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1. INTRODUCTION

Noncooperative game theory deals with the problem of
determining the best strategy for multiple decision makers
(usually called players) in a way such that each agent
pursues his own objective that can be possibly conflict-
ing with the others (Myerson, 1991). Such a framework
has attracted recent interest for economic aspects such
as electronic commerce (Guttman et al., 1998), selfish
routing in networks (Roughgarden, 2005), and algorithmic
mechanism design (Nisan and Ronen, 1999). The concept
of solution in such a scenario, in which multiple objectives
are minimized at the same time, is not intuitive. Among
the first proposed concept of solution (Borel, 1921; von
Neumann, 1928; von Neumann and Morgenstern, 1944),
the so called Nash equilibrium (Cournot and Fisher, 1897),
is one of the most ubiquitous in the game theory literature.

In this paper, we consider the class of two—players games
in which the set of actions (usually called pure strategies)
of each player is finite, usually known as bimatriz games
(Lemke and Howson, 1964; Mangasarian, 1964). A mized
strategy for such games is a collection of non—negative
numbers, which have unit sum and are in one to one cor-
respondence with pure strategies, with the understanding
that each of this number corresponds to the probability
that the player uses the corresponding action (Aumann
and Hart, 1992). In Nash (1951), it is proved that every
finite game has an equilibrium point in mixed policies,
while in Mangasarian and Stone (1964), it is shown that,
for such games, a point is a Nash equilibrium if and only
if it is a solution of a single programming problem with
linear constraints and a quadratic objective function that
has a global maximum of zero.

The problem of finding any Nash equilibrium, even for
games involving only two players, has been recently proved
to be complete in the PPAD (polynomial parity argu-
ment, directed version) class (Mehta, 2014; Papadimitriou,
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1992). This fact has leaded to the definition of e-Nash
equilibrium, i.e., a strategy profile such that no deviating
player could achieve a cost lower than the nominal one
minus € (Spirakis, 2015). In Chen et al. (2006), it is shown
that, if ¢ is smaller than a given constant, dependent on
the dimension of the game, the problem of computing
an e-Nash equilibrium of a bimatrix game is still PPAD-
complete. However, by allowing higher values for the con-
stant ¢, it can be shown that an e-Nash can be computed
in polynomial time (Kontogiannis et al., 2006).

Due to the high computational complexity of the available
algorithms to obtain Nash equilibria, it seems of interest to
deal with an inverse problem, i.e., to fix a bimatrix game,
whose Nash equilibria are known, and to compute a set of
bimatrix games that admit the same Nash equilibria. Such
a goal is pursued here, considering strategically equivalent
games (Basar and Olsder, 1999). This objective is reached
by characterizing the set of all the polynomials that
are monotone strictly increasing in a given interval and
by solving, through computational algebraic geometry, a
set of equalities involving these polynomials. It is worth
to remark that similar techniques have been used in
Possieri and Sassano (2015, 2016) to characterize the Nash
equilibria of linear and nonlinear dynamical games.

2. BIMATRIX GAMES

Consider a two—player game G in which two players Py
and P, are allowed to select policies within action spaces
I'y and T's (Hespanha, 2016). Letting v € T'y, o € T'5 be the
actions of the two players, the task of player P;, i = 1,2,
is to minimize the cost function

GZ' Iy xT'y — R,
without caring of the cost function of the other player.

Note that, however, the two cost functions may be con-
flicting, leading to a competitive game.

A pair of policies (v*,0%), with v* € T'; and 6* € T3 is a
Nash equilibrium of the game G if
G1(7*7 U*) < Gl (’770—*)7
Gg(y*,()’*) < GQ(’Y*vU)v

vy eI,
Vo € I's.



A pure bimatriz game is a game where the action spaces
of the two players are finite, i.e., I'y = {1,...,m} and
'y ={1,...,n}, myn € Z, m > 1, n > 1. The outcomes
for the two players can be identified, in such games, by
two matrices A%, B¢ € R™*" such that

aff = Gi(i,j), i=1,...,mj=1,..,n,
bij = G2(i7j)7 i=1,...,mj=1,....n,
G

where af’ (respectively, bg) denotes the (7, j)—th entry of

ij
the matrix A® (respectively, BY). With such an encoding,
the actions of players can be identified as

P, selects a row of the matrices A% and B,
P, selects a column of the matrices AY and BY.

Bimatrix games also admit mized policies, in the sense that
Py (respectively, P») chooses a probability distribution on
the selection of the rows (respectively, columns) of the
matrices A9 and B€. In this framework, a mized policy for
Py isam—tuple (y1,...,ym)such that y; > 0,i=1,...,m,
and Y ;" y; = 1, where y; is the probability that P; uses
the action 7, 72 = 1,...,m. The set of all the mixed policies
for P is denoted ). On the other hand, a mized policy for
P is a n—tuple (z1,...,2,) such that z; >0, j=1,...,n,
and > ", z; = 1, where z; is the probability that player
P; uses the action j, j = 1,...,n. The set of all the mixed
policies for Py is denoted Z. When dealing with mixed
policies, a pair of policies (y*,z*), withy € Y, z € Z is a
mized Nash equilibrium if
(y*)TAGZ* < yTAGZ*,
(y)"B2" <y B9z,

Yy €,
Vz e Z.

In Nash (1951), it is proved that every bimatrix game
has at least one mixed Nash equilibrium. Moreover, in
Mangasarian (1964), it is shown that (y*,z*) is a Nash
equilibrium if and only if it is a solution to
minimize y ' (A% + B)z — p — ¢ subject to:
A9z 2 pl, (B9 Ty>ql, (1)
yeyY, ze€2Z,

where > denotes the entry wise inequality >, and 1 denotes
a vector of ones. Additionally, the minimum of the cost
function in the problem given in (1) is exactly zero.

Consider two generic games G and H, with the same
actions spaces I'; and I's, and such that:

e Gi(v,0) and Ga(y,0) are the outcomes in the game
G for player P; and P, respectively.

e Hy(y,0) and Hy(v, o) are the outcomes in the game
H for player P; and Ps, respectively.

The games G and H are weakly strategically equivalent
if there exists two monotone strictly increasing scalar
functions ¢ and 1 such that, Vv € I'y,Vo € I's,

Hl(Va 0) = ¢(G1(770))7 HQ(’Y?CT) = 77[}(G2(770'))'

By Lemma 9.1 of Hespanha (2016), if G and H are strate-
gically equivalent, they have the same Nash equilibria in
pure policies. If, in addition, the games G and H admit
the same Nash equilibria in mixed policies, then G and
H are said to be strongly strategically equivalent. The
following theorem characterizes weak and strong strategic
equivalence for bimatrix games.

Theorem 1. Let G be a bimatrix game identified by
matrices A%, B¢ € R™*" and let H be a bimatriz game

identified by matrices A", BH
i) If there exist monotonically strictly increasing functions
¢, such that fori=1,...,m, j= ...,n,

af; = ¢(ajj), b =v(}), (2)
then G and H are weakly strategically equivalent.
it) If, in addition, the functions ¢ and 1 are affine, G and
H are strongly strategically equivalent.

One of the main objectives of this paper is formalized in
the following problem.

Problem 1. Let a bimatrix game G, identified by matri-
ces A® and B¢ be given.

(1) Find a family of games F,,(G) such that every game
G € Fn(G) is strongly strategically equivalent to G.

(2) Find a family of games F,(G) such that every game
G € F,(Q) is weakly strategically equivalent to G.

If one is able to solve Problem 1(1), one obtains a set
of games that, by Theorem 1.ii), have the same Nash
equilibria of G' in mixed policies. On the other hand if one
is able to solve Problem 1(2), one obtains a set of games
that, by Theorem 1.i) and Lemma 9.1 of Hespanha (2016),
have the same Nash equilibria of G in pure policies. This
feature is practically desirable in the process of designing of
bimatrix game, because, by computing such families, one
can design games with desired Nash equilibria, either in
pure or in mixed policies, by computing the Nash equilibria
of a single bimatrix game. Note that the families F,,(G)
and F,(G) are nonempty, because they contain G.

Hence, by letting G be a game having Nash equilibria
(yr,2), I = 1,...,L, by solving Problem 1(1), we can
compute a family of games that have (v, 2f),l=1,...,L,
as Nash equilibria in mixed policies. On the other hand, by
letting A and B be two matrices such that there exist pairs
of indexes (i}, jf), 1 =1,..., L, such that aixjr < a;jx and
birjr < birj, for all i,j, then, by solving Problem 1(2),
we can compute a family of games that have (i}, j}),

l=1,...,L, as Nash equilibria in pure policies.
Example 1. Consider the bimatrix game G defined by
¢ _|—21 ¢ _|—-13
A_{Ol’ B—272. (3)

By solving the problem given in (1), one has that
{(1/2,1/2),(1,0), (0,1)} is the set of all the Nash equilibria
in mixed policies of game G. On the other hand, it can be
easily checked that {(1,1),(2,2)} is the set of all the Nash
equilibria of game H in pure policies.

Hence, by solving Problem 1(1) with respect to G, one can
obtain a family of games that have (1/2,1/2),(1,0),(0,1)
as Nash equilibria in mixed policies, without actually
computing the Nash equilibria of these games. On the
other hand, if we are able to solve Problem 1(2), one can
obtain a family of games that have the pairs (1,1) and
(2,2) as pure Nash equilibria. A

3. ALGEBRAIC GEOMETRY NOTIONS

In this section, algebraic geometry notions are recalled fol-
lowing the exposition in Cox et al. (2015). These concepts
are used in Section 5 to compute a solution to Problem 1.

Let # = [z1 --- ,]. Let K be a field (in the following
either R or C). Let K[z, ..., x,] (briefly, K[z]) denote the



ring of all the scalar polynomials in x with coefficients in
K. Given a set {p1, ..., ps} of polynomials in K[z], the ideal
generated by pi,...,ps is

(p1,.--,psy :={q:3h; € Klz] s.t. ¢ = Zle hipi};
while the affine variety defined by p1,...,ps is the set
Vpi,...,ps) ={z € K" :pj(z) =0,j=1,...,s}

Given an ideal 7 in K[z], the affine variety of T is
V(IZ)={zeK":px)=0,Vp eI}

Let Z> denote the set of all integers greater than or equal
to zero. Let Z%, denote the set of all the n-tuples a =
(a1,...,0n) such that a; € Z>p, @ = 1,...,n. Define the
set of monomials 2 = 27" -+ -z, a € Z%,. A monomial
order on K[z], denoted >, is a total, well ordering relation
on the set of monomials x®. The lexicographic monomial
ordering (briefly, lex order), denoted >y, is defined as:
% >, 2% if the first nonzero entry of a — 8 := (a1 —
By, — Br), is positive.

Let a monomial order on Klz] be fixed. The leading
monomial of a polynomial f € K[z], denoted LM(f), is the
largest monomial appearing in f, while the leading term
of f, denoted LT(f) is the term cx®, where x® = LM(Jf).
Given an ideal Z in Klz|, a finite set G = {g1,...,q1} CZ
is a Groebner basis of T if (LT (¢1),...,LT(g;)) = (LT(Z)),
where LT(Z) = {cx® : 3f € Z such that LT(f) = cz“}.

Let K denote the algebraic closure of K, i.e., the algebraic
extension of K that is algebraically closed (for instance,
R = Cand C = C). By Zorn’s Lemma, it can be shown that
every field has an algebraic closure and that the algebraic
closure of a field is unique up to an isomorphism that fixes
every member of K (Atiyah and Macdonald, 1969). Let 7

be an ideal in K[z] and let Vie(Z) C K" be defined as
V(@) ={z € K" : ¢(z) =0, Vg € T}.

Let Z be an ideal in K[z]. The j-th elimination ideal of T
is Z; := ZNK[zj41,...,2,]. The following two theorems
are well known (Cox et al., 2015, Ch. 3, Thm. 2 and 3)
and states the triangularization property of any Groebner
basis and how a Groebner bases can be used to compute
solutions to systems of polynomial equalities.
Theorem 2. Let an ideal T in K[z] be given and let G
be a Groebner basis of T according to the lex order with
Ty >¢ Ty >¢ ... >¢ Ty. Then, for every j € {0,1,...,n},
a Groebner basis G; of the j—th elimination ideal of T is
gj = (] n K[l’j+1, e ,xn].
Theorem 3. Let Z = (p1,...,ps) be an ideal in Clz] and
let Iy be the first elimination ideal of Z. For each 1 <1 < s,
let ¢; € Clza,...,xy], ¢; # 0, be such that p; = clxiv +
terms in which x1 has degree striclty lower than N;,  for
some N; > 0. Assume that there exists a partial solution
(Zay...,Tn) € V(T). If (Za,...,Tn) ¢ V(c1,...,cs), then
there exists Ty such that (T1,Z2,...,Zn) € V(I).

4. MONOTONE STRICTLY INCREASING
UNIVARIATE POLYNOMIALS

In this section, necessary and sufficient conditions such
that an univariate polynomial p is monotone strictly in-
creasing in a given interval are stated. These conditions are
used in Section 5.2 to compute a solution to Problem 1(2).

Let p be an univariate polynomial in R[s] and let p’ denote
the derivative of p with respect to s. A polynomial p is
monotone strictly increasing if a > b implies p(a) > p(b).

An univariate polynomial p in R[s] is a sum of squares
(briefly, SOS) if there exist q1,...,qm € R[s] such that
p = >.iv,q. The following proposition is taken from
Marshall (2008) and Menini and Tornambe (2015).
Proposition 1. An polynomial p in R[s] is greater than
or equal to zero for all s in R if and only if it is an SOS.
Moreover, if p is an SOS, then there exists two polynomials
q1,q2 € R[s] such that p = ¢? + 3.

The following technical lemma gives necessary and suf-
ficient conditions for the polynomial p being monotone
strictly increasing on an interval [a, b].

Lemma 1. Let an interval [a,b], with b > a be given. Let
p be an univariate polynomial in R[s] of degree M + 1 and

let p' = Zi\/[:o kis®. Define z € R[r],
Z = (1+1"2)M ;:1:0 /{k(a+(b*a)1:jﬁz)k_ (4)

The polynomial p is monotone strictly increasing in [a, ]
if and only if z is a sum of two squares.

Corollary 1. Let the assumptions of Lemma 1 hold; p
is monotone strictly increasing in [a,b] if and only if there

exist qi :ZkM:O 5ur . qo :ZQ/[:O exr® such that z = ¢? +q3.

Let z be the polynomial given in (4),let 84, d =0,...,2M,
be such that z = Zifo Oqr® and let 4, d =0,...,2M, be
such that 2 := ¢ +¢3 = ZZZO 0474, with q; = Z,I:[:O Sprk,

g2 = Efio err®. Note that, letting kK = [ko -+ km ],
§ = [60 - dm]", € = [€o - em]T, one has that
04 € Rlk], 64 € R[,€], and z = 2 if and only if 6 = 04,
d =0,...,2M, for some k, 0, and e. Moreover, since r

appears in z only with even powers, we have that 6; = 0,
for d odd, d < 2M. Hence, to compute a parametrization
of the set of all the polynomials strictly increasing in [a, b],
we have to compute the solution in k to the system of
algebraic equation g = 04, d even, and g = 0, d odd,
d € {0,...,2M}. Note that 0y = 0, d odd, is a set of
algebraic equation only in d,e. Thus, the solution to this
equations is a set of algebraic constraint on d, e and a set
of expressions of the parameters in k as functions of d, €.

Let 8% := {(m,1) : m,l € Zso,m < M,1 < M,m +1 = d}.
It can be easily checked that, for d =0,...,2M,

00 =3 (m1yest OmOL + €mer. (5)

On the other hand, by (4), one has that the coefficient ky,
in z multiplies, for K =0,..., M, the term

S XL () (atire

Hence, by defining the set R¢ = {(m, 1) : m,l € Z5o,m <
M —k,l < k,2(m + 1) = d}, one has that

0q = Zﬁio Kk Z(m,z)eRg (Mn:k) (];) a"~'of.

Note that 83 = 0 for d odd, because R¢ = ) for d odd.

Hence, to compute a solution to 0, = 04, d even, define
TM c RM+1><M+1, U)M c RM—I—l7

Ty =S maerzeyn (T (V71)al0m7, - (6a)

wi” = E(m7l)632(i—1) Om0i + €mer, (6b)



where TA! is the (i,)-th entry of matrix T and w; is
the i—th entry of vector w, 4,5 =1,..., M + 1.
Proposition 2. Ifb > a, TM is invertible for any M.

By Proposition 2, a solution to the set of equalities
0y = 04, d even, in k is given by k = (TM)"lwM. We
still need to solve éd =0,dodd, 1 < d < 2M — 1,
that is a set of algebraic equalities in the unknowns ¢, €.
Theorems 2 and 3 are the correct instruments to compute
the solution to these inequalities. Namely, by defining
§ [51 o §2M+2] where gl_(sM-‘rl—iai:la"'aM—i_
1, & = eanrt2—j, ] = M+ 1,...,2M + 2. and by letting

:<01a037"'702M—1>7 (7)
in R[¢], let G be a Groebner basis of ZM according to
& >0 & >0 ... >0 Eaprqa. Let IiM be the i—th elimination
ideal of ZM. By Theorem 2, a Groebner basis of ZV is
given by G; = {gi1,9i2,- -+, 9i, } = GORE i1, -+ - Eanrval)-

N.
Let Ci,j € R[fi+27 . ,fg]V[JrQ] be such that gij = ci,jéw’l +
terms in which &1 has degree striclty lower than IV;, for

some N; > 0, j = 1,...,1;. Letting (@42, ...,d2nm42) be
such  that (@i+2, ey a21\4+2) S Vﬁ(Gi+1), if
(@ix2y---,a20142) Vi(ci,-..,ciy,), then there ex-

ists C_Li+1 such that (C_L7;+1,dl'+2,...,621\/[+2) S Vﬁ(Gl)
It is also possible to check what solutions such that

(@i+2, ey @2M+2) S Vﬁ(CiJ, ceey Ci,li) extend to
(Eli+1, Ai42,- .- ,ELQM+2) by deﬁning the ideal J = M +
(¢i1,-.-,c¢i;) and by repeating such a procedure for the

ideal J. Hence, letting 7 be the smallest integer such
that G; # 0, it is possible to iteratively apply this pro-
cedure backward to compute the set of all the solutions in
V=(ZM). Therefore, the set of all the p’ € R[s] of degree
M that are nonnegative in [a, b] can be computed as

/ M k
p = k=0 RS 9

K = (TM)_l’LU]M(f), (8)
5 c Vﬁ(IM) N R2M+2’

where V(ZM) can be obtained with the procedure given
above. Note that the set Vig(ZM) N R*M*2 is nonempty,
since the set {M € R2M+2 . 5, = 0,¢4 = 0,d odd} is a
subset of V(T NRZM+2 because 1f 6q =0,eq =0, then,

y (5), 0y = O7 for d odd. Thus, the set of all the monotone
strictly increasing polynomials p in [a b] is

b= Zk 0 " Rys” (9)
with g = L k=1,...,M+1, Ry € R, k satisfies (8).
Note that technlques sunllar to the ones presented in this
section have been used in Menini et al. (2015) to achieve
dead—beat regulation for mechanical jugglers.

f‘ihl

5. COMPUTATION OF STRATEGICALLY
EQUIVALENT BIMATRIX GAMES

In this section, a procedure to compute a solution to
Problem 1 is given. Note that the conditions of Theorem 1
(namely, the equality relations in (2)) need to hold for n-m
points (namely, the entries of matrices AY and BY). By the
Lagrange interpolation formula (Bakhvalov, 1977), given a
finite set of points P = {31,..., 5} (usually called sample
points), there exists a polynomial p of degree lower than
or equal to m — 1 such that, for any function f : R — R,
p(3) = f(5), 5 € P. In addition, letting m < m — 1 be
the smallest integer such that there exists a polynomial

p of degree m such that p(s) = f(5), for all § € P, one
has that there exists a unique polynomial p of degree m
(called Lagrange form of f with respect to P) such that
p(5) = f(5), for all § € P. The following example shows
that, even if the function f is monotone strictly increasing
in an interval [a,b], the Lagrange form of f may not be
monotone on [a, b].

Example 2. Let f = 3cos(2s) + 7s and [a,b] = [0, 3].
Function f is strictly increasing in [a, b], because f/(s) >
0, for all s in [a,b]. Consider the sample points P =
{0,1.5,3}. The Lagrange form of f with respect to P
is p = —8s2sin® (2) cos(3) + s(4 + 4cos(3) — cos(6)) +
3. Clearly, such a polynomial is not strictly increasing

because p'(s) < 0, for 0 < s < iilii?igff;i?é@

However, by allowing higher order polynomials, we can use
(8)—(9) to compute a strictly increasing polynomial ¢ such
that ¢(5) = f(5), for all 5 € P. Namely, letting M = 2,
one has to compute a solution to

f(§) = Ho+zk melgk Vse P,
= (1%} (f),

(10)

g € Vﬁ(IQ)ﬂRg,
in R, £&. Note that this is a set of algebraic equalities in &

that can be solved by using Theorems 2 and 3. A solution
to this problem is given by

q(s) = 1.066s> — 2.171s? 4 3.878s + 3.

Fig. 1. Functions f, p, and ¢ in Example 2.
Figure 1 depicts the functions f, p, and ¢ in [0, 3]. A

As shown in Example 2, even if there exists a function f
such that 5; > 5; implies f(5;) > f(5;), the Lagrange
form of f may be not strictly increasing. However, by
allowing higher order polynomials, it may be possible to
compute a monotone strictly increasing polynomial p such
that f(3) = p(3), for all 3§ € P, where P is a finite set of
points. By this reasoning, to actually compute a solution
to Problem 1, we will consider only polynomial functions.

5.1 Strongly strategically equivalent games

Let a bimatrix game G, identified by m x n matrices A
and B be given. Consider a game H identified by

AH = [ag]an, BH =

By Theorem 1.ii), if there exist two affine monotone
strictly increasing functions ¢ and v such that

ai; = ¢laij), b = v (b55),
fori = 1,...,m, j = .,n, then the games G and

H are strongly strategically equivalent. Hence, by letting
¢ = ¢o + P18, with ¢1 > 0, ¥ = g + 15, with ¢1 > 0,

(67 )mxn-



we have that H is strategically equivalent to G if, for
i=1,....m,j=...,n,
ali = ¢o + drar;, b =1bo + Pib]}

Note that, by Anderson et al. (1975), the inequality
condition ¢; > 0 (¢; > 0) is equivalent to the equality
condition ¢ w? —1 = 0 (respectively, ;w3 —1 = 0), where
w1 (respectively, wy) is an auxiliary variable. Hence, to
compute a family F,,(G) one has to solve the following
set of algebraic equations:

ag_¢0_¢1a5207 bg—¢0—¢1bg=0’

11
¢1w%_1207 ¢2w§_1:07 ( )
in the variables ag,bg,wo,z/}hgzﬁo,gél,wl,wg. Note that

(11) is a set of polynomial equalities in such inde-
terminates. Theorems 2 and 3 are correct instruments
to solve this problem. Hence, define the ideal Z on

R[ag’bg7w07¢13¢07¢17w17w2]3

T = (a5} — do — drajy, b — o —vib], rwi — 1, dawi — 1),
and compute a Groebner basis G of Z according to aﬁ >y
a{é Sp o >y afm >y bﬁ >y b{IQ Spoe >y bﬁn >y (;51 >y
Y1 >¢ pg >p Yo >p wp >p we. Note that, by Theorem 2,
G N R[we] is a Groebner basis of Z N Rlws], G N Rjwy, wo]
is a Groebner basis of Z N R[wy,w2] and so on. Hence, by
recursively applying the technique given in Theorem 3,
one can obtain the set of all the solutions to (11). The
following example shows how to apply such a procedure
for the bimatrix game given in Example 1.

Example 1 (mixed policies). Consider the bimatrix
game given in Example 1. A Groebner basis of the ideal 7
for this game is G = {g1,..., 910}, With

g1 = w3 — 1 g2 = wigy — 1
gs = by +witho +2w5 gy = by +witho — 2w3

gs = b1y +withy — 3ws  ge = by | +withy +wh
gr = a3y + wigo + wi gs = a5 | +wigo
g9 = ajo+ wigo —wi  gio = ay;+ wigo + 2w3.

Note that we have G N C¢o, 1o, w1, ws] = @, hence V(Z N
C[po, Yo, w1, ws]) = C* is a partial solution. To compute
which partial solution ¢ € C* extends to a solution to our
problem, consider GNC[)1, ¢o, Yo, w1, ws] = g1. By consid-
ering that LT(g1) = w31, we can extend the solution for
wo # 0. Note also that g1 = 0 has not a solution when wy =
0. Consider now GNClg1, Y1, ¢o, Yo, wr,w2] = {g1,92}. By
considering that LT(g2) = wi¢; and LT(gs) = (wie1)eY,
we can extend the solution when w; # 0. Note that,
when w; # 0, there exists no solution. On the other
hand, by considering that LT(gs) = by, LT(g4) = b3,
..., LT(g10) = af’}, we have that the other solutions can
be always extended. Note that the solutions obtained by
applying Theorem 3 are in C. However, once that the set
of all solutions S ¢ C?™"*4 has been computed, one can
easily obtain the subset of real solutions to the system of
equalities, by computing S NR?™"+4, Hence, a solution to
Problem 1(1) for the game given in Example 1 is

2 2 2 2
AH — —¢0W12— 2wy wi —2&)1(2502
—wi o —powy —wy |’

2 _ 2 2 _ 2
pH _ —¢20W2 w2 3ws " Wﬂ/’o2
2ws —withy —ows — 2wy |’

with wi, w2, ¢o,%0 € R, w1 # 0, wa # 0.

5.2 Weakly strategically equivalent games

Let a bimatrix game G, identified by m x n matrices A¢
and B% be given. Consider a game H identified by

AH = [ag]an, BH = [bz]—ﬂmxn
By Theorem 1.i), if there exist two monotone strictly
increasing functions ¢ and 1 such that (2) holds, then the
games are weakly strategically equivalent. Hence, let w 4, =
min; min; Ag, wp = min; min; Bg, WA = Max; max; Ag
and @Wp = max; max; BZ-C; . We can find a family of bimatrix
games H solving Problem 1(2) by computing a set of
functions ¢ and 1 that are monotone strictly increasing
in the intervals (w4, %] and [wg,@g], respectively. By
allowing only polynomial functions of finite grade M,
we can use (8)—(9) to compute a set of bimatrix games
that are weakly strategically equivalent to the given game
G. Namely, we say that two games G and H are M-
strategically equivalent if there exist ¢ and ¢ in R[s] of
degree M + 1 in s such that
a) ag = d)(ag), bg = w(bicj), for all ¢, j;
b) ¢ and 1) are monotone strictly increasing in the intervals
[wa, 4] and [wg, W g], respectively.

Note that, if the polynomial p is monotone strictly in-
creasing in [a, b], then, by the Implicit Function Theorem
(Fleming, 1977), p is monotone and strictly increasing in
[a,b]. In addition, the inverse function p~! is invertible
(Binmore, 1982). Hence, the set of all the games H that
are M—strategically equivalent can be obtained as follows.
Define the ideal Zj; as in (7) and compute the set

= — Vﬁ(IM) ) RZ]VI-‘:—Q’
as detailed in Section 4. Assume that w, # @4 and wp #
g (the case wy =4 or wy = wp is considered at the
end of this section). Define the matrix T4! (respectively,
TAT) by using (6a) with a substituted by w4 (respectively,
wp) and b substituted by %4 (respectively, wg). Hence,
compute pu € RM[¢], v € RM[¢],
p= (LA ™€), v = (T WM ().

Note that T4 and TE are invertible by Proposition 2.
Thus, define polynomials in R[s, £]

9(s,6,01) = e1 + Ly gtk

_ M+1 ve—1(8) K

w(sagch) =c2+ Zk:l kS
where ¢, co are additional parameters in R. Therefore, by
Corollary 1, the set of all the M—strategically equivalent

games to G are the bimatrix games H identified by
matrices A¥ and B¥ such that

ail;l’ = ¢(ag7£7cl)7 bz}]I = ¢(bg’§762)7
f S E, C1,Cy € R.

(12)

Assume now that w, = wa. Clearly, this implies that

ag- =a, a € R, for all 7, j. Therefore, the set of games that

are weakly strategically equivalent to G are such that B
satisfies (12), while A is a constant matrix. The same can
be argued for wyz = @p. The following example shows how
to apply such a procedure to the game given in Example 1.
Example 1 (pure policies). Consider the bimatrix
game given in Example 1. Let M = 2. By applying the
procedure given in Section 4, one can compute the set =,
that is the set of all the vectors

§=1[00 01 62 €0 €1 2] €R%\ 0



such that (at least) one of the following conditions hold:

61:0/\5120/\(527éo;
61:0/\52:0/\51:0;

€1 =0AN0=0Ad 0N =0;
6220/\5220/\(51#0/\50:—%;
62:0/\60:0/\(51:0/\52#0;
€e2=0Ne1 =0Ad =0A =0;

G2 #0N0 = =52 Ney £ 0N\ Gy = 2,
€& Z0Ner =0AN0=0A =0;
6220/\61750/\6020/\62:0/\61:0;

where A denotes the logical AND operator. Hence, one has

that wy = -2, Wa =1, wp=-2,@p =3,
5(2)—1—68
w? = 6%+25062+6%+26062 s
55—1—6%
1 1 2 4 1 9 6 4
(Tj)1:[—2 ~14], (Tg)lzl—G 1 4].
971 —11 2511 11

Therefore, the set of all the 2-strategically equivalent
games H to the game given in Example 1 is the set of
all the bimatrix games identified by A7 and B¥ such that

aff = é(af), b =v(f), i.j=12

with ¢(s) = 5= (—674(80—02)? —€3+(eg—€2)?) s>+ 15 (=67 —
2(80—02) (00 +202) — €2 —2(eg—€2) (€0+2€2)) 52+ 3 (20 +(Jo+
262)2 -‘1-26% + (60 +262)2) +c1, ’lﬁ(s) = %(—(5% + ((5() —(52)2 —
3+ (c0—€2)?) 8%+ 25 (—662+20200+ 07 +463 —6e3 +eF +4e3+
2€0€2)5% + 5= (607 + (300 + 202)? + 63 + (360 + 2€2)?) + 2,
where g, 91, d2, €9, €1, €2,C1,Co are free parameters in R
such that (at least) one of the conditions of above holds.

6. CONCLUSIONS

A class of games that have the same Nash equilibrium,
either in pure or in mixed policies, has been characterized.
In such a way, a whole family of games that share the same
Nash equilibria can be computed without requiring the ex-
plicit computation of the solution. Such an approach is of
interest because it has been proved that the computation
of a Nash equilibrium of a bimatrix game is generically
PPAD complete, even if one allows e-Nash equilibria.
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