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Talk outline

1. A model for stochastic hybrid systems (SHSs)
2. Examples:
1.  network traffic under TCP (see paper !)
i1. networked control systems
i11. chemical reactions
3. Moment dynamics & truncations
4. Back to examples ...
1.  network traffic under TCP (see paper !)
11. networked control systems (see paper !)

11. chemical reactions



x — p1(T)

stochastic /\

diff, equation ™.

v sl x ~ pale transmon intensities
(probability of transition
T — ©o(T) ininterval (¢, t+dt])
reset- maps
q(f) € ©={1,2,...} = discrete state

x(t) € R” = continuous state

. w = Brownian motion process

Continuous dynamics:
= f(g,z,?) + g(q,z,t)w

Transition intensities:
)\K(anvt> KG{].,...,?TL}

Reset-maps (one per transition intensity):
(g, ) — ¢e(q,x,t) tedl,...,m}



Example I: Estimation through network UCSB

process state-estimator
T = Az + Bu|  white noise T = Az
disturbance Y
ty
x(t
encoder Ll) —x(tZ)_ M--@
S network o
for simplicity:

« full-state available

* N0 measurement noise
* N0 quantization

* no transmission delays

encoder logic = determines when to send measurements to the network

1. keep track of remote estimate &

2. send measurements stochastically

3. probability of sending data increases as & deviates from x

decoder logic = determines Zow to incorporate received measurements

4. upon reception of x(ty), reset Z(tx) to x(tg)



Example I: Estimation through network UCSB

process state-estimator
T = Az + Bu|  white noise i = A%
disturbance Y
ty
t
encoder ail) —x(tZ)_ ”--@
S network o
for simplicity:

« full-state available
* N0 measurement noise
* N0 quantization
* no transmission delays
Error dynamics: e:=z — %
Ae) dt prob. of sending data in (¢,t+dt]
depends on current error e

e — (0 reseterrorto zero



Example I: Estimation through network UCSB

process state-estimator
T = Az + Bu|  white noise i = A%
disturbance Y
T
x(t
encoder = —x(tz) H--@
M
with:
* measurement noise
* quantization
* transmission delay
error at encoder side

A€enc(t)) dt prob. of sending data in (¢,t+dt]

based on data sent depends on current encoder error e__

...................... éenc — Aeenc _|_ B?j]
P AN édec j— Aedec _I_ BU'J

€onc(t) — v reset error to nonzero
error at decoder side random variables

| €dec(t +T) — 1
based on data received

Xu, JH, Communication Logic Design and Analysis for NCSs, ACTRA'04



Decaying-dimerizing chemical reactions (DDR):

¢ G

Z1 population of species S,

T2 population of species S,



Decaying-dimerizing chemical reactions (DDR):

C
Cq Cy 3
—>
C4
C1$1dt C3q (.2131 — 1)dt
SHS model B
c=k,
c,=k,
C :k ......... .
L lexl_l x2|—>x2—|—1 4 4
popuiation of reaitlon
species S; ... rates
: : T1 T+ 2
To+— To — 1
“population of
............. Cotadt cqodt species S,

reaction rates

Inspired by Gillespie’s Stochastic Simulation Algorithm for molecular reactions [Gillespie, 76]



Analysis—Generator of a SHS

= flazt) +9(g, 2t Ae(q; @, ) (¢:2) = delq™, 27, 2)

continuous dynamics o B
transition intensities reset-maps

Given scalar-valued function ¢ : @ X R* x [0,00) =& R

J— generator for the SHS

d E[Y(q,z,t)] = E [(L¢)(q,x,t) Dynkin’s formula

dt (in differential form)
where
(Iﬂp)(q, x, t) — aw (C], T t) 8_¢ ............................................................................................ Lie derivative
ox ot . L
Instantaneous variation
/R
_I_ Z ( ¢£ q’ x t ) w(Q7 x’ t)) )\E(q’ x, t) ......................... reset term
intensity
1 021 e
_|_ 5 trace (g(q, €T t) a 5 g(q’ €T t)) ................................................................. d|ffu3|0n term

L completely defines the SHS dynamics



Analysis—Generator of a SHS

& = f(q,z,t) + g(q, x, t)w Ae(q, z,t) (¢, %) = ¢elq™, 2™, %)
f

A SHS 1s called a polynomial SHS (pSHS) if 1ts generator maps finite-order
polynomial on z into finite-order polynomials on x
Givq Typically, when

= f(g,z,t) == g(gz,t) = Mlgz,t) x> ¢u(q,,1)
are all polynomials V ¢, t

(In ditferential form)

where
(L¢>(q, xz, t) = a_w (q’ x, t) + 8_¢ ............................................................................................ L|e denva’uve
ox ot . -
Instantaneous variation
m - /R
+ Z (w (¢£(q’ T, t)’ t) — w(q’ x, t)) )\£<q’ x, t) ......................... reset term
£=1 intensity
1 o e
+ 5 trace (g(q’ X, t) @g(q’ x, t)) ................................................................. diffusion term

L completely defines the SHS dynamics



x(t) € R” q(t) € O={1,2,...}

continuous state discrete state
Monomial test function: Given ¢§g€ Q m = (m1,ma,...,my) € N,
gm) (q x) — 5671”11'72"”'2 e e xzfl’n q — q_
¢ 0 q # q,
Uncentered moment:

uIM () = E [0S (q(t), 2(t))]

For polynomial SHS...
m d m
g™ = = 4 El M (g@)] ZE[(Lwé ¢, } Zamq

linear moment dynamics



Decaying-dimerizing molecular reactions (DDR):

C
Cy Cy 3
Cq
264 —C3 0 0 1 [p®0]
—C4 — C2 = 0 0 1O
CQ 0 0 0 (2,0)
dey —2c1 + 4cs 0 dey u(o 2
C4 + Co Cgs —2¢q4 — 2¢9 —C3 2
—2c¢4 —% 2C4 —C] + €3 —Cq — C2 | _M(l’l)_
0
|
(2,1)
M
C3

W = Blay] p0 =Bl p®0 =Bl
pO =Elro] p®? =E@3]  p*Y = Elria]
/J,(l’l) = E[:}Slxg]



Infinite-dimensional moment dynamics

For polynomial SHS...
,U((j ):EE[ é )(q,m)]:E[( ( ) } Zazﬂ( i)

linear moment dynamics

Stacking all moments into an (infinite) vector g

infinite-dimensional linear ODE

Often a few low-order moments suffice to study a SHS !



Infinite-dimensional moment dynamics

For polynomial SHS...
,U((j ):EE[ é )(q,m)]:E[( ( ) } Zazﬂ( i)

linear moment dynamics

Stacking all moments into an (infinite) vector g

infinite-dimensional linear ODE
In DDR...
_u(lso)- N\
(2.0) lower order _ )
i moments of interest = Ap+ B -,
R e Iy | approximated by
L21) " that affect & dynamics




Truncation by derivative matching UCSB

infinite-dimensional linear ODE

/loo — Aoo,“oo
(= Au+ Bl v = Av + Byp(v)
truncated linear ODE nonlinear approximate
(nonautonomous, not nec. stable) moment dynamics

Assumption: 1) p and v remain bounded along solutions to

floo = Acolloo and U = Av + By(v)

2) ftoo = Acolleo is (incrementally) asymptotically stable

k k
Theorem: V5>0 INstif $A_4v g a

dtk dek’
then class KL function
() = vl < Bllu(to) —v(to)ll,t —to) +0, Yt =19 20
Proof idea:
1) N derivative matches = u & v match on compact interval of length T°
2) stability of A__ = matching can be extended to [0,00)

Disclaimer: Just a lose statement. The “real” theorem is stated in the paper



Truncation by derivative matching UCSB

infinite-dimensional linear ODE

® Given &, finding N is very difficult
© In practice, small values of N (e.g., N=2) already yield good results
© Canuse " "
L v
= Vke {1,...,N
dtk  dtk’ € L., N}

Assu] to determine @(-): k=1 — boundary condition on ¢

k=2 — linear 1% order PDE on ¢

—

Theorem: V o0>0 d Ns.t.if d* — d*v Vk € {1 N}
. L. TF = Qi s
then class /CL function
() —v@)|| < B(1[uto) —v(to)ll,t —to) +6,  VE=19 20
Proof idea:
1) N derivative matches = u & v match on compact interval of length T°
2) stability of A__ = matching can be extended to [0,00)

Disclaimer: Just a lose statement. The “real” theorem is stated in the paper



Truncated DDR model

Decaying-dimerizing molecular reactions (DDR):

C
Cl C2 3
S, — 0 S, = 0 28, =2 S,
C4
[ (140} [—c1 +c3 2¢4 ~043 0 0 1 [p®0]
PACRY —is —C4 — C2 - 0 0 1, 0)
: 0 Co 0 0 0
- (0,2) c1 — 2cs3 dey —2c1 +4c3 0 4ecy 0.2)
il —& C4 + C2 %3 —2c4 — 2¢ —C3 R
A e —2¢4 —Eh 2¢4 —c1+c3—ca—cz| |phY]
5 -
0 0 (,u.(?-“) )3
e _263 0 |:;1(2‘()1L)L((1:()1,1) )2] by matChmg
C3 GV RNEN) dk'u dk v
-1 ak T Qe Vk € {1,2}

for deterministic distributions
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Fast time-scale
(transient)

(lines essentially
undistinguishable
at this scale)

Parameters from: Rathinam, Petzold, Cao, Gillespie, Stiffness in stochastic chemically reacting
systems: The implicit tau-leaping method. J. of Chemical Physics, 2003



Slow time-scale
evolution

3.5 4 4.5 5

populations standard deviations

I T I

error only noticeable when
populations become very small
(a couple of molecules,
still adequate to study cellular
reactions)

Parameters from: Rathinam, Petzold, Cao, Gillespie, Stiffness in stochastic chemically reacting
systems: The implicit tau-leaping method. J. of Chemical Physics, 2003



Conclusions

1. Polynomial SHSs find use in several areas
(traffic modeling, networked control systems, molecular biology)

2. The analysis of SHSs is generally difficult but there are tools available
(generator, Lyapunov methods, moment dynamics, truncations)



