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LQ-OPTIMAL SAMPLED-DATA CONTROL UNDER STOCHASTIC
DELAYS: GRIDDING APPROACH FOR STABILIZABILITY AND
DETECTABILITY*
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Abstract. We solve a linear quadratic optimal control problem for sampled-data systems with
stochastic delays. The delays are stochastically determined by the last few delays. The proposed
optimal controller can be efficiently computed by iteratively solving a Riccati difference equation,
provided that a discrete-time Markov jump system equivalent to the sampled-data system is stochas-
tically stabilizable and detectable. Sufficient conditions for these notions are provided in the form of
linear matrix inequalities, from which stabilizing controllers and state observers can be constructed.
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1. Introduction. Communication delays occur in networked control systems
due to signal processing and congestion in busy channels. Such delays are generally
time-varying, and if their range is large, control methods developed for systems with
constant delays in [7, 12] may not be suitable. With a rapid development of communi-
cation technologies, control under time-varying delays has received extensive attention
in recent decades, as surveyed in [17, 40].

One approach to compensate for time-varying delays is the virtual time-delay
method developed, e.g., for bilateral control [24]. In this method, the maximum
value of delays is assumed to be known, and control signals are updated when the
maximum time of delays has passed. This method keeps the apparent delays constant
but may degrade the performance of networked control systems if the maximum delay
is quite larger than the average delay. Another approach is to measure delays by time-
stamped messages and exploit these measurements in the control algorithms, as in
Figure 1. An example of this scenario can be found in interarea power systems [31].
Controllers using time-stamped information in this way are delay-dependent, and
stabilization by such controllers has been studied in [8, 18, 19, 20, 25, 31, 33, 36, 41]
and references therein. Time-stamped messages are also used for linear quadratic (LQ)
control in [23, 26, 27, 34] and for model predictive control in [35] under stochastically
time-varying delays.

In addition to the earlier studies mentioned above, the authors in [11, 21, 22, 38,
39] have developed design methods of LQ controllers for scenarios where the mea-
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surements of random delays are not available. However, most of those syntheses of
optimal controllers require online computation and are based on assumptions that
the delays can take only finitely many values or be independent and identically dis-
tributed random variables. In practice, communication delays take a continuum of
values and need to be modeled by more general stochastic processes, such as Markov
processes in [3, 15, 16]. A notable exception can be found in [23], in which the authors
have presented an offline computation method of delay-dependent LQ controllers for
systems with continuous-valued Markovian delays. The formulation in [23] requires
a solution of a nonlinear vector integral equation called the Riccati integral equation
and ignores the intersample behavior of the closed-loop system.

In this paper, we study delay-dependent LQ control for sampled-data linear sys-
tems. The advantages of the proposed method are twofold. First, our delay model is
more general than that in the above previous studies. Indeed, in the model we con-
sider, the present delay is determined by the last few delays like in an autoregressive
models (see, e.g., Chapter 9 of [29] for autoregressive models), and hence our delay
model belongs to a class of higher-order Markov models. Second, we can efficiently
compute an LQ control law that takes into account the intersample behavior. This
controller is obtained by iteratively solving a Riccati difference equation.

A key step in the construction of the controller consists of reducing the original
sampled-data problem into an LQ problem for a discrete-time Markov jump system
whose jumps are modeled by a Markov chain taking values in a general Borel space.
In [5], the reduced LQ problem has been solved under the assumption that the plant
and the LQ criterion satisfy appropriately defined stochastic stabilizability and de-
tectability notions. However, there has been relatively little work on the test of these
properties. Using the results on stochastic stability in [4], we obtain novel sufficient
conditions for stochastic stabilizability and detectability in terms of linear matrix in-
equalities (LMIs). From these results, we can also construct stabilizing controllers
and state observers. The proposed method is inspired by the gridding methods for
establishing the stability of networked control systems with aperiodic sampling and
time-varying delays in [9, 10, 13, 18, 28]. Moreover, we show that the sufficient con-
ditions can be arbitrarily tight under certain assumptions.

The remainder of the paper is organized as follows. We provide the problem
statement in section 2. Section 3 is devoted to reducing our optimal control problem
to an LQ problem for discrete-time Markov jump systems. In section 4, we recall the
general results in [5] on the equivalent discrete-time LQ problem. Section 5 addresses
the derivation of sufficient conditions for stochastic stabilizability and detectability.
In section 6, we illustrate the proposed method with a numerical simulation of a batch
reactor.

Notation. Let Z,, R™*™ and C™*™ denote the set of nonnegative integers and
the sets of real and complex matrices with size n x m, respectively. For a real matrix
M, let us denote its transpose by M T. The Euclidean norm of v € R™ is denoted
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by [|v]| := (vTv)*? and the corresponding induced norm of a matrix M € R™*™
by || M| := sup{||Mv|| : v € R™, |jv|]] = 1}. For simplicity, we write a partitioned

symmetric matrix
Q W Q W
wT RrR| ™ |« R|

Let (M, B(M)) be a Borel space; that is, let M be a Borel subset of a complete
and separable metric space and B(M) be its Borel o-algebra. In this article, M is
a compact subset of RP except in section 4. For a o-finite measure p on M, we
denote by H*™ the space of matrix-valued functions P(e) : M — R™*™ that are
measurable and integrable in M, and similarly by Hg ™ the space of matrix-valued
functions P(e) : M — R™ ™ that are measurable and essentially bounded in M.
For P € H{;i™, we define a norm || P|| by the essential supremum of the function

P|| : M — [0,00). For simplicity, we will write HZ := H}*", H? := H"X" and
1 1

sup ° sup

HYE = {P cH, : P(¢) >0 for y-almost every ¢ € M}.

sup ° sup °

Additionally, we denote by HY - the space of matrix-valued functions Pe): M —
C™*™ that are measurable and integrable in M and by ngJ;,C the space of matrix-
valued functions P(e) : M — C™*™ that are measurable and essentially bounded in
M and satisfy P(¢) > 0 for p-almost every ¢ € M. For a bounded linear operator T'

on a Banach space, let 7, (1) denote the spectral radius of T

2. Problem statement. Consider the following linear continuous-time plant:
(1) z(t) = Acx(t) + Beu(t), z(0) = o,

where z(t) € R™ and u(t) € R™ are the state and the input of the plant. This plant
is connected to a controller through a time-driven sampler with period h > 0 and an
event-driven zero-order hold as shown in Figure 1.

The state x is measured at each sampling time ¢t = kh (k € Z,.), and the controller
receives the sampled state x(kh) at time ¢t = kh + 75, where 7, > 0 is a sensor-to-
controller delay. We assume that the delay 7, becomes known to the controller at
the time ¢ = kh 4+ 7, when the sampled state x(kh) arrives. One way to measure the
delays is to mark every output of the sampler with a time stamp and then to compute
the difference between the value of the time stamp and the present time of a clock
in the controller. Through the zero-order hold, the discrete-time signal uj, generated
from the controller is transformed to the continuous-time signal

u—i, 0<t <,
(2) u(t) =
ug, kh+m <t<(k+1)h+ 1441, k€2,

where u_; is an initial state of the zero-order hold.

Throughout this paper, we fix the probability space (2, F, P). We assume that
the delay {7y : k € Z4} is smaller than one sampling period and that the latest delay
is stochastically determined by the last few delays. We specifically assume that the
delay sequence {7y : k € Z } is a higher-order Markov chain. For some known p € N,
define a delay vector ¢y by

Tk
(3) ori=| Vk € Zy,

Tk7p+1
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where 7_,41,...,7-1 < h are the time delays associated with the sampling instants
t=(—p+1h,...,—h.

Assumption 2.1 (higher-order Markovian delays). The sequence {¢y : k € Z4}
in (3) is a time-homogeneous Markov chain taking values in M := [Tyin, Tmax]F C
[0,h)? and having transition probability kernel G(e, o) with a density g(e,e) with
respect to a o-finite measure p on M, so that for every k € Z, and every Borel set

B of M,
G(6,B) = P(dnsr € Bloy = §) = /B o6, O)u(de).

The choice of the dimension p depends on the accuracy of delay models and
computational cost. As the dimension p increases, we may obtain more accurate
models of delays. However, a large p requires substantial computational resources
for optimal controllers. Moreover, the gridding method presented in section 5 suffers
from the curse of dimensionality in the case of large p.

Define

(1) o=

U_—1

Let i be a probability measure on R*T x M. We assume that the pair of the initial
state and delay (£, ¢o) has a distribution ji. Define fiag by fip(B) := (R x B) =
P(¢g € B) for all Borel sets B of M. We place the following mild assumption on the
initial distribution .

Assumption 2.2 (initial distribution). The initial distribution i of (&, ¢o) sat-
isfies (A1) E(]|&]]?) < oo and (A2) fiaq is absolutely continuous with respect to p.

The assumption of absolute continuity guarantees the existence of the Radon—
Nikodym derivative of L.

Let {F) : k € Z.} denote a filtration, where F}, represents the o-field generated
by

{u_1,2(0), ¢o, ..., x(kh), ¢r} = {T—pt1, ..., 7=1,u_1,2(0), 70, ..., x(kh), % }.

Set U, as the class of control inputs u = {uy : k € Z,} such that wuy is Fj measur-
able and the controlled system (1) and (2) satisfies E(||z(¢)]|?) — 0 as t — oo and
E(|Juk|?) = 0 as k — oo for every initial distribution i satisfying Assumption 2.2. For
all u € U., we consider the infinite-horizon continuous-time quadratic cost functional
J. defined by

5) Tufu) = B ( / Y et Qur(t) + u(tWRcu(t)dt) 7

where Q. > 0 and R, > 0 are weighting matrices with appropriate dimensions.
In this paper, we study the following L(Q problem.

PROBLEM 2.3. Consider a sampled-data system (1) and (2), and let Assumptions
2.1 and 2.2 hold. Find an optimal control law u°P* € U, that achieves J.(ji, u°Pt) =
inf, e, Jo(f, u) for every initial distribution [i satisfying Assumption 2.2.

Remark 2.4. In this paper, we impose the following two assumptions on delays:
(i) The communication channel from the controller to the actuator has no delays. (ii)
Delays are smaller than one sampling period h. If the controller-to-actuator delays
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Teq are deterministic (see, e.g., [40, section 2.3.2] for this situation), then we can also
apply the proposed method in the presence of the controller-to-actuator delays by
using the total delays 7 + 7., instead of the sensor-to-controller delays 7. To deal
with delays larger than one sampling period h, we can employ the technique presented
in section IT of [2], but a stochastic model on delays becomes complicated. Therefore,
we here assume that delays are smaller than one sampling period h.

3. Reduction to discrete-time LQ problem. In this section, we transform
Problem 2.3 to an LQ problem of discrete-time Markov jump linear systems.
Consider the sampled-data system (1) and (2). We define

©) & = [70").

Uk—1

Then the dynamics of £ can be described by the following discrete-time Markov jump
linear system:

(7) Ekr1 = A(Pr)&k + B(or)ur,
where, for every vector ¢ € M whose the first element is given by 7, we define

A Bg—-T(7 INGa
(82) )= g0 P IO By = |0

0 0 I

h h—T1
(8b) Ag = et By ::/ e* B.ds, T() ::/ e* B.ds.
0 0

By definition, the matrices A and B satisfy A € H{,, and B € Hg ™. This delay-
dependent discrete-time system is widely used for the analysis of time-delay systems,
e.g., in [9, 10, 18, 23, 26, 27, 34].

Let {.7-',? : k € Z4} denote a filtration, where .7-',‘3 represents the o-field generated
by

{507 ¢07 e 7§k7 ¢k:}
We denote by U the discrete-time counterpart of U,, defined as the class of control
inputs {ug : k € Z,} such that uy is F measurable and E(||&]*) — 0 as k — oo
for every initial distribution fi. The following result establishes that these classes of
control inputs are equal.

LEMMA 3.1. For the sampled-data system (1), (2) and its discretization (7), we
obtain U, = Uy.

Proof. Since the filtrations {Fj} and {FZ} are equal by definition, it is enough
to prove that the following two conditions are equivalent:

L. Timy 00 E([[&]%) = 0.

2. limy 00 E(]|z()]|?) = 0 and limg_, o0 E(||uz||?) = 0.
The statement 2 = 1 follows directly from the definition of . To prove the converse
statement, we note that for the system dynamics (1) and (2), there exist constants
My, My, M3 > 0 such that

(9) (kb +0)|| < Myl|x(kh)|| + Mellup—1 | + Ms|luc| VO € [0,h).
Therefore,

lo(kh+0)[1* < ME|la(kh)|1? + M llwe—1|* + M [Jue||* + 2M1 Mo |2 (kh)|| - [ug— |
+ 2My Mallup || - [Jun|l + 2Mz My [Jug| - [z(kR)[| V6 € [0, h).



LQ-OPTIMAL CONTROL UNDER STOCHASTIC DELAYS 2639

Since S
a®+b
b <
Y=
applying this inequality to the terms ||z (kh)||-[|Jug—1||, [[ug—1||-||ukll, and ||Jug]|-||z(kR)|],
we obtain

Ya,b >0,

|lw(kh + 0)II* < Nilla(kR)I|* + Nollug—1|* + Ns[lur|* V0 €[0,h)
for appropriate constants Ny, No, N3 > 0. It then follows that if E(||&]|?) — 0 as
k — oo, then E(||x(t)||?) — 0 as t — oo, which completes the proof. O

Since the integrand x(t) T Q.x(t) + u(t) " Ru(t) of the cost functional J. in (5) is
nonnegative for every ¢ > 0, the cost functional J. can be expressed as the following

(discrete-time) summation:
o0
\70 =F <Z jk:) )
k=0

where

(k+1)h
(10) T = / 2(0)T Qua(t) + u(t) T Reu(t)dt Yk € Zy.
kh

For every vector ¢ € M whose first element is given by 7, we define the matrices @,
W, and R by

Q)= [ Ze0),

a h a(G)TQc’Y(Tv 9)
aw) w@r= [ om0

h

(11c) R(¢) := (h — 7)R. +/ v(7,0) T Qery(7,60)db,

T

h
(11d) Q11(7) == /0 a(0) " Q.a(h)db,
h

h
(11e) Q12(7) ::/0 a(e)TQcﬂ(a)de—/ a(0) " Q.y(T,0)d6,

T

h

h
(11f) Qaa(T) = TRC+/O 5(9)TQ05(9)d0+/ v(7,0) T Qey(T,0)db

h
- / (BO)TQer(.0) +~(.0)TQuA(0)) db,

where the functions «, 3, and «y are given by
0
a(f) :=et? B9 = / e*Buds VO €[0,h)
0
0—T1
v(r,0) = / e* Beds VT € [Timins Tmax)s V0 € [0, h).
0

The next lemma shows that each J; is a quadratic form on the state £ and the
input uy, of the discrete-time system ¥4 in (7).
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LEMMA 3.2. Let x and & be the solutions of the sampled-data system (1) and (2)
and of the discrete-time system (7) with the initial state &y defined by (4), respectively.
Then Jy. defined by (10) satisfies

-
w
(12) T = [,i’;] [Q<f’“) R((jf))] [5’;] Vk € Z.,,
where the matrices Q, W, and R are defined as in (11).
Proof. If 0 < 6 < 73, then

x(kh +0) = a(0)zr + B(0)ug—1,
u(kh +0) = up_1,

and we have

z(kh + 0) T Qcx(kh + 0) + u(kh + 0) T Reu(kh + 0)
=2 a(0) " Qear(0)ak + 224 (0) T QeB(O)ur—1 + ul_1B(0) " QeB(O)ur—_1
+ ukT_chuk_l.

On the other hand, if 7, < 6 < h, then

x(kh+0) = a(@)zr + (B(0) — v(7k, 0))ur—1 + ¥(Tk, 0)u,
u(kh + 0) = u.

Hence

z(kh +0)" Q.x(kh +0) + u(kh + 0) T Rou(kh + 0)
=z a(0) " Qea(O)zk + 22 a(0) " Qe(B(0) — (7h, 0))ur—1
+ 22 a(0) " Qo (7h, O)ur, + w1 (B(0) — ¥(7k,0)) " Qe(B(0) — 7(7k,0))up—1
+2u]_1(B(0) — ¥(7k,0)) T Qe (T, O)ur + ug ¥(7h, 0) T Qe (7, O)ug + uyl Reuy,.

Substituting these equations into

kh+T7
N / (2(t) T Qex(t) +u(t) " Reu(t)) dt

kh

(k+1)h
+ / (z(t) T Qex(t) +u(t) " Reu(t)) dt,
k

h+T7y

we obtain the desired expression (12). |

For the discrete-time Markov jump system (7), we define the infinite-horizon
discrete-time quadratic cost functional J by

w  ao-ge([E] [ R )

Then a solution to the LQ problem for sampled-data systems with stochastic delays
can be obtained as a solution to the following problem for discrete-time Markov jump
systems.
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PROBLEM 3.3. Consider a discrete-time Markov jump system (7), and let As-
sumptions 2.1 and 2.2 hold. Find an optimal control law u°P* € Uy that achieves
Jar (11, u°P®) = inf e, Tar (1, w) for every initial distribution [ satisfying Assumption
2.2.

LEMMA 3.4. A control input u°P® is a solution to Problem 2.3 if and only if u°P*

is also a solution to Problem 3.3 where the system matrices A, B and the weighting
matrices Q, W, R are defined by (8) and (11).

Proof. Since U, = Uy from Lemma 3.1, it follows that u°P* € U, if and only if
u®P* € Uy. Let z and € be the solutions of the sampled-data system (1) and (2) and
of the discrete-time system (7) with the initial state £, defined by (4), respectively.
Since

z(t) T Qex(t) + u(t) " Reu(t) >0 YVt >0,

we obtain

J.(i,u) = E (/OOO z(t) T Qux(t) + u(t)TRCu(t)dt>

(k+1)h
_ 5 ( / 20T Qualt) + u(t)TRcu(t)dt>
k

k=0 h

) (k+1)h
Sy (/k 2()T Qua(t) + u(t)TRcu(t)dt> .

h

It also follows from Lemma 3.2 that

oo (k+1)h
S E ( / 2()TQur(t) + u(t)TRcu(t)dt>
k=0 k

h
B :OE (Eﬂ T {Q(fk) I;/((g:))} Lﬁﬂ) = Ja1 (B, u).

Thus if a control input u°P* € U, is a solution to Problem 2.3, then u°P' satisfies
u°P* € Uy and is a solution to Problem 3.3 where the system matrices A, B and the
weighting matrices @, W, R are defined by (8), (11), and vice versa. ad

Let us next remove the cross term of the cost function J;;. To this end, as in the
deterministic case [1, section 3.4], we transform uy, into 4y in the following way:

(14) = up + R(or) W) T VK € Zy.

Since Q. > 0, R. > 0, and h — Tyax > 0, it follows that R(¢) in (11) is invertible for

all ¢ € M. Therefore, the right-hand side of (14) is well-defined for all ¢, € M.
Define

(15) A(¢) == A(¢) — B(O)R(¢)"'W ()T VpeM,

and let C(¢) and D(¢) be the matrices obtained from the following Cholesky decom-
positions:

(16a) C(p)TC(¢) = Q(¢) = W()R(¢)'W(p)|  VopeM,
(16b) D(¢)"D(¢) = R(¢) Vo € M.
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These Cholesky decompositions are possible if the weighting matrix in Lemma 3.2
satisfies

(17) [Q(f) Vg(((f))} >0  VoeM.

This is because R(¢) > 0 for every ¢ € M and the Schur complement formula leads
to

QO) = W(O)R(9)'W(9)" 20 VpeM.
Under the transformation (14), we obtain the following result.

LEMMA 3.5. Assume that the weighting matrices Q, W, R in (11) satisfy the
inequality (17). A control input u°* is a solution to Problem 3.3 with the system (7)
and the LQ cost (13) if and only if a°P* with a;*" = u® + R(dx) " W (dx) & is a
solution to Problem 3.3 where the Markov jump system s given by

(18) Err1 = A(Pr)&k + B(odr)un

and the LQ cost by
(19) Jaz (i, w) ==Y E (|C(on)&klI> + 1D (dn)tik]|*) -
k=0

Here the matrices A, C, and D are defined as in (15) and (16).

Proof. Let ¢ and € be the solutions of the difference equations (7) and (18) with
the same Markov parameter ¢. If @y satisfies (14) and if £ = &, then

&1 = A(dr)&r + B(dn)un
= A(Sr)&r + Blor) (i — R(dx) ™ W(or) &)
A(¢r)ék + B(¢r)un = Eps1-

Therefore, if & = &, then &, = & for every k € Z, . Thus u € Uy for the system (7)
if and only if @ € Uy for the system (18). Moreover, if (14) holds, then

r— 11 F

& (TE1T CT (606 0 3
Jaz (1, w) = kZ_:OE< ﬁl; k* ' DT(¢k)D(¢k)] [“ﬂ)

:iE(QTmm%Wmmmwme O]FD

h=0 S * R(éx)]| |tk
N (a1 [Qbr) Wien)] [&]\ .
— kZ:OE <_u;g_ | * R(m)} L’“D = Ja1 (i1, u).

Hence u°P! is a solution to Problem 3.3 with the system (7) and the LQ cost (13) if
and only if @°P* with @,P" = u(®* + R(¢y) "W (¢y) &, is a solution to Problem 3.3
with the system (18) and the LQ cost (19). |

Finally, we can reduce the LQ problem for sampled-data systems with stochastic
delays to the LQ problem for discrete-time Markov jump systems and LQ costs in the
form (19).
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THEOREM 3.6. A control input u°Pt is a solution to Problem 2.3 if and only if
a%P with @® = uiP + R(x) " W (dx) T & is a solution to Problem 3.3 for the Markov
Jump system (18) and the LQ cost (19), where the matrices A, C, and D are obtained
in (15) and (16) from the matrices A, B, Q, W, and R defined by (8) and (11).

Proof. This is an immediate consequence of Lemmas 3.4 and 3.5. O

Remark 3.7. If, in (17), we have strict positive definiteness

(20) [Q(j) 114%/((;5))] S0 VdeM

instead of the semidefiniteness, then

Q(d) —W(P)R(¢)'W(p)T >0  VopeM

by the Schur complement formula. In this case, C(¢) and D(¢), derived from the
Cholesky decompositions (16), are unique in the following sense: For all ¢ € M,
there exist unique upper triangular matrices C(¢) and D(¢) with strictly positive
diagonal entries such that (16) holds. Moreover, C(¢), D(¢) are continuous with
respect to ¢. See, e.g., Chapters 9 and 12 of [32]. Thus C' and D satisfy C' € HE; "
and D € HX™.

sup

4. LQ control for discrete-time Markov jump systems. In the previous
section, we reduced the LQ problem for sampled-data systems with stochastic delays
into the LQ problem for discrete-time Markov jump systems and LQ costs in the form
(19). In this section, we recall results from [5] on such an LQ problem for Markov
jump systems.

First we define stochastic stability for discrete-time Markov jump linear systems.
On a probability space (2, F, P), consider the following autonomous system:

(21) Ekr1 = A(dr)ér,

where A € H, , and the sequence {¢y, : k € Z } is a time-homogeneous Markov chain
in a Borel space M. Throughout this section, we assume that the initial distribution z
of (&0, ¢o), which is a probability measure on R™ x M, satisfies the following conditions
analogous to those in Assumption 2.2: (A1) E(]|&]]?) < oo, and (A2’) fip(e) =

1(R™ x o) is absolutely continuous with respect to p.

DEFINITION 4.1 (stochastic stability [4]). The autonomous Markov jump linear
system (21) is said to be stochastically stable if >y, E(||€k||?) < oo for any initial
distribution [ satisfying (A1’) and (A2’).

Let g(e, @) be the density function with respect to a o-finite measure p on M for
the transition of the Markov chain {¢y : k € Z;} as in Assumption 2.1. For every

A € Hy,,, define an operator L4 : HY ¢ — HY ¢ by

(2) £aV)(e) = [ gt AOVOAR)T(at)

We recall a relationship among stochastic stability, the spectral radius r,(L4),
and a Lyapunov inequality condition.

THEOREM 4.2 (Theorem 5.3 of [4]). The following assertions are equivalent:
1. The system (21) is stochastically stable.
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2. The spectral radius ro-(L4) < 1, where L4 is defined as in (22).
3. There exist S € H"T . and € > 0 such that the following Lyapunov inequality

holds for u—almos;uepi;(gry ¢ e M:
29 5(6) - 40)" ([ at6.050(a0)) A0) > er.
M

Note that the matrix S in statement 3 is a complex-valued function because
the system matrix A is a complex-valued function in [4]. However, for a real-valued
function A, it is enough to find a real-valued S in statement 3.

PROPOSITION 4.3. For a real-valued function A € H{,,, statement 3 in Theorem
4.2 is equivalent to the following:
3. There exist S € H;’,jp and € > 0 such that the Lyapunov inequality (23) holds
for p-almost every ¢ € M.
Proof. The statement 3’ = 3 is trivial because H;ﬁf; C H;;C. To prove 3 = 3,

we let S € H:ljl—),(c and e > 0 satisfy the Lyapunov inequality (23). Let Sg(¢) € R™*"

and S;(¢) € R™*"™ be the real and imaginary parts of S(¢), that is,

5(¢) = Sr(®) +iS1(¢)-
Since S(¢) is Hermitian, it follows that Sr(¢) = Sgr(¢)" and S;(¢) = —Sr(4)".
Therefore,
0<z"S(p)x = (Sp(p) +iSr(¢))r =" Sgr(p)z Vo € R".

Thus we obtain Sk € HZ{. Similarly, since A(¢) and g(¢, £) are real-valued, it follows
that

el < a7 (5t0) ~ 40)" ([ a(6.080m(0) ) A(0))
= (50(0) - 40)" ([ g(0.08n(On(a0) At0)) o vo e,

Hence Sg also satisfies the Lyapunov inequality (23) for p-almost every ¢ € M. This
completes the proof. O

We next provide the definition of stochastic stabilizability and stochastic de-
tectability.

DEFINITION 4.4 (stochastical stabilizability [5]). Let A € H?  and B € HZX™.

sup sup

We say that (A, B) is stochastically stabilizable if there exists ' € HI 5™ such that

ro(Larpr) < 1, where Larpr is defined as in (22). In this case, F is said to
stochastically stabilize (A, B).

DEFINITION 4.5 (stochastic detectability [5]). Let A € HZ  and C € HLX™.

sup sup
We say that (C,A) is stochastically detectable if there exists L € HL" such that
re(Larrc) <1, where Layrpc is defined as in (22).

Consider the controlled system

Eor1 = A(or)&k + B(dr)u
and the LQ cost

Ja(fi,uw) =Y E (|C(ér)&k 1 + 1 D(dn)ul|?) ,

k=0
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where A € Hy,,, B € Hy 5", C € HE, and D € H 7. We assume that there exists
ep > 0 such that D(¢)"D(¢) > epl for p-almost every ¢ € M. As in section 3,
let {F¢: k € Z;} denote a filtration, where F{ represents the o-field generated by
{&o, b0, - - -, &k, O}, and set Uy as the class of control inputs u = {uy : k € Z4} such
that uy is F{ measurable and E(||¢[?) — 0 as k — oo for every initial distribution
1 satisfying (A1) and (A2’).

Define operators £ : HI b — HZH, V : HIE — HILY, and R : HIE — HLE as
follows:

£(2)(e) = [ 2(00(e. On(a)
V(Z):=D'"D+B"£(Z)B,
R(Z):=CTC+ A" (E(Z) - E(Z)BV(Z)'BTE(Z))A.
Using these operators, we can obtain a solution to the LQ problem for discrete-time
Markov jump linear systems from the iterative computation of R(Z).

THEOREM 4.6 (Theorem 5.8 of [5]).  Consider the Markov jump system (18)
with the LQ cost Jyq in (19). If (A, B) is stochastically stabilizable and (C,A) is
stochastically detectable, then there exists a function S € H™' such that S is the

sup

unique solution in ng; of the M-coupled algebraic Riccati equation
(24) S(¢) =R(S)(¢) p-almost every ¢ € M

and such that
o —1pT mxn
K :=-V(S)"' B £(S)A € H{}
stochastically stabilizes (A, B). The control input u°®* € Uy defined by uzpt =
K (¢r)&k achieves

Ja(fl,u) = inf Ta(fi,u) = E(& S(¢0)o)

u€EUy

for every initial distribution i satisfying (A1’) and (A2’). Moreover, we can compute
the solution S of the Riccati equation (24) in the following way: For any = € H;ﬁ;;, the
sequence {Y;'}]_ that is calculated by solving a (backward recursive) Riccati difference
equation Y;! = R(Y;!,) with the initial value Y,! = = satisfies Y3 (¢) — S(¢) as

n — 0o for p-almost every ¢ € M.

Let us go back to the reduced LQ problem for the Markov jump system (18) and
the LQ cost (19), where the matrices A, C, and D are defined by (15) and (16). The
Cholesky decompositions for all ¢ € M in (16) require heavy computational cost, but
the weighting functions C' and D appear only in R and V in the forms C'TC and
DT D. Hence, to compute an optimal control input u°P*, we do not need the Cholesky
decompositions in (16). Although we still need C to check the stochastic detectability
of (C, A), we see from Proposition 4.7 below that it is enough to test the stochastic
detectability of (CTC, A) if CTC is positive definite.

PROPOSITION 4.7. Define A and C as in (15) and (16), respectively. The pair
(A, B) is stochastically stabilizable if and only if (A, B) is stochastically stabilizable.
Moreover, under the positive definiteness of the weighting matriz in (20), (C, A) is
stochastically detectable if and only if (CTC, A) is stochastically detectable.
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Proof. By the definition of A, F € H™X" stochastically stabilizes (A, B) if and

sup

only if F + R™IW T € H™X" stochastically stabilizes (4, B).

sup

From the discussion in Remark 3.7, C~1 € HZX" if (20) holds. Hence if (C, A)

sup
is stochastically detectable with an observer gain L € H{; ", then (CTC,A) is also
stochastically detectable with an observer gain L(C'T)™! H;5" s and vice versa. O

5. Sufficient conditions for stochastic stabilizability and detectability.
From the results in sections 3 and 4, we can obtain an optimal controller under
the assumption that (A, B) defined by (8) is stochastically stabilizable and (C, A)
defined by (15) and (16) is stochastically detectable. This assumption does not hold
in general (and hence the solution of the Riccati difference equation may diverge)
even if (A., B.) is controllable and (Q., A.) is observable. The major difficulty in this
controller design is to check the stochastic stabilizability and detectability, namely, to
show the existence of F' € H{,;" and L € H{;" such that the spectral radii of the
operators La4pr and Lz, o are less than one. In this section, we provide sufficient
conditions for these properties in terms of LMIs. To this end, we use the following

technical result.

LEMMA 5.1 (section 2 of [14]). For every square matriz U and every positive
definite matrix S,
UsT'ut >U+U" - 8.

We here assume that {¢; : k € Z, } is a time-homogeneous Markov chain taking
values in the box M = [Tiin, Tmax)?. As in Assumption 2.1, let g(e,e) be the density
function with respect to a o-finite measure p on M for the transition of the Markov
chain {¢y : k € Z}.

5.1. Stochastic stabilizability. We first study the stochastic stabilizability of
the pair A € HY,, and B € H ™. In our LQ problem, we need to check the stochastic
stabilizability of the pair (A, B) defined by (8).

Divide M = [Tiin, Tmax)? into N disjoint boxes {B;} ; (whose union is M), e.g.,
by splitting each interval [Tyin, Tmax] into 7 intervals [s;, s;41) (¢ = 1,...,r — 1) and
[$r, Sr4+1] such that

Tmin = S1 < S < -+ < Sr4+1 ‘= Tmax-

Foreachi=1,...,N,let ¢; € B;, e.g., the center of B;. Consider a piecewise-constant
feedback gain F' € H{ 5" defined by
(25) F(QZS) = F; e R™*" Vo € B;.

We provide a sufficient condition for the feedback gain F in (25) to stochastically
stabilize (A, B), inspired by the gridding approach developed, e.g., in [9, 10, 13, 18, 28].

THEOREM 5.2. Let A € H?  and B € HIX™. For eachi=1,...,N, define

sup sup

(20) wi(@):= [ o0.0ud) =0 Vo e

i

and

Vwi(e)A(e)  wilei)B(e;)
Vane)Ale) v Ble)

Cai Tpi|:=

)
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Assume that, for everyi=1,...,N, a scalar k; > 0 satisfies

Vo @DAG)  Jo@B(6)
VOn@DAWD) ox@B©)

for p-almost every ¢ € B;. If there exist positive definite matrices R; € R™*", (not
necessarily symmetric) matrices U; € R**™ F, € R™*" and scalars \; > 0 such that
the following LMIs hold for alli=1,...,N,

(27) —[Ta; Tail| <k

Ui+U  —R;, 0 UTi,+FTL, w[UT E]

(28) x x R 0 =0
* * * AT

where R := diag(Ry, ..., Ry), then the pair (A, B) is stochastically stabilizable by the
controller (25) with F; := F;U; ",

Proof. From Theorem 4.2 and Proposition 4.3, (A, B) is stochastically stabilizable
if and only if there exist S € H%t, F € H™X" and € > 0 such that the following

sup’ sup

Lyapunov inequality holds for p-almost every ¢ € M:

(29) S(¢) — (Al¢) + B(9)F(¢))" (/M 9(¢, E)S(K)u(df)> (A(9) + B(9)F(¢)) = el.

We employ a piecewise-constant matrix function S for the Lyapunov inequality (29).
Define

(30) S(¢):=S; Vo€ B

with S; > 0. In what follows, we prove that if the LMIs in (28) are feasible for all
i=1,...,N, then the Lyapunov inequality (29) holds with S € HZ;\ defined by (30).
By Constructlon we have that

(31) | a0 sz S, VeeM.

Note that

N VoI [Vu@)!
(32) > wi(9)S : S :
=1 Vun (@)1 Vun(9)I

where S := diag(Si,...,Sn). Substituting (31) and (32) into (29), we see that (29)
can be transformed into the matrix inequality

(33)
VoIl [Ve@)1!

S(6) - (A(¢) + B@F(@)T | S| ¢ | (A@)+ B(®)F(¢)) > el.
wn (@)1 wn (@)1
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Moreover, by the Schur complement formula, the matrix inequality (33) is equivalent
to

V@)1’

Stso.

(34) S(¢) —el (A(9)+ B(¢)F(9))" :
5 wn (¢)1

Using the inequality (27), we next discretize (34); more specifically, we show that
if the LMIs (28) are feasible for every ¢ = 1,..., N, then the matrix inequality (34)
holds for p-almost every ¢ € M. In terms of the upper-right part of the matrix in
(34), we obtain

Vo @I’

(A@)+B@OF@)T |
wn (@)1
R [\/wlwmw o Vun(@)A©)T
w@B@)" - Vun(@B@)T]

We also have from the inequality (27) that, for p-almost every ¢ € B;, there exists
(@4 @p] € RMVXUHM) with ||[@4 ®p][ <1
such that

Vui(@)A@)T o Vun(9)A(@) :[FL}M. [@X}
Vwi@)B@)T - Vun(@)B@)T]  Teal 28]

Hence the matrix inequality (34) holds with some € > 0 for p-almost every ¢ € M if

S, [I FT Phi [24]) s
(35) o [ E v T e >0
* S

for every i = 1..., N and for every [<I>A <I>B] e RrVx(ntm) with || [<I>A @B} || < 1.

The resulting matrix inequality (35) has the product term of the variables F;
and S. To remove this product term, we employ Lemma 5.1. Let U; € R"*" be a
nonsingular matrix. Defining R; := S;l and F; := F;U;, we have from Lemma 5.1
that

I D)
ur o oS [I F] qFéﬂ} + K [qﬁ‘D S|[U; o0
0 S—l B,i B 0 Sfl
* S
U+U' R, G +HOT
(36) > { N R :

where the matrices R, ®, G;, and H; are defined by
R :=diag(Ri,...,Ry), ®:=[DP4 ®p],

Gi:=[Ta; Tpil {gf} v Hi=ki {%} :
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Finally, we obtain the sufficient LMI condition (28) by removing ® from the
matrix in the right-hand side of the inequality (36). Since ||®| < 1, it follows that for
every p; > 0, we have piHiT(I — ®T®)H; > 0. Moreover,

U +U'—-R, Gl +H®T piH (I -®T®)H; 0 T
7 7 7 _ 7 — V Q’L‘/:“
* R * 0 v
where
__|®H; 0O L * pil 1 0
Vii= 0o 1|’ = * * R 0
-H;, 0 * * * pil

Since V; is full column rank, it follows that if €; > 0, then V,Q;V; > 0, and
hence the matrix inequality (35) holds. Note that p;H,;' in €; has the product of
the variables p; and [Ui—'— F‘i—'—]. However, using the similarity transformation with
diag(I,1/p;1,1,1/p;I), we see that §; is similar to

(37) * * R 0|’
* * * NI
in which \; := 1/p; and the variables appear in a linear form, and the matrix in

(37) is that in the left-hand side of the LMIs (28). Thus if the LMIs (28) hold for
all i = 1,..., N, then the controller (25) with F; := FZ-Ui_1 stochastically stabilizes
(A, B). O

The controller obtained in Theorem 5.2 is assumed to know to which box B; the
parameter ¢ belongs for each k& € Z,. The following result can be used to test
stabilizability and to obtain a stabilizing controller when no information about the
delays is available.

COROLLARY 5.3. Under the same hypothesis as in Theorem 5.2, if there exist
positive definite matrices R; € R™*", (not necessarily symmetric) matrices U € R™"*™,
F e R™*™  and scalars A; > 0 such that the following LMIs hold for alli=1... N,

U+UT—-R, 0 UTFZJ JrFTFg,i Ki [UT FT}
* * R 0
* * * AT

>0,

where R := diag(Ry,...,Ry), then the delay-independent controller F := FU™!
stochastically stabilizes (A, B).

Proof. This is an immediate consequence of Theorem 5.2 with Uy = --- =Uy =U
and f1 =.--=Fy =F. O

We next see how conservative the proposed gridding method is. We impose the
following three assumptions on discrete-time Markov jump systems.

Assumption 5.4. For all c € M and § > 0, the o-finite measure p on M satisfies
u({o € M [6—cfl < 6}) > 0.
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Assumption 5.5. The functions A € H,, and B € H[™ are continuous.

Assumption 5.6. There exist S € HIL, F' € HIX™, and € > 0 such that the
Lyapunov inequality (29) holds for p-almost every ¢ € M. Moreover, for every
€a,€p > 0, there exist disjoint boxes {B;}Y, whose union is M, points ¢; € B;
(i=1,...,N), and piecewise constant functions S, € ngp and Fy, € HZ 5" defined
as in (30) and (25) such that the following three conditions hold:

L 1S = Salloo < €a, |F = Falloo < €q-
2. Foralli,j=1,...,N, w;j(¢) defined by (26) is continuous at ¢ = ¢;.

3. For p-almost every ¢ € B; and for every i =1,..., N,

(38a) |[A(6) B(9)] - [Alc:) B(ei)]|| < e
(38b) [[Vwr(@) - Vun(@)] — [Vwile) - Vun(e)]| <e.

Assumption 5.4 holds for the standard Borel measure. The functions A and B
defined by (8) satisfy Assumption 5.5. The first sentence of Assumption 5.6, together
with Theorem 4.2 and Proposition 4.3, implies that the pair (A, B) is stochastically
stabilizable. Since we approximate a solution of the Lyapunov inequality (29) by
piecewise-constant functions in Theorem 5.2, we need statement 1 of Assumption 5.6.
We use statements 2 and 3 of Assumption 5.6 together with Assumptions 5.4 and
5.5 to show that a certain inequality holds at ¢ = ¢; for every i = 1,..., N. These
assumptions on nonzero measure and continuity are required because the Lyapunov
inequality (29) is assumed to be satisfied only at p-almost everywhere.

The following proposition shows that if Assumptions 5.4-5.6 hold, then the pre-
sented gridding method will guarantee stochastic stabilizability given that approxi-
mation errors are sufficiently small.

PRrROPOSITION 5.7. If Assumptions 5.4-5.6 hold, then there exist disjoint boxes
{B:}¥., whose union is M and points ¢; € B; (i =1,...,N) such that the LMIs in
(28) are feasible.

The proof of Proposition 5.7 can be found in Appendix A.

5.2. Stochastic detectability. Next we study the stochastic detectability of
the pair A € H,, and C' € H{ 1" In our LQ problem, we need to check the stochastic

detectability of (C, A) or (Q — WR™IW T A) in (15) and (16).

Define an observer gain L € H{ " as the piecewise-constant function

(39) L(¢):=L; e R”™*" Yo € B;,

where the disjoint boxes {B;}¥ ; are chosen as in the previous subsection. Note that
the positions of the variables F, L are different between A + BF' (stabilizability) and
A+ LC (detectability). Moreover, unlike the case of countable-state Markov chains
(see, e.g., [6]), the duality of stochastic stabilizability and stochastic detectability is
not proved yet for the case of continuous-state Markov chains. Hence we cannot use
Theorem 5.2 directly, but the gridding method still provides a sufficient condition for
stochastic detectability in terms of LMIs.

THEOREM 5.8. Let A € HY,, and C' € H (. For eachi=1,..., N, define w; as
in Theorem 5.2 and

R
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Assume that, for alli=1,..., N, scalars k4, kw,: > 0 satisfy
A(9) T
— | <
o Ilot)] - [l < e
(40D) I[Ver@1 - Von @] = Yuwill < fuw,i

for p-almost every ¢ € B;. If there exist positive definite matrices S; € R™*", (not
necessarily symmetric) matrices U; € R**" L; € R™*" and scalars A\;, p; > 0 such
that the following LMIs hold for all i =1,..., N,

_Ui + UZ-T 0 UiTAJ' + LTCJ KA [Ui I_/Z] 0 TYTu:iS pil
* Nl NI 0 0 0 0
* * S; 0 0 0 0
(41) * * * NI 0 0 0| >0,
* * * * pil KyiS 0
* * * * * S 0
| * * * * * * pil

where S := diag(S1,...,Sn), then the pair (C, A) is stochastically detectable by the
observer gain L in (39) with L; := Ui_lLi.

Proof. As in the proof of Theorem 5.2, we see from Theorem 4.2 and Proposition
4.3 that (C, A) is stochastically detectable if and only if there exist S € HZY, L €

HZX" and € > 0 such that the following Lyapunov inequality holds for p-almost every

sup

¢ e M:

(42) 5(6) - (4(6)+ LOCO)T ([ alo01SOnlan) (A6) + L@IC) > eI

We prove that if the LMIs in (41) are feasible for all¢ = 1,..., N, then the Lyapunov
inequality (42) holds with S € HZ.\ defined as a piecewise-constant matrix function
S in (30).

By the definitions of L and S, we have from the Schur complement formula and
(31) that the Lyapunov inequity (42) can be transformed into

N -1
(43) (5= wi(9)8;) A(9) + LiC(9)| 5
* S; — el -
for p-almost every ¢ € B; and for every ¢ = 1,..., N. First we remove the nonlinear

term (Z;V=1 wj(¢>)Sj)71 in (43) by using Lemma 5.1. If U; € R™*” is nonsingular,
then the matrix in the left-hand side of this inequality is similar to

[Ui 0] l(zy_le(@sj)_l A(d) + LiC(9) {Uf 0].
0 I * S; — el 0 I
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Using Lemma 5.1, we see that

{UZ- o} (S3lawi()S;) ™" A9) + LiC(9) {UJ 0}
0 I * Sl —el 0 I
- {Ui +UT = 5L wi(9)S; Uil A(9) + Licw))}
- * S; —el
-
\/ I \/ I 0
_[Ui+U" Ui(A(¢) + LiC(9)) wl-((b) S w1~(¢)
- * S — el - : 0 : 0
Vwn(e) Vun(@)I 0
where S := diag(S1,...,Sn). Therefore, from the Schur complement formula, the

matrix inequality (43) holds if

U, + UiT Ui(A(¢) + L;C(9)) Sw(o)
(44) * Si

0 >0,
* * S

where S, is defined by

(45) Suw(9) = [Vwi (@) - Vun(@)I]S VoeM.

Let us next discretize the matrix inequality (44) by using the inequalities (40). In
other words, we show that if the LMIs (41) are feasible for every i = 1,..., N, then
the matrix inequality (44) holds for u-almost every ¢ € B; and for every i =1,..., N.
From the inequalities (40), we see that for u-almost every ¢ € B;, there exist

|:(I)A:| e R(n+r)xn, ®, € Rnxn]\f with H

o [ENTHES

such that

Cyi

)= [ e ).
[Vwi(g)l - WN(A)I] = Tui + Kui P

Then we obtain

Ui+ U" Ui(A(9) + LiC(9))  Su(9)

* Si 0
* * S
Ui+ U Gai+Hai® Gui+ ®pHy,
= * S»L 0 )
* * S

where, using L; := U, L;, we define the matrices ®, Ga,i, Ha i, Gy i, and Hy, ; by

_ |®a o 7| Yas
o= {%}, Gai= Ui L {TCJ,

HA,i = RAG [Uz Lz] ) Gw,i = Tw,isa Hw,i = "’iw,is-
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Since [|®|], ||®w]| < 1, it follows that for all p;, py; > 0, we have
piHa (I — DO VH ; + pu (I — Buy®,,) > 0.

Moreover,
Ui+ U Gai+Hai® Gui+®pHy,
* Sl 0
* * S
piH (I~ BV TVH 4 pui(l —®,8]) 0 0
_ * 0 0 :‘/;TQ’L“ZD
* * 0
where
[T 0 0] (U + U 0 Gai piHai 0  Gui puwil
@THZ)i 0 0 * pd T 0 0 0 0
0 I 0 * * S 0 0 0 0
Vie= | =Hy, 0 0], Q:= * x x pI 0 0 0
ol 0 0 * *  x *  puwid Hyi 0
0 0 I * * * * * S 0
| I 0 0 | x * * * * * pw,iI_

Since V; is full column rank, 2; > 0 leads to V;$;V; > 0, which implies that the matrix
inequality (44) is satisfied for p-almost every ¢ € B;. Note that p; H 4 ; has the product
of the variables p; and [Ui l_/i] . However, applying the similarity transformation with
diag(I,1/p;1,1,1/p;1,1,1,1I), we see that €2; is similar to the following matrix:

_Ui + UlT 0 GAJ' HAJ 0 Gwﬂ' pw,i[

* NI NI 0 0 0 0

* * S; 0 0 0 0

* x o« MN[0 0 0o |,

* * * *  pwid Hyy 0

* * * * * S 0

* * * * * * Pw,il
where \; := 1/p;, and this matrix is that in the left-hand side of (41). Thus, if the
LMIs (41) are feasible, then (C, A) is stochastically detectable. ad

As in the case of stochastic stabilizability, we see that the proposed gridding
method does not introduce conservatism if approximation errors are sufficiently small.

Assumption 5.9. The functions A € Hg,, and C' € H{;* are continuous.

Assumption 5.10. There exist S € HZLE, L € HZX", and € > 0 such that the
Lyapunov inequality (42) holds for p-almost every ¢ € M. Moreover, for every
€a,€p > 0, there exist disjoint boxes {B;}Y; whose union is M, points ¢; € B;
(i =1,...,N), and piecewise constant functions S, € HZ} and L, € HJX" defined
by (30) and (39) such that the following three conditions hold:

L 1S = Salloo < €a, IL — Lalloo < €q-
2. Foralli,j=1,...,N, w;(¢) defined by (26) is continuous at ¢ = ¢;.

3. For p-almost every ¢ € B; and for every i = 1,..., N, the following inequality

and (38b) are satisfied:
Jl@)] - (6] <«
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0.03
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(t)

0.01

Fi1G. 2. Sample path of 7(t).

PROPOSITION 5.11. If Assumptions 5.4, 5.9, and 5.10 hold, then there exist dis-
joint boves {B;}., whose union is M and points ¢; € B; (i =1,...,N ) such that the
LMIs in (41) are feasible.

The proof of Proposition 5.11 can be found in Appendix B.

6. Numerical example. Consider the unstable batch reactor studied in [30],
where the system matrices A, and B, in the continuous-time plant (1) are given by

1.38 —-0.2077  6.715 —5.676 0 0
A - —-0.5814  —4.29 0 0.675 B — 5.679 0
©r 1.067 4273 —6.654 5893 |’ e 1.136 —3.146

0.048 4.273 1.343 —2.104 1.136 0

This model is widely used as a benchmark example. We take the sampling period
h = 0.2 and the delay interval [Tmin, Tmax] = [0, 0.03].

We consider that the latest delay 73 is stochastically determined by the average
of the last two delays 7,1 and 7x_2. More precisely, the sequence {¢y : k € Z,},
where ¢ 1= [T,:f . ] , is a Markov chain, and its transition probability kernel G is given
in the following way: For every box B = [b11, bi2] X [ba1, baa],

Pdave (012)=Pagye (011)
(46) g ddl}’B) ) T G TGy 11 1 € (21, b2,
dy 0 otherwise,

where daye := (d1 + d2)/2 and ®4(z) is the probability distribution function of the
normal distribution with mean d and standard deviation o. Figure 2 illustrates a
sample path of the delay 7(¢) with the initial data 79 = 7—; = 0.02 and the standard
derivation o = 1/100, where 7(t) is defined by

7(t) := 71 Yt € [kh + 1k, (kK + 1)h + Ti41).

The weighting matrices Q., R. for the state and the input in (5) are the identity
matrices with compatible dimensions. Using Theorem 5.2, we can confirm that (A, B)
in (8) is stochastically stabilizable. Additionally, (Q — WR™'W T, A) in Lemma 3.2
is stochastically detectable by Theorem 5.8. Hence, by Theorems 3.6 and 4.6, we can
derive an optimal controller u°P* from the iteration of a Riccati difference equation.
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FIG. 3. Ten sample paths of ||z(t)||2 + ||w(t)||2: The solid lines are the time responses with
stochastic delays. The dotted line is the time response with no delays, for which we used the (con-
ventional) discrete-time LQ regulator computed with the same weighting matrices.

Time responses are computed for a deterministic initial state

1
-1 0
x(0) = o |+ U= [0}
-2
Figure 3 depicts 10 sample paths of the performance function ||z (¢)||* +||u(t)||?, where

initial delays 79, 7_; are uniformly distributed in the interval [rin, Tmax] and the
standard deviation o of the probability distribution function ®4 in (46) is given by
o = 1/100.

We observe that the time responses with small initial delays are similar to the
response with no delays by the conventional discrete-time LQ regulator with the
same weighting matrices. Although larger delays degrade the control performance,
the optimal controller achieves almost the same decrease rate for every initial delay.

7. Concluding remarks. We provided the design of delay-dependent optimal
controllers for sampled-data systems whose sensor-to-controller delays are stochasti-
cally determined by the last few delays. Our optimal control problem was reduced to
the LQ problem of discrete-time Markov jump systems. We can efficiently compute
an optimal controller by iteratively solving a Riccati difference equation. Moreover,
we derived the sufficient conditions for stochastic stabilizability and detectability in
terms of LMIs via the gridding approach. From these conditions, we can also con-
struct stabilizing controllers and state observers. Future work will focus on addressing
more general systems by incorporating packet losses and output feedback.

To solve the stabilization problem of discrete-time systems with continuous-valued
Markovian jumping parameters, we approximated the function S in the Lyapunov
inequality (23) by a piecewise constant function. Another interesting study is to
approximate the system

{(A(¢), B(9)) : ¢ € M}
by
{(A(¢;), B(¢;)) : ¢; is the center of B;, i=1,...,N}
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and then to consider the stabilization problem of systems having discrete-valued
Markovian jumping parameters but time-varying uncertainty in the coefficient ma-
trices.

Appendix A. Proof of Proposition 5.7. First we prove that if ¢, > 0 in
Assumption 5.6 is sufficiently small, then there exists €; > 0 such that, for p-almost
every ¢ € M,

Vo @'
) Su(6) (A@)+ B@F.o)T | ol
- VN (o)L
where S := diag(S1,...,5n).
Since
(48) /. stotman =1

for all ¢ € M, it follows from statement 1 of Assumption 5.6 that

H | a0 - saw)m(dz)H < [ 460180 - su(0)llutae) <

for p-almost every ¢ € M. We obtain

H (S<¢> () + B@)F(6)T ( [ a6 €)S(€)u(d€)> (A(6) + B(¢>F<¢>>))

_ <sa<¢> —(A(6) + BO)F()T < /M g<¢,e>sa<6>u<de>) (A(6) + B<¢>F<¢>>) H
< (1+]|A+ BF||%) e

for p-almost every ¢ € M. Therefore, if we set €, > 0 to be a value with

_ €

€< ———————
1+||A+ BF||2,

then e := € — (1 + |4+ BF||%,)€, > 0 satisfies

(19) Su(6) — (A(6) + B(6)F(#)T ( /Mgw,e)sa(e)u(dz)) (A(6) + BO)F(9) > eal

for p-almost every ¢ € M and for every ¢, € (0,€,). Substituting (31) and (32) into
(49) and applying the Schur complement formula, we have that there exists e3 > 0

such that
{sa@s) (A(6) + B(g)_f;w)fww)} o

for pu-almost every ¢ € M, where

w(@) = [Vwi(9) - un(9)]].
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We obtain
[Sa(¢) (A(o) + B(g)lia(@)Tw(qﬁ)]
_ [Sa(cb) (A(9) +B(2)1T(¢))Tw(¢)} _ {0 (F(9) — Fa(¢%)TB(¢)Tw(¢)

By (48), {w;}}¥, satisfies

N N
60 Yw)=3 [ sw.ouan= [ go.ouan=1 voerm
i=1 i=17Bi
It follows that [Jw(¢)|| = 1 for every choice of disjoint boxes {B;}X, and for every

¢ € M. Hence, if |F — F,||c0 < €4, then

0 (&= RO B0 | <y

for p-almost every ¢ € M. If ¢, € (0,€,) satisfies ¢, < €3/||B|co, then the desired
inequality (47) holds with €; := €3 — || Bl|co€a-

Let us next derive the feasibility of the LMIs in (28) from the inequality (47).
Using the similarity transformation diag(S, !, I), we find that there exists e4 > 0 such
that

o ]
* R

> €4l

for pi-almost every ¢ € B; and for every ¢ = 1,..., N, where R; := S;l, R := ST,
and F; := F;R;. Assumption 5.4 on the nonzero property of u and Assumptions 5.5
and 5.6 on the continuity of A, B,w at ¢ = ¢; imply that for every e5 € (0, ¢€4),

R; R/T),+F'T},

(51) * R

}>e51 Vi=1,...,N,

where I'4 ; and I'g ; are defined as in Theorem 5.2.
By statement 3 of Assumption 5.6, we see that for y-almost every ¢ € B; and for
everyi=1,..., N,

(52 |w@) [A@) B@)]-[as To|<@+|[A Bl )e= e
On the other hand, the LMI in (28) with U; = R; and k; = €, is equivalent to

Ri RITL;+F'T, 0 e[R F]

* R /\1[ 0 >0
* * il 0 '
* * * N

By the Schur complement formula, if F; = F;R;, then the above inequality is equiva-
lent to

> 0.

s [P MR AT @ BT o

* R * )\II
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From (49), we know that
-1 1 )
[ Ril| = |IS; ||<; Vi=1,...,N.

Therefore, if \; > 0 and €, > 0 satisfy

Ai€s .
A < €5, € < € Vi=1,...,N,
\/1+<||F||m+ea>2

then the inequality (51) leads to the desired conclusion (53). If we choose sufficiently
small €, > 0, then ¢,, > 0 satisfies the above inequality. This completes the proof.

Appendix B. Proof of Proposition 5.11. By the same discussion as in the
proof of Proposition 5.7, there exists €; > 0 such that

-1

N
(Zj:l wj(¢)5j) A(¢) + LiC(¢) >l
* Sz
for p-almost every ¢ € B; and for every i = 1,..., N. Using the similarity transfor-

mation diag (Y =1 wi(8)S;, 1 ) and applying the Schur complement formula, we find
that there exists e > 0 such that

2U(¢) U(@)(A(¢) + LiC(9)) Sw(®)
* S2 0 > €9l
* * S

for p-almost every ¢ € B; and for every i = 1,..., N, where U(¢) := Z;\Ll w;(4)S;
S := diag(Si,...,Sn), and S,, is defined as in (45). Assumption 5.4 on the nonzero
property of p and Assumptions 5.9 and 5.10 on the continuity of A,C,w at ¢ = ¢;
lead to

2U; UYXa;i+LiYc; YuiS
(54) * Si 0 > €3] Ves € (0,62), Vi=1,...,N,
* * S

where T 44, Tc,i, To,; are defined as in Theorem 5.8 and

N
(55) []z = U(Cz) = ij(ci)Sj, LZ‘ = UiLi~
j=1

The LMIs (41) with £4,; = €, = Ky, are equivalent to

_Ul' + U'ZT UiTAJ + EiTCJ' Twﬂ-S €p [(]z l_/z] 0 0 piI_
* * S 0 eSS 0 0
* * * T 0 0 01]>0
* * * * pil 0 0
* * * * * NI 0
| * * * * * x  pil]
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and hence to

_ 62 _
Ui+U" UYai+LiYci YuiS LU +LiLT)+pd 0 0
* S; 0 | - 0 N0 | >0
* * S 0 0 s

by the Schur complement formula. From (50), we know that U; and L; defined by

(55) satisfy N

1Tl < 1Ulloe < D~ wi (@I85 < [1Sallos < ISlloo + €as

j=1
IZll < MUl 1Ll < (ISllse + €a) - (ILllo + €a)
for every i = 1,..., N. Moreover, S = diag(Si,...,Sy) satisfies ||S|| < ||S]/co + €a-

Hence, for the matrices U; and L; in (55) and S = diag(Si,...,Sn), there exist
A >0, p; >0, € > 0 such that

E2 - —

S (UUS + LiLT) +pid 0 0
0 N0 | <21
0 0 <82

By (54), the desired LMIs in (41) are satisfied.

REFERENCES

[1] B. D. O. ANDERSON AND J. MOORE, Optimal Control-Linear Quadratic Methods, Prentice—
Hall, Englewood Cliffs, NJ, 1990.
[2] M. B. G. CLOOSTERMAN, N. vaAN DE Wouw, W. P. M. H. HEEMELS, AND H. NIJMELJER,
Controller synthesis for networked control systems, IEEE Trans. Automat. Control, 54
(2009), pp. 1575-1580.
[38] S. Cong, Y. GE, Q. CHEN, M. JIANG, AND W. SHANG, DTHMM based delay modeling and
prediction for networked control systems, J. Syst. Eng. Electron., 21 (2010), pp. 1014-1024.
[4] O.L. V. Costa AND D. Z. FIGUEIREDO, Stochastic stability of jump discrete-time linear systems
with Markov chain in a general Borel space, IEEE Trans. Automat. Control, 59 (2014),
pp. 223-227.
. L. V. CosTA AND D. Z. FIGUEIREDO, LQ control of discrete-time jump systems with Markov
chain in a general Borel space, IEEE Trans. Automat. Control, 60 (2015), pp. 2530-2535.
. L. V. Costa, M. D. FRAGOSO, AND R. P. MARQUES, Discrete-Time Markovian Jump Linear
Systems, Springer, London, 2005.
. F. CurraIN AND H. J. ZWART, An Introduction to Infinite-Dimensional Linear Systems
Theory, Springer, New York, 1995.

[8] B. DEMIREL, C. BRIAT, AND K. JOHANSSON, Deterministic and stochastic approaches to su-
pervisory control design for networked systems with time-varying communication delays,
Nonlinear Anal. Hybrid Syst., 10 (2013), pp. 94-110.

[9] M. C. F. DoNKERs, W. P. M. H. HEEMELS, D. BERNARDINI, A. BEMPORAD, AND V. SHNEER,
Stability analysis of stochastic networked control systems, Automatica, 48 (2012), pp. 917—
925.

[10] M. C. F. DoNkErs, W. P. M. H. HEEMELS, N. vAN DE Wouw, AND L. HETEL, Stability
analysis of networked control systems using a switched linear systems approach, IEEE
Trans. Automat. Control, 56 (2011), pp. 2101-2115.

[11] S. ELvirRA-CEJA, E. N. SANCHEZ, AND S. JAGANNATHAN, Stochastic inverse optimal control
of unknown linear networked control system in the presence of random delays and packet
losses, in Proceedings of the American Control Conference (ACC’15), 2015.

[12] C. Foiasg, H. OzBAY, AND A. TANNENBAUM, Robust Control of Infinite Dimensional Systems:
Frequency Domain Methods, Springer, London, 1996.

[13] H. FuJIOKA, A discrete-time approach to stability analysis of systems with aperiodic sample-
and-hold devices, IEEE Trans. Automat. Control, 54 (2009), pp. 2440-2445.

=
= O O



2660

(14]

[15]

(38]

(39]

MASASHI WAKAIKI, MASAKI OGURA, AND JOAO P. HESPANHA

J. C. GEROMEL, R. H. KOROGUI, AND J. BERNUSSOU, H2 and Heo Tobust output feedback control
for continuous time polytopic systems, IET Control Theory Appl., 1 (2007), pp. 1541-1549.

A. GHANAIM AND G. FRrREY, Markov modeling of delays in networked automation and control
systems using colored Petri net models simulation, in Proceedings of the 18th IFAC World
Congress, 2011.

C. HERMENIER, R. KISSLING AND A. DONNER, A delay model for satellite constellation networks
with inter-satellite links, in Proceedings of the International Workshop on Satellite and
Space Communications (IWSSC’09), 2009.

J. P. HESPANHA, P. NAGHSHTABRIZI, AND Y. XU, A survey of recent results in networked control
systems, Proc. IEEE, 95 (2007), pp. 138-162.

L. HETEL, J. DAAFOUZ, J.-P. RICHARD, AND M. JUNGERS, Delay-dependent sampled-data con-
trol based on delay estimates, Systems Control Lett., 60 (2011), pp. 146-150.

S. HircHE, C. CHEN, AND M. Buss, Performance oriented control over networks: Switching
controllers and switched time delay, Asian J. Control, 10 (2008), pp. 24-33.

D. HuaNG AND S.-K. NGUANG, State feedback control of uncertain networked control systems
with random time delays, IEEE Trans. Automat. Control, 53 (2008), pp. 829-834.

K. KoBAvyasHi AND K. HIRAISHI, Modeling and design of networked control systems using
a stochastic switching systems approach, IEEJ Trans. Electr. Electron. Eng., 9 (2014),
pp. 56-61.

I. V. KOLMANOVSKY AND T. L. MAIZENBERG, Optimal control of continuous-time linear systems
with a time-varying, random delay, Systems Control Lett., 44 (2001), pp. 119-126.

I. KOrRDONIS AND G. P. PAPAVASSILOPOULOS, On stability and LQ control of MJLS with a
Markov chain with general state space, IEEE Trans. Automat. Control, 59 (2014), pp. 535—
540.

K. KosuGEe, H. MURAYAMA, AND K. TAKEO, Bilateral feedback control of telemanipulators
via computer network, in Proceedings of the 1996 IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS’96), 1996.

A. KrRuUszEwsKl, W.-J. JIANG, E. FRIDMAN, AND A. RICHARD, AND J.-P. TOGUYENI, A switched
system approach to exponential stabilization through communication network, IEEE Trans.
Control Syst. Technol., 20 (2012), pp. 887-900.

J. NILSSON AND B. BERNHARDSSON, LQG control over a Markov communication network, in
Proceedings of the 36th Annual IEEE Conference on Decision and Control (CDC’97), 1997.

J. NILSSON, B. BERNHARDSSON, AND B. WITTENMARK, Stochastic analysis and control of real-
time systems with random time delays, Automatica, 34 (1998), pp. 57—64.

H. O1sui AND Y. FUJIOKA, Stability and stabilization of aperiodic sampled-data control systems
using robust linear matriz inequalities, Automatica, 46 (2010), pp. 1327-1333.

D. B. PErcIVAL AND A. T. WALDEN, Spectral Analysis for Physical Application, Cambridge
University Press, Cambridge, UK, 1993.

H. H. ROSENBROCK, Computer-Aided Control System Design, Academic Press, New York, 1974.

F. R. P. SArAEL, S. G. GHIOCEL, J. P. HESPANHA, AND J. H. CHOW, Stability of an adap-
tive switched controller for power system oscillation damping using remote synchrophasor
signals, in Proceedings of the 53rd IEEE Conference on Decision and Control (CDC’14),
2014.

M. SCHATZMAN, Numerical Analysis: A Mathematical Introduction, Oxford University Press,
Oxford, UK, 2002.

Y. SHI AND B. YU, Output feedback stabilization of networked control systems with random
delays modeled by Markov chains, IEEE Trans. Automat. Control, 54 (2009), pp. 1668
1674.

H. SHOUSONG AND Z. QIXIN, Stochastic optimal control and analysis of stability of networked

control systems with long delay, Automatica, 39 (2003), pp. 1877-1884.

. SRINIVASAGUPTA, H. SCHATTLER, AND B. JOSEPH, Time-stamped model predictive control:
An algorithm for control of processes with random delays, Comput. Chem. Eng., 28 (2004),
pp. 1337-1346.

Y. SUN AND S. QIN, Stability analysis and controller design for networked control systems with

random time delay, Int. J. Syst. Sci., 42 (2011), pp. 359-367.

M. WAKAIKI, M. OGURA, AND J. P. HESPANHA, Linear quadratic control for sampled-data sys-
tems with stochastic delays, in Proceedings of the American Control Conference (ACC’17),
2017.

Z. WANG, X. WANG, AND L. L1u, Stochastic optimal linear control of wireless networked control
systems with delays and packet losses, IET Control Theory Appl., 10 (2016), pp. 742-751.

H. Xu, S. JAGANNATHANM, AND F. L. LEWIS, Stochastic optimal control of unknown linear
networked control system in the presence of random delays and packet losses, Automatica,

v



LQ-OPTIMAL CONTROL UNDER STOCHASTIC DELAYS 2661

48 (2012), pp. 1017-1030.

[40] T. C. YANG, Networked control system: A brief survey, IEE Proc. Control Theory Appl., 153
(2006), pp. 403-411.

[41] L. ZHANG, Y. SHI, T. CHEN, AND B. HUANG, A new method for stabilization of networked

control systems with random delays, IEEE Trans. Automat. Control, 50 (2005), pp. 1177—
1181.



	Introduction
	Problem statement
	Reduction to discrete-time LQ problem
	LQ control for discrete-time Markov jump systems
	Sufficient conditions for stochastic stabilizability and detectability
	Stochastic stabilizability
	Stochastic detectability

	Numerical example
	Concluding remarks
	Appendix A. Proof of Proposition 5.7
	Appendix B. Proof of Proposition 5.11
	References

