing the solution of (3.5)-(3.6), (3.7) turns out to be a system of linear

equations in {2; with the coefficient matrix P — pI. Since all the eigenvalues of
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P — pI have negative real parts, the coefficient matrix is full rank and (3.7) has a

unique solution.

To prove the second part of the Theorem, suppose that the system is not
stochastically stabilizable. So there is no linear feedback law that can result in a
finite value for (3.2), and this contradicts the existence of a finite cost for a linear

policy. O]

Theorem 3.2.2 provides a necessary and sufficient condition for the existence of
the optimal solution in terms of stochastic stabilizability property. However, for
a given set of matrices {1V; }, the matrix equality (3.3) is bilinear in the unknowns
{L;}, {M;} and therefore it is not easy to verify if it holds. The following result
provides a system of linear matrix inequalities (LMIs) that can be equivalently
used to check stochastic stabilizability. Checking feasibility of these LMIs corre-
sponds to a convex optimization problem that can be solved efficiently. There are
many software packages that solve LMIs. CVX [25] in particular, is a MATLAB-

based package for convex optimization that solves LMIs in a convenient way.

Lemma 3.2.1. The following statements are equivalent.

A) The system (2.4)-(2.5) is stochastically stabilizable.
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B) There exist sets of matrices {L;} and {M; = M/ > 0} such that the following

Bilinear Matriz Inequality (BMI) holds

N
(Ai = BiLy)' M; + Mi(A;i = BiLi) + > A\ijM; < 0. (3.12)

j=1

C) There exist sets of matrices {P;} and {Q; = Q) > 0} such that the LMI

condition
(Ai + 3 0)Qs + Qi(Ar + 31
Qi .. Qi
~P/B,~ BP,
Q, &0
e < 0. (3.13)
) _ Qin_1
] Qi 0 Sl

holds for Vi € S and ji, € S\{i}.

Moreover, the matrices in (B) and (C) are related by Q; = M; ' and P; = L;Q;.

Proof of Lemma 3.2.1. We start by showing that (A) and (B) are equivalent. If
the system is stochastically stabilizable, it follows from Theorem 3.1.1 that there

exist matrices {L;} such that for any set of positive definite matrices {NN;}, the
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solution {M;} to (3.3) are positive definite. By selecting {N; = I} in (3.3),
we conclude that (3.12) holds, which proves that stochastic stabilizability is a
sufficient condition for (3.12) to hold. To prove necessity, let us assume that the
{L;}, {M;} are such that for some {N;} we have (A; — B;L;)'M;+ M;(A; — B;L;) +
Z;.Vzl AijMj = —N; < 0. Our goal is to show that the system is stochastically
stabilizable. Let V(x,q) = x'Mqx be the stochastic Lyapunov function for the
system where {M; : i € S} satisfy (3.12). Applying the results in [26] to the
generator of stochastic hybrid systems, one can compute the time derivative of

the expected value of V' along the solutions of (2.4)-(2.5). Given any x(0) =

o, q<0) = qo,
d N
%EZO {V(x,q)} = E, {X,<Mq(Aq — BeLg) + (Aq — BqLqg)' Mq + Z )\quj)X}
j=1
L . ,umin(Ni) . . o
Let us define o := min ————= which is a positive number therefore

€S Hmax z)

L (Vxa)} < —aB, [V(xq)}.

dt
Using the Gronwall-Bellman lemma [40]

E. . {V(x,q)} < e_atngqoxo.

Thus one can conclude

Ty Ty
E., {/ x(t) Myx(t) dt} < (/ e dt) xo My, x.
0 0
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Lebesgue’s Dominated Convergence Theorem in [58] justifies the existence of the

limit as Ty — oo and we have

lim E / v (t) Mox(t) dt § < ! M;

im F, X X <z | max ——— | xp.
Tyoo - 0\ S, a O\ alM]) )
Therefore, the system is stochastically stabilizable.

We now prove that (B) and (C) are also equivalent. We sketch the proof for
N = 3 although similar results hold for arbitrarily number of modes. Assume

that there exist matrices {M;} and {L;} such that

N
(Ai = BiLi)' M; + Mi(A; — BiLi) + > A\ijM; < 0. (3.14)

J=1

Define Q; := M[l >0 and P; := L;Q;, and multiply both sides of (3.14) by Q;

Aii Aii v _ _
(A + 71)@' + Qi( A + 7]) — P/B] — B;P; + X\ij, Q:Q;,' Qi + Xi;,Q:Q;,' Q1 < 0.

Applying the Schur complement [19], one can get
(A + %5 D)Qi + Qi(Ai + %11) = PIB] = B, Q;
-1
Qi _)‘ij1 le

(A7 Q) [ o0 0 ] <0
0

for Vi € S, jr € S\{i}. By applying the Schur complement again, we get (3.13).
Moreover, the proof of necessity follows in a similar fashion. Therefore (B) and

(C) are actually equivalent, and this completes the proof. ]

36



3. Quadratic Control of Markovian Jump Linear Systems

Fig. a0 Optimal cost Fig.b: AJ

Figure 3.2: Fig. a depicts the cost of using the optimal control (3.8). Fig. b
illustrates the additional cost (AJ = Jyonopt — Jopt) due to the control policy
that is obtained by minimizing (2.2) and is optimal for every individual envi-
ronment when there is no switching. This control results in a larger cost when
the environmental switching rate is large, with respect to the protein degradation
rate. The system starts from xp = 0.9 and in environment 1 with p = 0.1 and
Ao =A1 = A

3.3 Case Study

We consider the simple gene regulation problem (2.1) with the cost function
(2.3). It can be shown that the system (2.1) is stochastically stabilizable for
any set of parameters {\g, A1, 1} and, using Theorem 3.2.1, one can compute the

optimal control (3.8) for this stochastic process.

Let us consider two different scenarios. First, we consider the optimal control
policy (3.8) that is obtained for the stochastically varying environment. Second,

we compute two policies that are optimal for environments 0 and 1 individu-
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X(1)

time

Figure 3.3: Sample paths using the control strategies discussed in Section 3.3.
The dashed line corresponds to the optimal controller in fluctuating environment
while the solid line is the result of the controller which is optimal in each en-
vironment when there is no switching . The system starts from zy = 0 and in
environment 1 with p = 0.1 and \g = \y =1, = 4.

ally, assuming that there is no fluctuation in the environment. These policies
are obtained by minimizing the cost (2.2) when the probability of changing the
environment is zero. If cells were to use these policies when the environment
fluctuates, one can show that the cost of applying this control is a quadratic func-
tion of the initial protein concentration and depends on the initial environment.
Clearly, such cost is always larger than the optimal cost obtained from Theorem

3.2.1.

Figure 3.2 compares the cost of applying the control which is optimal in each
environment (if there was no switching) and the optimal control policy (3.8) from

Section 2.1.2 that takes into account that the environment changes stochastically.
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Figure 3.2.b illustrates that the optimal policy (3.8) results in a much smaller
cost when the switching rate of the environment is large, when compared to the
degradation rate of the protein. The biological implication of this observation is
that an organism that evolved through natural selection in a variable environment
is likely to exhibit specialization to the statistics that determine the changes in
the environment. Opposite to what one could naively expect, such individual
will typically not simply switch between responses that are optimal for the cur-
rent environment, as if that environment were to remain static forever. Figure
3.3 illustrates sample paths of the system using the two control strategies dis-
cussed above. One can see that the controller that is optimal for the changing
environment achieves a better cost by being conservative in its response to the

environment.

3.3.1 Inference the Environment from Indirect Measure-
ments

In using the result of Section 3.2, we assumed that environmental signal env(t)
is directly and accurately sensed, so the model has direct access to signal env(t).
We now consider an Indirect Signal model of the example in Section 3.3. For the
indirect signal models, the cell senses the environment through an intermediate

process. We adopt a formalism where the signal that the cell receives (e4(t)) is
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a continuous variable that becomes closer to the true environmental state as the
amount of time in the current environment increases. Mechanistically, this could
occur if a signal molecule diffuses into the cell and the external concentration is
assumed to be 0 or 1 and the rate of diffusion into the cell is 1. The parameter &
represents the rate at which the signal molecule is degraded within the cell. The

concentration of the environmental signal e4(t) follows [57] and is given by

d _
prih —a(es(t) —env(t)). (3.15)

Our goal is to compute the probability distribution of the Hidden Markov State
env(t). So, one can replace env(t) by an estimation of it at the expense of

introducing an error.

Given a sequence of observations Oy, ..., O, of e, at discrete times, Forward-
Backward algorithm [55] computes the distribution P(env(t;) | Ogy,) for the
hidden Markov state env(tx). In the Forward pass, the algorithm computes
the probability P(env(tx) | Ops,) given the first & observations while the Back-
ward pass computes a set of backward probabilities which provide the proba-
bility of observing the remaining observations given any starting point k, i.e.
P(Oy, . | env(ty)). Combining these two steps, one can find the distribution at
any time for the given sequence of observations. In our problem, we mainly focus

on the Forward pass to find P(env(ty) = 1| es(tn), m < k).
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3. Quadratic Control of Markovian Jump Linear Systems

Using (2.4), we consider the following approximation at discrete times ¢, =
EAt, k=0,1,2,...
1 w.p. p when env(t;) =0
0 w.p. 1 —p; when env(ty)=0

env(ty, 1) ~ (3.16)
0 w.p. po when env(t;) =1

1 wp. 1—py when env(t)=1.

\

By selecting the sampling time At sufficiently small, one can choose p; = \;At,

i € {0,1}. Moreover, from discretizing (3.15), we have
es(tpr1) = aes(ty) + (1 — a)env(ty) (3.17)

where a = 1 — aAt. We define

es(tk) - aes(tk—l)
11—« '

B(ty) ==

Let the “transition matrix” T denote the probabilities P(env(tz) | env(tx_1)).
The row index in T represents the starting state while the column index represents

the target state. Using (3.16), T can be defined as

I—pm P
T:= ) (3.18)

Po 1 —po

We also define the “event matrix” O. The elements of O are the probabilities of

observing an event env(t;) given B3(t), i.e

Oy = P (env(ty) = [1 —i| | B(tx) = [1 = jl).
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3. Quadratic Control of Markovian Jump Linear Systems

Given, B(tx) = i,i € {0,1}, we assume that one can estimate the true value of

env(t;) with probability 1 — p’. Therefore, O can be written as

1—p2 0
0 p

pl 0
0 1—pé

Using Baye’s rule, one can show that

, P (env(ty) =1, B(ts);s < k) A
P(enV(tk):l ’ 5(t8)78§k): P(ﬁ t5)78§k) _f():tk(l)
One can show that fO:tk<i) is computed by the following recursion:
fO:tk = Clzl ]?O:tk_lTO (319)

where ¢ is chosen such that it normalizes the probability vector at each step so
that entries of fo., sum to 1. Using (3.19), one can find the probability fo., (1) =
P(env(ty) =i | B(ts); s < k) given all the observations upto and including time

tr. Using (3.19), we can write
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3. Quadratic Control of Markovian Jump Linear Systems

if B(tx) =0,
[1 — fon (1) fo;tk(l)] —

. A (1—=p)(1 —pg) plpelz
Cl;1 [1 - fO:tk_1(1) fO:tk_l(l)]

po(l - pg) (1 - po)pé

/

(1= fo, (D)1 = p)(1 = p2) + fou, (Dpo(1 — p2)

(1= fore . (D)p10t + fou (DL = po)p

_ -1
= ¢

Hence, ¢, and fO:tk(l) are given by
cx = (1=p1)(1 =) + ol + fou, (D1 = po—p1)(pl +p¢ — 1)
o (1) = i (ppk + fou (1) (1 = o)t = pist))
Else if B(tx) = 1,
1 - fo:tk(l) fo:tk(l)] -

3 ¢ L=p 2 1(1—p,
= o s(1) fuuy | P R

(1- fo:tk,l(l))u —p)pd + fo:tk,l(l)Popg

(1= fore . (D)P1(L = PY) + fou o (1)(1 = po) (1 = p})

_ -1
= ¢,

Hence, ¢, and fO:tk<1) are given by

Cp = pS(l —p1) +pi(1 —pi) + fo:tk,l(l)(l —po—p1)(1 —Pi —pS)

foo(D) = " (@ =p}) (pr+ forr, (L= po = p1))
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3. Quadratic Control of Markovian Jump Linear Systems

Figure 3.4 (a) illustrates a sample path of the environmental signal for the prob-
lem of Section 3.3. The conditional probability of P(env(t;) = 1) given all the
observations upto time t; has been shown in Figure 3.4 (b). When the environ-
mental signal is not directly available, one might replace env(t;) by I (fort, (1)

>0.5)

at the expense of introducing an error.

3.4 Conclusion

In Chapter 2, we explored the effect of stochastically varying environments
on the gene regulation problem. We used a mathematical model that combines
stochastic changes in the environments with linear ordinary differential equations
describing the concentration of gene product. Based on this model, in Chapter 3,
we derived an optimal regulator that minimizes the infinite horizon discounted cost
(2.6) with switching equilibria for Markov Jump Linear Systems, and showed that
the regulator in each mode q is an affine function of the continuous state x. We
also obtained a necessary and sufficient condition for the existence of an optimal
control in terms of a set of LMI conditions. As an extension of the problem
in Section 3.2, we will consider scenarios where the waiting times between the
environmental changes follow arbitrary probability distribution functions. This is

the topic of Chapter 4.
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Figure 3.4: Figure (a) illustrates a sample path of the environmental signal for
the problem of Section 3.3. Figure (b) shows the probability of env(¢) = 1 when
the environmental signal is not directly available using the method of Section
3.3.1. Such a probability is conditioned upon the observation of an intermediate
process described in (3.15). We have chosen \g = 0.5, \; = 0.7, @ =0.1.

45



4

Quadratic Control of Stochastic
Hybrid Systems with Renewal
Transitions

In Chapter 3, we investigated the optimal quadratic control of Markov Jump
Linear (MJL) systems as a special case of Stochastic Hybrid Systems (SHSs). In
MJL systems, the waiting times between consecutive jumps are assumed to be
exponentially distributed. Thus, over sufficiently small intervals, the probability
of transition to another state is roughly proportional to the length of that interval.
The memoryless property of the exponential distribution simplified the analysis
of MJL systems, however, in many real world applications, the time intervals

between jumps have probability distributions other than the exponential.

In this chapter, we consider a Stochastic Hybrid System with renewal transi-
tions in which the holding times (time between jumps)are independent random

variables with given probability distribution functions, and the embedded jump
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4. Quadratic Control of Stochastic Hybrid Systems with Renewal Transitions

chain is a Markov chain. This can be viewed as a generalization of the Markov
Jump Linear systems [46] or as a generalization of the Renewal systems [16] in
which there is only one mode. Hence, SHSs with renewal transitions cover a
wider range of applications, where the transition rates depend on the length of
the time residing in the current mode. This work follows the definition of Piece-
wise Deterministic Markov Processes in [16], SHS in [26, 11], and in particular,

the formulation of SHS with renewal transitions in [6].

The key challenge in studying SHSs with renewal transitions lies in the fact
that the Markov property of MJL systems does not hold. This prevents the direct
use of approaches based on Dynkin’s formula [46]. However, this issue can be
overcome by adding a timer to the state of the system that keeps track of the

time elapsed since the last transition. Such approach has been introduced in [16].

Inspired by the ideas in [68], we consider the quadratic control of SHSs with
renewal transitions. We derive an optimal control policy that minimizes a dis-
counted infinite horizon LQR problem with switching equilibria similar to the one
in (2.6). As a generalization of the feedback laws appeared in the previous chapter,
we show how the optimal feedback policy depends on the continuous and discrete
states as well as the new timer variable. We show that the optimal cost is the
solution to a set of differential equations (so-called Bellman equations) with un-

known boundary conditions. Furthermore, we provide a numerical technique for
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4. Quadratic Control of Stochastic Hybrid Systems with Renewal Transitions

finding the optimal solution and the corresponding boundary conditions. These
are the main contributions of this chapter. The material in this chapter is based

upon the results of [51].

This chapter is organized as follows. Section 4.1 introduces the mathematical
model. In Section 4.2, we drive a set of equations to be solved by the value func-
tion. In Section 4.3, a sufficient condition for optimal feedback policy is derived.
We derive a set of differential equations (with unknown boundary conditions) to
be satisfied by the optimal cost. A numerical algorithm is provided for finding
the optimal solution. Section 4.4 provides a gene regulation example that has
motivated us for solving this problem. We return to E. Coli bacterium example
that was discussed in Chapter 2. We finally conclude the chapter in Section 4.5

with some final remarks and directions for future research.

4.1 Problem Statement

We consider a class of Stochastic Hybrid Systems (SHSs) with linear dynamics,
for which the lengths of the time intervals that the system spends in each mode are
independent random variables with given distribution functions. The state space
of such system consists of a component x that takes value in the Euclidean space

R™, and a discrete component q that takes value in a finite set S = {q1, .., qn }-
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4. Quadratic Control of Stochastic Hybrid Systems with Renewal Transitions

A linear stochastic hybrid system with renewal transitions takes the form of
X = AqX + Bqu + dq (x,q) € R" x S, (4.1)

where the control input u(t) € R™ may depend on (x(s), q(s)) for all s < ¢ through
a causal feedback law and the affine term dq € R" is a mode-dependent bias term.
The causality relation between u and (x,q) can be formalized by requiring u to

be adapted to the natural filtration generated by (x(s),q(s)).

Let {tx} denote the sequence of jump times. Given q(t) = i, Vt € [tg, tri1),
the time intervals between consecutive jumps hy := t;,; — t; are assumed to be
independent random variables with a given cumulative distribution function F;(7)

on a finite support [0,7;] (0 < T; < 00)
0<Fi(r) <1 7€ 0,T), F(T;) = 1. (4.2)

This stochastic hybrid system characterizes a stochastic process x in R" called
continuous state, and a jump process q called discrete state or mode. Between
jump times, the continuous sate flows according to (4.1) while the discrete state
remains constant. When a jump happens, the discrete mode is reset according to
a time-homogeneous Markov chain

P (q(te) = jla(ty) =i.j # i) = Py, Y Py=1 (4.3)
i
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and x is reset according to

X(tp) = Hyx(t,) if q(ty) = J, a(t,) =1 (4.4)

with H;; € R™" for all 4,5 € S.

We assume that all signals are right continuous, therefore x(t;) = x(t;) and
q(t™) = q(t) at all times ¢ > 0 (including the jump times). Even if we were
to set u(t) to be a deterministic function of (x(¢),q(t)), the stochastic process
(x(t),q(t)) might not be a Markov process. The reason is that, at a given time
t, the time ty,; — ¢ until the next jump time tx;, typically depends on the time
T := t — t; elapsed since the last jump t,, which can be deduced from past
values of the state, but not necessarily from the current state. However, given the
elapsed time 7 = t — t;, no other information about the past has any relevance
to the process in future. This is due to the assumption that the future intervals

h;.1,hy o, ... are independent of the past ones.

Defining a three-component process (x(t),7(t),q(t)) where ¥ = 1 between
jumps, and 7T is reset to zero after the jumps, the variable T keeps track of the
time since the last jump. This has been illustrated in Figure 4.1. It turns out
that when the input u(t) is a deterministic function of x(¢), 7(¢) and q(t), the

process (x(t), T(t),q(t)) is now a Markov process, see [16, Chapter 2].
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af

v

hl h2 h3 t

T(t)

~V

Figure 4.1: Timer 7(t) keeps track of time between jumps. At every jump time
t;, the time 7 is reset to zero.

We assume that cumulative distribution functions F; are absolutely continuous
and can be written as Fi(1) = [ f;(s) ds for some density functions f;(7) > 0. In
this case, one can show that the conditional probability of having a jump in the

interval (t,t + dt], given that 7(t) = 7 is given by
P(q(t+dt) =j | q(t) =1i,j # i) = PijAs(7)dt + o(dt)

for alli,j € S,7 €0,T;), where

Ai(T) = % T € [0,T;), 1€8

is called the hazard rate associated with the renewal distribution F; [5]. The
construction of sample paths for this process is similar to that in [26, 11]. For a
given initial condition z := (z,7,¢) with x € R", ¢ € S,7 € [0,T}] construct the

processes (x(t), 7(t),q(t)),t > 0 as follows
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(i)

(i)

(i)

(iv)

(v)

(vi)

If =1, set k=0 and ty =0.

If 7 < T, obtain the jump interval hy as a realization of the conditional

distribution of hy given that hg > 7:

0 ho <T
Fylholho > 7) = ¢ Dol - < by < T, (4.5)
1 hO 2 Tqa
\

and define x(0) = z,q(0) = ¢, 7(0) = 7. The continuous state of the SHS in
the interval [0, hg —7) flows according to (4.1), the timer 7 evolves according
to 7 = 1 and q(¢) remains constant. Set k = 1 and t; = hy — 7. One should
note that when 7 < T, the event t; < 0 (hy < 7) happens with zero

probability.

Reset 7(tx) = 0, update q(tx) as a realization of a random variable dis-

tributed according to (4.3) and reset x(t;) according to (4.4).

Obtain h, as a realization of a random variable distributed according to

Fyt,), and set the next jump time t; = t; + hy.

The continuous state of the SHS in the interval [tg, t;y1) flows according to

(4.1), the timer 7 evolves according to 7 = 1 and q(¢) remains constant.

Set k — k+ 1, and jump to (iii).
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The above algorithm does not guarantee the existence of sample paths on [0, c0).
This construction can fail if either the stochastic process defined by (4.1) has
a finite escape time (which could only occur with a non-linear control) or if
limg oot — L < oo. Both cases would lead to a “local-in-time solutions”,

which we will eventually show that cannot happen for the optimal feedback law.

The following propositions and lemma are direct results of the definition of
stochastic hybrid systems with renewal transitions and will be widely used in the

rest of this chapter.

Proposition 4.1.1. For every initial condition zy = (z,7,q) € R" x [0,T,] x S,
we have that E.,{N(t)} < 00,Vt < oo where N(t) := max{k : t, <t} counts the

number of jumps up to time t.

Proof of Proposition 4.1.1. Since the time intervals between consecutive jumps
are independent of the initial condition, one can drop the dependency on the
initial condition in E, {IN(¢)}, an simply consider E{N(¢)}. By [56, Theorem
3.3.1], all moments of N(¢) are finite, and in particular E{IN(¢)} < oo for all

t>0. [l

Proposition 4.1.2. Let {ty} denote the sequence of jump times. We have that

ty — 00 as k — oo with probability one.
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Proof of Proposition 4.1.2. Let hy denote the time interval between the jump time
t) and the subsequent jump t;;. Suppose q(tx) = ¢ which implies that the system
is in mode ¢ during the time interval [ty,tx.1). Since hy has the probability
distribution F; and F;(0) < 1 for all i € S, we have P(h; > 0) =1 — F;(0) > 0.
Suppose that for all A > 0, we have P(hg > h) = 0. This implies that F;(h) =1
for all h € [0,7;) that contradicts (4.2). Therefore, there exists h > 0 such that
P(hy, > h) > 0, and by the second Borel-Cantelli Lemma [37], it follows that with
probability one, hy, > h for infinitely many k. Therefore, tj, .., = > /=, hy — o0

with probability one. ]

Lemma 4.1.1. Let N(t), t > 0 denote the standard Poisson process, then N(t) =

max{k : t, <t} is given by

N@:N(KM&Q@) Vit € [0, 00). (4.6)

Proof of Lemma 4.1.1. Similar to the result of [29], we show how the jumps
counter N(¢) = max{k : t, < t} can be related to the standard Poisson pro-

cess, N(t) through the following intensity-dependent time scaling

N@zN(K%ﬁQ%) Vit € [0, 00).
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Denoting by hy := t, — tx_1, we have t;, = Zle h;. The jump times t; are the

event times of the standard Poisson process N(t),t > 0, therefore

N (/Ot Aq(Ts) ds) = max{k; ), < /Ot Aq(Ts) ds}

m{kzh < [t ds}_

i=1

Our goal is to show that this expression is equal to N(¢). To this effect, take an

arbitrary jump time t;. Since the hazard rate is non-negative, if t;, <, then

t t k t
/ Ag(Ts) ds < / Ag(Ts) ds & Zhi < / Aq(Ts) ds,
0 0 i=1 0

where we used the fact that

/0t o(Ts) ds—Z/ o(Ts) ds_Zh (4.7)

Since {k:t; <t} C {k: Z h; < fo (1s) ds}. we conclude that

N(t) = max{k : t, <t}

< max {k : Zk:h < /Ot Aq(Ts) ds} ~N (/Ut Aq(Ts) ds) . (4.8)

To prove that we actually have equality, assume by contradiction that

k ¢
max {k : t, <t} <max{k:2hi§/ Aq(Ts) ds}
i=1 0

which means that there exists a k* such that ty-_; <t < ty«, but using (4.7), we

can show

k* b
th:/ Ag(Ts) dsg/ (1) ds@/ ) ds < 0.
i=1 0
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However, for ty« >t to be a jump time, we must have

/tk* Ag(Ts) ds = /t Aq(Ts) ds+ /tk* Aq(Ts) ds

b1 thx_1 t

- hk’*

t
= Ag(Ts) ds > hyx,

trx 1

which means that t,- < t and thus contradicts the assumption. Therefore, we

actually have equality in (4.8). O

4.1.1 Quadratic Cost Function

The goal is to regulate x(¢) around a nominal point Z, that may depend on the
current discrete state q, while maintaining the control input u close to a nominal
value g that may also depend on q. To this effect, we consider an infinite horizon
discounted cost function with a quadratic penalty on state and control excursions

of the form

| e (- a0 Qulx = 70) + (0 - ) Ro(u = mg)) . (19)
0

As before, the mode-dependent symmetric matrices (), and R, satisfy the con-
ditions @, > 0, R, > 0 ,Vq € S and allow us to assign different penalties in
different modes. In each mode, the parameters (), and R, determine a trade-oft

between keeping x(t) close to its ideal value Z4 and paying a large penalty for

control energy.
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Our goal is to find an optimal control u that minimizes the conditional ex-

pected value of the cost in (4.9):

tanroa) = B { [ (06 - 20 Qulox = 70 + (a1~ 1) Rt~ 1) ot
(4.10)

given the initial condition zg = (¢, 7o, o). To minimize (4.10), we consider state

feedback laws of the form

u(t) = p(x(t), (1), a(t)), (4.11)

where p is an appropriately selected deterministic state feedback law. By appro-
priately choosing the discount factor p > 0, one can devalue the future cost in

(4.10).

4.2 Expectation

In this section, we show that for every feedback policy (4.11), J, in (4.10)
satisfies a set of differential equations with the associated boundary conditions.
For a given feedback policy (4.11) for which the stochastic process (4.1) has a

global solution', let J,, be the corresponding cost:

Ju(x,7,q9) = E, {fooo e ", (x,T,q) ds} (4.12)

'The solution of the system has no finite escape time with probability one.

57



4. Quadratic Control of Stochastic Hybrid Systems with Renewal Transitions

conditioned upon the initial condition zy = (z,7,q) € R" x [0,T,] x S with

(,(z,,q) defined as

gu(xﬂ'a q) = (v — jq)qu(I - fq) + (u(z, 7,q9) — aq)/Rq<U(xv7'v q) — aq)- (4.13)

The following result shows that J,(z,7,q) satisfies a boundary condition as 7

approaches 7.

Lemma 4.2.1. Suppose that the solutions of the stochastic process (4.1) with a
feedback policy (4.11) exist globally, and the corresponding cost J,, in (4.12) is

finite for all (z,7,q) € R* x [0,T,] x S. Then J,, satisfies

(€, Ty, q) = Y Pgj Ju(Hyjz, 0, ). (4.14)
J#a

Proof of Lemma 4.2.1. Take T, — e € [0,T}) for some ¢ > 0. For every (x,q) €

R" x &, we have

Ju(x, Ty —€,q) = E,, {/ e l,(x,7,q) ds} , 2o = (x, T, — €,q).
0

Let t; denote the first jump of the process. Given that 7(0) = T, — €, we have

that t; belongs to [0, €) with probability one. One can write

t1 o)
Ju(x, Ty —€,q) = E,, {/ e (x5, Ts,qs) ds +/ e ", (Xs, Ts,ds) ds}
0

t1

t1 )
E,, {/ @*986#(:53,7'37%) ds + EZtl {/ @*PSZH(XS,TS,qS) ds}}
0 t1

t1
E., {/ el (xs,7s,qs) d } ZP(UEZO{ - tlJu(quXt;’O’j>}’
0

J#q

58



4. Quadratic Control of Stochastic Hybrid Systems with Renewal Transitions

where (x¢, T4, q:) denotes the solution of (4.1) at time ¢ > 0, starting from initial
point zy = (2,7, — €,q). Here, we used the conditional expectation property
F{E{X|§}|&} = E{X|6} if & C F. As e ] 0% the first integral on the right
tends to zero and the second integral tends to ; Py J.(Hgjz,0, 7). Therefore, the
i#q

limit is given by (4.14). O

We further define the following notations that will be used in the rest of this
chapter. For every function g(x,,q) such that for fixed ¢ € S, g is continuously

differentiable with respect to its first and second arguments on R" x [0,7},), we

define the operators £/ and L, as

dg(x,7,q) dg(,7,q)
Lig(z,T,q) = T(Aqx + Byv) + 5 (4.15)
Log(x,7,q) = LIg(x,7,q) + M(7) Y Py (9(Hyz,0,5) — gz, 7,q))  (4.16)

J#4q
Vg € S and all z € R",7 € [0,7,), v € R™. When the vector v is set equal
to a function of (x,7,q), e.g. v = p(x,7,q), we use the notation £, instead of
L(zrq- The definition in (4.15) is inspired by the extended generator in the
Markov process literature [16, 26], but here we further extend this operator to
every continuously differentiable function g (regardless of what the domain of the

extended generator may be).

2We have 7 — T and t; — 0 almost surely.
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The next theorem, provides a set of differential equations to be solved by a

finite J,, in (4.12) with a state feedback law f.

Theorem 4.2.1. Let p be a state feedback policy such that the solutions of (4.1)
with (4.11) exist globally. Suppose that for every initial condition zo = (x,T,q),
the cost function J, in (4.12) is differentiable with respect to its first and second

arguments and is finite. Then J, satisfies
L,J.(x,7,q) — pJu(z,7,q) + L, (x,7,9) =0 (4.17)
with £,(x,T,q) defined in (4.13).

Proof of Theorem 4.2.1. Similar to the calculation of [16, Theorem 32.2], take an
arbitrary ¢ > 0, and suppose t; be the first jump time of the process.® J,(z, 7, q)

can be written as

Ju(x,7,q) = E,, {/ e 7l (Xs, Ts,ds) ds}
0

tAt o)
=F, {/ el (X5, Ts, Qs) ds} +E,, {/ e l,(Xs, Ts,ds) ds} .
0 tAty

3t Aty is a stopping time.
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Using the conditional expectation property E{E{X|§}|&} = E{X|6} for sigma

algebras & C §, one can write

Ju(x,7,q) = E, {thAtl e P, (s, Tss Gs) ds}
B {E{ [, et T q) ds [ Sine, } |
{ftAt1 7ps€ SBsaTs,Qs) dS}

+E., {e ) ] (x(tAth), T(EA L), q(t Aty)) }

where §; is the natural filtration of the process (x, 7, q). Therefore,

t
JN(QZ,T, q) = Ezo {/ e_psgu(zsaTsaQS) ds I(t<t1)
0
t1
+ / efpsg'u(xs’ Ts, qs) dS [(tZtl) + eipt*]u(x(t)a 7-<t)7 Q(t)) [(t<t1) (418)
0

+e M ZquJu(qu:E(tl_),O,j) Lt>4,) } :
J7#q
The density function of the first jump time is A (7(s))e™%() where ,(s) =

Js Aq(T(u)) du, hence one can re-write the expectation in (4.18)*

¢
Ju(x,7,q) = 6_0‘1(”/ e U, (s, Ts,qs) ds
0

t s
+/ )‘q<7'(5))6_9q(s)/ e Pl (T, Ty Q) dw ds + e %O (2, 11 q,) (4.19)
0

0

t
+ / Ag(7(5))e™ 7PN " P g, (Hyjs, 0, ) ds.
0

J#q

4E{I(t<t1)} = P(t < tl) = e_eq(t) and E{f(tl)‘[(tztl)} — f(; f(s))\q(,]—s)e—eq(s) ds.
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The first two integrals on the right-hand side of (4.19) can be written as

t t s
6_9q(t) / e_psgu(xsa Tss QS) ds +/ )\Q<T3)6_9q(3) / e_pw&l(mw’ Tw; qw) dwds
0 0 0
t t ¢
= ¢ %) / e Pl (24, 7o, gs) ds + / e Pl (Tw, Tws Gu) / Ag(Ts)e™ ) dsdw
0 0 w

¢
:/ e_ps_%(s)éu(xs,n,qs) ds.
0

Hence (4.19) can be written as

t
Ju(z,7,q) = /0 e 0, (24,7, qs) ds + e 0O (x(8), T(8), g (1))
t
+/ A (T(5))e7Ps70a®) ZquJM(quxs,O,j) ds
0 J#4q

— e P00 (2(8), 7(t), q(1))

t
+ /0 e—ps—eq(s) <€M<x87 Ts, QS) + )‘q(TS) Z PQJJM(HQJxS’ O’j)> dS

J#q
which implies
Ju(x(t), 7(t),q(t)) = exp (/0 P+ A (7(w)) dw) Ju(x,7,q)

¢
_ / oSS PHrg(r(w)) duw) (EH(xs, Ts, Qs) + Ag(Ts) Z Pgid.(Hyzs, O,j)> ds.

0 J#q

By an elementary calculation, one can show

e_thu(w(t),T(t),Q(t))—Ju(xmcﬂZ/O € A7) S5, s, s) ds

t
_/ e P (E#(xs;TwQS) + AQ(TS)ZPQjJH<HijS’O7j)> ds.
0

J#q
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This implies that J, is absolutely continuous in ¢. Taking the derivative of J,,
one gets

d

23 In(@(@),7(1), a(t) = —Cu(we, 7 ) + pJu (2(8), 7(E). 4) (4.20)

= (7)) Y Poy (Ju(Hge(t), 0, ) — Jula(t), 7(2), (1))

J7#4q
J,(x,q,7) is continuously differentiable with respect to (z, 7). For the absolutely
continuous function J,, we showed that t — J,(x(t),7(t),q(t)) is differentiable

almost everywhere except at jump times tj, therefore the value of its derivative

should be equal to

aJ, o7,
%(Aqﬂf + By, 7,q)) + o

at points (2/,7',¢") = (x(t),7(t),q(t)). Equation (4.20) implies that this deriva-
tive is equal to —£,(2',7',¢") + pJu (', 7', @) + Ay (7') 2212 P (Ju(Hyrj 2", 0, 5) —

Ju(«',7',¢")). Thus, by the same argument as in [16, Theorem 32.2], J,(z, 7, q)

satisfies (4.17) for all (z,7,q) € R" x [0,T,) x S. O

4.3 Optimal Control

In this section, we compute the optimal feedback policy and provide a recursive
algorithm for finding the optimal regulator and the optimal cost. The following
theorem provides a sufficient condition for the existence of an optimal feedback

policy p* that minimizes the infinite horizon discounted criteria (4.10).
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Theorem 4.3.1. Consider the following optimization problem

J* = min J, subject to X = AgX + By p(x,7,q) + dq,

m

where J, given in (4.10). If there exist C* and bounded solutions A; : [0,T;] —

R™™ Ty . [0,T;] = R™ and ; : [0,T;] — R, i € S to the following differential

equations with the associated boundary conditions,

\

(

A’L(E) = %; Pin;jAj(O)Hij
\ J#i

9 — (A, — A;B;R' B, — pI)T; — 2Q;7;

or

+Ai(T) 27; Pij (H,;T;(0) — Ti(7)) + 2Ai(Byti; + d;) (4.22)

[y(Ti) = > PiyHiT;(0)

JF

%% — DB RIBIT, + DByt + d;) — pS

Q(T;) = > Pi;Q;(0)
\ i

such that for every q € S, V*(x,7,q) = 2'AJ(1)x + 2Ty (1) + Q,(7) is a non-

negative function, then the feedback policy

Wiz, T,q) =g — %Rq_lB; (2A4(T)x + Ty(7)) (4.24)
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is optimal over all feedback policies for which we have E., {||x(t)||*} < kie™*2!||zo||
for some ky > 0,ky > —p. Moreover, the minimal cost is given by J*(xo, To, o) =

V*(xo, T0, qo)-

It is worth noting that (4.21) is a system of ordinary differential Riccati-like
equations that should satisfy the given boundary conditions. If we were given
initial conditions for the ODEs in (4.21)-(4.23), we could solve the ODE in (4.21)
using the methods developed in [39, 59]. With the solution to (4.21), we could
then proceed to solve (4.22) and (4.23). However, in general we do not know a
priori the initial conditions for the ODEs in (4.21)-(4.23). This difficulty shall be
overcome in Section 4.3.1, where we provide a numerical algorithm that computes

the A;, I';, €; based on a recursive system of differential equations.

The following result shows that the feedback policy (4.24) results in a global

solution on [0, c0) with probability one.

Lemma 4.3.1. Suppose A;(7) and T;(7) are bounded C' functions Vi € S. Then
the solution of stochastic process (4.1) with the feedback policy p* in (4.24) exists

globally with probability one.

Proof of Lemma 4.3.1. Between jumps, the right hand side of (4.1) with u =
w*(x,T,q) can be written as x = A(t)x+ g(t), where A(t) and g(¢) are continuous

functions on ¢ and the elements of A(t) are bounded. Thus, by [40, Theorem 3.2],
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the solution exists between jumps. When a jump happens, x(t;) is reset according
to the linear reset map in (4.4). Therefore, the sample paths of system (4.1) do
not have a finite escape time. Moreover, by Proposition 4.1.2, t; — oo. Thus,

the sample paths of the system exist globally with probability one. O

The proof of Theorem 4.3.1 depends on a Dynkin’s-like formula for a stopped
process constructed based on (x,7,q) [29]. This proof is inspired by the “Pois-
son driven” process in [42] and the Piecewise Deterministic Markov Processes in
[16] but avoids some strong assumptions in these references. We first define the
stopped process as in [29, Section 5] and then derive a Dynkin’s-like formula for

the stochastic process (4.1) under a feedback policy (4.11).

We denote X := (x,7,q). For every ¢ € S, let Q2 and @, be two compact
subsets of [0,7},) and R™, respectively. Define Q7 := @, x Q% which is also
compact in R™ x [0,7T,), see [76, Theorem 17.8] and Q) := UyesQ?. The Q-stopped
process from the process X will be defined as following. We define the Q)-stopping

time

Tg := sup ({t € [0,00) : Vt € [0,%),q(t) = ¢ = (x(t), 7(t)) € Int(Q?) } U {0})
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where Int(Q?) denotes the interior of Q4.° Based on T, we define the Q- stopped

process as

Xo(t) = (4.25)

and the @-stopped jump counter as

N(t) te [07 TQ)
No(t) == (4.26)
N(Tq) t€[Tq,00)
where N(t) := max{k : t;, <t} counts the number of jumps up to time ¢. These
stochastic processes are well-defined for all times since the system has no finite

escape time and by Proposition 4.1.2, t, — oo with probability one. The following

result will be used in deriving the Dynkin’s formula.

Lemma 4.3.2. For any compact sets (), C R™ and Q2 C [0,7},), Vq € S, the

expected value of Ng(t) is finite on any finite time interval. In particular,

E{NQ(SQ) — NQ(S1)} < >\max<52 - 51)7

for all so > s1 > 0 and Apax := sup sup A\y(7).
q€S TeQl

Proof of Lemma 4.3.2. Since the hazard rate \,(7) is continuous on [0, T}), A\y(7T)

is locally bounded on (0,7}) for all ¢ € S, and A.x always exists over compact

°T(, is a stopping time for the natural filtration of the process X.
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sets Q2. Since there are no more jumps after Tq,
E{Ngq(s2) = Ng(s1)} = E{Ng(s2 A Tq) — Ng(s1 A Tq)}
=F {N<82 A TQ) - N(81 VAN TQ)} .

Moreover, one can show that N(t) = N(fot Aq(Ts) ds) where N(t) is the standard

Poisson process, see Lemma 4.1.1. Therefore, we have

E{N(sy A Tq) — N(s1 A Tq)}

([ i)
{ (T A(r) ds + /TT AalT) ds> N ([ d)}
(N ([ s ot =) N ([ vt a5)

- /\max(52 - 81)-

Il Il
e
Z

I/\
Z|

Here, we used the fact that for a Poisson process N, we have E {N(b) — N(a)} =

b—aforall b>a>0[37]. O

Recall £, g(z,7,¢q) from (4.15). Given compact sets Q? C R" x [0,T}) ¢ € S,

we define

£9( ) L,9(x,7,q) (z,7) € Int(Q?)
SO\, T,q) =

0 otherwise

Vge Sandall z € R", 7 € [0,7,), v € R™. Next, we use [29, Theorem 6.2], and

derive a Dynkin’s-like formula for the stopped process.
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Lemma 4.3.3. Suppose that Q, C R™ and Q2 C [0,1},),Yq € S are all compact
sets and define QQ = UgesQr X Q1. Let p in (4.11) be a feedback policy such
that the stochastic process defined by (4.1) exist globally with probability one. For
every function V(X) = V(x,7,q) that is continuously differentiable with respect
to its first and second arguments, every initial mode q € S, every inital condition

(z,7) € R" x [0,T,] and every 0 <t < oo, we have that

e "EAV (Xo(t)} =V (2,7,9) (4.27)

+ Iey (D PyV (Hya,0,5) = V (2,7,q))
J#q

e {f e (£9V (Xq(s) — oV (Xq(s))) s},

where X is the stopped process defined by (4.25) with the process X constructed

according to procedure described in Section 4.1, initialized with z = (z,T,q).

Proof of Lemma 4.3.3. Let Ng(t) denote the @-stopped jump timer in (4.26).
One should note that Ng(t) does not count a jump that may happen at 0 due to
7 = T,. Between jump times, X = (x,7,q) is absolutely continuous and evolves
according to the vector field of the process, and at a jump time t;, & < Ng(t), we

have an instantaneous jump from X(t, ) to X(tx) = (x(tx),0,q(tx)). Therefore,
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one can conclude that

e_p(t/\TQ)V(X(t ANTo)) Ve V(z,7,q)
+ I(T:Tq) [V (qu(O) z, 07 q(o)) -V (fL’, T, q) }

+ / o e (LIV(X,) = pV (X)) ds
+ ) e T peng) (VX)) — VX(E;)))
k=1

with Ix<n, (1)) denoting the indicator function of the event & < Ng(t) and I(r—r,)
indicates if a jump happens at time 0. We have X¢(s) = X(s) for all s € [0,tATg)]
and these processes are also equal at any jump time in tj, & < Ng(t). Moreover,

X remains constant on [t A Tq,t]. Thus, we conclude that

eV (Xo(t) = V(w,7,q) + Lir=r) [V (Heqro) 2. 0,a(0)) =V (2,7,9) ]
+/0 e P? (,CIJ:’QV(XQ(S)) — pV(XQ(s))) ds (4.28)

+ 3 e M T pangm (V(Xo(t) — V(Xa(t))) .

k=1

where for every ¢ € S,

ﬁf Y 9 E I t q
Ef’Qg(x T q) o ;Lg(-’L'yT q) (l' 7') n (Q )
w P .
0 otherwise.

and Q7 = Q, x Q. We take the expected value of the both sides of (4.28),

conditioned upon the initial condition z = (z, 7, ¢). Starting with the expectation
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of the second term on the right-hand side, we get

L. {[(T=Tq) [V (HqQ(O) z, 0, q(O)) —V(z,7,q) } }

= I(T:Tq)(z PQJV(HQJ$a07j) - V(f,T, Q)) (429)
J#q

This is due to steps (i) and (iii) in the construction of the sample paths. We also
define

h(z,7,q) = > PgV(Hyx,0,5) = V(x,7,q)).
J#q

Next, the conditional expectation of the summation in (4.28) can be computed as

E, {Z e " rangy) (V (Xg(te)) =V (XQ<tk)))}

k=1

=L {i e Igengunh (Xo(ty ))} )
due to step (iii) in the construction of the sample paths (regardless of whether
T =T, or 7 <T,). We use the Dominated Convergence Theorem [41] to move the
series out of the expectation: To verify that the theorem is applicable, note that
for k < Ng(t) and q(ty) = ¢, (xg(t;,), To(t;)) € Q7 with probability one, and

we have

WpO

e gangmnh (Xe(ty))] < heo

hg := sup sup |h(X)| < co.
q€S (z,1)EQT

Here, we used the fact that V(z,7,q) is C' and therefore h(z,7,q) is locally

bounded for any ¢ € S§. Moreover, since the number of jump times t; with
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k < Ng(t) is upper bounded by Ng(t), with probability one, we conclude that

for every finite integer M

T enginh(Xo(tp)| < Zl(k<NQ ) [M(Xo(t;)] < hoNg(t)

and by Lemma 4.3.2, we know that E, {hgNg(t)} < hgAmaxt < oo for every
t < co. We therefore conclude from the Dominated Convergence Theorem [41]

that

L, {ZeptkI(kSNQ(t))h XQ tk } ZE {e Pt kI(k<N h (XQ(t;))}

k=1

Moreover, using the density functions of the inter-jump intervals and defining

to := 0, one can show that (Appendix C)

> B A{e M panouph (Xo(ty)) ) = | E- {/t k e " (hA)o(Xq(s)) dS}

Atg—1
(4.30)

with (h\)g(x, 7,q) = h(x, T,q)A\,(7) inside Q7 and zero otherwise. We are able
to use the result of Appendix C, because V is continuous, the solutions exist
globally, and therefore ¢t — h(X(¢)) is integrable on any finite time interval [0, ¢].
We now use the Dominated Convergence Theorem to move the series back inside
the expectation in (4.30): To verify that this is allowed, note that by defining

Amax 1= SUP,csSUP, ¢z Ag(T) as before, any finite summation is dominated by

S [ e el ds| = | [ e N)o(Xa(s) ds| < hoAmt

k=1 tAtE_1
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for all M > 1 and ¢t < oco. By Proposition 4.1.2, t;; becomes larger than any

t < oo with probability one, as M tends to infinity, therefore

oo tAty tAt s
Z/ e (hN)e(Xq(s)) ds = lim e (hA)q(Xq(s)) ds
£ At M—o00 0

2 [ e agXo() ds.

We therefore conclude from the Dominated Convergence Theorem that, one can

move the series inside the expectation in the left-hand side of (4.30) and obtain

E, {Z e P Trangwy (V (Xg(te)) =V (XQ(tIZ)))}

k=1

- [ ermoxs) s}

Using this equality and (4.29), when we take the expectation of both sides of

(4.28) conditioned upon initial condition, we obtain

e " EAV (Xo(t)} =V (2,7,q) + Iir=1,) (Y Pg;V (Hyz,0,5) = V (2,7,q))
J#q
+E, { /0 e (LERV (Xo(s)) — oV (Xo(s)) ds}
L E, { /0 e (h\)o(Xo(s)) ds}.

Therefore,

e " EAV (Xo(t)} =V (2,7,9) + =1, ( Y _ Pg;V (Hyz,0,5) = V (2,7,q))
J#q

+ E, {/Ot e (LIV (Xq(s)) — pV (Xg(s))) ds}
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which concludes the proof. O
We are now ready to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Inspired by the result of Theorem 4.2.1, we consider the
following minimization problem. For given ¢ € S, x € R" and 7 € [0,T},), consider

the following equation:

min {L,V(z,7,q) — pV(x,T,q)

veR™

+H(x—Z,)Qqxr — Ty) + (v — uy) Ry(v — uy)} = 0. (4.31)

It is straightforward to show that v* := p*(z,7,q) defined in (4.24) achieves the
minimum in (4.31). Since A, (7),T,(7),Q,(7) satisfy (4.21)-(4.23), one can show
that defining V*(z,7,q) = 2'Ay(7)x + 2'T'y (1) + ,(7), this function is a solution
to (4.31) and satisfies the boundary condition
V2, Ty q) = Y PyV*(Hy, 0, 5). (4.32)
J#4q
We first show that V*(x, 7, ¢q) is the cost due to the feedback policy p* and then
that p* is indeed the optimal policy. One should note that by Lemma 4.3.1, the
stochastic process defined by (4.1) with feedback policy p* exists globally with
probability one.
Denoting X := (x,7,q), the function V*(X) = V*(z, 7, q) is non-negative, C'

with respect to (z,7), and uniformly bounded in 7 over [0,7,] for a fixed value
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of z. For m > 0, define Q.(m) := {z € R" : supyesrepr, V(@ 7,9) < m},
Q1(m) := [0, (1 - e™)T;] and
Q™ 1= UgesQaz(m) x QI (m).
As noted above, V* is a solution to (4.31), so we have that
LVE—pVi=—L,- <0 (4.33)

with p* given in (4.24). Since £,-V*,V* and ¢, (z, 7, ¢) are quadratic functions in
x and A;(7), (1), Qi(7) are bounded in 7 for every i € S, there exists a positive
constant ¢ such that £,-V*—pV* < —cV*. Our goal is to use (4.27) but with X¢om
replaced by X, which we will achieve by making m — oo. From the definition of
the stopped process, we have X(t A Tom) = Xgm(t),Vt > 0, and using (4.27), we

get
e ME AV (Xgn (1)} =V (2,7,4q)

+ [(7-:Tq)(z:qu‘/>k (qux,(),j) -V (1'77', q) ) (434)
J7#q

t
+ E, {/ e LV (Xgm(s)) — pV* (XQm(S))} ds
0
for all £ < co. We show next that, for the function V* considered here, the second
term on the right in (4.34) is always zero. For 7 < T}, we have I(,_7,) = 0, and

for 7 =T, one can use (4.32) to conclude that

](T:Tq) (Z Pq]V* (Hij7 07 Q) - V* (I’ T, Q)> = 07

J#q

)
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for all ¢ € S and (z,7) € R* x [0,7},]. Using Fubini’s Theorem [41], one can

interchange the expectation and the integration in (4.34), and obtain

e "EAVT (Xon(t)} = V7 (2, 7,4q)
+ /0 e PE AL,V (Xgn(s)) — pV™ (Xgm(s))} ds (4.35)

for all ¢ < co. Hence t — E,{e ”"V*(Xgm(t))} is absolutely continuous and

therefore differentiable almost everywhere with
d
s {e PV (Xgn(t)} = e "E ALV (Xgn) — pV*(Xgm)}.

We therefore have

B (eI (Xan (1)} = € DB (L, V" (Xan (1))}

+(c— p)el P E AV (Xon (1))} < 0.
From this, we conclude that
0<E. {e "V (Xgn(t)} < e “V*(z,19). (4.36)

Since tlim lim e~“V*(x,7,q) = 0, we conclude from (4.36) that
— 00 M—> 00

lim lim E, {e"V*(Xgn(t))} = 0. (4.37)

t—o00 m—o0
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Moreover, for the feedback policy p*, the integral term on the right-hand side of

(4.34) can be bounded by

/Ot e~ Ps (ESTV* (Xgm(s)) — pV* (Xgm (S))) s

| e ey (G = v (X() s

< / L,V (X)) — pV* (X(s))] ds,

and by the Dominated Convergence Theorem, we get

m—o0

lim E,{ /0 e (L, 7 (XL) - pV* (X)) ds) (4.38)
— EZ{/O e (L V" (Xs) — pV™ (X)) ds}.

Now, we take the limit of (4.34) as m — oo and t — oo. By (4.37), the limit on

the left of (4.34) is zero and from (4.38) and (4.33), we conclude

V*(x,1,q) = E, {/ e P (X5, Ts, Qs) ds}
0

for all ¢ € S and © € R", 7 € [0,7,]. This implies that V*(x, 7, ¢q) is the cost due

to the feedback policy p*, conditioned upon the initial condition z = (z, 7, q).
Now let p be an arbitrary feedback control for which the process X(t) exists

globally and we have E, {||x(t)||*} < kie=*!||z¢|| for some k; > 0,k; > —p. For

such a process, we still have

lim lim e "B, {V*(Xgn(t)} =0,

t—00 m—o00
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but since p typically does not minimize (4.31), we have £,V*(x,7,q) — pV* >
—{,(z,7,q) instead of (4.33). In this case, the argument above applies but with

the appropriate equalities replaced by inequalities, leading to

—00 M—>00

V¥(z,7,q) < tlim lim e ”E, {V*(Xgm(t)} + E. {/ e "0, (X5, Ts, ds) ds}
0
=F, {/ e (X5, Ts, qs) ds}. (4.39)
0

Therefore, the cost V* associated with p* is always no larger than the cost J,

associated with another policy p, which proves the optimality of p*. O]

4.3.1 Recursive computations

In this subsection, we examine a recursive algorithm that provides a numerical
technique for computing the optimal discounted cost in Theorem 4.3.1. The main
challenge in solving (4.21)-(4.23) in Theorem 4.3.1 is due to the unknown boundary
conditions, but the following algorithm can be used to compute the optimal cost

and the optimal policy.

Algorithm 4.3.1.

(a) Set k = 0, A((IO)<7') = Opxen, F((IO)(T) = Opx1, and Qflo)(T) =¢, € [0,00), VT €

[0,7}] and Vq € S.
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(b) Compute solutions that are C' in the interval [0, T,] for the following ODEs

and

(

\

AALFTD E+1 k+1 E+1
— e :A;Ag+)+Aé+)Aq—pAé+)
k+1 _ k+1
—ASYBRIBASTTY 4 Q,

A (1) 3 Py (HL AW (0)H,; — ATV (7))

: 9
J#q
k k
&“WD=§H£W§WWW
\ J74q

(k=+1)
~Me (A — AMYB,RIB, — pD)T Y

—2Qq %, + 20V (Byiig + dy)

(1) 3 Py (HL, DV (0) — TF V(7))

. g
J#q
k+1 k
I 0(T) = 3 Py H,0)
J#q
9Qk+1) k1) . k _ _
LA g R B | a0,

LY (Byag + dy) — p2f Y

(1) 3 Py (A% (0) — V(1))
J#q

QT = 3 Pyt (0)

\ J#q

(c) Set k — k+ 1 and go back to step (b).

(4.40)

(4.41)

(4.42)

The following Theorem implies that as k increases, one can achieve a cost that

can be made arbitrarily close to the optimal cost by selecting large k.

Theorem 4.3.1. Suppose that for every k > 0 in Algorithm 4.3.1, the functions

AP 0,7 = R T 0, T,] — R, Q) [0,T,] 5 R, g €8 to (4.40)-(4.42)
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have the property that the function G*(z,7,q) == AP () + TP () + QP (1)
1s non-negative. Then, for every initial mode ¢ € S and every initial condition

(x,7) € R" x [0,T}],

tr
G*(z,7,q) = min E, {/ e ", (X5, Ts,ds) ds + e_pt’“cq(tk)} (4.43)
® 0
Moreover, for every e > 0, there exists a sufficiently large k so that the feedback
law
1

~R'Bl(2AW (7)z + TP (7)) (4.44)

,UZ('TJ,T, Q) = ﬂ’q - 2

leads to a cost that is above the optimal cost V* associated with the optimal policy

w* (4.24) by less than e.

Theorem 4.3.1 implies that the minimum cost in (4.10) is given by klirn Gk (x, T, q)
—00
and such a cost is achieved by pj(x,T,q).

The following result will be used in the Proof of Theorem 4.3.1.

Lemma 4.3.1. For every function ¢(.,.,q) : R" x [0,T,] — R that is continuous

with respect to its first and second arguments, we have

Ez {e_ptlw(xtl’a Tt; ) qt;)} - [(T:Tq)Ez{w(Xtoa Tt qto>}
t1
+E, {/ e PA(T)V(x,7T,9q) ds} (4.45)
0
for every initial mode ¢ € S and every initial condition (x,7) € R™ x [0,T,] with
z=(x,7,q).

80



4. Quadratic Control of Stochastic Hybrid Systems with Renewal Transitions

Proof of Lemma 4.5.1. We start by computing the expectation of the last term
on the right-hand side of (4.45) when 7 < 7,. Until the first jump, we have

T(t) =t + 7, so by using (4.5), we get

E. { (;“1 e P N (Ts)(Xs, Ts, Qs) ds}

T ho—T _ /g
= fT ! 0 ’ € P )\q(T + S)¢<x57 TS’ qS) 1‘?11(;{;/(()3_) ds dho

To=r (w —ps w—+T
= ! fO € P )‘q(7+5)¢($577's,(]s) {q_(FquTi dS dw

where we made the change of integration variable w = hg — 7 with f,;(w) denoting
the probability density function of the jump interval in mode ¢. By changing the

order of integration, we have that

E, { Otl e P Ng(T5)Y(Xs, T5,Qs) ds}

Tq—7 _ps ! <
= Jo T eh )\q(T + 8)1/1(1’57 Ts) qs) fsjﬂ' 1qu('q(1') dw ds

Tq—7T _ps - s+T
= Oq e P )\q(7+S)@D(xs’Tsaq‘s)(llf‘#q(i))) ds (446>

Ty—T T+S8) _ps
= Jo %6 P 1/1(5657737(]3) ds
=E, {eiptlﬁ)(xt;a‘rtp qtf)} :
The proof of the equation (4.46) follows along the lines of the proof of equation

(4.54). Moreover, for 7 = T,, we have®

Ez{e_pt1¢(xt;a7t;7 Qt;)} = E, {@Z’(xtoa Tty Ato) + EZtO{e_pt1¢<Xt;»Tt;aQt;)}}

6We used the conditional expectation property E{E{X|§}|6} = E{X|&} for o-algebras
& CF.
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with 2z, = (X¢,, Tty Ato)- Similar to (4.46), one can show that

BBy {3 e Aol )%, 70 a) ds} )
— Ez {EZtO {e_ptlw(xt;>7-tf?qt;>}} (447)
=E, {e_ptll/J(xtl—,Ttl-, qtl—)} :
Hence, from (4.46)-(4.47), we get
EZ {e_ptlw(xt; ’ th ) qt; )} = [(T:Tq)EZ {w(xtoa Tto> qto)}

+E, { (;“1 e P N (T5)(Xs, Ts, Qs) ds} .

We are now ready to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Similar to the proof of Theorem 4.3.1, for given k > 0,

g€ S,z e€R"and 7 € x[0,T,), consider the following equation

. k k
min {25 (A, + By) + %5 = pGH(w,7,0)

+A(7) D Py (Gkil(qux, 0,7) — Gk(x, T, q)) (4.48)
J#q
(@ = %) Qqx — Tg) + (v — Ug) Ry(v — Ug)} = 0.
It is straightforward to show that v* := puj(x, ¢, 7) defined in (4.44) achieves the
minimum in (4.48). Moreover, since AS,’“),FE,’“), ng) satisfy (4.40)-(4.42), one can

show that G¥(z,7,q) = /AP (1) + 2T (1) + QP (7) is a solution to (4.48).

Moreover, for every ¢ € S, G* satisfies the boundary condition

G*(z,T,,q) = > P;G* 1 (Hyx, 0, 5). (4.49)
J#q
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Since Agk)(T) and ng) (7) are bounded C' functions of 7, by Lemma 4.3.1, one
can conclude that the stochastic process (4.1) with the feedback policy pj(x, 7, q)
exists globally with probability one.

Let (x¢, T+, q;) denote the stochastic process defined by (4.1) at time t > 0,
starting from the initial mode ¢ € S and the initial condition (z,7) € R™ x
0, T,,] with the feedback control pj(x,T,q). For every t € [0,t,), the value of the

derivative £G*(x(t), 7(t), q(t)) along the solution of the system is given by

GG (x(1), 7(1), a(1) "E 5 (Agx + Bapi(x, 7,q)) + %5
=L (x,7,q) + pGF(x,7,q)

_AQ(T) Z PC]] (Gkil(HQ_jxv Ov]) - Gk(xa T, q))

j7#a
where the second equality results from the fact that G* is a solution to (4.48).
Therefore
eiptl Gk (th— ) Tt;> qt;) - Gk (l‘, T, Q) Wgo I(Tqu) [Gk (Xtoa Ttos qto) - Gk(xy T, Q)}
t1

— Jo €7 (X6, T, qs) ds

— 0t1 > Pgie P Ag(Ts5) (Gkil(quxs,(),j) — Gk(xs,'rs,qs)) ds.

J#4
(4.50)
By the result of Lemma 4.3.1 with 1 = G*, we have that
Ez {G*Ptl Gk (Xt; , Ttl— , qt;)} = I(T:Tq)EZ {Gk (Xtm Tto, qto)} (4 51)

+E, { e\ g (74) GF (Xa, T, ) ds} ,
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By taking the expectation of both sides of (4.50), conditioned to the initial con-

dition and using (4.51), we obtain

~Gk(x,7,q) :—I(T:Tq)Gk(x,Tq, { tl e Pl (X, Tsy Q) ds}
(4.52)
—E{ZP e\ (T6)GF T (Hyyx,, 0, 5) ds )}

Due to step (iii) in the construction of the sample paths, for any 7 € [0,T,], we

get

E. {e P GF L (x¢,, Tey, qe,) } = E- { > Pgje "G (Hy Xy, 0, ])} (4.53)
i7#a

To compute the right-hand side of (4.53), we consider two different cases when

7 < T, and 7 = T,. Similar to (4.46), for 7 < T}, one can obtain

E. { 3 PTG (Hyr,0,5) |

Ty e A (1) GF T (Hyj, 0, 5) 42 fq<w+T) ds dw

- OTq—T e A7) G (Hyg, 0.) CTEETEY ds (4.54)

Tyg—T T+5) —ps — .
= fy T S e G (Hya, 0, ) ds

=F, {e*pthkfl(quxt;, O,j)} .

Moreover, for 7 = T, following the lines of the proof of (4.47), we get

Jj#q

B (e G H,x,,0,5) ) = {ZP G qjxs,om}
+> quGk_l(qux707j>'
J#q
(4.55)
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Combining (4.54) and(4.55), we get

L, {e_pthk_1<Xt1>Tt1a qtl)} =L, { Z qu fotl e_ps)‘qu_l(quX& Ovj)}
Jj#a
+[(T=Tq) Z quGk_l(qux> Ovj)'
J#q
(4.56)

Thus, we conclude from (4.49), (4.52) and (4.56) that

GH(x,7,q) = B {e ™G (X, Toy e} + Ez{ Otl e Pl (24, Ts, Gs) ds}

Now let u be an arbitrary feedback policy for which the process (x(t), 7(t), q(t)

exists globally. Since p typically does not minimize (4.48), we have

95 (Agw + By, 7,q)) + 55
> —Ly(2,7,q) + pG* (2,7, q) — A ; Py (G*1(Hyx,0,5) — G*(z,7,q))
i#4
instead of (4.48). In this case, the argument above applies but with the appropri-

ate equalities replaced by inequalities, leading to

Gk(x,T, Q) S Ez { 01:1 eipsgu(xsﬂ—sa QS) dS} + Ez {eipthkil(XtuTtn qt1)} :

Therefore, the cost G* associated with p is always no larger than the cost asso-

ciated with another policy p, which proves the optimality of p;:

Gk($7 T, q) = min Ez {f()t1 eipsgll(l‘sv Ts; qs) ds + eipthkil(Xh y Tty qt1)} .
o

(4.57)
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We now prove (4.43) for all £ > 1 by induction on k. The base of induction k = 1
follows directly from (4.57). Assuming now that (4.43) holds for some k > 1, we

shall show that it holds for k£ + 1

G*(x,7,q) mlnE {fo (s, T, qs) ds

+e Pt mﬁ_}n E.,, {fotz_tl e P (T, T, Q) dw + e PETGE2(x 1y th)}}
= mgn E, {fotl e P, (xs, Ts, qs) ds

+e Pt mﬂin E.,, { ,:2 e Pt (24, 74, gs) ds + e P GR 2 (xy ) Ty, th)}}
= mjn EZ{ o €y, Ty, qs) ds

By {7 0 (@07 0) ds + G T )

= m:n EZ{ o €y, Ty, qs) ds

+ [ el (X, Ty, qu) ds + et GE Z(thm’qt?)}

= m;nEZ{ e, (X, Ts, Q) ds + e 2GR 2(Xt277t2,qt2)}
which completes the proof of (4.43). In the above calculations, we used the fact
that the feedback law p is mode-dependent.

From Proposition 4.1.2, we know that t, -5 oo as k — oo. Therefore,
e P GO(xy,, T, ,qt,) — 0 with probability one, and by Bounded Convergence

Theorem E,{e "*G(x,, T+,,qt, )} — 0. Since the integral on the right of (4.43)

is an increasing function of k, by the Monotone Convergence Theorem [58], we
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get

lim G*(x,7,q) = min E, {/ e 7l (Xs, Ts,ds) ds}.
0

k—o0 o
Thus, for every initial condition z = (z, 7, q), as k increases the policy u} achieves
a cost G* that can be made arbitrarily close to the optimal cost by selecting large

k. ]

4.4 Metabolism of Lactose in E. Coli (re-visited)

We now return to example of Section 2.2, and study how E.Coli responds to
the availability of lactose in the environment. Inspired by the model of lac operon
in [22], we consider the case of two specific enzymes in E. Coli: the lactose perme-
ase and [-galactosidase. The first enzyme allows the bacterium to allow external
lactose to enter the cytoplasm of the cell while the latter one is used for degrading
lactose into glucose which is its main source of energy. We denote the concentra-
tion of f-galactosidase and lactose permease by x(t) and y(t), respectively; and
we denote the concentration of the RNA molecules issued from transcription of
lac genes by z(t). We consider a simple evolutionary scenario. Assume that the
cell experiences two different environmental conditions {0, 1} where 0 denotes the
absences of lactose and 1 corresponds to the presence of lactose and absence of

glucose. At each point in time, we assume that cost of deviation of the states
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Figure 4.2: Schematic diagram of lactose metabolism in E. Coli.

from the optimal levels in the current environment is a quadratic function of the
difference between these values. We also consider a term in the cost function that
reflects the energetic costs of producing/decaying mRNA and proteins [75]. If the
life span of the cell is modeled by an exponential random variable with mean 1/p,
one can model the total expected life-time cost of the cell similar to (4.10), see

[48] and references in.

Concerning the concentration of the enzymes and mRNA, we use the linear
model given in [72]

z = uq — 0.716z,

% = 9.4z — 0.033x, (4.58)

y = 18.8z — 0.033y
\

where the transcription rate of z depends on the environmental condition, and

states of the systems. From the data given in [72], one can compute the opti-
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Figure 4.3: A sample path of the process (4.58) with the optimal feedback policy
(4.24). The time interval between environmental jumps are identically indepen-
dent random variables with Beta(40,40) distribution. One can see that the opti-
mal control law is conservative in its response to the environment by anticipating
the change of environment. The biological implication of this observation is that
an organism that evolved through natural selection in a variable environment is
likely to exhibit specialization to the statistics that determine the changes in the
environment.

mal level of concentrations of z,x, and y in every environment which are [6.98e-

13, 1.99e-10, 3.98¢-10] and [4.20e-10, 1.19¢-7, 2.39e-07].

Suppose that the process of switching between environments is a continuous
time random variable that has a finite support on [0,7]. For instance, one can
consider time intervals between environmental jumps that are independent ran-
dom variables with Beta distribution $(a,b) on [0, 1]. By appropriately choosing

the parameters a, b one can obtain a wide family of density functions. For example
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x10"°

Figure 4.4: A sample path of the process (4.58) with the optimal feedback policy
(4.24). The time interval between environmental jumps are uniformly distributed
on [0,1] and are independent.

a = b =1 results in uniform distribution on [0, 1]. When both a and b take large

values, the sample paths of the environmental fluctuations are almost periodic.

Figure 4.3 illustrates a sample path of this stochastic process using the optimal
feedback policy (4.24) when a = b = 40, i.e. the environmental change is almost

periodic with period 0.5 unit of time. In our simulations, we have chosen p = 0.1,

1 0 0 5 0 0
Q=10103 o |, Q=0 103 0o |
0 0 103 0o 0 1073

Ry =0.1, R, = 0.1/5 and T;; = I with the initial condition [z(0),x(0),y(0)]=[4e-

10, 6e-8, 12e-8] and q(0) = 0. One can see that the controller that is optimal
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for the changing environment tries to anticipate the change of the environment
instead of simply reacting to changes in q(¢) and that the the optimal control law
depends on the value of the timer 7(t) that keeps track of the time elapsed since

the last environmental change.

A similar result has been illustrated in Figure 4.4 when the holding times (time
between jumps) are modelled by a uniform random variable on [0, 1]. In this case,
the optimal feedback policy anticipates the change of the environment too. The
required cell machinery to “implement” such a control law is a topic for future

research.

4.5 Conclusion

We studied quadratic control of stochastic hybrid systems with renewal tran-
sitions for which the lengths of time intervals that the system spends in each
mode are independent random variables with given probability distribution func-
tions on finite supports. We derived a Bellman-like equation for this problem and
showed that if the solution V* to this equation satisfies a boundary condition on
7, then V* is the minimum value of (4.10). A recursive algorithm was provided

for computing the optimal cost since the boundary conditions are unknown. The
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applicability of our result was illustrated through a numerical example, motivated
by stochastic gene regulation in biology.

A topic for future research is to obtain a condition that guarantees existence
of the solution to (4.21)-(4.23). Furthermore, we plan to consider H., control
of SHS with renewal transitions. In this problem, one would like to characterise
a feedback controller for disturbance attenuation in terms of a set of differential

matrix inequalities.
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5

On Controller Initialization in
Multivariable Switching Systems

The classical approach to satisfy multiple conflicting requirements in a linear
control system has some inherent limitations that have been well recognized in
the literature [9]. A solution to such problems is to design several controllers with
distinct transfer functions {K,(s) : ¢ € P}, and switch between them. Two exam-
ples of this approach are the fault tolerant control, [20], and the gain scheduling
problem, [66]. To achieve the best overall performance, it is the job of the de-
signer to choose which controller to use at each time instant, based on the current

operating conditions (e.g. [3]).

In designing a multicontroller in a linear switching system, there are several
degrees of freedom available to designers. Two of them, selecting different con-
troller transfer functions and deciding which controller to use at each instant of

time, are widely used. In addition, one can take advantage of another degree of
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freedom which is rarely used by designers: selecting suitable initial conditions for
the controllers when they are inserted into the feedback loop. In this chapter, we
mainly focus on exploring this degree of freedom to increase the performance of
the overall system. Moreover, since stability of switching systems depends on con-
troller realization, by choosing appropriate state-space realizations for controller
transfer functions, we guarantee closed-loop stability under very mild assump-
tions on the switching mechanism. We assume that the set of controller transfer
functions is given and that we have no control over the mechanism by which it
is decided when the different controllers are switched in and out of the feedback

loop.

Switching between controllers has the potential to cause adverse transient re-
sponses and, consequently, the mitigation of such transients has been addressed in
the literature. [73] proposed to address this by minimizing the difference between
the control signal that is being fed to the process and the control signals produced
by out-of-loop controllers. This minimization was formulated as a linear quadratic
(LQ) optimization and resulted in a static feedback law for the out-of-loop con-
trollers. Based on this work, [82] and [81] have analyzed the steady-state gain of
the infinite horizon L bumpless transfer topologies and steady state bumpless
control transfer under uncertainties. This type of approach is motivated by the

intuitive appeal of “bumpless transfer:” by switching into the feedback loop a con-
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troller whose output is close to the current control signal, the transient should be
small. Here, we consider a more direct approach in that we will directly address
the problem of improving transient performance of the system, without making
assumption on whether or not bumpless transfer will lead to a better transient.
We will show that transients due to switching can be mostly suppressed by care-
fully initializing the state of a new controller to be inserted into the feedback loop,
so as to minimize a quadratic cost that combines the control signal, error signal

and controlled output.

The authors of [73] assumed that both on- and off-line controllers are sta-
bilizing for the plant in question however nothing can be concluded about sta-
bility of the overall system under arbitrary switching, [43]. The authors of [32]
considered the problem of selecting controller realizations and choosing initial
conditions to stabilize a switched system, but no improvement in the transient
response of the switching controller was considered. The optimal control problem
for switched systems was considered in [77] where they assume that a prespecified
sequence of active subsystems is given and optimal switching times are driven.
Also [21] derives a switching law to improve the performance under a stabilizing
controller. Moreover, [67] presents a technique to improve the performance of
each sub-controller in discrete-time systems which is further pursued in [33] for

controller initialization.
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The specific problem formulated here was first introduced in [33], which pro-
vided a method to select controller realizations and initial conditions for the case
of an asymptotically stable SISO plant to be controlled. We consider a class of
switched systems which consists of a linear MIMO and possibly unstable process
in feedback interconnection with a multicontroller whose dynamics switch. It is
shown how one can achieve significantly better transient performance by selecting
the initial condition for every controller when it is inserted into the feedback loop.
This initialization is obtained by performing the minimization of a quadratic cost
function of the tracking error, controlled output, and control signal. We guaran-
tee input-to-state stability of the closed-loop system when the average number of
switches per unit of time is smaller than a specific value. If this is not the case then

stability can still be achieved by adding a mild constraint to the optimization.

The remainder of this chapter is organized as follows. In section 5.1, the
mathematical problem statement is introduced. Section 5.2 shows how to choose
the controller reset map to minimize a quadratic criteria. Section 5.3 proves
the stability of the closed loop under a mild assumption on the switching signal.
Simulation results that compare the performance of our switching controller with
those in [32] for a MIMO unstable process are provided in sections 5.4. Finally,
section 5.5 provides conclusions and directions for future work. The material in

this chapter is based upon the works [50, 49].
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5.1 Problem Statement

5.1.1 Controller Architecture

The switched systems considered here arises from the feedback interconnection
of a Linear Time-Invariant (LTT) plant 3 to be controlled with a multicontroller
C(o) whose inputs are the usual tracking error er(t) as well as a piecewise con-
stant switching signal o : [0, +00) — P that determines which controller transfer

function to use at each time instant.

More specifically, when o(¢) is set constant equal to some ¢ € P, the multicon-
troller should behave as an LTI system with transfer function K,(s). In particular,
given n-dimensional state space realizations E,, F;,, V,, W, for each K,(s), ¢ € P,

the state xpu(t) of the multicontroller C(o) evolves according to

jﬂllllt(t) = Eo‘(t)xmult(t) + Fo-(t)eT(t)
(5.1)
U(t) = Vo(t)xmult (t> + Wa’(t)eT(t)

on any time interval on which the switching signal o(t) remains constant, and

according to

Tt () = V(@ (1), 0 (¢7), 0 (2), 7(2)), (5:2)

at every time ¢, called a switching time, at which o(t) is discontinuous. The func-

tion 1(.) is called the reset map and it determines the initial state of the controllers
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at the switching times. We let such initial state depend on the state zyu(t™) of
the controller just before the switching time, the index p of the previous controller
(o(t™) = p), the index g of the new controller (¢(¢) = ¢), and also on the current
reference value r(t). Our goal is to select the reset map so as to achieve a smooth
transient at the controller switching times. In particular, we select this function
so as to minimize a quadratic cost function that penalizes the tracking error, the
controlled output, and the control signal, all integrated over an interval that starts

at the switching time.

The construction of the multicontroller follows [28] and is inspired by the Q-
parameterization of all the stabilizing controllers, [79]. In this parameterization,
one can define the set of all possible stabilizing controllers as a function of the
so-called parameter () which is a stable transfer matrix. This is a useful tool in
problems where one wishes to optimize a performance objective with a stability

constraint.

Consider a multivariable LTI process ¥ with transfer function Gp(s) from
the input wu(t) to the output y(t), and assume given a finite family of stabilizing
controller transfer functions {K,(s) : ¢ € P} from the tracking error er(t) to the

control input u(t), where r(t) denotes a reference signal.
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Let (A, B,C) denote a stabilizable and detectable n,-dimensional realization

for the process transfer function G (s):

(

.’tpl = Al’pl + BU,,

y = Cup, o € R™ ueRF y e R™ 2z e R (5.3)

2z = Gxp + Hu,

\

where ) denotes the process state, u the control signal, y the measured output
and z the controlled output. The measured output y(¢) corresponds to the signal
that is available for control whereas z(t) corresponds to the signal that one would
like to make as small as possible in the shortest possible time. It should be noted
that the matrix H represents a direct feedthrough term between u and controlled
output z. Such matrix is needed if we want to penalize the control signal. One
could also consider a similar feedthrough term between u and the measured output
y. For simplicity, we are ignoring such term. If such term exists, we can get similar
results by applying the parameterization techniques introduced in [19, Chapter

5).

As stated in the following theorem, one can select an LQG/LQR Q-augmented

realization for each stabilizing controller of the form shown in Figure 5.1.

Theorem 5.1.1. Assume that A — LC and A — BK are Hurwitz matrices. For
every controller transfer matriz K,(s) that asymptotically stabilizes (5.3), there

ezists a BIBO (Bounded-Input-Bounded-Output) stable transfer matriz Q,(s) such
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Figure 5.1: Controller K,(s)

that for every stabilizable and detectable realization (Ay, By, Cy, Dy) of Qq(s), the
controller transfer matriz K,(s) admits a stabilizable and detectable realization

(Ey, Fy, Vy, W,) with

A—LC — BK — BD,C BC,

Eq = )
-B,C A,
—L —BD,
F, = , (5.4)
-B,
Vq::[—K—DqC C'q]a Wy:= — D,

where A, matrices are selected so that Ay + A}, < 0.

The controller realization, introduced in Theorem 5.1.1, corresponds to the

diagram in Figure 5.1.
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>®

D = Yy
Xo=A sy XotB oy ¥
v=C ,yXotD )y a(t)

Figure 5.2: Closed-loop Architecture

Proof of Theorem 5.1.1. The existence of @) system and realizations (5.4) are

proved in [28]. We further show that one can always find A, matrices that satisfy
A+ A, <0, YgeP. (5.5)

Consider a finite family of Hurwitz matrices S = {4, : ¢ € P}. By using a
similarity transformation, we show how to compute A, matrices for every flq such
that it satisfies (5.5). Since flq matrices are asymptotically stable, the family of

Lyapunov equations
QA+ A Q,=-1 q€P (5.6)

always have positive definite symmetric solutions Q, which can be written as

Q, =YY, Let Ay = Y;]/quYzzfl. From (5.6), we can conclude that
Y/(Ag+ A)Yy = —1

which yields to A, + A}, = —(Y,) ' (Y,) ™" <0. O
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We now propose to use a multicontroller C(0) with state Ty = [Z', 7] that
evolves according to (5.1), with realization (5.4), on any time interval on which
the switching signal o(t) remains constant and is reset according to the equation
(5.2) at every switching time ¢. In (5.2), only the zg component of the state of

the multi-controller is reset according to a map ¥¢(.) to be defined in section 5.2.

5.1.2 Closed-loop Configuration

The optimal set point problem can be reduced to that of optimal regulation by
considering an auxiliary system with state & := x —x.,, [28]. This motivates us to
consider the closed-loop configuration as shown in Figure 5.2 with appropriately
defined matrices N and F. If one wants the controlled output 2z to converge to a
given nonzero constant set-point value r € R!, there should exist an equilibrium

point (.4, ue,) that satisfies the linear equation

-A B —Te 0
= Teg € R™, ue, € RE. (5.7)

-G H Ueq r

Depending on the number of inputs £ and the number of controlled outputs [,
three different cases should be considered: (i) k < [ (under-actuated system) for
which (5.7) generally does not have a solution (ii) k > [ (over-actuated system)
for which (5.7) generally has more than one solution (iii) k& = [ for which (5.7)

always has a solution as long as the coefficient matrix in (5.7) is nonsingular. If
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there exists a solution to (5.7), it can be written in the form z., = Fr, u,, = Nr
for appropriately defined matrices F' and N, which corresponds to the control
architecture in Figure 5.2. The feed-forward term Nr is absent when the state
matrix A has an eigen-value at the origin and this mode is observable through z.
Note that in this case the process has an integrator. Also, when z = y, we have

G = C,H =0, and in this case Cz., = r. This corresponds to C'F' = 1.

We are now ready to find the closed-loop realization of the system shown in
Figure 5.2. Connecting the plant ¥ with realization (A, B,C) to the multicon-
troller C(o), through the negative feedback interconnection, results in a switched

system with a state z(t) = [zp(t), Z(t), xQ(t)’}/ that evolves according to

on any time interval on which o(t) remains constant and

p(t) zp (1)

ot)=| z@t) | = Z(t7) (5.9)

q(t) bo(a(t7),0(t7),0(t), 7(t))
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at every switching time ¢. The matrices in (5.8) are defined by

oy BD,C ~B(K +D,C)  BC, _
A= | (L+BD)C A-LC—-BK - BD,C BC, |-
B,C ~B,C A,
[y BD,CF _
By:= | ~(L+BD,)CF |
_B,CF

Cq = [ C 00 ]7

Gy=[G+HD,C H(-K-D,C) C,

H,:= H(N - D,CF),
for Vg € P. Since each controller transfer function K,(s) asymptotically stabilizes
the process, all Aq matrices are Hurwitz.

In the remainder of this chapter, we focus on the goal of selecting an appro-
priate reset map 1¢(-) in (5.9) that achieves an optimal transient performance at
switching times, while maintaining the stability of the closed-loop system. The

idea of optimizing transient performance is the subject of the next section.
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5.2 Optimization of Transient Performance

5.2.1 Quadratic Cost Function

As discussed in Section 5.1.2, only 2 (t) component of (5.9) jumps at switching
times, and the other two components evolve continuously. Suppose that there is a
switching at ¢t = t(, which results in a jump in the switching signal from o(t5) = p
to o(ty) = ¢. In what follows, we try to select an appropriate post-switching state

defined by the reset map

zq(to) = vo(z(ty), p,q,7(to)) (5.10)

such that it optimizes the resulting transient performance, as measured by a

quadratic cost of the following form

/

= / | (€T<t),R€T(t)+Z(t)/WZ(t)+U(t)/KU(t)>dt+ (z(t1) —7o0) T (2(t1) — o)

to
(5.11)
where er, z and u are shown in Figure 5.2. In the above equation, t; is a time
larger than t; and possibly equal to +o0; R, W, K, T are appropriately selected
positive semi-definite symmetric matrices, and z,, ;== — A;léq r(to). Note that
the vector z., that appears in the terminal term in (5.11) is the steady-state

value to which z(t) would converge as t — oo if both o(t) and r(t) were to remain

constant. Moreover, it is worth noting that all the results in this section hold for

105



5. On Controller Initialization in Multivariable Switching Systems

an infinite horizon, as we make t; — oo in (5.11), in which case the terminal cost

term in (5.11) disappears.

One can define a transient performance by appropriately defining R, W, K, T
matrices in (5.11) which correspond to penalizing the tracking error, controlled
output, control effort, and final state magnitude, respectively. In this optimiza-
tion, we assume that the switching signal o(t) and the reference r(t) remain con-
stant and equal to ¢ and r(ty) over the optimization horizon [to,#;]. If o(¢) turns
out to switch again before t;, the value to which xg was reset at time ¢, will
generally not be optimal, but in Section 5.3 we will make sure that stability is

preserved even if unexpected switches occur.

5.2.2 Optimal Reset Map

To find the value of zg(t) in (5.10) that minimizes (5.11) we need to introduce
the following notation: Let (), denote the symmetric solution to the following

Lyapunov equation
Qqu + A;Qq = _qu

where
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and

Co= | D,C —(K+D,C) C,

Such @), always exists and is positive semi-definite because flq is a Hurwitz matrix.
We also define the positive semi-definite matrix M, := @Q, + eAsz(T — Qq)eAqA,

the length of optimization interval A := t¢; — tg, and the vector
gy = 2T(t0)'(( — F'C'/Ré'q + ﬁ;Wéq+
(N = D,CF)KCy + B/Q,) A (I — e®)
By (e () Qg — T) = (A)71Qq) ).

We further need to block-partition the symmetric matrix M, and the vector g,

according to the partition in (5.9) of the state vector:

M1ql M1q2 M1qS gf
Mq - Mgl Mgz M§3 ) 9q = gg
M§1 M??Q M??3 gg

and perform a singular value decomposition of

Ay O | (V)
My = { Ul Ug }
0 0| | (W)

(with A, nonsingular). We are now ready to provide the solution to the above

quadratic optimization problem.
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Theorem 5.2.1. Assume that there is a single switching at t = to, where o(ty) =
p, o(to) = q and r(t) = r(ty) Vt € [to,t1]. The reset map (with the smallest

Fuclidean norm)
* — 1 — =
zh(te) = VAT (UY (598 — (Mfy) o(tg) — Mba(5)).  (512)
provides a global minimum to (5.11).

Proof of Theorem 5.2.1. We first compute the quadratic cost function .J along a

solution to the closed loop dynamics in the optimization interval:

w(t) = et (tg) + [ e B, - r (1) dr, Vt € [to, t1]
0y U1}

u(t) = Cyz(t) + (N — D,CF)r(t)

Straightforward algebra shows that the terminal term in (5.11) is given by
l A e A
(x(t1) — 2o0) T(2(t1) — T0) = [eAQ(tltO)x(to) + / AT B p(tg) dr
to

~ —_— ~ , < tl ~ A~ ~ -_— A~
+A4, 1qu(t0)} T [eA‘J(tl_tO)x(to) +/ eA‘I(tl_T)Bq r(to) dT + Ay 1qu(t0)

to

= x(ty) M AT x(to) + 2r (o) BLe ™ (A7 Ter™a(to) + r(to)'.

B, (%™ — I)(A7YTA; (eM™ — 1) Byr(to)

q

o o - 1 o
+r(t) By A, YT AT (™ = 1) Byr(to). (5.13)
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Since

er(t) Rer(t) = r(to) F'C'RCFr(ty) — 2r(to)' F'C'RCoa(t) + x(t) CLRC,x(t),

u(t) Ku(t) = (Cya(t) + (N = DyCF)r(ty)) K (Coa(t) + (N = D,CF)r(to))
= (2(t)Cy = r(to) Dy) K (Cyz(t) = Dyr(to))
= a(t)CLK Cy(t) + 2r(ty) (N' — F'C'DL)K Ca(t)
+7(to)(N' = F'C'DL)K(N — D,CF)r(t),

A A

2(t)YW2(t) = (G (t) + Hyr(to)) W (Gaa(t) + Hyr(to))

N

= 2(t) GLW Gy (t) + 2r(to) HJW Gyx(t) + r(to) HiW H,yr(to)),
the integral terms in (5.11) are given by

/tl (eT(t)/ReT(t) + z(t)’Wz(t) =+ U(t)/Ku(t))dt

to

t1 . .
— / (r(to)’(F’C’RCF + HWH,+ (N'— F'C'D))K(N — D,CF))r(t)
to

+a(t) Pa(t) + c;x(t)) dt, (5.14)
where ¢} is defined by

c = 2r(ty) (—F'C'RCy + HWG, + (N — CFD,)KC,).
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Those terms in (5.14) that depend on z(t) are given by

/t ’ (:v(t)’qu(t) + cQ,x(t))dt = /t

0 0

t1

(2r(t0)'B;qu(t) —~ %@'qu) + c;x(t))dt
= (2r(to) B/Qq + &) A1 (eA4™ — ) a(to)
+ (2r(t0)’3’1@q + cé)fl;l (A;leAqA — A;l — AI) Byr(to)
— a(to) P Q et (o) — 2r(to) Bl (™ — 1) (A1) Que ™ a(ty)
+ a(to) Qqulte) + r(to) By(e®s® — I)(AT1Y QAT (e — 1) Byr(to).
Combing the latest result and (5.13), we conclude that

J = x(to) Myx(to) — x(tg) gy + *

where * stands for additive terms that do not depend on the x¢(ty). Such terms
will thus not affect the optimal value for z¢(to). Since our optimization is only

performed on the component xg(ty) of z(t), we further re-write
J = 2q(to) Miszo(te) + 2q(to) (2((M{s) zp(te) + M(to) — g§) ++. (5.15)

Also M3 is positive semi-definite, (5.15) is convex on x(to) and any vector 7 (to)

satisfying the first order optimality condition

* 1 —
Mity(to) = 504 — (M) (o) — M(to) (5.16)

provides a global minimum to J, see [10]. In general, (5.16) may not be solvable,

but in our specific problem it can be proved that a solution always exists. The
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proof is based on a contradiction argument is similar too the one in [33]. Let w

be the right hand side of (5.16)

1 _
w:= 595 — (Mis)on(te) — Mz, (to).

Assume that there is no solution to Mgxf(tg) = w. This implies that w ¢
(KerMi;)*+ where (KerMi;)* is the orthogonal complement of the null space of
Mj,. Therefore, there exists a vector z € (KerM4,) such that w'z # 0. If one sets
r5H(to) = az with a sufficiently large a, then the cost (5.15) becomes negative.
This is a contradiction since the cost is always non-negative.

Moreover, one can conclude that the minimum Euclidean norm solution to

(5.16) is given by (5.12), see [53, Chapter 5. O

Remark 5.2.1. Theorem 5.2.1 provides an explicit formula for the optimal reset
map. In practice, we cannot implement (5.12) since the left-hand side depends on
the state of the process that may not be directly available. It turns out that the
signal Z := Z+ ., that can be directly obtained from the state of C(o) converges
exponentially to the process state ) (t) regardless of the control signal u(t). To
verify that this is so, we define the state estimation error e = x, — 2 that, because

of (5.3) and (5.1), with the matrices defined in (5.4), evolves according to

=iy —2=ipy—1=(A-LC)e
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where A — LC' is a Hurwitz matrix. So, we can replace ) in (5.12) by & = Z +
at the expense of introducing an error that vanishes to zero exponentially fast for

every control input. This motivates the following reset map for (5.2):

Yalaty),pra.r(io)) = VIA (Y (58 — (O + MBY)a(t))  (5.17)

where g4 = gi — 2(M{,)' Fr(ty). If one were to include exogenous disturbances
and/or measurement noise in the process model (5.3), then the error e(t) would
not converge to zero and (5.17) would not be optimal. However, in this case one
can select the matrix L to minimize the steady-state mean-square error between
zp and 2. This would correspond to a standard LQG estimation problem. As we
shall see, our results do not depend on a specific choice for the matrix L, other that
is must make A— LC Hurwitz, so selecting L based on a LQG optimization is a very
reasonable option to minimize the loss of optimality due to discrepancies between
zp and 2. Another option to minimize the influence of the state estimation error
is to use a finite-time observer in parallel with the main observer used in the
controller. In this case, one can use the result of finite-time observer in linear

time-varying systems found in [52].

Remark 5.2.2. Robust optimization under parameter uncertainties: The optimal
solution (5.12) involves MJ; matrices that are associated with the plant. In the

presence of parameter uncertainty, one can use results from robust quadratic pro-

112



5. On Controller Initialization in Multivariable Switching Systems

gramming to compute the optimal solution, cf. [10]: Let us consider a variation of
(5.15) that includes uncertainty in the matrix Mi;. We assume that this matrix
belongs to a set £ which is specified by a nominal value Mg; plus a bound on the

eigenvalues of the deviation
£ = { M| — I < Mgy — My < I}
We define the robust quadratic program as

min  sup zq(to) Mizzq(te) + zg(to)’
zQ(to) Mg

(2((M{y) wpi(to) + Miha(to) — g5) + *. (5.18)

For a given z, the supremum of z'( M3, — M. 3[1; )z over £ is given by ya'z. Therefore,

we can express the robust quadratic programming as

. 0 —_
min, 2q(to) (Mis +v1)xq(to) + xq(to) (2((Mis) zpi(to) + M (to) — gd) + *
zq(to

leading to a reset map that minimizes (5.18).

5.3 Input-to-State Stability

In Section 5.2, we assumed that no further switching would occur in the interval
[to, t1] but if there are further switchings, then the reset map (5.17) may destabilize

the switched system even though all individual subsystems are asymptotically
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stable, e.g., [43]. In this section, we show that we can achieve Input-to-State-

Stability (ISS) of the impulsive system (5.8)-(5.9) in the sense of [30].

We first recall the following standard definitions from [40]: A continuous func-
tion « : [0, 00) — [0, 00) is said to belong to class K, when it is strictly increasing,
and a(0) = 0. If « is also unbounded, then we say it is of class . A continuous
function f : [0, 00) x [0,00) — [0,00) is of class KL when ((.,t) is of class K for

each fixed ¢t > 0, and (3(r,t) decreases to 0 as t — oo for each fixed r > 0.

It is often of interest to characterize input-to-state stability over classes of
switching sequences. Suppose that S is the set of admissible switching signals.
We say that the switching system (5.8)-(5.9) is uniformly input-to-state stable
(ISS) over S if there exist functions f € KL and v € K such that for every
initial condition, every reference signal r(t), and every o € S the corresponding

solution to (5.8)-(5.9) exists globally and satisfies

l2(t)] < B (lz(to)l, t —to) + 7 (IIlljo.0) vt >t

where ||.||; denotes the supremum norm on an interval I. Moreover, let Sq,q [T, Ny,
with 7% > 0 and Ny > 0, denote the set of Average Dwell Time (ADT) [31]

switching sequences that satisfy

t_
N(t,s) < —> + N, V> s >t (5.19)
T
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where N(t, s) is the number of discontinuities of switching signal o, in the open
interval (s,t). The constant 7* is called average dwell time and Ny the chatter
bound. If Ny = 1 then (5.19) implies that o cannot switch twice on any interval
of length smaller that 7*. Switching signals with this property are the switching

*

signals with dwell time 7*. Also note that Ny = 0 corresponds to the case of
no switching, since o cannot switch on any interval of length smaller than 7.

In general, if the first Ny switches are discarded, then the average time between

consecutive switches is at least 7*.

We further need the following concepts introduced in [30]. Consider the fol-
lowing system:
#(t) = fotr) (x(t), 7(2)) t# th

2(t) = hog (@(t7),7(t7)),  t =ty

We say that a function V : R®" — R is a candidate exponential 1SS-Lyapunov

(5.20)

function for (5.20) with rate coefficient ¢,d € R if V' is locally Lipschitz, positive

definite, radially unbounded, and satisfies
VV(x)f,(x,r) < —cV(x) + Xi(|r]) Vr a.e.,Vr (5.21)
V(hg(z™,r7)) < e WV (x) + Xo(|r|) Vo, r (5.22)

for some functions &; € Ko, and all admissible switching signals ¢ € S. In (5.21),

Y

“Vz a.e.” should be interpreted as “for every x € R™ except, possibly, on a set of

zero Lebesgue-measure in R"”.
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Theorem 5.3.1. Let 7 > 0 be given by

7= inf T subject to
c>0,
Q1,Q2,Q3>0

(€2 =1)(Q1+Q2) (7 = 1)(=Q2)

>0 (5.23)
(7 = 1)(=Q2)  (7* = 1)Q2 — ¢,Q3¢q
—(A—BK)'Q1+c
-1 BC, 1 B(K + D,C)
—@Q1(A— BK)
_A;Q?) - QSAq
eA:00) QsB,C >0
+c Qg
—(A—=LC)Qs+c Qs
(K + D,C)B'Q: C'B,Q3
_ ~QuA-L1C)
(5.24)
forN¥Nq € P and
¢ = — VAN (UY) (M) + Mgy) .

Then, for every average dwell-time switching sequence Sqyg[T*, No| with 7% > T,

the switched system (5.8)-(5.9) with reset map (5.17) is ISS.

For fixed values of 7 and ¢, (5.23)-(5.24) turn out to be linear matrix inequality

conditions. One could solve the optimization problem of Theorem 5.3.1 by griding
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on ¢,7 (with an appropriate resolution) and checking the feasibility of (5.23)-
(5.24). Thus, the solution would be the smallest 7 for which (5.23)-(5.24) are
feasible. One can also check if the closed-loop system remains ISS for a given 7
by performing a line search on ¢ and checking the feasibility of (5.23)-(5.24) at

each step.

Proof of Theorem 5.53.1. We define V (z(t)) := «(t)'Qz(t) as the Lyapunov func-

tion for the closed-loop system

Q1 0 0 I 00
Q=110 @ 0o |T I''="| o0 01
0 0 Q I I 0

Straightforward algebra and (5.24) show that
QA +AQ < -cQ<0.

This implies that

~

VV (2) (Ag(t)x(t) + ég(t)r(t)> < —cV (@) + bzl | Bogeyr(t)] (5.25)

from which (5.21) follows by appropriate choice of X;(|r|). We will further need
to show the inequality (5.22) is satisfied for any 7% > 7, from which V(z) turns
out to be a candidate exponential Lyapunov function for the closed-loop system.

Let us consider the function

117



5. On Controller Initialization in Multivariable Switching Systems

. s |tc| . V(z)
K(s):= B B f /=
(s) = ming 5.5 W SV
VV (2)#0

By construction K is positive for s # 0, monotone nondecreasing, and radially
unbounded. This construction does not guarantee that K € K. However, for
simplicity, we assume that K € K., because if this is not the case, we can
replace it by a smaller function in K. By a slight abuse of notation, we define
g(xz,r) == g(x,p,q,r) where the function g depends on p and ¢. For every
p,q € P, pick arbitrary (z,r) for which v := g(x,r) — g(x,0) is small in the sense

that

ol = lg(z,r) — g(z,0)] < K(|g(x,0)]).

Following the same procedure as in the proof of [30, Theorem 3|, one can show

that
V (g(x,7)) < ™V (g(x,0)). (5.26)

Moreover, straightforward algebra shows that the constraint (5.23) of the mini-

mization problem makes sure that
V(g(x,0)) < ™%V (). (5.27)
So one can conclude that (5.26) and (5.27) lead to

Vig(x,r)) < e™V(x). (5.28)
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Suppose now that we pick (z,r) for which v is large in the sense that it satisfies

l9(,0)] < K~ (Jv)).

We now have

Vig(z,r)) =V(v+g(z,0)) < afv] + |g(z,0)])
(5.29)
< ao(id+ K71)(|v]) < Xa(|r])

where « is a class K, function with the property that V' (z) < a(x) and id denotes
the identity function. We also define Xy = a o (id + K ') o v with function ~y
as the growth estimate of g(x,r) — g(z,0). The existence of X, is guaranteed
in [30]. Combining (5.28) and (5.29), we conclude that (5.22) is satisfied for
any 7 > 7 > 0. So V(z) turns out to be a candidate exponential Lyapunov

function for the closed-loop system, and according to [30, Theorem 1] the closed-

loop system is ISS over Sgpq[7*, No|. H

Theorem 5.3.1 guarantees input-to-state stability of the closed-loop system
when the average number of switches per unit of time is smaller than a specific
value. If this is not the case then stability can still be achieved by adding a mild

constraint to the optimization (5.15). This is the result of the next theorem.

Theorem 5.3.2. Let ¢ and positive definite matrices QQ1, Q2, Q3 satisfy the matriz

inequality (5.24), and Squg[T*, No| denote average dwell time switching sequences
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with 7 > 0 and Ny > 0. The switched system (5.8)-(5.9) is ISS for a reset map

(5.10) that is obtained by solving the following minimization problem

min wq(to) Misrq(te) + zq(to) (2((Miy) Tty ) + Mi(ty) — g5))  (5:30)

zq(to)

subject to

20(t0) Qsq(te) < €7 ‘zq(ty ) Qs (ty) + Xa(|r(to)[*) (5.31)

Q1 +Q2 —Q: zp(ty)
—Qs Q2 Z(ty )

=D ol w ()

In the minimization problem of Theorem 5.3.2, the cost function (5.30) is the
same as (5.15). The additional constraint (5.31) may lead to some increase in the
value of the criterion (5.15), but it makes sure that the closed-loop system is ISS

under the given ADT.

A natural choice for ¢ and @)1, @2, @3 in Theorem 5.3.2 would be the constants
that result from the optimization in the Theorem 5.3.1, since they minimize the

allowable average dwell time.

Note that M, and consequently M§’3 are positive semi-definite matrices, and
the constraint is convex, so the minimization problem in Theorem 5.3.2 turns
out to be convex. The convexity of the problem makes it computationally easy,

however (5.30)-(5.31) should be solved at every switching time. Although this may
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Figure 5.3: Transient responses for different weighting matrices and different
lengths of the optimization interval [to,?;] (t1 = 4,5,20). In both plots there is a
single controller switching at time ¢y = 3 sec. By comparing the above plots, one
can see how the penalty coefficient matrix W for the output rate of change affects
the transient responses. Details on the process and controllers being switched can
be found in Section 5.4.

require more online computational resources, the convex optimization problem can

be solved very efficiently using the results of [47].

Proof of Theorem 5.3.2. Using the same Lyapunov function V(z) = x(t)'Qx(¢)
as before, we have already shown that (5.21) holds for ¢ > 0. Moreover, for any
given Average Dwell Time switching sequences Syuq[7*, No|, we can always find
d < 0 such that |d| < 7*¢; therefore the constraint (5.31) makes sure that for the

given switching sequences we have

V(x(t)) < e™V(a(ty)) + Xa(lr(to)])
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at every switching time ¢y3. So V/(z) turns out to be a candidate exponential
Lyapunov function for the closed-loop system, and according to [30, Corollary 1]

the closed-loop system is ISS over S,,4[7*, No|. H

Remark 5.3.1. It should be noted that choosing a large Xy € K in (5.31) leads
to large ISS gain of the closed-loop system. Since the ISS gain of the system is
larger than max {X;, A} in (5.21)-(5.22), one may choose X, in (5.31) no larger

than &) in (5.25).

Remark 5.3.2. When the process model (5.3) includes exogenous inputs such as
measurement model and/or input disturbances, the results of Theorems 5.3.1 and
5.3.2 are still true for an input that includes the reference signal as well as these
additional exogenous inputs. In this case, we would have to select X; to make sure

that (5.21)-(5.22) hold for a more general input.

5.4 Simulation Results

In this section, we show simulation results for a closed—loop system that

switches between two controllers for a MIMO flexible beam. The following equa-
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tions approximately model the flexible beam described in [61]:

0 031 0.79 107 1 0 0 0
0 —025  —0.58 —08 0 1 0 0
0 —0.01 —0.5 011 0 0 1 0
0 0 —0.01 ~125 0 0 0 1
A=
0 22465 1457.28 41698 0 0.31 0.79  1.07
0 —181.05 —1101.27 —3151.13 0 —0.25 —0.58 —0.8
0 —2649 —636.68 —491.65 0 —0.01 —0.50 —0.11
0 —959 —62.23 —3941.2 0 0 —0.01 —1.25
)
B=100 0 0 4348 —32.86 —5.13 —1.86]
_1.13 166 —1.35 113 0 0 0 0_
,
C=10 0 0 0 1000 D:[OOO}
0 194 —17.9 —31.02 0 0 0 O

where the input of the system is the torque applied at the base, the first output
denotes the tip position of the beam, and the other outputs are base angular
velocity and strain gauge measurement, respectively. This system is unstable and
contains several lightly damped modes that can be easily excited by controller

switching.
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= — = Complete reset of xQ - "', = = = Complete reset of xQ
— Optimal choice of reset map 301 C Optimal choice of reset map|-
0 1 ' Continuous evolution of xQ
251
-1r R s
20+ - = -
c c Continuous Evolution of xQ~_. .
O -2r O s : Q\
= = O ’
%) . . %)
O -3t First switch o 10
o o
r 51 :
—ab : . .
e - \ 0,\ E /Optlmal Choice
) :
-5t b Second switch 7 sl <7
o ‘ _Complete Reset of xQ
0 2 4 6 8 i 10 12 14 16 18 _100 2 4 6 8 . 10 12 14 16 18
Time Time
(a) Switching times: 5 and 10 sec (b) Switching times: 5 and 10 sec

Figure 5.4: Transient responses for the multicontroller proposed here and for
the two alternative multicontrollers proposed in [32] (for R = I and W, K, T = 0).
The plots show the transients due to two control switchings at times 5 and 10
sec. The optimization intervals are [5,10] and [10,30]. In Fig. (a) The “Optimal
Choice” and “Complete Reset of zg (g = 0)” are shown, while in Fig. (b) the
“Optimal Choice” and “Complete Reset of zg” are compared to the “Continuous
evolution of xg (g =1)".

The model used for the flexible beam has a stabilizable and detectable state
space realization with two poles at the origin. The two controllers to be used in

the feedback loop are given by

K =10.01 500 31.89 9568 0.05 —0.05 —0.25 —0.16
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-0.96 1.00 —0.16-
033  —0.75  0.49
—0.01 -012  —0.08
0.00  —0.04 —0.01
L =
—0.02 43477.88  1.96
0.95 —32856.38 —1.64
—0.07 —5126.38 —0.46
—0.00 —1856.68 —0.06
_—93.54 80.17 —6.60 —78.19 58.41-
—9.91 —77.52 —93.03 28.72 —77.20
Ar=1| 240 333 —4658 17.18 —15.50
1470 11.36  —11.71 —34.01 35.16
999 772 —7.96 14.27 —31.10
——20.67 —22.03 —57.02 —44.77 —8.23—
—30.67 —99.46 —84.03 —62.60 61.91
Ay= 11205 1541 —53.98 —90.30 58.64
2099 2667 —270 —57.13 4.79
3296 41.88 —4.16 291 —51.50
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3.11 —=5.66 —4.11 1.87 —1.88 —1.24
-9.68 0.86 —4.03 5.64 262 —-1.12
By = |-879 —7.09 —155 By =893 —158 0.39
2.09 =541 —-5.67 10.26 4.18 —0.59

—7.62 499 0.52 —7.18 5.57 —0.66

¢ = [—1026.96 —8164.16 —10168.89 8722.19 —6697.03]
Cy = {45.60 903.46 609.30 2830.85 —3604.13]

Dy = [—1446.62 —467.20 278.67} Dy = {—635.44 —244.67 —30.62}

These controllers are chosen to decrease the settling time with a reasonable
amount of overshoot and to limit the torque in step response. The first controller

requires smaller torque while the second one is faster but needs a larger torque.

Figure 5.3 depicts the result of numerical simulations illustrating how vary-
ing the length of the optimization interval may influence the system’s behavior.
We can see that the transient response improves as we increase the length of opti-
mization interval. Figure 5.4 (a) illustrates that we can achieve significantly better
performance with the multicontroller proposed here than with the multicontroller

proposed in [32], which simply sets the left-hand side of (5.12) to zero. In Figure
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5.4 (b), the results shown in Figure 5.4 (a) are compared to the case that there is

no reset in the controller state.

Figure 5.5 shows the impact of using the reset map (5.17) instead of (5.12) in
the presence of persistent noise and disturbance. As suggested in Remark 3.1, we
selected the matrix L to minimize the steady-state mean-square error between

and Z.

Using the results of Theorem 5.3.1, we could show that the closed-loop sys-
tem with reset map (5.17) remains ISS for average dwell time switching sequences
Savg|T, No] with 7 as low as 107'% . Since matrices associated with (5.17) are
computed offline, one can initialize the controllers by performing matrix multipli-

cations at switching times.

T T T T
- - —reset map with estimated X

reset map with estimated é and white noise

Position
N

Figure 5.5: This plot illustrates the impact of using the reset map 5.17), instead
of the optimal map (5.12), in the presence of persistent measurement noise. The
solid line shows the output trajectory when the output measurement is excited by
a white noise with power 0.01. There is a switching at ¢, = 3.
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5.5 Conclusion

In this chapter, we showed that by finding optimal values for the initial con-
troller state, one can achieve significantly better transients when switching be-
tween linear controllers for a not necessarily asymptotically stable MIMO linear
process. The initialization was obtained by performing the minimization of a
quadratic cost function of the tracking error, controlled output, and control sig-

nal.

By suitable choice of realizations for the controllers, we guaranteed input-to-
state stability of the closed-loop system when the average number of switches per
unit of time is smaller than a specific value. If this is not the case, we showed that
ISS property can be achieved under a mild constraint in optimization. A direction
for future research is to consider the order of controller realization as a degree of
freedom to guarantee closed-loop stability and to improve transient performance.
Moreover, we assumed that the switching signal o(t) was provided externally
however, in future, one may add a criterion for selecting appropriate switching
times in the minimization of J in (5.11). In many applications of switching control,
destabilizing controllers are sometimes (temporarily) placed in the feedback loop.
Such scenarios, which are not allowed here, are also an important direction for

future research.
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Moreover, as an important direction for future research, we would like to com-
bine the idea of controller initialization (in this chapter) and the LQR problem of

stochastic hybrid systems (Chapter 4) to get the best overall performance.
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Appendix A

Concepts in Probability Theory

In this section, we summarize some concepts related to probability theory that

we use throughout this dissertation. More details can be found in [56, 16].

Definition A.0.1 (Convergence with probability one). Let X,, be a sequence of
random variables on a probability space (€2, F, P). The sequence X, converges

almost surely or almost everywhere or with probability one or strongly towards X

if

P(hm anx)zl.

n—o0

This means that the events that X,, does not converge to X have probability
zero. For generic random elements X, on a metric space (5,d), almost surely

convergence is defined similarly:

P (w €0 d(X,(w), X(w) =X o) ~ 1.
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Theorem A.0.1 (Monotone Convergence). If X,, and X are non-negative random
variables on a probability space (0, F, P) such that X, T X with E{X} < oo then

for any sub o-field & in §,
E{X, &} 1 E{X |6}.

Theorem A.0.2 (Dominated Convergence). If X,, X and Y are random vari-
ables on a probability space (2, F,P) such that Y is integrable (E{Y} < o0),
| X,| <Y for all n and X, — X almost surely then for any sub o-field & in

S§, X is integrable and
lim E{X, |8} = E{X |&}.
n—oQ
A special case is bounded convergence in which Y is a constant.

Theorem A.0.3 (Properties of conditional expectations). In the following state-
ments, whenever the equality of random variables is used it is understood in the
almost sure sense. Consider a probability space (2, F, P) and suppose & and $

are sub o-fields of §:

1. If X s &-measurable, then
E{XY |6} = XFE{Y |&}.
2. If & C 9, then

E{E{X |9} |6} = E{X|&}.
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3. If o(X) and & are independent, then

E{X|®} = E{X}.

Lemma A.0.1 (Borel-Cantelli). For events {A,} such that Y P (A,) < oo, we

have
P({w : we A, for infinitely many n}) = 0.

A related result, sometimes called the second Borel-Cantelli Lemma, is a partial
converse of the first Borel-Cantelli lemma. The lemma states: If the events {A,}
are independent and the sum of the probabilities of the {A,} diverges to infinity,

then the probability that infinitely many of them occur is one.
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Piecewise-Deterministic Markov
Processes

The model that we used for stochastic hybrid systems with renewal transitions,
whose formal definitions can be found in Section 4.1 was introduced in [6], and is
heavily inspired by the Piecewise-Deterministic Markov Process (PDPs) in [16]. In
a PDP, state trajectories are right-continuous with finitely many jumps on a finite
interval. The continuous evolution of the process is described by a deterministic
flow whereas the jumps can occur at random times. In this section, we provide a
simplified version of the PDPs defined in [16], since we do not allow the process

to have deterministic jumps.

We consider state variable z and ¢ to be in R™ and S, respectively where S
is a finite set. During flows, the continuous state x(¢) evolves according to the
vector field f(x,q), whereas the discrete state q(t) remains constant and changes

only with jumps. For a fixed ¢ € S, we denote by ¢(t; z, q) the continuous flow
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at time t defined by the vector field f(.,q) and starting at x at time 0. The
conditional probability that at least one jump occurs between the time instants ¢

and s, 0 < s < t, given x(s) and q(s), is

1-ep (= [ A0l = sixtshatoate) dr)

where the non-negative function A\(x, q) is called jump rate at (x,q) € R" x S. At
each jump, the state X := (x,q) assumes a new value distributed according to

the jump kernel Q. Namely, if {t;} denote the sequence of jump times, then
P (X(tk) cA|X(t;)= X) =Q(X,A)

for some A € B(2). Under the standard Assumption B.0.1, it is proven in [16]

that the defined PDP is a strong Markov process.

Assumption B.0.1.

1. x — f(z,q) is locally Lipschitz for each ¢ € S and the solution admits no

finite escape time.

2. X\ : R*S — RT is a measurable function such that map ¢t — \(¢(¢;z, q), q)

is locally integrable.
3. The probability kernel @ is such that Q(X,{X}) =0 for all X € R* x S.

4. Ex[Y peoIp<p) <ooforallt>0and X € R" xS.
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The eztended generator of the PDP was first characterized in [16]. For path-

differentiable function h, define the operator (extended generator)

d
Dyh(z,q) == ah((é(t;%@a@ =0 -

The characterization of the extended generator is given in [16, 26.14] which is

stated in the following Theorem.

Theorem B.0.4. The domain of the extended generator of the PDP X consists

of all measurable functions h that satisfy
1. The map t — h(o(t;x,q),q) is absolutely continuous for all (z,q) € R" x S

2. The process

> (X () = h(X(t))
t<t
15 locally integrable.
The extended generator is given by
Lh :=Dyh(z,q) + \Qh — Ah

for a function h in the domain of the extended generator and

Qhly) = / h()Qy, ds).

143



Appendix C

We use the (conditional) probability density functions of the inter-jump inter-

val to show that
) tAty
S B e ™ Tuangunh (Xo(t7) } = E- { | e e xote) dt}
k=1

+ZEZ{/t e (Ao (X)) dt}. (C.1)

Atg_1
From the construction of the SHS, V¢t € (t;_1,00) and k > 1, the probability
density functions of the event (t; < t) conditioned to the natural filtration §,_,

is given by

d
fk<t|{§tk_1) = %P(tk < t|gtk—1)

d
= —Phy_1 <t —t)_
Sy < ¢t )

_ dFCl(tkfl) (T(t))
dt

= AQ(tkfl)(T)(l - FQ(tkfl)(T))

= )\Q(tkfl) (T)E{Itk>t |Stk—1 }
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from which we conclude

E{Tgengme " h (Xo(ty)) 86, }
To(tk_1 _
= Lixgelnt@) atten) oot (X (1)) fi(t1e,,) dt

- I(XQ(tkfl)EIIlt(Q)) tﬁf?itkil) e PH(hA) (X(1)) E{Le, >l S, } dt (C.2)
=E {I(mtk_l)dnt(@)) AT b (BN) (X () Tey o dt\gtm}
= E{ Ty petntion) oy 7 e () (X (1) dfe,, |

with (hA)(z, 7, q) :== h(x,T,q)A\,(7). Here Ti(tx—1) denotes the first time that the

solution of the system leaves the interior of ) after the jump t,_;. Moreover,

since Vt € [tk—la te A TQ(tk_l)],

X(t) XQ(tk_1) S Int(Q)
Xo(tr-1)  Xg(tg-1) € Int(Q),

we can re-write the right-hand side of (C.2) compactly as

E {Tpanomne " h (Xo(ty)) 186, } =

E{/t k e "(hA)q (Xq(t)) dtl&k_l} (C.3)

A 7]
with (hA\)g(x, T, q) == h(x,7,¢)A\,(7) inside Q7 and zero otherwise. Similarly for
vVt € (0,00) and k = 1, conditional probability density functions of the event

(t; < t ) given the initial condition z = (x,7,¢q) € R" x [0,T,) x S can be
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computed as

fi(tlz) = %P(tl < t|z)

i < gy - ST

MDY = Fyr(0) = A () E{L ]2
from which we obtain
E. {Toengume " h (Xq(t7)))
Tty | T e (X)) (1)) di
=1L .cnt(o) /0 o e ?(hA) (X(t)) E{T,e| 2} dt
B {I(Zdnt@)) /0 T ) (X () Ly dt} (C.4)
= E; {I(zdnt(Q)) /0 o e (hA) (X (1)) dt}
B { [ e (Xo(t)

Combining (C.3) and (C.4), the left-hand-side of (C.1) can be written as

> B A{e M penomnh (Xo(ty)) } = Efe ™ Tuanouph (Xo(tr)}}
k=

+ Y EAE{e " Tpanounh (Xo(ty)) 18} }

k=2

tAty 0 tAty
— E, { / e (h\)oXo dt} +) E.QE / e (h\)oXg dt|e,
0 k=92 tAtp—1

— B, {/Oml e (h\)g (Xo(t)) dt +§:EZ {/tmk e (h\)o (Xo(t)) dt}.

Atg—1
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