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Abstract*

This paper describes an application of recently developed
results on linear parametrically varying systems (LPVs) with
brief instabilities reported in [3] to the problem of designing a
nonlinear vision/inertial navigation filter for an aircraft ap-
proaching an aircraft carrier is included. The results developed
provide the proper framework to deal with out-of-frame events
that arise when the vision system loses its target temporarily.
Field tests with a prototype unmanned air vehicle illustrate the
performance of the filter and illustrate the scope of applications
of the new theory.

1 Introduction

In this paper we apply the results developed in [3] on the
analysis of LPVs with brief instabilities to the design of the
integrated vision/inertial filters. See [4] for an introduction to this
problem and its application to the design of a navigation system
for an aircraft approaching an aircraft carrier under the con-
straint that only passive sensors be used. The basic nonlinear
filter structure adopted is described in [4], where the authors have
obtained sufficient conditions for the existence of nonlinear in-
tegrated vision/inertial filters with guaranteed regional stability
and performance. However, they did not address the fact that
instabilities do occur when the vision system that is used to can-
cel the drift common to inertial sensors cannot be used tempo-
rarily because of out-of-frame events, i.e., periods of time when
the vision system is unable to see the target due to occlusions or
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the limited field of view. The results in [4] are extended in this
paper to accommodate out-of-frame events.
The paper is organized as follows. Section 2 applies the theory
developed in [3] to the design of an integrated vision/inertial
filter. Section 3 includes description of the experimental setup
used to test the filter performance. The paper ends with conclu-
sions.

2 Design of integrated vision/inertial filters
In this section we apply the ideas formulated in [3] to the de-
sign of integrated vision/inertial filters. The basic filtering
structure has been introduced in [4], where the authors ob-
tained sufficient conditions for the existence of nonlinear inte-
grated vision/inertial filters with guaranteed regional stability
and performance. These results are extended in this paper to
include so-called out-of-frame events.

2.1 Problem formulation

This section introduces the navigation problem that is the main
focus of the paper and describes its mathematical formulation in
terms of an equivalent filter design problem. For the sake of clar-
ity, we first introduce some required notation and review the
kinematic relationships of an aircraft / ship carrier ensemble,
where the former is equipped with a vision based system.

Let {I} denote an inertial reference frame, {B} a body-fixed
frame that moves with the aircraft, and {C} a camera-fixed
frame. The symbol {S} denotes a ship-fixed body frame. The fol-
lowing symbols will be used:
•  T

BBBB zyx ]  [=p  - position of the origin of {B} measured
in {I} (i.e., inertial position of the aircraft);

•  T
SSSS zyx ]  [=p  - inertial position of the ship;

mailto:oayakime@nps.navy.mil
mailto:ecc2001@fe.up.pt
http://www.fe.up.pt/ecc2001/


•  SBp  (abbv. Tzyx ]  [=p ) - relative position of the ship
with respect to the aircraft, resolved in {T};

•  SB
B p  (abbv. T

cccc zyx ]  [=p ) - relative position of the
ship with respect to the aircraft, resolved in {C};

•  Bv  - linear velocity of the origin of {B} measured in {Z}
(i.e., inertial velocity of the aircraft);

•  Sv  - inertial velocity of the ship;

•  aB  - linear acceleration of {B} with respect to {I}, resolved
in {B};

•  ωωωω - angular velocity of {C} with respect to {I}, resolved in
{I};

•  T]  [ ψθφ=Λ  - vector of roll, pitch, and yaw angles that
parameterize locally the orientation of frame {C} with re-
spect to {I}.

Given two frames {A} and {B}, RA
B  denotes the rotation matrix

from {B} to {A}. In particular, RI
C  (abbreviated R) is the rotation

matrix from {C} to {I}, parameterized locally by Λ , that is,
)(ΛRR = .

2.2 Kinematic relations

The rotation matrix R satisfies the orthonormality condition
IRRT = . Furthermore, [1]:

)(ωRSR =! ,
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is a skew symmetric matrix, that is, SS T −= . The matrix S sat-
isfies the relationship baba ×=)(S , where a, b are arbitrary
vectors and ×  denotes the cross product operation. Furthermore,

ωω =)(S .

We introduce the following assumption.

A1 - The ship 's inertial velocity Sv  is a non-zero constant.

From the above definitions, it follows that
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Last equation shows that aside from a change in sign, the relative
acceleration of the ship with respect to the aircraft resolved in {I}
is equal to the aircraft's inertial acceleration resolved in {I}.

However, in the case of strapdown inertial navigation systems
widely in use today [8] the aircraft's inertial acceleration is usu-
ally given in {B}. Therefore, since

ap BI
BB R

dt
d =2

2

it follows that

( ) ap BI
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I
C RR
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2

.

We assume that the image of the origin of {S} acquired by a
camera installed on-board the aircraft is obtained using a simple
pinhole camera model of the form [2]
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where f is the focal length of the camera and Tvu ] [  are the im-

age coordinates of T
CCCC zyx ]  [=p  in the camera's image

plane. We also make the following assumption.

A2 - 0>Cx , that is, the ship is always located in front of the
camera's image plane.

We further assume that

A3 - the rotation matrices RI
B  and RI

C  are available from the
onboard attitude measurement system.

This assumption is quite reasonable, considering the sophisti-
cation achieved by such systems today.

Suppose the aircraft is equipped with a barometric-based sen-
sor that provides a measurement of the altitude of the aircraft
with respect to the mean sea level. Then, using the relation

C
I

C Rpp=  and assuming that the aircraft is sufficiently away
from the ship (so as to neglect the height Sh  of the ship's deck
above the mean sea surface), we may assume that

A4 - 0=Sh .

Thus we obtain that the altitude measurement equals

( ) CCCC zyxgz φθφθθθφ coscossincossin, +−−== p .

where φ  and θ  are the roll and pitch angles in the rotation ma-

trix RI
C .

We now introduce the underlying design model that plays a
fundamental role in this paper. Let Tzvu ]  [=y . Then, the
model that we consider can be written as
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where ( ) 33: ℜ→ℜCg p  is defined by
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and ma  and my  denote the measured values of a and y, respec-
tively, the measurements being corrupted by the process noises

aw  and yw . In what follows, the deterministic set-up of H∞

filtering [6] will be adopted.

2.3 Problem definition

The problem that we consider in this paper consists of de-
termining the relative position and relative velocity of an
aircraft with respect to a landing site using vision and
other on-board passive sensors. For the sake of clarity, we
first tackle the simplified problem of designing a filter with
no measurement noise in the model. This exercise is sim-
ple, yet it captures some of the key ideas used in the devel-
opment that follows.

The additional notation that is required is introduced next.
We let p̂  and v̂  denote estimates of p and v, respectively.
In the camera frame, they are denoted by Cp̂ , Cv̂ . We
assume that the orientation of camera frame {S} with re-
spect to {I} is restricted through the set

A5 - },, :{ maxmaxmax ψψθθφφ ≤≤≤= ΛΛC .

Notice, for example, that maxψ  should be set to π. We fur-
ther assume that the vectors Cp̂  lie in the compact set

A6 - 
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where minx ,…, maxz  are determined from the geometry of
the problem at hand. The set PC can be determined as fol-
lows. First, compute PC for a nominal orientation of the
camera (usually inertial orientation). Determine the maxi-
mum range of camera orientation angles with respect to the
nominal orientation. Then compute PC by allowing the an-
gles to vary within these predetermined bounds.

In a realistic scenario the image of the ship smokestack will
be lost by the onboard camera due, for example, to aircraft
rotational motions. This phenomenon is known as an out-
of-frame event. Formally, we define a binary signal s:
[0,∞)→{0,1}:



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. at time smokestack  the trackscamera -1

, at timeevent  frame-of-out-0
:)(

t
t

ts

Furthermore, for a given binary signal s and t>τ> 0, let us
denote by ),( tTs τ  the amount of time in the interval ),( tτ
that 0=s . Formally,

∫ −=
t

s dllstT
τ

τ ,))(1(:),(

A7 - s has brief out-of-frame event, i.e.,
)(),( 0 τατ −+≤ tTtTs , 0≥≥∀ τt , for some 00 ≥T ,

]1,0[∈α .

Navigation filter design will aim at ensuring that the esti-
mates Cp̂  of Cp  lie in a compact set

}ˆ ,ˆ
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where dx, dy and dz are positive numbers, and minxdx < .

F1: Regional Stability. Consider the process model (1) and
assume that 0== ya ww . For a given CP̂ , find a number

00 >α , and a dynamical system (filter) F that operates on

my  and ma  to produce estimates p̂  of p, and v̂  of v in the
presence of out-of-frame events, such that

•  CC Pt ˆ)(ˆ ∈p  for any 0>t ,

•  0ˆˆ →−+− vvpp  as ∞→t ,

provided that ( ) 0)0()0(ˆ),0()0(ˆ α<−− T
CC vvpp .

Notice that the problem described aims at finding a filter that
complements the information available from the vision sys-
tem / barometric pressure sensor with that available from the
inertial sensors.

The problem F1 focuses on the stability of the filter. The sec-
ond filtering problem addresses the scenario where the per-
formance of the filter in the presence of disturbances is con-
sidered.

F2: Regional Stability and Performance. Consider the process
model (1) where1 2] [ LT

ya ∈= www , ω≤
2w  and let the

sets CP  and CP̂  of allowable position vectors and allowable
estimation vectors be defined as above. For given numbers

0>γ  and 00 >α , find a stable filter F that operates on my
and ma  to obtain estimates p̂  of p, v̂  of v in the presence of
out-of-frame events, such that if

( ) ( )[ ] 0
T )0()0(ˆ )0()0(ˆ α<−−

TT
CC vvpp , the filter satisfies

the following conditions for all 2L∈w  that ω≤
2w :

•  CC Pt ˆ)(ˆ ∈p  for all 0≥t ,

•  0ˆˆ →−+− vvpp  as ∞→t 2,

                                                          
1 Given a signal z we denote by 

2
z  the L2-norm of z, i.e.,

∫
∞

=
0

2

2
)( dttzz .

2 As long as 2L∈w  we always get convergence to zero.



•  γ<
iewT
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, where ppe −= ˆ:  is the estimation error and

ew → :ewT .

Notice the technical requirement that an allowable set of po-
sition estimates CP̂  be specified. As is shown later, this re-
quirement is essential to establishing the boundedness of a
certain operator for all possible values of the estimates p̂ . In

practice, the “size” of the allowable region P̂  plays the role
of a design parameter.

2.4 Proposed solution

This section describes the solutions to problems F1 and F2.
First, however, we need the following basic results. Let H
denote the Jacobian of ( )Cg p  with respect to Cp . From the
definition of ( )Cg p , it follows that
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It is easy to check that

CC zxfH 32)det( −= .

Therefore, H is not invertible if and only if 0=z . This im-
plies that ( )CH p  is invertible for all admissible values of Cp ,
φ , and θ .

The following result provides a solution to problem F1.

Theorem 1 Let CP̂  be given and assume that A1-A7 hold and
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Then the filter F1 solves the filtering problem F1, provided that
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Figure 1: Filtering structure: filters F1 and F2.



The solvability of the inequality (2) is addressed in [4].
There, it is shown that the inequality has a solution if and
only if 1<xr . The next theorem provides a solution to the
filtering problem F2.

Theorem 2 Let CP̂  be given and assume that A1-A7 hold and

1
min

minmax <+−=
x

dxxxrx . For a given gain 0>γ , suppose

there exists a matrix 66×ℜ∈= TXX  and positive constants α,
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Then the filter F2 solves the filtering problem F2 if
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The next theorem derives necessary and sufficient conditions
under which LMI (3) is satisfied.

Theorem 3 Let F, γ and ε and be defined in Theorem 2. Then
0>=∃ TXX  such that
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The above expression shows that the lower bound on the achiev-
able γ  in the absence of out of frame events converges to the
lower bound derived in [4].

The bound derived in equation (4) is similar to the classical
Positional Dilution of Precision (PDOP) metric that is commonly
used in navigation systems to determine a lower bound on the
achievable error covariance as a function of geometry of the
underlying navigation problem [5,7,8]. Using our notation, the
classical PDOP can be written as

1))()(( −= CC
T HHtrPDOP pp .

We therefore see that the new bound derived in this paper cap-
tures a worst case performance scenario and the estimate of xC
increases the lower bound on the achievable γ , since

0)1(1 2 >−> xr .

3 Experimental setup and flight-test results

This section describes the experimental setup and the
flight test experiments that were performed to test the per-
formance of the nonlinear filter obtained in the previous
section. The unmanned air vehicle (UAV) Frog operated
by the controls lab at the Naval Postgraduate School
(NPS) was equipped with an Infrared video camera. The
camera included a Boeing U3000A uncooled 8-12 microns
(micrometers). The pixel resolution of the camera was
320×240. The UAV was also equipped with a Trimble
AgGPS 132 Differential Global Positioning System
(DGPS). An illustration of the flight test setup is provided



in Figure 2.

Figure 2: Flight test setup.

Flight tests were conducted at Camp Roberts air field, CA.
Charcoal grills were used to model the hot spots on the
ship (see Figure 3). Samples of UAV trajectories recorded
by onboard DGPS are shown in Figure 4. Similarly, sam-
ples of infrared (IR) images collected by the onboard IR
camera are shown in Figure 5.

Figure 3: Charcoal grills at
Camp Roberts.

Figure 4: 2D representation of
DGPS-recorded trajectories.

    
a)            b)

Figure 5: Examples of IR images: a) at the range of 450m, b) 80m.

The image plane coordinates and GPS altitude were used by
the integrated IR/inertial filter to compute relative position
and velocity with respect to the nearest hot spot. Figure 6
shows the results of applying the integrated IR/inertial filter
to the flight test data. In particular, the upper graph shows
the DGPS landing approach trajectory. The bottom left graph
shows the estimation errors computed by comparing the
DGPS position with the position estimates produced by the
filter. Finally, the bottom right graph shows the response of

the filter to an out of frame event. Clearly, the filter performed
well.

Figure 6: Filter’s performance during final approach.

Conclusions
This paper applied the concept of LPV systems with brief
instabilities to the design of an integrated vision/inertial navi-
gation filter with guaranteed stability and performance id the
presence of out-of-frame events. Numerical trade-off studies
were conducted to determine filter's achievable performance
versus the duration of the out-of-frame events. Finally, the
filter was tested using flight test data collected by a UAV
equipped with inertial sensors and IR camera. The results of
the test showed the filter to perform well in the presence of
out-of-frame events.
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