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Abstract

Delay Impulsive Systems: A Framework For Modeling Networked

Control Systems

by

Payam Naghshtabrizi

We model Networked Control Systems (NCSs) with variable delay, sampling

intervals and packet dropouts as delay impulsive systems which exhibit continuous

evolutions described by ODEs and state jumps or impulses that experience de-

lay. We develop theorems for the exponential stability of nonlinear time-varying

delay impulsive systems which can be viewed as extensions of the Lyapunov-

Krasovskii Theorem for time-delay systems. For linear plants and controllers,

exponential stability conditions can be formulated as Linear Matrix Inequalities

(LMIs), which can be solved numerically. By solving these LMIs, one can find

classes of delay-sampling sequences for the different sample-hold pairs in a NCS

such that exponential stability is guaranteed.

The timing requirements of delay-sampling sequences can be met by deter-

ministic networks for which delivery of packets can be guaranteed with bounded

delay. Scheduling theory provides conditions to check whether all the timing re-

quirements can be met. If appropriate scheduling conditions are satisfied, the

network will in fact be capable of delivering all the packets on time, and stability

of all systems connected to the network is guaranteed. Our analysis leads to the

x



design of communication protocols to determine which nodes gain access to the

network and an algorithm to select sampling sequences.

We also consider the tracking problem over the network. A feedforward struc-

ture is used to force the state of the plant to follow a desired trajectory and feed-

back structure is used to obtain the desired performance and robustness. Since

the feedback and the feedforward control commands are sampled and experience

variable delays, exact trajectory tracking is not possible and there is an error

between the desired trajectory and the real trajectory of the system. The error

dynamics can be modeled as an impulsive system driven by an external input

corresponding to feedforward signal mismatch. Sufficient condition for the Input-

to-State Stability (ISS) of the tracking error dynamics with respect to this input

is given. These results also provide classes of sampling-delay sequences for which

the steady-state tracking error is guaranteed to be smaller than a desired level.
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Chapter 1

Introduction

Network Control Systems (NCSs) are spatially distributed systems in which

the communication between sensors, actuators, and controllers occurs through a

shared band-limited digital communication network, as shown in Fig. 1.1.

PlantPlant

SensorsSensors ActuatorsActuators

EncEnc DecDec

ControllerController

Network

Figure 1.1. General NCS architecture.

The use of a multi-purpose shared network to connect spatially distributed

elements results in flexible architectures and generally reduces installation and

maintenance costs. Consequently, NCSs have been finding application in a broad

range of areas such as mobile sensor networks [54], remote surgery [34], hap-
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tics collaboration over the Internet [19, 22, 59], and automated highway systems

and unmanned aerial vehicles [57, 58]. However, the use of a shared network—

in contrast to using several dedicated independent connections—introduces new

challenges and Murray et al. [40] identify control over networks as one of the key

future directions for control.

NCSs lie at the intersection of control and communication theories. Tradi-

tionally, control theory focuses on the study of interconnected dynamical systems

linked through “ideal channels”, whereas communication theory studies the trans-

mission of information over “imperfect channels”. A combination of these two

frameworks is needed to model NCSs. This dissertation is primarily written from

a controls perspective and attempts to address several key issues that make NCSs

distinct from other control systems.

Sampling and delay To transmit a continuous-time signal over a network,

the signal must be sampled, encoded in a proper digital format called packet,

transmitted over the network, and finally the data must be decoded at the receiver

side. This process is significantly different from the usual periodic sampling in

digital control. A significant number of results have attempted to characterize

a maximum upper-bound on the sampling interval for which stability can be

guaranteed. These results implicitly attempt to minimize the packet-rate that is

needed to stabilize a system through feedback [37, 72].

The overall delay between sampling and eventual decoding at the receiver can

be highly variable because both the network access delays (i.e., the time it takes

for a shared network to accept data) and the transmission delays (i.e., the time

during which data are in transit inside the network) depend on highly variable

2



network conditions such as congestion and channel quality. In some NCSs, the

data transmitted are time-stamped, which means that the receiver may have an

estimate of the delay’s duration and take appropriate corrective action.

Packet dropout Another significant difference between NCSs and standard

digital control is the possibility that data may be lost while in transit through the

network. Typically, Packet dropouts result from transmission errors in physical

network links (which is far more common in wireless than in wired networks)

or from buffer overflows due to congestion. Long transmission delays sometimes

result in packet re-ordering, which essentially amounts to a packet dropout if the

receiver discards “outdated” arrivals. Reliable transmission protocols, such as

TCP, guarantee the eventual delivery of packets. However, these protocols are

not appropriate for NCSs since the re-transmission of old data is generally not

very useful.

Communication protocol In standard digital control systems samples are sent

periodically and in a cyclic manner. However, in NCSs a communication protocol

grants the access to the network. The communication protocol should be capable

of supporting time-critical requirements for control systems. Static communica-

tion protocols such as Round-Robin [68] grant the access to the network in a

periodic and pre-specified fashion inspired by time multiplexing Medium Access

Control (MAC) protocols. Dynamic communication protocols such as Try-Once-

Discard [68, 45, 63, 7] grant network access to a node based on the dynamics of

the control system. These communication protocols are specifically designed for

NCSs to improve the closed-loop system stability and performance.
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Plant

EncDec

SensorsActuators

Controller

Network

Figure 1.2. Single-loop NCS.

Systems architecture Figure 1.1 shows the general architecture of a NCS. In

this figure, encoder blocks map measurements into streams of bits grouped into

packets. Encoders serve two purposes: they decide when to sample a continuous-

time signal for transmission and what to send through the network. Conversely,

decoder blocks perform the task of mapping the streams of bits received from

the network into continuous actuation signals. One could also include in Fig. 1.1

encoding/decoding blocks to mediate the controllers’ access to the network. We

do not explicitly represent these blocks because the boundaries between a digital

controller and encoder/decoder blocks are often blurry. Throughout this thesis the

encoder is simply a sampler and the decoder is a hold. However, in Chapter 5 we

will consider more sophisticated encoder/decoder pairs. We will generally include

the sensor and actuator into the plant model.

Most of the research on NCSs considers structures simpler than the general

one depicted in Fig. 1.1. For example, some controllers may be co-located (and

therefore can communicate directly) with the corresponding actuators. It is also

often common to consider a single feedback loop as in Fig. 1.2. Although con-

siderably simpler than the general system shown in Fig. 1.1, we will consider this

architecture in Chapters 3, 4, and 7 to capture many important characteristics of

NCSs such as bandwidth limitations, variable communication delays, and packet

4



dropouts. However, in Chapters 5 and 6 we consider the general structure de-

picted in Fig. 1.1 to study systems with distributed sensors and actuators and to

design communication protocols.

1.1 Main contributions of the dissertation

The main contributions of this dissertation can be summarized as follows:

Stability of nonlinear time-varying delay impulsive systems Motivated

by NCSs with delay, we study delay impulsive systems. Delay impulsive dynamical

systems exhibit continuous evolutions described by Ordinary Differential Equa-

tions (ODEs) and state jumps or impulses that experience delays. We develop

general theorems for stability, asymptotic stability, and exponential stability of

nonlinear time-varying delay impulsive systems. Our theorems can be viewed as

extensions of the Lyapunov-Krasovskii Theorem for time-delay systems. A distin-

guishing feature of the stability conditions in this thesis is that, when specialized

to linear impulsive systems, the stability tests can be formulated as Linear Matrix

Inequalities (LMIs) that can be solved efficiently.

Stability of NCSs with variable sampling, delays, and packet dropouts

We model NCSs with variable sampling intervals, variable delays and packet

dropouts as delay impulsive systems. We assume that the plants and controllers

in the network are linear and we present stability conditions in terms of LMIs.

By solving these LMIs, one can find classes of delay-sampling sequences for each

sample-hold pair in the NCS such that exponential stability of all systems con-

nected to the network is guaranteed. The advantages of our approach are as

5



follows: (i) different network effects, i.e., variable sampling, delay and packet

dropout can be modeled in a unified framework, (ii) unlike most of the results

in the literature, we allow delays to be significantly larger than the sampling

intervals, and (iii) the stability conditions take into account the minimum and

maximum values for the delay.

Communication protocol design and sampling selection The results in

this thesis are applicable to deterministic networks for which packet delivery can

be guaranteed with bounded delay. Examples of such networks include token-

passing networks, CAN, FlexRay, and switched networks. Based on the scheduling

theory of real-time systems, we provide conditions to guarantee that the network

will be capable of delivering all the packets on time such that stability of all

systems connected to the network is guaranteed. Our analysis leads to the design

of communication protocols to determine when each node should gain access to

the network and also to an algorithm to select the sampling times.

Tracking over the network We consider the tracking problem over the net-

work, in which a controller sends commands over the network to cause the output

or the state of the plant to follow a reference path. A feedforward control structure

is used to improve tracking performance and feedback is used for convergence to

the desired solution and favorable robustness and disturbance attenuation. Since

the feedback and the feedforward control commands are sampled and experience

variable delays, exact trajectory tracking is not possible, resulting in an error be-

tween the desired and the real trajectories of the system. The error dynamics can

be modeled as an impulsive system driven by an external input corresponding to

feedforward signal mismatch. Sufficient conditions for the input-to-state stability

6



(ISS) of the tracking error dynamics with respect to this input are given. These

results also provide classes of sampling-delay sequences such that the steady-state

tracking error is guaranteed to be smaller than a desired level.

1.2 Organizational Outline

The thesis is organized as follows:

Chapter 2: Review Of Related Work This chapter summarizes some of

the previous work on NCSs with variable sampling, delays, and packet dropouts.

We also briefly review previous work on the Round-Robin and Try-Once-Discard

communication protocols.

Chapter 3: Impulsive Systems: A Model For NCSs With Variable Sam-

pling, SISO Case Impulsive dynamical systems exhibit continuous evolutions

described by Ordinary Differential Equations (ODEs) and instantaneous state

jumps or impulses. In this chapter, we establish exponential stability of nonlinear

time-varying impulsive systems by employing Lyapunov functions with disconti-

nuities at a countable set of times.

Then we consider NCSs that can be modeled as a SISO impulsive system.

We consider a linear plant with a static feedback controller where the sampling

intervals are uncertain and variable. We assume that the delays in the network

are negligible, but this framework is general enough to capture packet dropout

effects.

We apply our theorems to the analysis and the state-feedback stabilization

7



of such systems. Our stability and stabilization results are presented as Linear

Matrix Inequalities (LMIs). By solving these LMIs, one can find an upper bound

on the sampling intervals such that the stability of the closed-loop is guaranteed.

The control design LMIs also provide a controller gain to stabilize the system. For

the sake of brevity, we consider control designs only in chapter 3, but the same

procedure can be used to design state-feedback controllers for other models in this

thesis.

Chapter 4: Delay Impulsive Systems: A Model For NCSs With Vari-

able Sampling And Delay, SISO Case In this chapter we present stability,

asymptotic stability, and exponential stability theorems for delay impulsive sys-

tems by employing functionals with discontinuities at a countable set of times.

These results allow us to study stability of the NCSs considered in Chapter 3,

but with potentially large delays. By solving appropriate stability LMIs, one can

find a positive constant that determines an upper bound between the sampling

time and the next input update time for which the stability of the closed-loop

system is guaranteed, for given lower and upper bounds on the total loop delay.

When the delay in the feedback loop is small, these LMIs reduce to the ones

presented in Chapter 3. This observation shows that the results in Chapter 3 are

robust to small delays.

Chapter 5: Delay Impulsive Systems: A Model For NCSs With Vari-

able Sampling And Delay, MIMO Case To enlarge the class of NCSs, we

consider MIMO delay impulsive systems. This framework is general enough to

model both one-channel NCSs and multi-channel NCSs with dynamic output-

feedback controllers that may or may not be “anticipative”. For LTI plants and
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controllers, we present two stability tests in terms of LMIs. The first one is less

conservative but the number of LMIs grows exponentially with the number of

sample-hold pairs. The second stability condition is based on the feasibility of a

single LMI with dimension that grows linearly with the number of sample-hold

pairs. For a smaller number of sample-hold pairs the first stability test is prefer-

able, because it leads to less conservative results, but the second stability test is

more adequate for systems with many sample-hold pairs. By solving these LMIs,

one obtains positive constants that determine the upper bound between a sam-

pling time and the next input update time for each sample-hold pair for given

lower and upper bounds on the total delay in each loop.

Chapter 6: Communication Protocol Design For Deterministic Net-

works This chapter proposes design of communication protocols that guarantee

stability of all subsystems connected to a deterministic network. Based on the

scheduling theory of real-time systems, we provide conditions to guarantee that

the network will be capable of delivering all the packets on time such that stabil-

ity of all systems connected to the network is guaranteed. Our analysis leads to

the design of communication protocols to determine when each node should gain

access to the network and also to an algorithm for selecting the sampling times.

Then we implement the proposed communication protocol on Control Area Net-

works (CAN) in a distributed fashion.

Chapter 7: Input-To-State Stability Of Delay Impulsive System With

Application To Tracking Over Network We consider the tracking prob-

lem over the network, in which a controller sends commands over the network to

cause the output or the state of the plant to follow a reference path. A feedfor-
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ward control structure is used to improve tracking performance and feedback is

used for convergence to the desired solution and favorable robustness and distur-

bance attenuation. Since the feedback and the feedforward control commands are

sampled and experience variable delays, exact trajectory tracking is not possible,

resulting in an error between the desired and the real trajectories of the system.

The error dynamics can be modeled as an impulsive system driven by an external

input corresponding to feedforward signal mismatch. Sufficient conditions for the

input-to-state stability (ISS) of the tracking error dynamics with respect to this

input are given. These results also provide classes of sampling-delays such that

the steady-state tracking error is guaranteed to be smaller than a desired level.

Chapter 8: Conclusion and future directions The last chapter is dedicated

to the conclusions and directions for future research.

1.3 Notation and basic definition

We denote the transpose of a matrix P by P ′ and the smallest and the largest

eigenvalue of a matrix P by λmin(P ) and λmax(P ). We write P > 0 (or P < 0)

when P is a symmetric positive (or negative) definite matrix and we write a sym-

metric matrix







A B

B′ C






as







A B

∗ C






. The notations 0ij, Ik are used to denote a i×j

matrix with zero entries and a k × k identity matrix. When there is no confusion

about the size of such matrices we drop the subscript with the dimensions.

We denote the limit from below and above of a signal x(t) by x−(t) and x+(t)

respectively, i.e., x−(t) := limτ↑t x(τ), and x+(t) := limτ↓t x(τ). The left-hand side
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derivative of x with respect to t, i.e., ẋ(t) := limτ↑t
x(τ)−x(t)

τ−t
is denoted by ẋ(t).

A function α ∈ [0,∞) → [0,∞) is of class K, and we write α ∈ K when α is

continuous, strictly increasing, and α(0) = 0. If α is also unbounded, then we say

it is of class K∞ and we write α ∈ K∞.

A (continuous) function β : [0,∞)× [0,∞) → [0,∞) is of class KL, and we write

β ∈ KL when, β(., t) is of class K for each fixed t ≥ 0 and β(s, t) decreases to 0

as t→ ∞ for each fixed s.

Notation that is specific to a chapter will be introduced as needed.
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Chapter 2

Review of related work

In this chapter we review some of the related work in stability and controller

synthesis when the feedback loops are closed over a network. This problem is

motivated by scenarios in which sensors, controllers, and actuators are not co-

located and use a shared network to communicate. We ignore quantization and

focus our attention on the effects of data sampling, network delay, and packet

dropouts on the stability of the resulting NCSs.

2.1 Stability

First we present a collection of results on the sampling and delay effect on

the stability of NCSs. Then we consider the effect of packet dropout where the

underlying assumption is that the sampling interval is constant. In section 2.1.3 we

review the results that consider the effect of sampling, delay and packet dropout

in a unified framework which are highly related to the results in this thesis.
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y(t)

ykŷk

ŷ(t)
hold

tk

LTI Sys.

Network

Figure 2.1. One-channel feedback NCS with LTI plant/controller

2.1.1 Sampling and delay

The one-channel feedback NCS in Fig. 2.1 has been commonly used to inves-

tigate the effects of sampling and delay in the stability of NCSs. The LTI system

encapsulates a linear time-invariant plant/controller pair modeled by the following

continuous-time system

ẋ = Ax+Bŷ, y = Cx. (2.1)

This one-channel feedback NCS can capture several NCS configurations. The

signal y can be regarded as a vector of sensor measurements and ŷ as the input

to a continuous-time controller collocated with the actuators, as in Fig. 2.2(a)

[57, 37]. Alternatively, ŷ can be viewed as the input to the actuators and y as

the desired control signal computed by a controller collocated with the sensors,

as in Fig. 2.2(b). In either case, x would include the states of the plant and

the controller. The block diagram in Fig. 2.1 also captures the case of a static

controller that is not collocated with the sensors nor with the actuators as in

Fig. 2.2(c), because a memoryless controller could be moved next to the actuators,

without affecting the stability of the closed loop [3, 76].

In the one-channel feedback NCS in Fig. 2.1, the signal y(t) is sampled at

times {tk : k ∈ N} and the samples yk := y(tk), ∀k ∈ N are sent through the
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PlantController

Network

Samp.Hold

(a)

Plant Controller

Network

Samp.Hold

(b)

Plant

Network

Samp.Hold

Static
Controller

(c)

Figure 2.2. NCS control architectures captured by the one-channel feedback NCS

in Fig. 2.1

tk−1 tk tk+1

τk

yk−1

yk

t

ŷ(t)

y(t)

Figure 2.3. The piecewise constant signal ŷ(t) defined by (2.3).

network. In a lossless network, we have

ŷk = yk, ∀k ∈ N, (2.2)

but the samples only arrive at the destination after a (possibly variable) delay of

τk ≥ 0. At these times ŷ(t) is updated, leading to

ŷ(t) =















yk−1 t ∈ [tk, tk + τk)

yk t ∈ [tk + τk, tk+1)

(2.3)

where we assume that the network delays are always smaller than one sampling

interval, i.e., that tk+τk < tk+1, ∀k ∈ N (cf. Fig 2.3). Defining xk := x(tk), ∀k ∈ N

and applying the variation of constants formula to (2.1) and (2.3) we conclude

14



that

xk+1 = eA(tk+1−tk)xk + eA(tk+1−tk−τk)Γ(τk)Bŷk−1 + Γ(tk+1 − tk − τk)Bŷk, (2.4)

where Γ(s) :=
∫ s

0
eAzdz, ∀s ∈ R. To analyze this NCS, one can define an aug-

mented discrete-time state z′k :=

[

x(tk)
′ ŷ′k−1

]

, ∀k ∈ N and conclude from (2.2)

and (2.4) that it evolves according to

zk+1 = Φ(tk+1 − tk, τk)zk, ∀k ∈ N, (2.5)

where

Φ(a, b) :=







eAa + Γ(a− b)BC eA(a−b)Γ(b)B

C 0






, ∀a, b ∈ R.

In the absence of delay (i.e., when τk = 0, ∀k ∈ N), the state zk does not need to

include ŷk−1 and therefore the function Φ(·) in (2.5) can simply be defined by

Φ(a, 0) := eAa + Γ(a)BC, ∀a > 0. (2.6)

When the plant (2.1) is open-loop unstable, (2.5) will generally be unstable if the

interval between sampling times becomes large. In view of this, significant work

has been devoted to finding upper bounds on tk+1 − tk, ∀k ∈ N for which stabil-

ity can be guaranteed. These upper bounds are sometimes called the maximum

allowable transfer interval (MATI) [67].

Delays longer than one sampling interval may result in more than one ŷk (or

none) arriving during a single sampling interval, making the derivation of recursive

formulas like (2.5) difficult. All results reviewed in this section are based on a

reduction of the NCS to some form of discrete-time system such as (2.5), for

simplicity we will therefore implicitly assume delays smaller than one sampling

interval. This restriction will be lifted in Section 2.1.3.
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Periodic sampling and constant delay When y(t) is sampled periodically

and the delay is constant, the discrete-time system (2.5) is time-invariant and it

is straightforward to establish its stability:

Theorem 1 ([3]). Assuming that there exist constants h > τ ≥ 0 such that

tk+1 − tk = h, τk = τ, ∀k ∈ N,

the NCS (2.1)–(2.3) in Fig. 2.1 is exponentially stable if and only if Φ(h, τ) is

Schur (i.e., all its eigenvalues have magnitude strictly less than one). �

Remark 1. Defining the alternative augmented state z̄′k :=

[

x(tk + τk)
′ x(tk)

′

]

,

∀k ∈ N we obtain

z̄k+1 = Φ̄(tk+1 − tk − τk, τk+1)z̄k, ∀k ∈ N, (2.7)

Φ̄(a, b) :=







eA(a+b) Γ(a+ b)BC

eAa Γ(a)BC






, ∀a, b ∈ R, (2.8)

from which stability of the NCS can also be deduced. Zhang et al. [76] use results

from [2] on the stability of nonlinear hybrid systems to conclude that Schurness

of Φ̄(h, τ) is a sufficient condition for stability of the NCS in the time-invariant

case. From (2.7) one can see that this condition is also necessary. �

While some network protocols guarantee constant delay, such as the Controller

Area Network (CAN) protocol [26], most protocols introduce delays that can

vary significantly from message to message. Variable delays can be equalized

by introducing a buffer at the receiver, where data packets can be held so that

all packets appear to have the same delay from the perspective of the NCS [33].

However, the downside of delay equalization is that all packets will appear to have

a delay as large as the worst-case delay that the network can introduce.
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Periodic sampling and variable delay Suppose that the sampling inter-

vals are constant and equal to h and delay takes values equal to κ h
N

where

κ ∈ 0, 1, · · · , Dmax and Dmax ≤ N ∈ N. This situation happens when compu-

tation and transmission delays are negligible and access delays serve as the main

source of delays in NCS [30, 29, 31]. Under these assumptions the closed-loop

system (2.5) can be written as a discrete-time switched system with Dmax + 1

modes as follows

zk+1 = Aσk
zk, ∀k ∈ N,

where the switching signal σk takes values from {0, 1, · · ·Dmax} at each time step

and when σk = κ

Aκ := Φ
(

h, κ
h

N

)

κ ∈ {0, 1, · · ·Dmax}

Lin et al. [30] assume that for the case of no delay or small delays ( κ ≤ N0),

the corresponding state matrix, Aκ, is Schur stable while for the case of large delay

(κ > N0), Aκ is not Schur stable. Using average dwell time results for discrete

switched systems [74] provides conditions such that NCS stability is guaranteed.

Also the authors consider robust disturbance attenuation analysis for this class of

NCSs.

Remark 2. One Packet dropout can be modeled as an extra mode where κ = N .

The authors extended the results for the case of consecutive packet dropouts in

[29].

Variable sampling and delay When the network delay is not constant or when

the signal y(t) is sampled in a non-periodic fashion, (2.5) is not time-invariant

and eigenvalue argument does not suffice and one can employ Lyapunov-based
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argument to prove its stability. The following result is adapted from [75]1 and

expresses a sufficient condition for V (z) := z′Pz to be a Lyapunov function for

(2.5), from which stability of the NCS can be deduced:

Theorem 2. Assume that there exist constants hmin, hmax, τmin, τmax such that

0 ≤ hmin ≤ tk+1 − tk ≤ hmax, 0 ≤ τmin ≤ τk ≤ τmax, ∀k ∈ N, (2.9)

and that τmax < hmin. The NCS (2.1)–(2.3) in Fig. 2.1 is exponentially stable if

there exists a symmetric matrix P such that

P > 0, Φ(h, τ)′PΦ(h, τ) − P < 0, ∀h ∈ [hmin, hmax], τ ∈ [τmin, τmax]. (2.10)

�

From a numerical perspective, it is generally not simple to find a matrix P that

satisfies (2.10) for all values of h and τ in the given intervals. However, testing

the existence of a matrix P that satisfies (2.10) for values of h and τ on a finite

grid leads to a finite set of Linear Matrix Inequalities (LMIs) that is easy to solve.

Zhang and Branicky [75] propose a randomized algorithm to find the largest value

of hmax for which stability can be guaranteed when hmin = τmin = τmax = 0.

Model-based controller Montestruque and Antsaklis [35, 36, 37, 38, 39] con-

sider the model-based one-channel feedback NCS in Fig. 2.4, in which the signal

y transmitted across the network is the state of an LTI plant

ẋP = APxP +BPu, y = xP (2.11)

1A special case of Theorem 2 with hmin = τmin = τmax = 0 and the matrix Φ(·) given by
(2.6) can be found in [75].
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Ideal network

Figure 2.4. State feedback model-based NCS.

whose input u is generated by an estimator-based controller collocated with the

actuators. In general, an exact model of the plant is not available and therefore the

controller must construct an estimate x̂P of xP based on the following approximate

plant model

˙̂xP = ÂP x̂P + B̂Pu, (2.12)

which is instantaneously updated at the sampling times {tk : k ∈ N} using the

true value of xP coming from the network. The key difference between the NCSs

in Figures 2.1 and 2.4 is that in the former the data coming from the network is

held constant between sampling times, whereas in the later this data is used to

instantaneously update the state of the controller. Assuming that the network

delay is negligible, the controller updates its state estimate according to

x̂P (tk) = y(tk) = xP (tk), ∀k ∈ N. (2.13)

It then uses a certainty equivalence control law of the form

u = Kx̂P , (2.14)

with the matrix K chosen so that ÂP + B̂PK is Hurwitz (i.e., all its eigenval-

ues have strictly negative real part). Note that the matrices in the plant model
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(2.11) and the estimator model (2.12) generally do not match due to parametric

uncertainty.

Because of (2.13), we conclude that the state estimation error e := xP − x̂P is

reset to zero at sampling times and therefore its dynamics are defined by

ė = (ÃP + B̃PK)xP + (ÂP − B̃PK)e, e(tk) = 0,

where the matrices ÃP := AP − ÂP and B̃P := BP − B̂P represent the difference

between the actual plant and the model used to build the estimator. Defining

z′ :=

[

x′P e′
]

, we conclude that the overall closed-loop evolves according to the

following impulsive system

ż = Λz, z(tk) =







x−P (tk)

0






, (2.15)

where

Λ :=







AP +BPK −BPK

ÃP + B̃PK AP − B̃PK






. (2.16)

Defining the discrete-time state zk := z(tk), ∀k ∈ N, we obtain the following

model for its evolution

zk+1 = M(tk+1 − tk)zk, ∀k ∈ N, M(a) :=







I 0

0 0






eΛa







I 0

0 0






, ∀a > 0.

The following result is adapted from [37] and follows from standard results on the

stability of discrete-time systems:

Theorem 3. The following two results hold for the NCS (2.11)–(2.14) in Fig. 2.4

(there is no delay and packet dropout because the network is ideal):
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Figure 2.5. Single-loop NCS.

1. When there exists a constant h such that tk+1 − tk = h, ∀k ∈ N, the NCS is

globally exponentially stable if and only if M(h) is Schur.

2. When there exist constants hmin and hmax such that 0 ≤ hmin ≤ tk+1 − tk ≤

hmax, ∀k ∈ N, the NCS is exponentially stable if there exists a symmetric

matrix P such that

P > 0, M(h)PM(h) − P < 0, ∀h ∈ [hmin, hmax]. �

For periodic sampling, Montestruque and Antsaklis [35, 36, 37] use a similar

approach to determine the maximum value of h := tk − tk−1, ∀k ∈ N for which

the NCS is stable, both under state and output feedback.

General nonlinear case Consider a nonlinear plant and remote controller with

exogenous disturbances of the following form:

ẋP = fP (xP , û, w), y = gP (xP ), (2.17a)

ẋC = fC(xC , ŷ, w), u = gC(xC), (2.17b)

where xP and xC are the states of the plant and the controller; û and y the plant’s

input and output; ŷ and u the controller’s input and output; and w an exogenous

disturbance. The plant and the controller are connected through a two-channel
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feedback NCS as in Fig. 2.5. Ignoring network delay, between the sampling times

{tk : k ∈ N} both û and ŷ are held constant:

û(t) = û+(tk), ŷ(t) = ŷ+(tk), ∀t ∈ (tk, tk+1], k ∈ N. (2.18)

The signals u(t) and y(t) are not necessarily both sampled and sent to the network

at every sampling time and therefore

û+(tk) =















u(tk) if u sampled at time tk

û(tk) if u not sampled at time tk

∀k ∈ N. (2.19)

ŷ+(tk) =















y(tk) if y sampled at time tk

ŷ(tk) if y not sampled at time tk

∀k ∈ N. (2.20)

The sampling model (2.19) can be written compactly as

û+(tk) = u(tk) + hu

(

k, e(tk)
)

, ŷ+(tk) = y(tk) + hy

(

k, e(tk)
)

, ∀k ∈ N, (2.21)

where

e =







ey

eu






:=







ŷ − y

û− u






∈ R

ne,

and

hu(k, e) :=















0 if u sampled at time tk

eu if u not sampled at time tk

∀k ∈ N, e ∈ R
ne

hy(k, e) :=















0 if y sampled at time tk

ey if y not sampled at time tk

∀k ∈ N, e ∈ R
ne.

These definitions allow us to write the following “reset-map” for the error e at the

sampling times:

e+(tk) =







ŷ+(tk) − y(tk)

û+(tk) − u(tk)






=







hu(k, e)

hy(k, e)






, (2.22)
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where we used (2.21) and the fact that both y and u are continuous functions

of time. The fact that the neither the state of the process nor the state of the

controller appear in (2.22) will be very convenient for the analysis. It is also

interesting to observe that the error reset map in (2.22) does not depend on the

process/controller dynamics, but only on the “protocol” used to decide which

variables should be sampled at each sampling time.

Walsh et al. [68], Nesic and Teel [45] actually consider a sampling model more

general than (2.19), as they allow for only some entries of u and y to be transmitted

through the network at each sampling time. In practice, this means that only some

entries of hu(·) and hy(·) may be equal to zero at each sampling time. To capture

this, Nesic and Teel [45] generalize (2.22) to

e+(tk) = h
(

k, e(tk)
)

, ∀t ∈ (tk, tk+1], k ∈ N, (2.23)

where h(k, ·) specifies which entries of the error are reset to zero at the kth sam-

pling time. This function can be regarded as implementing a network access

protocol that decides which input/output signals should be sampled at each time

tk, k ∈ N. When this decision is based on the current mismatches between u and

û and/or between y and ŷ, we have a dynamic protocol, such as the Try-Once-

Discard protocol in [68, 45]. Otherwise, we have a static protocol, such as the

Round-robin protocol in [76, 68, 45]. Since the current mismatches may not al-

ways be available, Tabbara et al. [63] propose an alternative formulation in which

the decision to sample a signal is based on an estimate of the mismatch for that

signal.

Defining x :=

[

x′P x′C

]′

, the NCS described by (2.17), (2.18), and (2.23) can
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be modeled by an impulsive system of the form

ẋ = f(x, e, w), ∀t ≥ 0, x ∈ R
nx , w ∈ R

nw , (2.24a)

ė = g(x, e, w), ∀t ∈ (tk, tk+1], e ∈ R
ne , (2.24b)

e+(tk) = h
(

k, e(tk)
)

, ∀k ∈ N. (2.24c)

This is a generalization of the NCS model in (2.15), in which signals were assumed

continuous from above instead of continuous from below.

The following result is adapted from [45] and can be used to establish the

stability of (2.24):

Theorem 4. Suppose that the following conditions hold:

1. There exists a function W : N × R
ne → [0,∞) and constants ρ ∈ [0, 1),

a1, a2 > 0 such that

a1‖e‖ ≤W (k, e) ≤ a2‖e‖, W (k + 1, h(k, e)) ≤ ρW (k, e),

for ∀k ∈ N, e ∈ R
ne.

2. There exists a function H : R
nx → [0,∞) and a constant L such that

∂W (k, e)

∂e
· g(x, e, w) ≤ LW (k, e) +H(x) + ‖w‖,

for ∀k ∈ N, x ∈ R
nx , e ∈ R

ne , w ∈ R
nw .

3. There exists a class KL function β1 and a positive constant γ1 > 0 such that

H
(

x(t)
)

≤ β1

(

‖x(t0)‖, t− t0
)

+ γ1 ess sup
τ∈(t0,t)

(

‖e(τ)‖ + ‖w(τ)‖
)

,

for ∀t ≥ t0 ≥ 0 along solutions to (2.24a).
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4. There exists a class KL function β2 and a class K function γ2 such that

‖x(t)‖ ≤ β2

(

‖x(t0)‖, t− t0
)

+ ess sup
τ∈(t0,t)

γ2

(

H
(

x(τ)
)

+ ‖e(τ)‖ + ‖w(τ)‖
)

,

for ∀t ≥ t0 ≥ 0 along solutions of (2.24a).

5. There exists a positive constant ξ (called the maximum allowable transfer

interval, MATI) such that

0 < tk+1 − tk ≤ ξ <
1

L
ln

( L+ γ1

ρL+ γ1

)

, ∀k ∈ N.

Then the NCS modeled by (2.24) is input-to-state stable from the disturbance input

w to its state (x, e). �

Condition 1 should be viewed as a requirement on the network access protocol

specified by the function h(·). In practice, this condition requires the protocol to

define an exponentially stable auxiliary discrete-time system

zk+1 = h(k, zk)

with a decay rate of ρ < 1. In view of this, Nesic and Teel [45] introduce the

terminology “uniformly exponentially stable protocol” to denote any protocol that

satisfies condition 1.

For linear systems, the remaining assumptions of Theorem 4 are fairly mild.

They basically require a growth for the error dynamics no faster than exponen-

tial and appropriate disturbance rejection properties of the “closed-loop” system

(2.24), with respect to the inputs e and w. However, for nonlinear systems these

assumptions may be difficult to verify. In either case, Nesic and Teel [45, 46, 47]

show that the MATI condition 5 in Theorem 4 is less conservative than the ones

in [67, 68, 66].
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2.1.2 Packet dropouts

Packet dropouts can be modeled either as stochastic or deterministic phenom-

ena. The simplest stochastic model assumes that dropouts are realizations of

a Bernoulli process [60, 64]. Finite-state Markov chains can be used to model

correlated dropouts [61] and Poisson processes can be used to model stochastic

dropouts in continuous time [69]. Deterministic models for dropouts have also

been proposed, either specified in terms of time-averages [76] or in terms of worst-

case bounds on the number of consecutive dropouts [73, 42]. We defer the study

of worst-case dropout models to Section 2.1.3.

Consider again the one-channel feedback NCS in Fig. 2.1, with a plant/controller

pair (2.1), for which the signal y is sampled at times {tk : k ∈ N} and the samples

yk := y(tk) are sent through the network. When packets are dropped, the net-

work model in (2.2) must be changed. It is often assumed that when the packet

containing the sample yk is dropped, the NCS utilizes the previous value of ŷk

[76, 57]. This corresponds to replacing the lossless network model (2.2) by

ŷk = θkyk + (1 − θk)ŷk−1 =















yk θk = 1 (no packet dropout)

ŷk−1 θk = 0 (packet dropout)

∀k ∈ N,

(2.25)

where θk = 0 when there is a packet dropout at time k and θk = 1 otherwise.

Hadjicostis and Touri [17] assume instead that ŷk is set to zero when the packet

containing yk is dropped, i.e., ŷk = θkyk, ∀k ∈ N.

Assuming that the delay2 τk experienced by the kth packet is smaller than the

2When the kth packet is dropped the value of τk is of no consequence and can be assumed
zero.
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corresponding sampling interval, the continuous-time signal ŷ(t) is still updated

according to (2.3). For simplicity, we assume periodic sampling and constant

network delay, i.e., tk+1 − tk = h, τk = τ , ∀k ∈ N. To analyze this NCS, once

again we define an augmented discrete-time state z′k :=

[

x(tk)
′ ŷ′k−1

]

. From (2.4)

and (2.25) we now conclude that

zk+1 = Φθk
zk, (2.26)

where

Φθ :=







eAh + θΓ(h− τ)BC eA(h−τ)Γ(τ)B + (1 − θ)Γ(h− τ)B

θC (1 − θ)I






, ∀θ ∈ {0, 1}.

(2.27)

Deterministic dropouts Zhang et al. [76] consider a deterministic dropout

model, with packet dropouts occurring at an asymptotic rate defined by the fol-

lowing time-average

r := lim
T→∞

1

T

k0+T−1
∑

k=k0

(1 − θk), ∀k0 ∈ N, (2.28)

which implicitly assumes that the limit exists. Under this dropout model, the

system (2.26) falls under the class of asynchronous dynamical systems (ADSs).

These are hybrid systems whose continuous dynamics are governed by differential

or difference equations and the discrete dynamics are governed by finite automata.

In ADSs, the finite automata are driven asynchronously by external events that

occur at pre-specified rates. The ADSs of interest to us are defined by a difference

equation such as (2.26), where θk takes values in some index set {0, 1, . . . , N} and

the rate at which the event θk = j occurs is defined by the following time average

rj := lim
T→∞

1

T

k0+T−1
∑

k=k0

δj θk
, ∀k0 ∈ N, j ∈ {0, 1, . . . , N}, (2.29)
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where δj θk
= 1 when θk = j and zero otherwise. When all the limits exist, we

have
∑N

j=0 rj = 1. The following result is adapted from Hassibi et al. [18] and

uses a quadratic Lyapunov function of the form V (z) := z′Pz to establish the

asymptotic stability of the ADS system (2.26) with rates (2.29).

Theorem 5 ([18]). Assume that there exist a symmetric matrix P > 0 and scalars

α0, . . . , αN and α such that

αr0
0 α

r1
1 · · ·αrN

N > α > 1, Φ′
jPΦj ≤ α−2

j P, ∀j ∈ {0, 1, . . . , N},

then the ADS (2.26) is exponentially stable in the sense that limk→∞ αk‖zk‖ = 0

for every sequence δj θk
for which (2.29) holds. �

The following result is obtained by applying Theorem 5 to our NCS with

constant sampling interval h and constant delay τ :

Corollary 1. Assuming that there exist a symmetric matrix P > 0 and scalars

α, α0, α1 such that

αr
0 α

1−r
1 > α > 1, Φ0(h, τ)

′PΦ0(h, τ) ≤ α−2
0 P, Φ1(h, τ)

′PΦ1(h, τ) ≤ α−2
1 P,

(2.30)

then the NCS (2.26) is exponentially stable in the sense that limk→∞ αk‖zk‖ = 0

for every sequence θk for which (2.28) holds. �

The main difficulty in applying this result is that the set of matrix inequalities

that appears in (2.30) is bilinear in the unknowns P, αj and therefore generally

non-convex. However, one can use a “line-search” procedure over the two scalars

α0, α1 to determine the feasibility of (2.30).
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Remark 3. One can also express (2.25) as ŷk = Cx̂k, ∀k ∈ N, with x̂k defined by

x̂k := θkxk + (1 − θk)x̂k−1 =



















xk θk = 1 (no packet dropout)

x̂k−1 θk = 0 (packet dropout)

∀k ∈ N.

When τ = 0 one can analyze the system’s stability using the discrete-time state

z̄′k :=

[

x′k x̂′k

]

, which evolves according to

z̄k+1 = Φ̄θk+1
z̄k, Φ̄θ :=







eAh Γ(h)BC

θeAh θΓ(h)BC + (1 − θ)I






, ∀k ∈ N.

In their work, Zhang et al. [76] considered this discrete-time system instead of

(2.26). �

Stochastic dropouts Seiler and Sengupta [57, 58] consider stochastic losses. In

their formulation, θk is a Bernoulli process3 with probability of dropout (i.e., θk =

0) equal to p ∈ [0, 1). Under this dropout model, the system (2.26) is a special

case of a discrete-time Markovian jump linear system (MJLS). In general MJLSs,

the index θk in (2.26) would be the state of a discrete-time Markov chain with a

finite number of states and a given transition probability matrix. For Bernoulli

drops, the Markov chain only has two states and the transition probability from

any state to the dropout-state θk = 0 is equal to p and the transition probability

from any state to the state θk = 1 is equal to 1 − p, as shown in Fig 2.6. The

stability of discrete-time MJLSs can be established using results from [5] (cf. [10]

for continuous-time MJLs), leading to the following theorem:

3To emphasize the fact that now the θk, k ∈ N are random variables, we denote them in
boldface.
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1 − p
1 − p

p

p

θk = 0 θk = 1

Figure 2.6. Bernoulli drops with probability pmodeled as a two-state discrete-time

Markov chain.

Theorem 6 ([57]). The NCS (2.26) with dropout probability p (Bernoulli) is

exponentially mean-square stable if there exists a symmetric matrix Z > 0 such

that














Z
√
p(Φ0Z)′

√
1 − p(Φ1Z)′

∗ Z 0

∗ ∗ Z















> 0. (2.31)

�

When the controller is collocated with the actuators, Seiler and Sengupta

[57, 58] suggest that the control law can adapt to the occurrence of dropouts by

allowing the controller to use different gains at different time instants k, based on

the value of θk ∈ {0, 1}. In this case, the matrices A,B,C in (2.27) depend on

θ, but one still gets a system of the form (2.26) and one can use similar tools to

analyze its stability. We will return to this issue in Section 2.2 when we discuss

the design of NCS controllers.
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2.1.3 NCSs with sampling, delays, and dropouts

Once again we go back to the one-channel feedback NCS in Fig. 2.1, with

a plant/controller pair (2.1), for which the signal y(t) is sampled at times {tk :

k ∈ N}. In a lossless network, all the samples ŷk = yk = Cx(tk) arrive at the

destination with a (possibly variable) delay of τk ≥ 0, which leads to

ŷ(t) = Cx(tk), ∀t ∈ [tk + τk, tk+1 + τk+1), k ∈ N. (2.32)

In the previous sections, we proceeded by deriving discrete-time models for the

evolution of the state of the NCS at sampling times. Instead, Yu et al. [70] propose

to regard (2.32) as a delayed equation

ŷ(t) = Cx
(

t− τ(t)
)

, ∀t ≥ 0, (2.33)

in which the delay τ(t) is time-varying and evolves according to

τ(t) = t− tk, ∀t ∈ [tk + τk, tk+1 + τk+1), k ∈ N.

Fig. 2.7(a) shows the evolution of the time-varying delay τ(t) in (2.33) for the

case of periodic sampling with period h = tk+1− tk, ∀k ∈ N and constant network

delay τ0 = τk, ∀k ∈ N. In view of (2.33), this approach regards the overall NCS

as a continuous-time delayed differential equation (DDE) of the form

ẋ(t) = Ax(t) +BCx
(

t− τ(t)
)

, ∀t ≥ 0, (2.34)

where the time-varying delay τ(t) satisfies

τ(t) ∈ [τmin, τmax), τ̇ = 1, ∀t ≥ 0, a.e. (2.35)

where

τmin := min
k∈N

{τk}, τmax := max
k∈N

{tk+1 − tk + τk+1}. (2.36)
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τ0 τ0

h+ τ0h+ τ0

tk−1 + τ0tk−1 + τ0 tk + τ0tk + τ0 tk+1 + τ0tk+1 + τ0

2h + τ0

tk+2 + τ0

τ (t) τ (t)

tt

(a) (b)

Figure 2.7. Variable delay in an NCS for constant network delay τk = τ0, ∀k ∈ N

and periodic sampling with period tk+1−tk = h, ∀k ∈ N for (a) no packet dropout

and (b) one packet dropout shown by a black dot.

An important advantage of characterizing an NCS as in (2.34)–(2.36) is that these

equations are valid even when the delay exceeds the sampling interval. So in this

section we shall not restrict our attention to delays smaller than one sampling

interval.

As illustrated in Fig. 2.7(b), we can also view packet dropouts as a delay τ(t)

that grows beyond the maximum in (2.36). This means that an NCS with a

maximum number of consecutive dropouts equal to m is still a DDE like (2.34)–

(2.35), but with

τmin := min
k∈N

{τk}, τmax := max
k∈N

{tk+1+m − tk + τk+1+m}.

The Lyapunov-Krasovskii and the Razumikhin Theorems [16, 56, 13] are the two

main tools available to study the stability of DDEs of the form (2.34)–(2.35).

However, the Lyapunov-Krasovskii Theorem generally leads to less conservative

results. To formulate this theorem we need following notation: Given a constant

τmax > 0, a continuous signal x : (−τmax,∞) → R
n, and some time t ∈ R, we

denote by xt : [−τmax, 0] → R
n the restriction of x to the interval [t − τmax, t]

translated to [−τmax, 0], i.e., xt(s) = x(t + s), ∀s ∈ [−τmax, 0]. The function xt

is an element of the Banach space C([−τmax, 0],Rn) of continuous functions from
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[−τmax, 0] to R
n.

Theorem 7 (Lyapunov-Krasovskii [16]). The DDE

ẋ(t) = Ax(t) + Adx
(

t− τ(t)
)

, ∀t ≥ 0, (2.37)

with τ(t) ∈ [0, τmax], ∀t ≥ 0 and initial condition x(t) = ψ(t), ∀t ∈ [−τmax, 0]

is asymptotically stable if there exists a bounded quadratic Lyapunov-Krasovskii

functional V : C([−τmax, 0],Rn) → R and a positive constant ε for which

V (φ) ≥ ε‖φ(0)‖2,
dV (xt)

dt

∣

∣

xt=φ
≤ −ε‖φ(0)‖2, ∀φ ∈ C([−τmax, 0],Rn).

where the (total) derivative is taken along solutions to (2.37). �

To study the stability of (2.34), Yue et al. [73] use the following Lyapunov-

Krasovskii functional

V (xt) = x(t)′Px(t) +

∫ t

t−τmax

∫ t

s

ẋ(v)′T ẋ(v)dvds,

with symmetric matrices P > 0 and T > 0. They show that the derivative of

V (xt) is negative along solutions to (2.34) if
[

N1+N ′
1−M1A−A′M ′

1 N ′
2−N1−A′M ′

2−M1BC N ′
3−A′M ′

3+M1+P τmaxN1

∗ −N2−N ′
2−M2BC−C′B′M ′

2 −N ′
3+M2−C′B′M ′

3 τmaxN2

∗ ∗ M3+M ′
3+τmaxT τmaxN3

∗ ∗ ∗ −τmaxT

]

< 0, (2.38)

where Ni,Mi, i ∈ {1, 2, 3} are slack matrix variables. This leads to the following

result:

Theorem 8 ([73]). For a given scalar τmax > 0, suppose that there exist square

matrices Ni,Mi, i ∈ {1, 2, 3} and symmetric matrices P, T > 0 such that (2.38)

holds. Then the NCS (2.34)–(2.35) in Fig 2.1 is asymptotically stable as long as

tk+1+m − tk + τk+1+m ≤ τmax, ∀k ∈ N,

where m denotes the maximum number of consecutive dropouts. �
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u`

Network model

Hold

Figure 2.8. Two channel feedback NCS with observer-based controller.

Yu et al. [70] also model one-channel feedback NCSs as DDEs, but they study

their stability using the Razumikhin Theorem, which generally leads to more

conservative results.

Naghshtabrizi and Hespanha [42] consider the two-channel feedback NCS in

Fig. 2.8, in which a known plant

ẋP = APxP +BP û, y = CPxP (2.39)

is controlled by a remote observer-based controller that receives sensor data through

a sensor channel and sends control signals to the actuators through an actuation

channel. The output signal y(t) is sampled at times tsk, k ∈ N and the samples

yk := y(tsk), k ∈ N are sent through the sensor channel suffering a (possibly vari-

able) delay of τ s
k ≥ 0. In a lossless network, ŷ(t) is therefore updated according

to

ŷ(t) = yk = CPxP (tsk), ∀t ∈ [tsk + τ s
k , t

s
k+1 + τ s

k+1), k ∈ N,

and if ms > 0 sensor channel packets are dropped after the kth packet, the above

equation holds ∀t ∈ [tsk + τ s
k , t

s
k+1+ms + τ s

k+1+ms).
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Two alternative observer-based controllers are proposed: non-anticipative and

anticipative. Non-anticipative controllers construct an estimate x̂P of the plant

state xP using

˙̂xP (t) = AP x̂P (t) +BP û(t) + L
(

ŷ(t) − CP x̂P (tsk)
)

, ∀t ∈ [tsk + τ s
k , t

s
k+1 + τ s

k+1),

(2.40)

for which the innovation term ŷ−CP x̂P (tsk) was chosen so that it is equal to zero

whenever xP (tsk) = x̂P (tsk). Control updates u` := Kx̂P (ta` ) are sent through the

actuation channel to the actuators at times ta` , ` ∈ N suffering a (possibly variable)

delay of τa
` ≥ 0. In a lossless network, the control signal û(t) is therefore updated

according to

û(t) = u` = Kx̂P (ta` ), ∀t ∈ [ta` + τa
` , t

a
`+1 + τa

`+1), ` ∈ N,

which would hold over a longer interval if actuation channels packets were dropped.

Anticipative controllers attempt to compensate the sampling and delay intro-

duced by the actuation channel. For simplicity, we assume that the actuation

channel is sampled with period ha = ta`+1 − ta` , ∀` ∈ N and that its delay is con-

stant and equal to τa = τa
` , ∀` ∈ N. At each sampling time ta` = `ha, ` ∈ N the

controller sends a time-varying control signal u`(·) that should be used from the

time `ha + τa at which it arrives until the time (` + 1)ha + τa at which the next

control update will arrive. This leads to

û(t) = u`(t), ∀t ∈ [`ha + τa, (`+ 1)ha + τa), ` ∈ N.

To stabilize (2.39), u`(t) should be equal to −Kx̂P (t), where x̂P (t) is an estimate of

xP (t). However, the estimates x̂P (·) needed in the interval [`ha+τa, (`+1)ha+τa)

must be available at the transmission time `ha, which requires the control unit
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to estimate the plant state up to ha + τa time units into the future. In this case,

the estimator (2.40) is of no use. Instead, an estimate z(t) of xP (t + ha + τa) is

constructed as follows:

ż(t) = APz(t) +BP û(t+ ha + τa) + L
(

ŷ(t) − CP z(t
s
k − ha − τa)

)

,

for ∀t ∈ [tsk + τ s
k , t

s
k+1 + τ s

k+1), k ∈ N, for which the innovation term ŷ −CPz(t
s
k −

ha − τa) was chosen so that it is equal to zero whenever xP (tsk) = z
(

tsk − ha − τa
)

.

The signal u`(·) sent at time `ha and to be used during the interval [`ha + τa, (`+

1)ha + τa), is given by

u`(t) = −Kz(t − ha − τa), ∀t ∈ [`ha + τa, (`+ 1)ha + τa), ` ∈ N,

which only requires knowledge of z(·) in [(`− 1)ha, `ha) and is therefore available

at the transmission time `ha. For anticipative controllers to be able to compensate

for packet dropouts in the actuation channel, z would have to estimate xP fur-

ther into the future. Anticipative controllers send through the actuation channel

actuation signals to be used during time intervals of duration ha, therefore for

these controllers the sample and hold blocks in Fig. 2.8 should be understood in

a broad sense. In practice, the sample block would send over the network some

parametric form of the control signal u`(·) (e.g., the coefficients of a polynomial

approximation to this signal).

Naghshtabrizi and Hespanha [42] write the closed-loop NCSs as DDEs for both

the anticipative and the non-anticipative controllers. For an anticipative controller

with no dropouts, this leads to

ẋ(t) =







AP − BPK 0

0 AP






x(t) +







0 LCP

0 −LCP






x(t− τ), ∀t ≥ 0, (2.41)
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where x′(t) :=

[

z(t) xP (t+ ha + τa) − z(t)

]

, ∀t ≥ 0 and

τ(t) := t− tsk + ha + τa, ∀t ∈ [tsk + τ s
k , t

s
k+1+m + τ s

k+1+m), k ∈ N.

Moreover, if ms > 0 sensor channel packets are dropped after the kth packet, this

equation holds over the interval [tsk + τ s
k , t

s
k+1+ms + τ s

k+1+ms).

The “triangular” structure of (2.41) is unique to the anticipate controller.

With this type of controller, if we choose K so that AP − BPK is Hurwitz, as-

ymptotic stability of the NCS is equivalent to the asymptotic stability of the

(decoupled) dynamics of the error e(t) := xP (t+ ha + τa)− z(t), ∀t ≥ 0, which is

given by the following DDE

ė(t) = AP e(t) − LCP e
(

t− τ(t)
)

, t ≥ 0,

with τ(t) ∈ [τmin, τmax), τ̇ = 1, ∀t ≥ 0, a.e., where

τmin := min
k∈N

{τ s
k + ha + τa}, τmax := max

k∈N

{tsk+1+ms − tsk + τ s
k+1+ms + ha + τa},

where ms denotes the maximum number of consecutive packet dropouts in the

sensor channel. Naghshtabrizi and Hespanha [42] use the following Lyapunov-

Krasovskii functional to analyze this system

V (et) = e(t)′P1e(t) +

∫ t

t−τmax

∫ t

s

ė′(v)Rė(v)dvds+

∫ t

t−τmin

e′(s)Se(s)ds,

where P1 > 0, R > 0, S > 0. This leads to the following result:

Theorem 9 ([42]). Suppose that there exist symmetric matrices P1, S, R > 0,
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square matrices P2, P3, Z1, Z2, and a (non-square) matrix T such that














Ψ P ′







0

−LCP






− T ′

∗ −S















< 0,









R

[

0 −(LCP )′
]

P

∗ Z2









> 0,







R T

∗ Z1






> 0,

(2.42)

where

P :=







P1 0

P2 P3






, Ψ :=P ′







0 I

AP −I






+







0 I

AP −I







′

P +







S 0

0 τmaxRi







+τminZ1 + (τmax − τmin)Z2 +







T

0






+







T

0







′

. (2.43)

Then the NCS with the anticipative controller (2.41), (2.35) is asymptotically

stable as long as there are no dropouts in the actuation channel and

τ s
k + ha + τa ≥ τmin, tsk+1+ms − tsk + τ s

k+1+ms + ha + τa ≤ τmax, ∀k ∈ N,

where ms denotes the maximum number of consecutive dropouts in the sensor

channel. �

The reader is referred to [42] for an analogous result with a non-anticipative

controller.

2.2 Controller Synthesis

In this section, we discuss the design of feedback controllers for NCSs. Some

of these results stem directly from the analysis methods presented in Section 2.1.
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Figure 2.9. Two-channel feedback NCS considered by Nilsson [48].

2.2.1 Sampling and delay

Nilsson et al. [49, 51, 50, 53, 52, 48] consider the two-channel feedback NCS

in Fig. 2.9. The plant is an LTI system with the following state-space model

ẋ = Ax +Bû + w, y = Cx + v, (2.44)

where v and w are zero-mean uncorrelated white noise processes. The output

signal y(t) is sampled periodically at times tk := kh, ∀k ∈ N and the samples

yk := y(tk), ∀k ∈ N are sent through the network. After a (possibly varying) delay

of τ
s
k ≥ 0, these samples reach a remote controller that immediately computes

control updates uk and sends them to the network. These updates reach the

actuators after a (possibly varying) delay of τ
a
k ≥ 0. Assuming that there are no

packet dropouts in either of the network channels, this leads to

û(t) =















uk−1 t ∈ [tk, tk + τ
s
k + τ

a
k)

uk t ∈ [tk + τ
s
k + τ

a
k, tk+1)

, (2.45)

where we assumed that the total delay is smaller than one sampling interval, i.e.,

that τ
s
k +τ

a
k < h, ∀k ∈ N. Any computation time needed by the remote controller

can be incorporated in the network delay τ
a
k.
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The delays τ
s
k and τ

a
k are assumed to be independent random variables with

known probability distributions. Moreover, it is assumed that all data sent through

the network is time-stamped, which means that the controller knows the value of

the delay τ
s
k when the kth measurement ŷk arrives.

Defining xk := x(tk), ∀k ∈ N and applying the variation of constants formula

to (2.44)–(2.45), we conclude that

xk+1 = eAhxk + eA(h−τ
s
k−τ

a
k)Γ(τ s

k + τ
a
k)Buk−1 + Γ(h− τ

s
k − τ

a
k)Buk + vk,

yk = Cxk + wk,

where Γ(s) :=
∫ s

0
eAzdz, ∀s ∈ R and vk, wk are uncorrelated zero-mean white

noise processes.

Assuming state-feedback (i.e., yk = xk, ∀k ∈ N), Nilsson et al. [53, 51] show

that the optimal control uk that minimizes

Jk = E
{

x′
NQNxN +

N−1
∑

j=k







xj

uj







′

Q







xj

uj







}

,

with

QN ≥ 0, Q :=







Q11 Q12

∗ Q22






≥ 0, Q22 > 0,

is of the form

uk = −Lk(τ
s
k)







xk

uk−1






, ∀k ∈ N. (2.46)

Hence the optimal controller with full state information is a linear but τ
s
k-dependent

function of the current state and previous control signal. The computation of the
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matrix gain Lk(τ
s
k) requires the solution of a backwards-in-time Riccati equa-

tion that involves the computation of expectations with respect to the random

variables τ
s
k and τ

a
k.

In practice, the delays τ
s
k, τ

a
k, ∀k ∈ N are often correlated because they de-

pend on the network load, which typically varies at time scales slower than the

sampling interval h. To account for this, Nilsson and Bernhardsson [50] consider

three alternative distributions for the delay and model the transitions between the

distributions using a three-state Markov chain. Each state of the Markov chain

would correspond to a particular network load (low, medium, or high). In this

case the optimal control strategy is of the form

uk = −Lk(τ
s
k, rk)







xk

uk−1






, (2.47)

where now the matrix gain Lk(τ
s
k, rk) depends both on the delay τ

s
k and the

current state rk of the Markov chain. To implement this control law, the remote

controller must know the current value of rk.

The main difficulty in using the optimal controllers (2.46), (2.47) is the com-

putation of the matrix gains Lk(·). However, when stationary values for these

gains exist, they can be computed offline and stored in a table, which is indexed

in real time by the current value of the delay τ
s
k and network state rk. Nilsson

et al. [53, 51] also propose to use suboptimal controllers that are more attractive

from a computational perspective. The same authors [53, 51, 50] extended this

work for the output feedback case. They showed that the separation principle

holds and that the optimal control can be obtained by replacing xk in (2.46) and

(2.47) by an estimate x̂ computed using a time-varying Kalman filter.

Nilsson et al. [52] further extended this work by considering non-periodic sam-
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Kκ

u(t)uk

Hold Plant

ykŷk

y(t) tk

Network

Figure 2.10. One-channel feedback NCS with switching controller.

pling, timeouts on the period during which a controller waits for new measure-

ments before sending a new control command, and asynchronous loops in which

the clocks used for time-stamping are not synchronized and run at different speeds.

Lincoln and Bernhardsson [32] also extended these results to situations in which

the sum of the delays exceeds one sampling interval but remains bounded.

2.2.2 Packet dropouts

Deterministic dropout rates Yu et al. [71] consider the one-channel feedback

NCS shown in Fig. 2.10 with a LTI plant

ẋ = Ax+Bu, y = Cx,

whose output is sampled periodically at times {tk := kh : k ∈ N} and the samples

yk := y(tk) are sent through the network. It is assumed that the delay introduced

by the network is negligible but packets may be dropped. The network output

ŷk is kept equal to its previous value when the packet containing the sample yk is

dropped as in (2.25). Denoting by κj, j ∈ N the indexes of the packets that are

not dropped, ŷk remains equal to yk from k = κj until k = κj+1 − 1, i.e.,

ŷk = yκj
, ∀k ∈ {κj , κj + 1, . . . , κj+1 − 1}.
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Yu et al. [71] use a static output-feedback controller, whose gain changes depend-

ing on whether or not a packet is dropped. More precisely, they use

uk = Kk−κj
ŷk = Kk−κj

yκj
, ∀k ∈ {κj, κj + 1, . . . , κj+1 − 1},

where the matrix gain K0 is used when the sample yk has not been dropped, K1

is used when yk has been dropped but yk−1 has not, K2 is used when yk and yk−1

have been dropped but yk−2 has not, and so on. The control signal u(t) is kept

constant between samples:

u(t) = uk, t ∈ [tk, tk+1), ∀k ∈ N.

Defining zj := x(tκj
), ∀j ∈ N and using the variation of constants formula, we

conclude that

zj+1 = Aκj+1−κj−1zj , Ad := eAh(d+1) +

d
∑

i=0

eAh(d−i)Γ(h)BKiC, ∀d ∈ N, (2.48)

where Γ(s) :=
∫ s

0
eAzdz, ∀s ∈ R. Assuming that the maximum number of consec-

utive dropouts is equal to m, we have 0 ≤ κj+1 − κj − 1 ≤ m, ∀j ∈ N and we can

view (2.48) as a linear system that switches among the matrices A0, . . . , Am. The

stability of such system can be established using a common quadratic Lyapunov

function V (z) := z′S−1z, leading to the following theorem:

Theorem 10 ([71]). Suppose that there exists matrices M , Yi, i ∈ {0, 1, . . . , m}

and a symmetric matrix S > 0 such that4 MC = CS and






−S ∗

eAh(d+1)S +
∑d

i=0 e
Ah(d−i)Γ(h)BYiC −S






< 0, ∀d ∈ {0, 1, . . . , m}.

Then the NCS (2.48) in Fig. 2.10 is exponentially stable for the controller gain

Ki = YiM
−1, ∀i ∈ {0, 1, . . . , m}. �

4In the state feedback case, C is the identity matrix and we simply have M = S.
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Figure 2.11. One-channel feedback NCS with a discrete-time plant and controller.

2.2.3 NCSs with sampling, delays, and dropouts

In Section 2.1.3 we presented matrix inequalities from which one could con-

clude stability for NCSs modeled as delay differential equations. For given con-

trollers gains C and L, the inequalities (2.38) and (4.19) in Theorems 8 and 9,

respectively, are linear on all the matrices that do not depend on the (known)

plant model. The stability of the NCS can therefore be verified by studying the

feasibility of a (convex) LMI. However, if the controllers gains are also taken as un-

knowns, we obtain a BMI and therefore these matrix inequalities are not directly

suitable for controller synthesis.

Yue et al. [73] utilize Theorems 8 as the basis for a numerically tractable

controller synthesis procedure. They require the matrices M1, M2, M3 in (2.38)

to further satisfy

M1 = M ′
1 > 0, M2 = ρ2M1, M3 = ρ3M1, (2.49)

for some constants ρ2, ρ3 ∈ R. They then make the (bijective) change of variables

X := M−1, Y := CX ′, P̃ := XPX ′,

T̃ := XTX ′, Ñi := XNiX
′, M̃i := XMiX

′,
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for ∀i ∈ {1, 2, 3}. Pre- and post-multiplying (2.38) by diag(X XX X) and its

transpose, respectively, yields





Ñ1+Ñ ′
1−AX′−XA′ Ñ ′

2−Ñ1−ρ2XA′−BY Ñ ′
3−ρ3XA′+X′+P̃ τmaxÑ1

∗ −Ñ2−Ñ ′
2−ρ2BY −ρ2Y ′B′ −Ñ ′

3+ρ2X′−ρ3Y ′B′ τmaxÑ2

∗ ∗ ρ3X+ρ3X′+τmaxT̃ τmaxÑ3

∗ ∗ ∗ −τmaxT̃



 < 0,

which is an LMI on the unknown matrices X, Y, P̃ , T̃ and Ñi, i ∈ {1, 2, 3} and

the values of ρ2, ρ3 are determined by line search such that τmax is maximized.

Moreover, the controller gain can be recovered using C = Y X−1. This procedure

introduces some conservativeness because it will not find controller gains C for

which (2.38) holds for matrices M2 and M3 that are not scalar multiples of M1,

as in (2.49).

A simple but conservative way to make the matrix inequalities in Theorem 9

suitable for controller synthesis consists of requiring that

P2 > 0, P3 = ρP2,

for some positive constant ρ > 0 and making the (bijective) change of variables

Y = P2L, which transforms (4.19) into













Ψ −







Y CP

ρY CP






− T ′

∗ −S













< 0,







R −
[

C ′
PY

′ ρC ′
PY

′

]

∗ Z2






> 0,







R T

∗ Z1






> 0,

with Ψ given by (2.43). This inequality is linear in the unknowns P1, P2, S, R,

Z1, Z2, T, Y and can therefore be solved using efficient numerical algorithms while

the value for ρ is found by line search such that τmax is maximized. The observer

gain is found using L = P−1
2 Y . This procedure introduces some conservativeness

because it restricts P3 to be a scalar multiple of P2. Naghshtabrizi and Hespanha

[42] use the linear cone complementarity algorithm introduced by Ghaoui et al.
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[15] to design the controller gains L and C for the anticipative or non-anticipative

controllers in Section 2.1.3. The use of the cone complementarity algorithm avoids

introducing additional conservativeness in going from a matrix inequality that is

only appropriate for analysis to another matrix inequality that is appropriate for

controller synthesis.
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Chapter 3

Impulsive Systems: A Model For

NCSs With Variable Sampling,

SISO Case

This chapter starts off by considering an abstract SISO system of the form

ẋ(t) = Ax(t) +Bx(sk), t ∈ [sk, sk+1), k ∈ N, (3.1)

which represents the closed-loop system in Fig. 3.1, where sk denotes the k-th

sampling time instance. We model this system as an impulsive system. The

system in Fig. 3.1 represented by (3.1) can be viewed as an NCS in which a linear

plant is in feedback with a static state-feedback remote controller.

Then we establish exponential stability of nonlinear time-varying impulsive

systems. Lyapunov Theory provides the main tool in the time domain to test the

stability of an impulsive system by employing a Lyapunov function (or a family

of Lyapunov functions) [9, 28]. We employ a Lyapunov function, which is discon-
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x(t)u = x(sk)
sk

ẋ = Ax + BuHold

Figure 3.1. An abstract SISO system with variable sampling intervals where

u(t) = x(sk) for t ∈ [sk, sk+1). The delays in the control loop are very small and

hence negligible.

tinuous at a countable set of times, to establish the exponential stability of the

system. Then we apply our theorems to the analysis and state-feedback stabi-

lization for NCSs. We find a positive constant which determines an upper bound

on the sampling intervals for which the stability of the closed-loop is guaranteed.

The control design LMIs also provide controller gains that can be used to stabilize

the plant.

3.1 Impulsive system model

Consider the SISO system in Fig. 3.1. The LTI process has a state space model

of the form

ẋ(t) = Ax(t) +Bu(t),

where x, u are the state and input of the process. At the sampling time sk, k ∈ N

the process’s state, x(sk), is sent to update the process input to be used as soon

as it arrives until the next control command update. We find a set S of admissible
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sampling sequences {sk} such that

ε ≤ sk+1 − sk ≤ τMATI , (3.2)

so that if every sampling sequence {sk} belongs to S, exponential stability of the

closed-loop system (3.1) is guaranteed. To do so, we write the resulting closed-loop

system (3.1) as an impulsive system of the form

ξ̇(t) = Fξ(t), t 6= sk, ∀k ∈ N (3.3a)

ξ(sk) =







x−(sk)

x−(sk)






, t = sk, ∀k ∈ N, (3.3b)

where

F :=







A B

0 0






, ξ(t) :=







x(t)

z(t)






.

The overall state of the system ξ is composed of the process state, x, and the hold

state, z where z(t) := x(sk), t ∈ [sk, sk+1).

Remark 4. Note that we only index the samples that get to the destination,

which enables us to capture sample drops [73]. Consequently, even if the sampling

intervals are constant, because of the sample drops the system can be seen as a

system with variable sampling intervals.

NCSs modeled by system (3.3) Equation (3.3) or (3.1) can model NCSs in

which a linear plant with state-space

ẋp(t) = Apxp(t) +Bpup(t),

where xp ∈ R
n, up ∈ R

m are the state and the input of the plant, is in feedback

with a static feedback gain K. At time sk, k ∈ N the plant’s state, x(sk), is sent
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to the controller and the control command Kx(sk) is sent back to the plant to

be used as soon as it arrives until the next control command update. Then the

closed-loop system can be written as (3.3) with

x := xp, A := Ap, B := BpK.

Since we only index the samples that get to the destination, we can capture packet

dropout effect. So our model captures variable sampling and packet dropout; how-

ever, we assume the delays in the control loop are very small and hence negligible.

3.2 Exponential stability of impulsive systems

In the previous section we modeled the abstract system in Fig. 3.1 which

represents a specific class of NCSs discussed in Section 3.1 as a linear impulsive

system. In this section we present theorems for exponential stability of nonlinear

time-varying impulsive systems which are more general than the linear impulsive

system (3.3). The novelty of the conditions is that when specialized to the linear

case, the conditions can be formulated as LMIs which can be solved effectively.

The nonlinear time-varying impulsive system has the following form

ẋ(t) = fk(x(t), t), t 6= sk, ∀k ∈ N, (3.4a)

x(sk) = gk(x
−(sk), sk), t = sk, ∀k ∈ N, (3.4b)

where fk and gk are locally Lipschitz functions [25] from R
n × R to R

n such that

fk(0, t) = 0, gk(0, t) = 0, ∀t ≥ 0. The impulse time sequence {sk} forms a strictly

increasing sequence in [s0,∞) for some initial sampling time s0 ≥ 0.

Suppose that a sequence of impulse times {sk} is given. We say that the

50



impulsive system (3.4) is Globally Exponentially Stable (GES) if

|x(t)| ≤ c|x(s0)|e−λ(t−s0), ∀t ≥ s0, (3.5)

for some c, λ > 0. The constant λ provides an estimate for the decay rate and

c an estimate for the overshoot of the solution. This definition depends on the

choice of the sequence; however, it is often of interest to characterize GES over

classes of impulse sequence. We say that the system (3.4) is Globally Uniformly

Exponentially Stable (GUES) over the class S (of impulse times) if for any {sk} ∈

S the condition (3.5) is satisfied with the same c, λ for every {sk} ∈ S. We

define ρ(t) := t − sk, t ∈ [sk, sk+1), for ∀k ∈ N, which indicates the amount of

time has passed since the last impulse time. As a result ρ(sk) = 0, ∀k ∈ N,

ρ−(sk) = sk − sk−1, ∀k ∈ N, and 0 ≤ ρ(t) ≤ τMATI , ∀t ≥ 0.

We state a theorem to guarantee that the system (3.4) is GUES over the class

S by employing a Lyapunov function with discontinuities at the impulse times.

Theorem 11. Assume that there exist positive scalars c1, c2, c3, b and a Lyapunov

function V : R
n × R → R, such that for any impulse sequence {sk} ∈ S and any

t ≥ s0 the corresponding solution x(.) to (3.4) satisfies:

c1|x|b ≤ V (x, ρ) ≤ c2|x|b, ∀x, ∀ρ ∈ [0, τMATI ], (3.6)

dV (x(t), ρ(t))

dt
≤ −c3V (x(t), ρ(t)), ∀t 6= sk, ∀k ∈ N, (3.7)

and that

V (x(sk), 0) ≤ lim
t↑sk

V (x(t), ρ(t)), ∀k ∈ N. (3.8)

Then the system (3.4) is GUES over the class S of impulse times with the following
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estimates for the overshoot and the decay rate

c :=
(c2
c1

)
1
b , λ :=

c3
b
. (3.9)

Moreover if we assume that every fk, k ∈ N is globally Lipschitz with the Lipschitz

constant L > 0 and instead of (3.6) the following condition holds

c1|x(sk)|b ≤ V (x(sk), 0) ≤ c2|x(sk)|b, ∀k ∈ N, (3.10)

then the overshoot can be estimated as

c :=
(c2
c1

)
1
b e(L+

c3
b

)τMATI . �

Proof of Theorem 11. By the Comparison Lemma [25] and inequalities (3.7) and

(3.8) we have

V (x(t), ρ(t)) ≤ V (x(s0), 0)e−c3(t−s0), ∀t ≥ s0. (3.11)

Also from the condition (3.6) and the equation (3.11) we have

|x(t)| ≤
(V (x(t), ρ(t))

c1

)
1
b ≤

(V (x(s0), 0)e−c3(t−s0)

c1

)
1
b

≤
(c2|x(s0)|be−c3(t−s0)

c1

)1/b

= (
c2
c1

)
1
b |x(s0)|e−

c3
b

(t−s0).

Thus the system (3.4) is GUES over the class S of impulse sequences with the

decay rate and the overshoot estimate given by (3.9). Moreover from the equation

(3.11) and the condition (3.10) we conclude that for any {sk} ∈ S

|x(sk)| ≤
(V (x(sk), 0)

c1

)
1
b ≤

(V (x(s0), 0)e−c3(sk−s0)

c1

)
1
b

≤
(c2|x(s0)|be−c3(sk−s0)

c1

)1/b

= (
c2
c1

)
1
b e−

c3
b

(sk−s0)|x(s0)|. (3.12)
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Since every fk, k ∈ N is globally Lipschitz with the Lipschitz constant L > 0, we

have that

|x(t)| ≤ eL(t−sk)|x(sk)|, t ∈ [sk, sk+1), (3.13)

[25] and from (3.12) and (3.13) we have that

|x(t)| ≤ eL(t−sk)
(c2
c1

)
1
b e−

c3
b

(sk−s0)|x(s0)| ≤
(c2
c1

)
1
b e(L+

c3
b

)τMATI e−
c3
b

(t−s0)|x(s0)|.

So the system is GUES over the class S with the decay rate given by (3.9) and

the overshoot estimate given by c :=
(

c2
c1

)
1
b e(L+

c3
b

)τMATI .

The condition (3.6) requires that the candidate Lyapunov function to be pos-

itive for all times. This condition is relaxed in (3.10) by requiring the Lyapunov

function to be positive only at the impulse times with the expense that we get a

worse estimate for the overshoot of the system.

3.3 Exponential stability of NCSs

In this section we provide exponential stability conditions for the linear im-

pulsive system in (3.3) which models the system in Fig. 3.1 or the NCSs described

in Section 3.1. We will not focus on finding the overshoot and the decay rate, but

instead we will find the largest sampling interval τMATI that the system is GUES

over the class S defined in (3.2).

We now construct a finite-dimensional Lyapunov function for the system (3.3).

Consider the candidate Lyapunov function

V (ξ, ρ) := V1(x) + V2(ξ, ρ) + V3(ξ, ρ), (3.14)
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where

V1(x) := x′Px, V2(ξ, ρ) := ξ′
(

∫ 0

−ρ

(s + τMATI)(F exp(Fs))′R̃ F exp(Fs)ds
)

ξ,

V3(ξ, ρ) := (τMATI − ρ)(x− z)′X1(x− z),

and R̃ :=







R 0

0 0






with R,P,X1 symmetric positive definite matrices. The re-

quirements P,R,X1 > 0, guarantee the existence of positive c1, c2 such that (3.6)

holds. Note that V2(ξ, ρ) can be written as
∫ 0

−ρ

∫ t

t+θ

ẋ′(s)Rẋ(s)dsdθ. (3.15)

This type of functional (or closely related forms) appeared in the delay differential

equation and NCSs literature extensively, e.g., in [12, 56] but with the ρ replaced

by τMATI in (3.15) and without the term V3(ξ, ρ).

Along jumps the Lyapunov function in (3.14) does not increase since V2(ξ, ρ)

and V3(ξ, ρ) are non-negative before the jumps and they become zero right after

the jumps so the condition (3.8) of Theorem 11 also holds. The next theorem

provides a sufficient condition for (3.7) to hold. Consequently, if the conditions in

the next theorem hold, based on Theorem 11 we conclude that the system (3.3)

is GUES over the class S of impulse times.

Theorem 12. The system (3.3) is GUES over the class S of impulse sequences,

if there exist symmetric positive definite matrices P,R,X1 and a (not necessarily

symmetric) matrix N that satisfy the following LMIs:

M1 + τMATIM2 < 0, (3.16a)






M1 τMATIN

∗ −τMATIR






< 0, (3.16b)
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where

F̄ :=

[

A B

]

,

M1 :=







P

0






F̄ + F̄ ′

[

P 0

]

−







I

−I






X1

[

I −I
]

−N

[

I −I
]

−







I

−I






N ′ + τMATIF̄

′RF̄ ,

M2 :=







I

−I






X1F̄ + F̄ ′X ′

1

[

I −I
]

. (3.17)

�

See Chapter 3.6 for the proof of Theorem 12. When the sampling intervals ap-

proach zero (guarantee that τMATI → 0) the conditions (3.16a) and (3.16b) reduce

to






P

0






F̄ + F̄ ′

[

P 0

]

−N

[

I −I
]

−







I

−I






N ′ < 0 (3.18)

(since M2 does not appear in (3.16) when τMATI → 0 and the only remaining term

in equation (3.16) that contains X1 is negative semi-definite, one may simply take

X1 = 0). A sufficient condition for (3.18) to be satisfied is

(A+B)′P + P (A+B) < 0, P = P ′ > 0, (3.19)

because if (3.19) holds, then (3.18) holds with the choice N =
[

−PB+I
−I

]

. The

condition (3.19) is the necessary and sufficient condition for the stability of the

closed-loop system ẋ = (A+B)x. Hence the system in Fig. 3.1 is stable for small

enough sampling intervals if the corresponding closed-loop continuous system is
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stable. By the Matrix Elimination Lemma it turns out that (3.19) is also a nec-

essary condition for (3.18). Therefore as the sampling intervals approach zero,

Theorem 12 recovers exactly the continuous-time stability condition. This does

not happen for the conditions that appeared in [23]. Moreover using a Lyapunov

function instead of a Lyapunov functional facilitates proving the exponential sta-

bility (instead of just asymptotic stability) of the system (3.3).

Remark 5. Suppose that there exist matrices P1f > 0, P2f , P3f , Zf and Rf > 0

satisfying the following stability conditions from Lemma 1 of [12]:

Ψ1f < 0, −Zf + P ′
f







0

B






R−1

f







0

B







′

Pf < 0,

where

Pf :=







P1f 0

P2f P3f






, Ψ1f := Ψ0f + τMATIZf + τMATI







0 0

0 Rf






,

Ψ0f := P ′







0 I

A+B −I






+







0 I

A+B −I







′

P.

Then we have

Ψ0f + τMATI







0 0

0 Rf






+ τMATIP

′
f







0

B






R−1

f







0

B







′

Pf < 0. (3.20)

Multiplying (3.20) from the right and left by







I 0

A B






and its transpose we obtain

(3.28) with

ρ = τMATI = hf , P = P1f , R = Rf , N ′ = −
[

B′P2f +B′P3fA B′P3fB

]

.
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This means that if there are matrix variables satisfying the conditions of Lemma 1

in [12] then the conditions in Theorem 12 will necessarily also be satisfied. It is

also possible to show that when the stability condition in [73] holds (given by

equation (12) in [73]), then the condition in Theorem 12 must also necessarily

hold with

ρ = τMATI = ηy R = Ty, P = Py, N =

[

N ′
1y +N ′

3yA N ′
2y +N ′

3yB

]

.

Hence our Lyapunov function leads to conditions in Theorem 12 that are less

conservative than the stability conditions in [12, 73] using a Lyapunov functional.

From this perspective, considering an infinite dimensional delay differential equa-

tion model and using a Lyapunov functional to prove its stability offers no advan-

tage for this class of finite dimensional systems. �

Remark 6. Suppose that the system matrices Ω :=

[

A B

]

are not exactly known

and instead they are specified through the following polytopic condition:

Ω ∈
{

κ
∑

j=1

fjΩj , 0 ≤ fj ≤ 1,

κ
∑

j=1

fj = 1
}

,

where the κ vertices of the polytope are described by Ωj :=

[

Aj Bj

]

. Stability

of the system can be checked by solving the LMIs in Theorem 12 for each of the

individual vertices with the same matrix variables P,X1, R,N . �
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3.4 Exponential stability of NCSs with constant

sampling

Now we consider the case where the sampling intervals are constant. This

case may appear uninteresting since there are classical results giving necessary

and sufficient conditions for stability and stabilization of such systems because

the system is a sampled-data system with constant sampling. However, the LMI

conditions presented here can be used for problems related to stability and stabi-

lization of sampled-data system with polytopic uncertainty in the system matrices

(Remark 6 and Example 2). In this case the classical results based on discretiza-

tion method are not applicable or, in the case of lifting approach, they generally

lead to a conservative results1. Also following the same steps as in [12], we can

consider the stability and stabilization of sampled-data system with input satu-

ration. Since our LMIs are less conservative (Remark 5 and that the results for

constant sampling are less conservative than the variable sampling) we get a larger

region of attraction than [12].

For constant sampling instead of (3.14) we use

V (ξ, ρ) := V1(x) + V2(ξ, ρ) + V̄3(ξ, ρ) (3.21)

where V1(x) and V2(ξ, ρ) are as in (3.14) and

V̄3(ξ, ρ) :=(τMATI − ρ)
(

(x− z)′X1(x− z) + 2z′X2(x− z)
)

. (3.22)

Note that V̄3(ξ, ρ) is not necessarily a positive function. However, right after

the jumps this Lyapunov function is positive (V (ξ, 0) = x′Px) and it satisfies

1In the lifting approach, stability of an uncertain sampled-data system is formulated as an
H∞ problem of the lifted system where the polytopic uncertainty is treated as a norm bounded
uncertainty which may result in conservativeness.
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(3.10). Along the jumps this Lyapunov function does not increase since V1(x)

does not change at the sampling instance, V2(ζ) is non-negative before the jumps

and it becomes zero right after the jumps, and V̄3(ξ, ρ) is zero before and after the

jumps. Note that V̄3(ξ
−(sk), ρ

−(sk)) is zero before the jumps because ρ = τMATI

and after the jumps it is zero because x = z and consequently the condition (3.8)

is satisfied. The next theorem provides a sufficient condition for (3.7) to hold.

In conclusion, if the LMIs in the next theorem are feasible, all the conditions of

Theorem 11 hold and the system (3.3) is GUES over the class S in (3.2) with

ε = τMATI .

Theorem 13. The system (3.3) is GUES over the class S with ε = τMATI (i.e.,

constant sampling) if there exist symmetric positive definite matrices P,R and

(not necessarily symmetric) matrices N,X1, X2 that satisfy the following LMIs:

M̄1 + τMATIM̄2 < 0,






M̄1 τMATIN

∗ −τMATIR






< 0,

where

M̄1 :=M1 −







0

I






X2

[

I −I
]

−







I

−I






X ′

2

[

0 I

]

,

M̄2 :=M2 +







0

I






X2F̄ + F̄ ′X ′

2

[

0 I

]

,

and M1,M2 are defined in (3.17). �

See Chapter 3.6 for the proof of Theorem 13.

In table 3.1 we compare the number of scalar unknowns that appear in the

LMIs of the different papers assuming that the dimension of the process is n.
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Th. 12 Th. 13 [12] [73] [72]

3.5n2 + 1.5n 5n2 + n 5n2 + 2n 7n2 + n 16n2 + 3n

1.1137 1.3277 0.8696 0.8696 0.8871

Table 3.1. The second row shows the number of variables in the LMIs used to

test stability and the third row shows the value of τMATI for Example 1.

Notice that for an n × n symmetric matrix variable n(n+1)
2

scalar variables are

needed whereas for an m × n matrix variable mn scalar variables are required.

We can see that our results use fewer variables, but this is not at the expense of

degrading the value obtained for τMATI . It is not fair to compare the number of

variables in [72] to the others in Table 3.1 because this paper considered NCSs

system with delays (although we presented the number of variables in [72] in

Table 3.1).

Example 1. Consider the plant model from [3]







ẋ1

ẋ2






=







0 1

0 −0.1













x1

x2






+







0

0.1






u, (3.24)

with the state feedback gain K = −
[

3.75 11.5

]

. In our notation, this corre-

sponds to

A =







0 1

0 −0.1






, B = −







0

0.1






×

[

3.75 11.5

]

.

Constant sampling Using standard techniques from digital control one can

show that the maximum constant sampling interval for which the closed-loop
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system remains stable is 1.7s. The maximum constant sampling interval given by

Theorem 13 is 1.3277.

Variable sampling The stability results in [12, 73, 42] provide an upper bound

on the sampling interval for which stability is guaranteed equal to 0.8696. This

bound is improved to 0.8871 in [72]. Theorem 12 gives the upper bound equal to

1.1137. When compared to the constant-sampling bound given by Theorem 13,

we now obtain a more conservative value, which is reasonable because we are

now guaranteeing stability for every sequence of sampling times, with consecutive

samples separated by no more than 1.1137, but potentially with different sampling

intervals from one sample to the next. �

Example 2. Consider the plant model from [12] with

A =







1 0.5

g1 −1






, Bu =







1 + g2

−1






, |g1| ≤ 0.1, |g2| ≤ 0.3

With the state feedback gain K = −
[

2.6884 0.6649

]

, Fridman et al. [12]

verified that the system is stable for any sampling interval smaller than 0.35. By

solving the LMIs in Theorem 12 (see Remark 6) for each combination of Aj and

Bj , 1 ≤ j ≤ 2 defined by

A1 :=







1 0.5

−0.1 −1






, A2 :=







1 0.5

0.1 −1






, B1 :=







0.7

−1






, B2 :=







1.3

−1






,

we can verify that the system is stable for any variable sampling interval up to

0.4476. Applying Theorem 13 the system is stable for constant sampling up to

0.4610. �
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3.5 State feedback controller design

In the design problem, when we want to find a feedback gain K that stabilizes

the closed-loop system, the LMIs presented in the previous section become Bilinear

Matrix Inequalities (BMIs) since there are cross terms between B = KBp and P .

The next theorem provides LMI conditions that enable us to find a stabilizing

feedback gain for variable sampling intervals. Following the same steps, one could

find the state feedback for the constant sampling case.

Theorem 14. There exists a state feedback gain K that makes the system (3.3)

GUES over the class S if there exist positive scalars ε1, ε2, a symmetric positive

definite matrix Q, (not necessarily symmetric) matrices Nd, Y , that satisfy the

following LMIs:







M1d + τMATIM2d τMATIF
′
d

∗ −τMATIε
−1
1 Q






< 0, (3.25a)















M1d τMATIF
′
d τMATINd

∗ −τMATIε
−1
1 Q 0

∗ ∗ −τMATIε1Q















< 0, (3.25b)

where

Fd :=

[

AQ BpY

]

,

M1d :=







I

0






Fd + F ′

d

[

I 0

]

− ε2







I

−I






Q

[

I −I
]

−Nd

[

I −I
]

−







I

−I






N ′

d,

M2d :=ε2







I

−I






Fd + ε2F

′
d

[

I −I
]

.
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When these LMIs are feasible, the stabilizing state feedback gain is given by K =

Y Q−1. �

Proof. Suppose the conditions (3.25a) and (3.25b) hold. We define P := Q−1 and

we multiply (3.25a) by P̄ := diag(P, P ) and (3.25b) by diag(P, P, P ) from the

right and the left. We can show that the conditions (3.16a) and (3.16b) hold by

using Schur lemma and choosing

N := P̄NdP, B := BpK = BpY P, X1 := ε2P, R := ε1P.

Since all the conditions of Theorem 12 are satisfied, the system (3.3) with state

feedback gain K is GUES for any sampling sequence belongs to set S.

The choice R = ε1P may lead to having more conservative results. This

conservativeness could be reduced by using the cone complementarity algorithm

[15]. Now instead of (3.25) the matrix inequalities to be considered are







M1d + τMATIM2d τMATIF
′
d

∗ −τMATIR
−1






< 0,













M1d τMATIF
′
d τMATINd

∗ −τMATIR
−1 0

∗ ∗ −τMATIZ













< 0,







R Q−1

Q−1 Z






> 0.

These matrix inequalities are not LMIs because the inverse of the matrix variables

appear. However, the cone complementarity algorithm transforms this problem

into a sequence of linear optimizations subject to a set of LMIs that can be solved
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numerically. The improvement of using the cone complementarity algorithm has

been investigated in [14]. If these LMIs are satisfied then Z > Q−1R−1Q−1

(by Schur lemma), so the second inequality still holds when Z is replaced by

Q−1R−1Q−1. We can show that the conditions (3.16a) and (3.16b) hold by using

Schur lemma and choosing

N := P̄NdP, K := Y P, X1 := ε2P.

Example 3. Now we consider the state feedback controller design for the plant

(3.24). We would like to find a feedback gain K that maximizes the upper bound

of the variable sampling intervals. Yue et al. [73] found a stabilizing controller that

guarantees stability up to a sampling interval equal to 402s. Our results provide

the controller K =

[

5 × 10−5 −0.0348

]

, which improves this upper bound to

820s. This upper bound on the variable sampling intervals is very large because the

plant (3.24) is marginally stable and little control action is needed to exponentially

stabilize the plant. In fact by choosing u = −α(0.1x1 +x2) with a small α, we can

obtain a relatively large τMATI . For example with α = 0.001 we get τMATI = 106.

The reason why this input leads to very large τMATI is the following. Defining

z := 0.1x1 + x2 then the system dynamics are ż = 0.1u and ẋ2 = −0.1x2 + 0.1u.

This system with the input u = −αz is stable for large sampling intervals with

small enough α because we only need to stabilize the z state and because of the

cascade structure the state x2 would be stable. Although our LMIs improve upon

the previous results, probably because of numerical errors they are unable to give

the controller that previous observation suggests. �

Example 4. Consider the system in Example 2. We would like to find a feed-

back gain K that maximizes the upper bound of the variable sampling intervals.
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Fridman et al. [12] found K = −
[

2.6884 0.6649

]

which guarantees stabil-

ity up to a sampling interval equal to 0.35. Our results provide the controller

K = −
[

2.5824 0.6419

]

, which improves this upper bound to 0.4550. �

3.6 Appendix

Proof of Theorem 12. We write V2(ξ, ρ) in a form that is more convenient for our

calculation

V2(ξ, ρ) =

∫ t

t−ρ

(τMATI − t+ s)ẋ′(s)Rẋ(s)ds.

This simplifies the calculation (in comparison to [43]). Along the trajectory of the

system (3.3) we have

dV (ξ, ρ)

dt
= 2x′P ẋ+ 2(τMATI − ρ)(x− z)′X1ẋ

− (x− z)′X1(x− z) + τMATI ẋ
′Rẋ−

∫ t

t−ρ

ẋ(s)′Rẋ(s)ds. (3.26)

Since x(t) − z(t) = x(t) − x(t− ρ), for any matrix N , we have

2ξ′N(x− z) = 2ξ′N

∫ t

t−ρ

ẋ(s)ds ≤
∫ t

t−ρ

(

ξ′NR−1N ′ξ + ẋ(s)Rẋ(s)
)

ds

≤ ρξ′NR−1N ′ξ +

∫ t

t−ρ

ẋ(s)Rẋ(s)ds. (3.27)

The matrix variable N represents a degree of freedom that can be exploited to

minimize conservativeness and we call it a slack matrix. Combining (3.26) and

(3.27) we get

dV (ξ, ρ)

dt
≤ 2x′P ẋ+ 2(τMATI − ρ)(x− z)′X1ẋ− (x− z)′X1(x− z)

+ τMATI ẋ
′Rẋ− 2ξ′N(x− z) + ρξ′NR−1N ′ξ.
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We have dV (ξ,ρ)
dt

< 0 if

M1 + (τMATI − ρ)M2 + ρM3 < 0, ∀ρ ∈ [0, τMATI ], (3.28)

whereM1,M2 are defined in (3.17) andM3 := NR−1N ′. A necessary and sufficient

condition to satisfy (3.28) is

M1 + τMATIM2 < 0, (3.29)

M1 + τMATIM3 < 0. (3.30)

To see that these matrix inequalities are sufficient, consider α ∈ [0, 1] and note

that

α
(

M1 + τMATIM3

)

+ (1 − α)
(

M1 + τMATIM2

)

= M1 + (τMATI − ρ)M2 + ρM3.

Setting α = ρ/τMATI we conclude that (3.28) holds. Now suppose that (3.28)

holds for every ρ ≤ τMATI . Hence it should hold when ρ = 0 and ρ = τMATI

which gives (3.29) and (3.30) respectively. By Schur complement, the matrix

inequalities in (3.29) and (3.30) can be written as the LMIs given in Theorem 12.

Finally, when the LMIs in Theorem 12 are feasible, then dV (ξ,ρ)
dt

≤ −c̄3|ξ|2 for some

c̄3 ≥ 0 and (3.7) holds for c3 := c̄3/c2 where

c2 := λmax(P ) + τMATI(γ1 + γ2),

γ1 := 1/2 max
−τMATI≤s≤0

λmax

(

(FeFs)′R̃FeFs
)

,

γ2 := λmax

(







I

−I






X1

[

I −I
]

)

. (3.31)

We can apply Theorem 11 to prove exponential stability of the system; however,

finding c1 such that c1|ξ|2 ≤ V (ξ, ρ) is not easy. Note that we have c1|x|2 ≤ V (ξ, ρ)
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whereas we need c1|ξ|2 ≤ V (ξ, ρ). Instead, we follow the same steps of the proof

of Theorem 11 with some modifications. From (3.7), V (ξ, ρ) decreases to zero

exponentially fast according to (3.11). Consequently V1(x) ≤ V (x(s0), 0)e−c3(t−s0).

Given that c1|x|2 ≤ V1(x) with c1 := λmin(P ), the rest of the proof follows exactly

the proof of Theorem (11). Moreover the system (3.3) is GUES over the class S

with the decay rate and overshoot estimate defined in Theorem 11 with b = 2,

and c1, c2, c3 defined earlier.

Proof of Theorem 13. Along the flow

dV̄3(ξ)

dt
= 2(τMATI − ρ)(x− z)′X1ẋ− (x− z)′X1(x− z)

+ 2(τMATI − ρ)z′X2ẋ− 2z′X2(x− z)

and rest of the LMIs derivation is the same as Theorem 12. When the LMIs in

Theorem 13 are feasible, then dV (ξ,ρ)
dt

≤ −c̄3|ξ|2 for some c̄3 ≥ 0 and (3.7) holds

for

c̄2 := λmax(P ) + τMATI(γ1 + γ2 + γ3),

γ3 := 2λmax

(







0

I






X2

[

I −I
]

)

,

and γ1, γ2 are defined by (3.31). The condition (3.10) holds with c1 := λmin(P )

and c2 := λmax(P ). So based on Theorem 11 the system (3.3) is GUES over the

class S with the decay rate and overshoot estimate defined in Theorem 11 with

b = 2, L = |F | and c1, c2, c3 defined earlier.
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Chapter 4

Delay Impulsive Systems: A

Model For NCSs With Variable

Sampling And Delay, SISO Case

In the previous chapter, we considered NCSs in which the effect of the network

appears as variable sampling. For some NCSs, the delay in the control loop is

negligible. However, for most systems there might be large delays due to the

shared communication medium (or computational resources). This motivates us

to study a SISO system in Fig. 4.1, which can be expressed by

ẋ(t) = Ax(t) +Bx(sk), t ∈ [sk + τk, sk+1 + τk+1), k ∈ N, (4.1)

where sk denotes the k-th sampling time and tk the so called k-th input update

time, which is the time instant at which the k-th sample arrives to the destination.

In particular, denoting by τk the total delay that the k-th sample experiences in

the loop, then tk := sk + τk. The system in Fig. 4.1 and equation (4.1) can be
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viewed as an NCS in which a linear plant is in feedback with a static state-feedback

remote controller. This class of NCSs is basically the same as the one considered

in Chapter 3 and the only difference is that the samples experience delay in the

control loop.

Motivated by NCSs with variable sampling intervals, delays and packet dropouts,

we are interested in studying delay impulsive systems. We establish stability, as-

ymptotic stability, and exponential stability theorems for delay impulsive systems

by employing functionals with discontinuities at a countable set of times. A distin-

guishing feature of the stability conditions in this thesis is that, when specialized

to linear impulsive systems, the stability tests can be formulated as LMIs, which

can be solved efficiently.

We introduce a new discontinuous Lyapunov functional to establish the sta-

bility of (4.1) based on the theorems developed here for general nonlinear time-

varying delay impulsive systems. The Lyapunov functional is discontinuous at the

input update times, but a decrease is guaranteed by construction. We provide an

inequality that guarantees the decrease of the Lyapunov functional between the

discontinuities, from which stability follows. This inequality is expressed as a set

of LMIs that can be solved numerically using software packages such as MAT-

LAB. By solving these LMIs, one can find a positive constant that determines an

upper bound between the sampling time sk and the next input update time tk+1,

for which the stability of the closed-loop system is guaranteed for given lower and

upper bounds on the total delay τk. When there is no delay, this upper bound

corresponds to the maximum sampling interval, which is often called τMATI in

the NCS literature. We use the τMATI terminology also for the case when there

are delays in the system, which allows us to state our result in the form: the
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x(t)

x(sk)

u(t)
Hold

sk

ẋ = Ax + Bu

Delay τk

Figure 4.1. An abstract system with delay τk in the feedback loop where u(t) =

x(sk) for t ∈ [sk + τk, sk+1 + τk+1)

.

system (4.1) is exponentially stable for any sampling-delay sequence satisfying

sk+1 + τk+1 − sk ≤ τMATI and τmin ≤ τk ≤ τmax for ∀k ∈ N, where τmin, τmax, and

τMATI appear in our LMIs.

Our stability conditions depends both on the lower bound τmin and on an upper

bound τmax on the loop delay, which can be estimated (perhaps conservatively)

for most networks [62]. Through an example we show that considering τmax can

significantly reduce conservativeness. When the delay in the feedback loop is

small (τmin, τmax → 0), our LMIs reduce to the ones presented in Chapter 3. This

observation shows that the results in Chapter 3 are robust to small delays.

Notation Given an interval I ⊂ R, B(I,Rn) denotes the space of real functions

from I to R
n with norm ‖φ‖ := supt∈I |φ(t)|, φ ∈ B(I,Rn) where |.| denotes any

one of the equivalent norms in R
n. xt denotes the function xt : [−r, 0] → R

n

defined by xt(θ) = x(t+ θ), and r is a fixed positive constant.
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4.1 Delay impulsive system model

Consider the system depicted in Fig. 4.1. The LTI process has a state space

model of the form

ẋ(t) = Ax(t) +Bu(t),

where x, u are the state and input of the process. At the sampling time sk, k ∈ N

the process state, x(sk), is sent to update the process input to be used as soon

as it arrives until the next control command update. We denote the k-th input

update time with tk, which is the time instant at which the k-th sample arrives at

the destination. In particular, denoting by τk the total delay that the k-th sample

experiences in the loop, then tk := sk + τk. The resulting closed-loop system can

be written as (4.1).

To be consistent with the results in [42], [72] and [11] we characterize the

admissible set S of sampling-delay sequences ({sk}, {τk}) such that

sk+1 + τk+1 − sk ≤ τMATI , τmin ≤ τk ≤ τmax. (4.2)

Although we adopt the above characterization in this chapter, (4.2) is not in a

convenient form to provide the sampling rule. Another characterization is the

admissible set S̄ of sampling-delay sequences ({sk}, {τk}) such that

sk+1 − sk ≤ τMATI − τmax, τmin ≤ τk ≤ τmax, (4.3)

which provides an explicit bound on the sampling intervals. Note that if any

sampling-delay sequence belongs to S̄, it necessarily belongs to S. We will find

τmin, τmax, τMATI such that for any sampling-delay sequence belongs to set S, ex-

ponential stability of the closed-loop system (4.1) is guaranteed. This necessarily
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means that any sampling-delay sequence belongs to set S̄ guarantees exponential

stability of the closed-loop system (4.1).

We write the resulting closed-loop system (4.1) as an impulsive system of the

form

ξ̇(t) = Fξ(t), t 6= tk, ∀k ∈ N (4.4a)

ξ(tk) =







x−(tk)

x(sk)






, t = tk, ∀k ∈ N, (4.4b)

where

F :=







A B

0 0






, ξ(t) :=







x(t)

z(t)






.

The overall state of the system ξ is composed of the process state, x, and the hold

state, z where z(t) := x(sk), t ∈ [tk, tk+1).

NCSs modeled by system (4.4) Equation (4.4) or (4.1) models NCSs in which

a linear plant with state-space

ẋp(t) = Apxp(t) +Bpup(t)

where xp ∈ R
n, up ∈ R

m are the state and the input of the plant, is in feedback

with a static feedback gain K. At time sk, k ∈ N the plant’s state, x(sk), is sent

to the controller and the control command Kx(sk) is sent back to the plant to be

used as soon as it arrives until the next control command update. In particular,

denoting by τk the total delay that the k-th sample experiences in the loop, then

tk := sk + τk. Then the closed-loop system can be written as (4.4)

x := xp, A := Ap, B := BpK.
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Since we only index the samples that get to the destination (Remark 4), we can

capture packet dropout effect .

4.2 Stability of delay impulsive systems

Consider the following delay impulsive system

ẋ(t) = fk(x(t), t), t 6= tk, ∀k ∈ N, (4.5a)

x(tk) = gk(x
−(tk), x(sk), tk), t = tk, ∀k ∈ N, (4.5b)

where fk and gk are locally Lipschitz functions [25] such that fk(0, t) = 0, gk(0, 0, t) =

0, ∀t ∈ R[0,∞). For a given sampling-delay sequence {sk, τk : k ∈ N}, the sequence

of input update times {tk, k ∈ N} is defined as tk := sk + τk, k ∈ N. We call the

system (4.5) a delay impulsive system since the reset map (4.5b) depends on the

past value of state.

The sampling times {s0, s1, · · · } and the input update times {t0, t1, · · · } form

unbounded strictly increasing sequences. We allow the delays τk to grow larger

than the sampling intervals sk − sk−1, provided that the sequence of input update

times {t0, t1, · · · } remains strictly increasing. In essence, this means that if a sam-

ple gets to the destination out of order (i.e., an old sample gets to the destination

after the most recent one), it should be dropped.

We can view (4.5) as an infinite dimensional system whose state contains

the past history of x(·) so that x(sk) can be recovered from the state xtk :=

x(tk + s),−τMATI ≤ s ≤ 0 in order to apply the reset map in (4.5b). This allow

us to apply Lyapunov-Krasovskii tools in the analysis of (4.5). In this framework,

it is straightforward to analyze (4.5) even when the delays grow much larger than
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the sampling intervals, which is not easy in methods based on a discretization of

(4.5) between update times [76, 4].

We assume that the impulse-delay sequences ({sk}, {τk}) belong to a given set

S and we consider different stability definitions for (4.5) over S:

(a) The system (4.5) is said to be Globally Uniformly Stable (GUS) over S,

if there exists some α ∈ K such that for every ({sk}, {τk}) ∈ S and every ini-

tial condition xt0 the solution to (4.5) is globally defined and satisfies |x(t)| ≤

α(‖xt0‖), ∀t ≥ t0.

(b) The system (4.5) is said to be Globally Asymptotically Stable (GAS) over S,

if in addition to the conditions in (a), every solution converges to zero as t→ ∞.

(c) The system (4.5) is said to be Globally Uniformly Asymptotically Stable

(GUAS) over S, if there exists some β ∈ KL such that for every ({sk}, {τk}) ∈ S

and every initial condition xt0 the solution to (4.5) is globally defined and satisfies

|x(t)| ≤ β(‖xt0‖, t− t0), ∀t ≥ t0.

(d) The system (4.5) is said to be Globally Uniformly Exponentially Stable

(GUES) over S, when the function β in (c) is of the form β(s, r) = ce−λrs for

some c, λ > 0.

Theorem 15. Suppose that there exist ψ1, ψ2 ∈ K∞, ψ3 ∈ K and a functional

V : B([−r, 0],Rn) × R[0,∞) → R[0,∞), absolutely continuous between input update

times, such that

ψ1(|φ(0)|) ≤ V (φ, t) ≤ ψ2(‖φ‖), ∀φ ∈ B(I,Rn), t ≥ 0, (4.6)

and, for every ({sk}, {τk}) ∈ S, any solution x to (4.5) is globally defined for
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t ≥ t0 and satisfies

dV (xt, t)

dt
≤ −ψ3(|x(t)|), t 6= tk, k ∈ N, (4.7)

V (xtk , tk) ≤ lim
t↑tk

V (xt, t), ∀k ∈ N. (4.8)

Then the system (4.5) is GUS over S. In addition, the following statements hold:

(a) The system (4.5) is GUAS over S if there is a constant hmin > 0 for which

tk+1 − tk ≥ hmin, ∀k ∈ N for every ({sk}, {τk}) ∈ S.

(b) The system (4.5) is GUES over S, when the functions ψ1, ψ2 are of the

following forms:

ψ1(|φ(0)|)) := c1|φ(0)|b, ψ2(‖φ‖) := c2‖φ‖b, (4.9)

and instead of (4.7), the following condition hold

dV (xt, t)

dt
≤ −c3‖xt‖b, ∀tk ≤ t < tk+1, k ∈ N (4.10)

for some positive constants c1, c2, c3, and b.

(c) The system (4.5) is GUES over S, when the functions ψ1, ψ3 are of the

following forms:

ψ1(|φ(0)|) := d1|φ(0)|b, ψ3(|x(t)|) := d3|x(t)|b,

and in (4.6) the upper bound ψ2(‖φ‖) is replaced by

d2|φ(0)|b + d̄2

∫ t

t−r

|φ(s)|bds,

for some positive constants d1, d2, d̄2, d3 and b. �
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Items (b) and (c) in Theorem 15 both provide alternative conditions to guaran-

tee GUES over S. The former poses milder conditions on the Lyapunov functional

than the latter, but it poses a more strict condition on the time derivative of the

functional. We shall see shortly that the latter statement will lead to sufficient

conditions in terms of LMIs for linear impulsive systems.

Proof of Theorem 15. For every ({sk}, {τk}) ∈ S, we have dV (xt,t)
dt

≤ 0 for ∀t ∈

[tk, tk+1), k ∈ N, therefore

ψ1(|x(t)|) ≤ V (xt, t) ≤ V (xtk , tk), t ∈ [tk, tk+1). (4.11)

Based on the conditions (4.7) and (4.8), we also have

V (x−tk+1
, t−k+1) ≤ V (xtk , tk) ≤ V (x−tk , t

−
k ), ∀k ∈ N. (4.12)

Combining (4.11) and (4.12), we conclude that

ψ1(|x(t)|) ≤ V (xt, t) ≤ V (x−tk , t
−
k ) ≤ · · · ≤ V (xt0 , t0) ≤ ψ2(‖xt0‖). (4.13)

From (4.13), Lyapunov stability follows since |x(t)| ≤ α(‖xt0‖), ∀t ≥ t0 for α(.) :=

ψ−1
1 (ψ2(.)).

(a) for every ε > 0 let δ1 > 0 be such that ψ2(δ1) ≤ ψ1(ε). Then ‖xt0‖ ≤ δ1

implies that |x(t)| < ε, t ≥ t0 because of (4.13). For this δ1 and any η > 0,

we show that there exists a T = T (δ1, η) such that |x(t)| ≤ η for ∀t ≥ t0 + T .

Choose δ2 > 0 such that ψ2(δ2) ≤ ψ1(η) for t ≥ t0 + T . Then it suffices to show

that ‖xt0+T‖ < δ2 which implies |x(t)| < η, ∀t ≥ 0. By contradiction we assume

that such a T does not exist therefore there exists a sequence ck, k ∈ N such that

‖xck
‖ > δ2. Each ck is in an interval [tki

, tki+1
) where tki

is a subsequence of tk.
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Since tk+1 − tk ≥ hmin, ∀k ∈ N then either ck − tki
≥ hmin

2
or tki+1

− ck ≥ hmin

2
. We

define intervals

Ik :=



















[ck − δ2
2L1

, ck] if ck − tki
≥ hmin

2

[ck, ck + δ2
2L1

] if tki+1
− ck ≥ hmin

2

,

where L1 > max(L, δ2
hmin

) and |fk(x, t)| < L for ∀k ∈ N (since fk is Lipshitz, there

exists L > 0 such that |fk(x, t)| < L). By construction, x(t) is continuous for any

t ∈ Ik and we can use the Mean Value Theorem. So for any t ∈ Ik there exists a

θ ∈ [0, 1] such that

|x(t)| = |x(ck) + ẋ(ck + θ(t− ck))(t− ck)|

≥ |x(ck)| − |ẋ(ck + θ(t− ck))| (|t− ck|) ≥ δ2 − L
δ2

2L1

≥ δ2
2
.

Therefore dV (xt,t)
dt

≤ −ψ3(
δ2
2
) for any t ∈ Ik and otherwise dV (xt,t)

dt
≤ 0. By

integration we have

V (xck
, ck) ≤ V (xt0 , t0) − ψ3

(δ2
2

) kδ2
2L1

,

but this would imply that V (xck
, ck) < 0 for a sufficiently large k. By contradic-

tion, we conclude that the system is GUAS over S.

(b) Inequalities (4.6) with the choice of (4.9) and (4.10) implies

dV (xt, t)

dt
≤ −c3

c2
V (xt, t).

By the Comparison Lemma [25] we have V (xt, t) ≤ V (xt0 , t0)e
−

c3
c2

(t−t0)
. Hence

|x(t)| ≤
(V (xt, t)

c1

)1/b

≤
(V (xt0 , t0)e

−
c3
c2

(t−t0)

c1

)1/b

≤
(c2‖xt0‖be

−c3
c2

(t−t0)

c1

)1/b

= (
c2
c1

)1/b‖xt0‖e−
c3
c2b

(t−t0)
.
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Thus, the origin is GUES over S.

(c) Defining W (xt, t) := eε(t−t0)V (xt, t), we conclude that

dW (xt, t)

dt
= εeε(t−t0)V (xt, t) + eε(t−t0) dV (xt, t)

dt

≤ εeε(t−t0)
(

d2|x(t)|b + d̄2

∫ t

t−r

|x(v)|bdv
)

− d3e
ε(t−t0)|x(t)|b. (4.14)

By integration of (4.14), we have

W (xt, t) −W (xt0 , t0) ≤εd2

∫ t

t0

eε(s−t0)|x(s)|bds+ εd̄2

∫ t

t0

∫ s

s−r

eε(s−t0)|x(v)|bdvds

− d3

∫ t

t0

eε(s−t0)|x(s)|bds. (4.15)

One can show that

∫ t

t0

∫ s

s−r

eε(s−t0)|x(v)|bdvds ≤
∫ t0

t0−r

∫ v+r

t0

eε(s−t0)|x(v)|bdsdv+
∫ t

t0

∫ v+r

v

eε(s−t0)|x(v)|bdsdv ≤ reεr

∫ t0

t0−r

|x(v)|bdv + reεr

∫ t

t0

eε(v−t0)|x(v)|bdv.

(4.16)

Combining (4.15), (4.16) and the fact that

W (xt0 , t0) ≤ d2|x(t0)|b + d̄2

∫ t0

t0−r

|x(s)|bds

we get

W (xt, t) ≤ d2|x(t0)|b + d̄2(1 + εreεr)

∫ t0

t0−r

|x(v)|bdv

+ (εd̄2re
εr − d3)

∫ t

t0

eε(v−t0)|x(v)|bdv.

For small enough ε,

W (xt, t) ≤ d2|x(0)|b + d̄2(1 + εreεr)

∫ t0

t0−r

|x(v)|bdv. (4.17)
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If (4.17) holds, there exists a d4 > 0 such that W (xt, t) ≤ d4‖xt0‖b or V (xt, t) ≤

d4e
−ε(t−t0)‖xt0‖b and consequently x(t) ≤ (d4

d1
)1/be−

ε
b
(t−t0)‖xt0‖ for every {sk, τk}

∈ S.

4.3 Exponential stability of NCSs

In this section we provide conditions in terms of LMIs to guarantee exponential

stability of the linear delay impulsive system in (4.4) which models the NCS

described in section 4.1. Consider the Lyapunov functional

V := x′Px+

∫ t

t−ρ1

(ρ1max − t+ s)ẋ′(s)R1ẋ(s)ds+

∫ t

t−ρ2

(ρ2max − t+ s)ẋ′(s)R2ẋ(s)ds+

∫ t

t−τmin

(τmin − t+ s)ẋ′(s)R3ẋ(s)ds+

∫ t−τmin

t−ρ1

(ρ1max − t+ s)ẋ′(s)R4ẋ(s)ds+ (ρ1max − τmin)

∫ t

t−τmin

ẋ′(s)R4ẋ(s)ds+

∫ t

t−τmin

x′(s)Zx(s)ds+ (ρ1max − ρ1)(x− w)′X(x− w), (4.18)

with P, ,X, Z,Ri, i = 1, .., 4 positive definite matrices and

w(t) := x(tk), ρ1(t) := t− sk, ρ2(t) := t− tk, tk ≤ t < tk+1,

ρ1 max := sup
t≥0

ρ1(t), ρ2max := sup
t≥0

ρ2(t).

If the LMIs in the next theorem are feasible for given τMATI , τmin, and τmax,

then there exists a d3 > 0 such that dV (xt,t)
dt

≤ −d3|x(t)|2. It is straightforward

to show that the Lyapunov functional (4.18) satisfies the remaining conditions in

Theorem (15). Hence the NCS modeled by the delay impulsive system (4.4) is

GUES over S given by (4.2).
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Theorem 16. The system (4.4) is GUES over S defined by (4.2), if there exist

positive definite matrices P,X, Z,Ri, i = 1, .., 4 and (not necessarily symmetric)

matrices Ni, i = 1, .., 4 that satisfy the following LMIs:

[

M1+βmax(M2+M3) τmaxN1 τminN3

∗ −τmaxR1 0
∗ ∗ −τminR3

]

< 0, (4.19a)





M1+βmaxM2 τmaxN1 τminN3 βmax(N1+N2) βmaxN4

∗ −τmaxR1 0 0 0
∗ ∗ −τminR3 0 0
∗ ∗ ∗ −βmax(R1+R2) 0
∗ ∗ ∗ ∗ −βmaxR4



 < 0, (4.19b)

where

M1 :=F̄ ′ [ P 0 0 0 ] +

[

P
0
0
0

]

F̄ + τminF
′(R1 +R3)F−

[

I
0
−I
0

]

X

[

I
0
−I
0

]′

+

[

I
0
0
0

]

Z

[

I
0
0
0

]′

−
[

0
0
0
I

]

Z

[

0
0
0
I

]′

−N1 [ I −I 0 0 ] −
[

I
−I
0
0

]

N ′
1 −N2 [ I 0 −I 0 ] −

[

I
0
−I
0

]

N ′
2

−N3 [ I 0 0 −I ] −
[

I
0
0
−I

]

N ′
3 −N4 [ 0 −I 0 I ] −

[

0
−I
0
I

]

N ′
4,

M2 :=F̄ ′(R1 +R2 +R4)F̄ ,

M3 :=

[

I
0
−I
0

]

XF̄ + F̄ ′X [ I 0 −I 0 ] . (4.20)

with F̄ :=

[

A B 0 0

]

. �

Proof is given in Chapter 4.4.

Remark 7. When the delays are small, i.e., τmin, τmax → 0 the LMIs (4.19a) and

(4.19b) are equivalent to

M1 + βmax(M2 +M3) < 0,

M1 + βmaxM2 + βmax(N1 +N2)(R1 +R2)
−1(N1 +N2)

′ < 0 (4.21)
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(after using Schur Lemma). Making R3, R4, Z,N3, N4 → 0 and

N1 =

[

N11 N12 N13 0

]′

, N2 =

[

N21 N22 N23 0

]′

,

makes the last row and column of the LMIs in (4.21) approach zero and we can

omit them. After multiplying the LMIs in (7) by







I 0 0

0 I I






and its transpose

from the left and the right, respectively, choosing

N =

[

N11 +N21 N12 +N13 +N22 +N23

]′

, R1 + R2 = R,

we obtain the LMIs in Theorem 12. So the results in the previous chapter are ro-

bust with respect to small delays, namely the results in Theorem 12 still guarantee

stability for arbitrary small delays. �

It is often the case that the lower bound on the delay in the network is very

close to zero. When the load in the network is low and the computation delays

are small, the total end to end delay in the loop is equal to transmission and

propagation delays which typically are small. Next we present the conditions for

the case when τmin = 0. The conditions can be derived from the conditions in

Theorem 16 for the case when τmin → 0 or they can be directly derived employing

the following Lyapunov functional

V := x′Px+

∫ t

t−ρ1

(ρ1max − t+ s)ẋ′(s)R1ẋ(s)ds+

∫ t

t−ρ2

(ρ2max − t+ s)ẋ′(s)R2ẋ(s)ds+ (ρ1max − ρ1)(x− w)′X(x− w).

Theorem 17. The system (4.4) is GUES over S with τmin = 0 defined by (4.2), if

there exist positive definite matrices P,X,R1, R2 and (not necessarily symmetric)
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matrices N1, N2 that satisfy the following LMIs:

[

M1+βmax(M2+M3) τmaxN1

∗ −τmaxR1

]

< 0, (4.22a)
[

M1+βmaxM2 τmaxN1 βmax(N1+N2)
∗ −τmaxR1 0
∗ ∗ −βmax(R1+R2)

]

< 0, (4.22b)

where

M1 :=F̄ ′ [ P 0 0 ] +
[

P
0
0

]

F̄ −
[

I
0
−I
0

]

X

[

I
0
−I
0

]′

−N1 [ I −I 0 0 ] −
[

I
−I
0
0

]

N ′
1

−N2 [ I 0 −I 0 ] −
[

I
0
−I
0

]

N ′
2

M2 :=F̄ ′(R1 +R2 +R4)F̄ ,

M3 :=
[

I
0
−I

]

XF̄ + F̄ ′X [ I 0 −I ] . (4.23)

with F̄ :=

[

A B 0

]

. �

Example 5. Consider the state space plant model [3]







ẋ1

ẋ2






=







0 1

0 −0.1













x1

x2






+







0

0.1






u,

with state feedback gain K = −
[

3.75 11.5

]

, for which we have

A =







0 1

0 −0.1






, B = −







0

0.1






×

[

3.75 11.5

]

.

By checking the condition eig([ I 0
I 0 ] eFh) < 0 on a tight grid of h, we can show that

the closed-loop system remains stable for any constant sampling interval smaller

than 1.7, and becomes unstable for larger constant sampling intervals. On the

other hand, when the sampling interval approaches zero, the system is described
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Figure 4.2. Fig. 4.2(a) shows the plot of τMATI versus τmin for τmax equal to

0, .2, .4, .6, 1 based on Theorem 16. The dashed line is the same as the one in

Fig.4.2(b). Fig. 4.2(b) shows the plot τMATI versus τmin where τmax = τmin from

[42] (’+’) and [72] (’×’), the worse case where τmax = τMATI (’∇’) and the best

case where τmax = τmin (’o’) from Theorem 16.

by a DDE and we can find the maximum constant delay for which stability is guar-

anteed by looking at the roots of the characteristic function det(sI−A−Be−τ0s).

We use the Pade approximation e−τ0s = 1−sτ0/2
1+sτ0/2

to compute the determinant poly-

nomial and conclude by the Routh-Hurwitz test that the system is stable for any

constant delay smaller than 1.36. Comparing these numbers with the maximum

variable sampling interval 1.1137 and the maximum variable delay 1.0744 both

obtained using Theorem 16 (see below) reveals the conservativeness of our method:

No-delay and variable sampling When there is no delay but the sampling

intervals are variable, τMATI determines an upper bound on the variable sampling

intervals sk+1 − sk. The upper bound given by [12, 73, 42] (when τmin = 0) is

0.8696 which is improved to 0.8871 in [72]. Theorem 16 and [43] gives the upper
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bound equal to 1.1137.

Variable-delay and sampling Fig. 4.2(a) shows the value of τMATI obtained

from Theorem 16, as a function of τmin for different values of τmax. The dashed

curves in Fig. 4.2(a) and Fig. 4.2(b) are the same which are comprised of the

largest τMATI for different values of τmax. Fig. 4.2(b) shows τMATI with respect to

τmin where the results from [42], [72] are shown by +, × respectively. The values

of τMATI given by [11] lie between the “+” and “×” in Fig. 4.2(b) and we do not

show them. In Theorem 16, τMATI is a function of τmin and τmax. To be able to

compare our result to the others we consider two values for τmax and we obtain

τMATI as a function of τmin based on Theorem 16. Fist we consider τmax = τmin,

which is the case that the delay is constant and equal to the value of τmin. The

largest τMATI for a given τmin provided by Theorem 16 is shown using an “o” in

Fig. 4.2(b). The second case is when τmax = τMATI , which is the case where there

can be very large delays in the loop in comparison to the sampling intervals. The

largest τMATI for a given τmin for this case provided by Theorem 16 is shown using

a “∇” in Fig. 4.2(b). One can observe that when the delays in the control loop are

small, our method shows a good improvement in comparison to the other results

in the literature. �
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4.4 Appendix

Proof of Theorem 16 . It is easy to show that the Lyapunov functional (4.18)

satisfies the condition (4.6) with

ψ1(s) := d1s
2, ψ2(‖φ‖) := d2|φ(0)|2 + d̄2

∫ t

t−r

|φ(s)|2ds,

for d1, d2, d̄2 > 0. Also the condition (4.8) is guaranteed by construction of the

Lyapunov functional. The only remaining condition of Theorem 15 (part c) to

guarantee GUES is the condition (4.7) to hold. In the following we derive con-

ditions that if those hold, the condition (4.7) is necessarily satisfied. Along the

trajectory of the system (4.5)

V̇ =2x′(t)P (Ax(t) +Bz) + ρ1maxẋ
′(t)R1ẋ(t)

−
∫ t

t−ρ1

ẋ′(s)R1ẋ(s)ds+ ρ2 maxẋ
′(t)R2ẋ(t)

−
∫ t

t−ρ2

ẋ′(s)R2ẋ(s)ds+ τminẋ
′(t)R3ẋ(t)

−
∫ t

t−τmin

ẋ′(s)R3ẋ(s)ds

+ (ρ1 max − τmin)
(

ẋ′(t− τmin)R4ẋ(t− τmin)
)

−
∫ t−τmin

t−ρ1

ẋ′(s)R4ẋ(s)ds+ (ρ1max − τmin)
(

ẋ′(t)R4ẋ(t)

− ẋ′(t− τmin)R4ẋ(t− τmin)
)

+ x′(t)Zx(t)

− x′(t− τmin)Zx(t− τmin) − (x(t) − w)′X(x(t) − w)

+ 2(ρ1max − ρ1)(x− w)′X(Ax+Bz). (4.24)

Defining ξ̄(t) :=

[

x′(t) z′ w′ x′(t− τmin)

]′

, for any matrices Ni, i = 1, .., 4 we

have
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2ξ̄′N1

[

I −I 0 0

]

ξ̄ + 2ξ̄′N2

[

I 0 −I 0

]

ξ̄

= 2ξ̄′(N1 +N2)
(

∫ t

t−ρ2

ẋ(s)ds
)

+ 2ξ̄′N1

(

∫ t−ρ2

t−ρ1

ẋ(s)ds
)

≤ ρ2ξ̄
′(N1 +N2)(R1 +R2)

−1(N1 +N2)
′ξ̄

+

∫ t

t−ρ2

ẋ′(s)(R1 +R2)ẋ(s)ds

+ (ρ1 − ρ2)ξ̄
′N1R

−1
1 N ′

1ξ̄ +

∫ t−ρ2

t−ρ1

ẋ′(s)R1ẋ(s)ds, (4.25)

2ξ̄′N3

[

I 0 0 −I
]

ξ̄ = 2ξ̄′N3

(

∫ t

t−τmin

ẋ(s)ds
)

≤ τminξ̄
′N3R

−1
3 N ′

3ξ̄ +

∫ t

t−τmin

ẋ′(s)R3ẋ(s)ds, (4.26)

2ξ̄′N4

[

0 −I 0 I

]

ξ̄ = 2ξ̄′N4

(

∫ t−τmin

t−ρ1

ẋ(s)ds
)

≤ (ρ1 − τmin)ξ̄
′N4R

−1
4 N ′

4ξ̄ +

∫ t−τmin

t−ρ1

ẋ′(s)R4ẋ(s)ds, (4.27)

which relies on the fact that x(t)−z(t) = x(t)−x(t−ρ1) and x(t)−w(t) = x(t)−

x(t − ρ2). The matrix variables N1, N2, N3, N4 represent degrees of freedom that

can be exploited to minimize conservativeness and we call them slack matrices. Let

us define β := ρ1 − τmin and βmax := ρ1max − τmin. Note that τmin ≤ ρ1 −ρ2 ≤ τmax

and

ρ1max = sup
k

(sk+1 + τk+1 − sk + τk − τk) ≤ ρ2max + τmax,

ρ2max + τmin = sup
k

(sk+1 + τk+1 − sk − τk + τmin) ≤ ρ1max,

so we conclude that τmin ≤ ρ1max − ρ2max ≤ τmax, ρ2max ≤ βmax, and ρ2 ≤ β.

After combining (4.24), (4.25),(4.26), and (4.27) and replacing ρ2max, ρ2, ρ1 − ρ2
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with βmax, β, τmax we get

V̇ (ξ̄) ≤ ξ̄′
(

Ψ + βmax(M2 +M3) + β(M4 −M3)
)

ξ̄, (4.28)

Ψ :=M1 + τmaxN1R
−1
1 N ′

1 + τminN3R
−1
3 N ′

3,

M4 :=(N1 +N2)(R1 +R2)
−1(N1 +N2)

′ +N4R
−1
4 N ′

4,

and M1,M2,M3 are defined in (4.20). The necessary and sufficient condition to

satisfy (4.28) is

Ψ + τMATI(M2 +M3) < 0, Ψ + τMATI(M2 +M4) < 0 (4.29)

The proof is similar to the proof given in Section 3.6 for Theorem 12. By Schur

complement, the matrix inequalities in (4.29), can be written as the LMIs in

Theorem 16. If the LMIs in Theorem 16 are feasible, then there exists a d3 > 0

such that condition (4.7) is satisfied with ψ3(s) := d3s
2 for d3 > 0. Hence all the

conditions in Theorem 15 are satisfied so the system (4.4) is GUES over S.
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Chapter 5

Delay Impulsive Systems: A

Model For NCSs With Variable

Sampling And Delay, MIMO

Case

In chapters 3 and 4 we study stability of NCSs in which a linear plant is in

feedback with a static state-feedback remote controller. To enlarge the class of

NCSs we consider an abstract system depicted in the Fig. 5.1 which consists of a

Multi-Input Multi-Output (MIMO) process of the form

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t), (5.1)

where x ∈ R
n is the state of the process, u ∈ R

q is the input of the process, and

y ∈ R
q is the output of the process. The input and the output are partitioned as

y := [ y′
1 ··· y′

m ]′ and u := [ u′
1 ··· u′

m ]′ and the partition of u matches the partition
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of y. We denote the k−th sampling time of the i− th output by si
k. At time si

k,

k ∈ N the i−th output of the system, yi(t), 1 ≤ i ≤ m is sampled and yi(s
i
k) is

sent to update the input ui, to be used as soon as it arrives until the next update

arrives.1

In NCSs each yi represents the output of nodes that can send their information

to the network in a single packet. For example sensors spatially close to each other,

send their measurements in a single packet or controller outputs sent to actuators

spatially close to each other, can be sent in a single packet. The abstract system in

Fig. 5.1 is general enough to model both one-channel NCSs and two-channel NCSs

with dynamic output-feedback controllers that may or may not be anticipative

[42] which each will be discussed with more details in Section 5.2. The closed

loop system in Fig. 5.1 can be modeled as a linear impulsive system where the

reset maps are time varying because each time a new measurement arrives, only

a particular partition of the input is updated. Theorem 15 is general enough to

establish exponential stability of this type of impulsive system because the flow

and reset maps of system (4.5) are time-varying.

For LTI plants and controllers, we present two stability tests in terms of LMIs

based on Theorem 15. The first one is less conservative but the number of LMIs

grows exponentially with m. The second stability condition is based on the feasi-

bility of a single LMI with dimension that grows linearly with m. For small m the

first stability test is more desirable, because it leads to less conservative results,

but the second stability test is more adequate for large m.

By solving the LMIs that guarantee stability, one obtains positive constants

that determine the upper bound between the sampling time and the next input

1Unlike the previous chapters we do not write the closed-loop system such as equation (4.1)
in Chapter 4 because the equation is rather complicated to the point that it is not beneficial.
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ẋ = Ax + Bu

y = Cx

y1(t)

ym(t)

Hold

si
k

Sampler

Delay τ i
k

u1

um

Figure 5.1. MIMO system with variable sampling intervals and delays where

ui(t) = yi(s
i
k) for t ∈ [tik, t

i
k+1), ∀i ∈ {1, · · · , m} where tik := si

k + τ i
k.

update time for each output of the process for which the stability of the closed-

loop system is guaranteed for a given lower and upper bound on the total delay

in each loop.

5.1 Delay impulsive system model

We consider a MIMO system depicted in Fig. 5.1. The input is partitioned as

u := [ u′
1 ··· u′

m ]′ where ui ∈ R
qi, i ∈ {1, · · · , m} and

∑m
i=1 qi = q and the output

is partitioned as y := [ y′
1 ··· y′

m ]′ where yi ∈ R
qi, i ∈ {1, · · · , m} and

∑m
i=1 qi = q

and the partitions of u and y are matched. At time si
k, i ∈ {1, · · · , m}, k ∈ N the

i−th output of the system, yi(t) is sampled and yi(s
i
k) is sent through the network

to update ui, to be used as soon as it arrives until the next update arrives. The

total delay in the control loop that the k-th sample of yi experiences is denoted

by τ i
k where τi min ≤ τ i

k ≤ τi max, ∀k ∈ N, i ∈ {1, · · · , m}. We define tik := si
k + τ i

k

which is the time instant that the value of ui is updated. The overall system can
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be written as an impulsive system of the form

ξ̇(t) = Fξ(t), t 6= tik, ∀k ∈ N, i ∈ {1, · · · , m} (5.2a)

ξ(tk) =















x−(tik)
.........
z−1 (tik)

...
yi(s

i
k)

...
z−m(tik)















, t = tik, ∀k ∈ N, i ∈ {1, · · · , m}, (5.2b)

where

F :=

[

A
... B

... ... ...

0
... 0

]

, ξ(t) :=
[

x(t)
......
z(t)

]

, z(t) :=

[

z1(t)

...
zm(t)

]

,

so we have zi(t) := yi(s
i
k), t ∈ [tik, t

i
k+1).

5.2 NCSs modeled by MIMO system (5.2)

The impulsive system (5.2) can be used to represent the distributed sen-

sors/actuators configurations shown in Figs. 5.2, and 5.3. The LTI plant has

the state space of the form

ẋp(t) = Apxp(t) +Bpup(t), yp(t) = Cpxp(t), (5.3)

where xp ∈ R
np, up := [ u′

p1 ··· u′
pmc ]′ ∈ R

mc , and yp := [ y′
p1 ··· y′

pmp ] ∈ R
mp are the

state, input and output of the plant and matrices Ap, Bp, Cp, Dp have the proper

dimensions. At time si
k, i ∈ {1, · · · , mp}, sensor i sends ypi(s

i
k) to the controller,

which arrives at the destination at time tik. When a new measurement of the sensor

i arrives at the controller side, the corresponding value at the hold block, zi, is

updated and held constant until another measurement of the sensor i arrives (all

other hold values remain unchanged when the value of hold i is updated). Hence

uci(t) = zi(t) = ypi(s
i
k), t ∈ [tik, t

i+1
k ) for ∀i ∈ {1, · · · , mp}. An output feedback
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Hold

Sampler

Network

PlantController

yp1(t)

ypmp(t)

si
k

z1

zmp

Figure 5.2. One channel NCSs with the plant (5.3) and the controller (5.4).

controller (or a state feedback controller) uses the measurements to construct the

control signal. The controller has the state space of the form

ẋc(t) = Acxc(t) +Bcuc(t), yc(t) = Ccxc(t) +Dcuc(t), (5.4)

where xc ∈ R
nc , uc := [ u′

c1 ··· u′
cmp ]′ ∈ R

mp, yc := [ y′
c1 ··· y′

cmc ] ∈ R
mp×1 ∈ R

mc×1 are

the state, input and output of the controller and matrices Ac, Bc, Cc, Dc have the

proper dimensions. The main difference between the different NCS configurations

in this section is the control signal construction.

5.2.1 One-channel NCS with dynamic feedback controller

Fig. 5.2 shows a one-channel NCS consisting of a plant with the state-space

(5.3) in feedback with a dynamic output controller with state-space (5.4). Note

that in one-channel NCS the controller is directly connected to the plant and only

the measurements of the plant are sent through the network. To match the system

in Fig. 5.2 with the system in Fig. 5.1 yi(t) := ypi(t), m := mp, and x := [ xp
xc ].

The closed-loop system can be written as the impulsive system (5.2) where

A :=







Ap BpCc

0 Ac






, B :=







BpDc

Bc






, C :=

[

Cp 0

]

. (5.5)
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Hold

Sampler

Hold

Sampler

Network

Plant

Controller

yp1(t)

ypmp(t)

si
k

si
k

yc1(t)

ycmc(t)

z1

zmp

Figure 5.3. Two channel NCS with the plant (5.3) and the anticipative or non-

anticipative controller (5.4).

One-channel NCSs may look artificial since the controller and the plant are on

one side. One may suggest that there is no need to send the output of the plant

through the network since the plant and the controller are physically close to each

other and on one side of the network. In fact there are interesting cases of NCSs

that can be modeled as a one-channel NCSs. One example is controlling a robot

using cameras that are not mounted on the robot which provide the global image

of the field. In this case position of the robot is “measured” by cameras and the

measurements are sent through the network to the robot to be used to compute

the control commands by the local controller of the robot.
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5.2.2 Two-channel NCS with non-anticipative controller

Fig. 5.3 shows a two-channel NCS consisting of a plant with the state-space

(5.3) in feedback with a non-anticipative controller with state-space (5.4) where

Dc = 0. Non-anticipative controllers are simply output-feedback controllers which

a single value control command is calculated. Now the controller is located away

from the actuators and the control commands should be sent through the network.

The control signal for the actuator i, yci(t), is sampled at si
k, , i ∈ [mp+1, · · · , mp+

mc], and samples get to the actuator i at tik := si
k+τ

i
k. Note that a non-anticipative

control unit sends a single-value control command to be applied to the actuator

i of the plant and held until the next control update of the actuator i arrives (all

other actuator values remain unchanged while the value of actuator i is updated).

Hence upi(t) = zi(t) = yci(s
i
k), t ∈ [tik, t

i
k+1) where i ∈ [mp + 1, · · · , mp +mc]. So

in this case for the system (5.2) in Fig. 5.1

yi :=















ypi, 1 ≤ i ≤ mp

yci, mp + 1 ≤ i ≤ mp +mc

,

m := mp + mc and x := [ xp
xc ]. The closed-loop system with state can be written

as the impulsive system (5.2) where

A :=







Ap 0

0 Ac






, B :=







0 Bp

Bc 0






, C :=







Cp 0

0 Cc






. (5.6)

Two-channel NCS is the most common NCSs where the plant and the con-

troller are spatially distributed and connected through a network.
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5.2.3 Two-channel NCS with anticipative controller

Fig. 5.3 can represent a two-channel NCS consisting of a plant with the state-

space (5.3) in feedback with an anticipative controller with state-space (5.4). An-

ticipative controller attempts to compensate the sampling and delay introduced

by the actuation channels. For simplicity, we assume that the actuation chan-

nels are sampled with constant sampling intervals h = si
k+1 − si

k, and that the

delay in the actuation channels is constant and equal to τ = τ i
k ∀k ∈ N, i ∈

{mp + 1, · · · , mp + mc}. At each sampling time si
k, i ∈ [mp + 1, · · · , mp + mc]

the controller sends a time-varying control signal yci(·) to the actuator i. This

control signal should be used from the time si
k + τ at which it arrives until the

time si
k +h+τ at which the next control update of the actuator i will arrive. This

leads to

upi(t) = yci(t), ∀t ∈ [si
k + τ, si

k + h+ τ).

However, the prediction of control signal yci(t) needed in the interval [si
k + τ, si

k +

h + τ) must be available at the transmission time si
k, which requires the control

unit to calculate the control signal up to h+ τ time units into the future.

Remark 8. Anticipative controllers send actuation signals to be used during time

intervals of duration h, therefore the sample and hold blocks in Fig. 5.3 should be

understood in a broad sense. In practice, the sample block would send over the

network some parametric form of the control signal uci(·) (e.g., the coefficients of

a polynomial approximation to this signal).

Remark 9. Anticipative controllers are similar to predictive controllers in the sense

that both calculate the future control actions. However in predictive controllers
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only the most recent control prediction is applied until the new control commands

arrive. Anticipative controllers are predictive controllers that send a control pre-

diction for a certain duration. At the expense of sending more information to the

actuators in each packet, one expects that fewer packets need to be transmitted

to stabilize the system.

An estimate x̂c(t) of xc(t+ h+ τ) is constructed as follows:

˙̂xc(t) = Acx̂c(t) +Bcuc(t), (5.7)

where

uci(t) = ypi(s
i
k), ∀t ∈ [si

k + τ, si
k + τ + h), (5.8)

for i ∈ {1, · · · , mp}. To compensate for the time varying delay and sampling

intervals in the actuation channels, x̂c would have to be calculated further into

the future. Hence the assumptions of constant delay and sampling interval for

actuation channel can be relaxed by predicting xc further into the future. With

such a controller state prediction available, the signal yci(t) sent at times si
k, to

be used in
[

si
k + τ, si

k + h+ τ
)

, is then given by

yci(t) = Ccix̂c(t− h− τ) +Dcuci(t), ∀t ∈ [si
k + τ, si

k + h+ τ), (5.9)

which only requires the knowledge of x̂c(.) in the interval t ∈
[

si
k − h, si

k

)

, and

therefore is available at the transmission times si
k. The closed-loop system can be

written as







˙̂xp(t)

˙̂xc(t)






=







Ap BpCc

0 Ac













x̂p(t)

x̂c(t)






+







BpDc

Bc






uc(t), (5.10)
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where x̂p(t) := xp(t+ h+ τ) and the elements of uc(t) are defined by (5.8). Hence

in this case yi(t) := ypi(t), m := mp and the closed-loop system with state

x :=
[

x̂p

x̂c

]

can be written as the impulsive system (5.2) where

A :=







Ap BpCc

0 Ac






, B :=







BpDc

Bc






, C :=

[

Cp 0

]

. (5.11)

Remark 10. Equation (5.5) that represents one-channel NCS with dynamic out-

put feedback is similar to equation (5.11) that represents two-cannel NCS with

anticipative controller. Consequently for analysis purpose one can model a two-

cannel NCS with anticipative controller as a one-channel NCS with “fictitious”

delays equal to the sum of the delay in the sensor to actuator channels, the delay

in the actuator to sensor channels, and the sampling of the actuator channel.

5.3 Exponential stability of NCSs

In this section we provide exponential stability conditions for the linear im-

pulsive system in (5.2) which can model one-channel NCSs and two-channel NCSs

with anticipative or non-anticipative controller as described in Section 5.2.

Since the minimum of delay in the network is typically small and for simplicity

of derivations, we assume that τi min = 0, 1 ≤ i ≤ m. We now present two

theorems for the stability of the system (5.2). The stability tests are based on

the Theorem (15) which provides stability conditions for system (4.5). Note that

system (5.2) is a special case of (4.5). The first theorem is less conservative;

however, the number of LMIs grows exponentially with m. The second stability

condition is based on the feasibility of a single LMI, but its size grows linearly
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with m. For small m the first stability test is more adequate because it leads to

less conservative results, but the second stability test is more desirable for large

m. We present our results for m = 2, but deriving the stability conditions for

other values of m is straightforward by following the same steps.

Inspired by the Lyapunov functional (4.18), We employ the Lyapunov func-

tional

V := V1 + V2 + V3 + V4, (5.12)

where

V1 := x′Px,

V2 :=
2

∑

i=1

∫ t

t−ρi

(ρi max − t+ s)ẏ′i(s)R1iẏi(s)ds,

V3 :=
2

∑

i=1

∫ t

t−σi

(σi max − t+ s)ẏ′i(s)R2iẏi(s)ds,

V4 :=

2
∑

i=1

(ρi max − ρi)(yi − wi)
′Xi(yi − wi),

with P,R1i, R2i, Xi symmetric positive definite matrices and

ρi(t) := t− si
k, σi(t) := t− tik, wi(t) := yi(t

i
k), t ∈ [tik, t

i
k+1), i ∈ {1, · · · , m}

ρi max := sup
t≥0

ρi(t), σi max := sup
t≥0

σi(t).

The next theorem guarantees that the Lyapunov functional (5.12) decreases along

the solution to the system (5.2).

Theorem 18. The system (5.2) is exponentially stable for any delay and sampling

interval satisfying 0 ≤ τ i
k ≤ τi max and si

k+1 + τ i
k+1 − si

k ≤ ρi max, ∀k ∈ N, i ∈

{1, · · · , m} if there exist symmetric positive definite matrices P,R1i, R2i, Xi and
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(not necessarily symmetric) matrices N1i, N2i that satisfy the following LMIs:

[

M1+ρ1 max(M21+M31)+ρ2 max(M22+M32) τ1 maxN11 τ2 maxN12

∗ −τ1 maxR11 0q1q2
∗ ∗ −τ2 maxR12

]

< 0, (5.13a)

[

M1+ρ1 maxM21+ρ2 max(M22+M32) τ1 maxN11 τ2 maxN12 G11

∗ −τ1 maxR11 0q1q2 0q1q1
∗ ∗ −τ2 maxR12 0q2q1
∗ ∗ ∗ G21

]

< 0, (5.13b)

[

M1+ρ1 max(M21+M31)+ρ2 maxM22 τ1 maxN11 τ2 maxN12 G12

∗ −τ1 maxR11 0q1q2 0q1q2
∗ ∗ −τ2 maxR12 0q2q2
∗ ∗ ∗ G22

]

< 0, (5.13c)





M1+ρ1 maxM21+ρ2 maxM22 τ1 maxN11 τ2 maxN12 G11 G12

∗ −τ1 maxR11 0q1q2 0q1q1 0q1q2
∗ ∗ −τ2 maxR12 0q2q1 0q2q2
∗ ∗ ∗ G21 0q1q2
∗ ∗ ∗ ∗ G22



 < 0, (5.13d)

where F̄ :=

[

A B 0nq

]

and

M1 := F̄ ′ [ P 0nq 0nq ] +
[ P

0qn

0qn

]

F̄ − T ′
1X1T1 − T ′

2X2T2 −N11T3

− T ′
3N

′
11 −N21T1 − T ′

1N
′
21 −N12T4 − T ′

4N
′
12 −N22T2 − T ′

2N
′
22,

M2i := F̄ ′C ′
i(R1i +R2i)CiF̄ , M3i := T ′

iXiCiF̄ + F̄ ′C ′
iXiTi,

G1i := ρi max(N1i +N2i), G2i := ρi max(R1i + R2i) (5.14)

with

C1 := [ Iq1 0q1q2 ]C, C2 := [ 0q2q1 Iq2 ]C,

T1 := [ C1 0q1q −Ī1 ] , T2 := [ C2 0q2q −Ī2 ] ,

T3 := [ C1 −Ī1 0q1q ] , T4 := [ C2 −Ī2 0q2q ] ,

Ī1 := [ Iq1 0q1q2 ] Ī2 := [ 0q2q1 Iq2 ] (5.15)

�

Proof of Theorem 18. After taking the derivative of the Lyapunov functional (5.12)

and following the same steps as in the proof of Theorem 16 we conclude that the
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derivative is negative as long as

M1 +

2
∑

i=1

ρi max(M2i +M3i) + ρi(M4i −M3i) < 0, ∀ρi ∈ [0, ρi max]. (5.16)

Then we can prove that (5.16) is equivalent to (5.13).

It is possible to generalize Theorem 18 for an arbitrary m. However, the

number of LMIs is 2m and the size of LMIs and the number of scalar variables

increases linearly. For complex systems with large number of sending nodes, to

have a numerically tractable test, it is crucial that the number of LMIs grows

linearly too. The next theorem presents another stability test which is more

conservative; however, the stability test is based on the feasibility of a single LMI.

Theorem 19. The system (5.2) is exponentially stable for any delay and sam-

pling interval satisfying 0 ≤ τ i
k ≤ τi max and si

k+1 + τ i
k+1 − si

k ≤ ρi max, ∀k ∈

N, i ∈ {1, · · · , m} provided that there exist symmetric positive definite matrices

P,R1i, R2i and (not necessarily symmetric) matrices N1i, N2i that satisfy the fol-

lowing LMIs:




M̄1+ρ1 maxM̄21+ρ2 maxM̄22 τ1 maxN11 τ2 maxN12 G11 G12

∗ −τ1 maxR11 0q1q2 0q1q1 0q1q2
∗ ∗ −τ2 maxR12 0q2q1 0q2q2
∗ ∗ ∗ G21 0q1q2
∗ ∗ ∗ ∗ G22



 < 0, (5.17)

where F̄ :=

[

A B 0nq

]

and

M̄1 :=F̄ ′ [ P 0nq 0nq ] +
[

P
0qn

0qn

]

F̄ −N11T3 − T ′
3N

′
11 −N21T1

−T ′
1N

′
21 −N12T4 − T ′

4N
′
12 −N22T2 − T ′

2N
′
22,

M̄2i :=F̄ ′C ′
i(R1i +R2i)CiF̄ ,

G1i :=ρi max(N1i +N2i), G2i := ρi max(R1i +R2i).

with the matrix variables defined in (5.15). �
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Proof of Theorem 19. After taking the time derivative of the Lyapunov functional

and following the steps in Theorem 16, we conclude that the derivative is negative

if (5.16) holds. Equation (5.16) with ρi = ρi max is a sufficient condition for (5.16).

So we obtain

M1 +

2
∑

i=1

ρi max(M2i +M4i) < 0,

and by applying Schur Lemma we get (5.17).

By solving the LMIs in Theorems 18 or 19 for general m one can find positive

constants ρi max, 1 ≤ i ≤ m which determines the upper bound between the con-

secutive samples of channel i for which the stability of the closed-loop system is

guaranteed for a given lower and upper bound on the total delay in the loop i.

However, most of the work in the literature has been devoted to finding τMATI

([67, 68, 45, 46, 20] and references therein) which determines the upper bound

between any consecutive sampling instances which the stability of the closed-loop

system is guaranteed while the usual assumption for MIMO case is that delays in

all loops are small and hence negligible. One can expect that having m constants

ρi max, 1 ≤ i ≤ m instead of one single constant τMATI , reveals more information

about the system as we explore in the following examples.

101



no drop

Maximum deterministic time interval between samples from [63] 0.0123

Maximum stochastic arbitrary inter-sampling time distribution from [21] 0.0279

Maximum stochastic uniform inter-sampling time distribution from [21] 0.0517

Maximum deterministic time interval between samples from Theorem 18 0.0405

Maximum deterministic time interval between samples from Theorem 19 0.029

Table 5.1. Comparison of τMATI for Example 6 when there is no delay.

5.4 Example

Example 6. This example appeared in [68, 45, 21, 63] and considers a linearized

model of the form (5.3) for a two-input, two-output batch reactor where

Ap :=

[

1.38 −0.2077 6.715 −5.676
−0.5814 −4.29 0 0.675
1.067 4.273 −6.654 5.893
0.048 4.273 1.343 −2.104

]

, Bp :=

[

0 0
5.679 0
1.136 −3.146
1.136 0

]

,

Cp := [ 1 0 1 −1
0 1 0 0 ] .

This system is controlled by a PI controller of the form (5.4) where

Ac := [ 0 0
0 0 ] , Bc := [ 0 1

1 0 ] ,

Cc := [ −2 0
0 8 ] , DC := [ 0 −2

5 0 ] .

Following the assumptions of [68, 45, 21, 63], we assume that only the out-

puts of the plant are transmitted over the network, there are no dropouts and

the outputs are sent in a round-robin fashion and consecutively. We compare

τMATI of this example given by the stability results in [68, 45, 21, 63], where

in all the references the effect of the delay is ignored. From Theorem 18 we

compute ρ1 max = 0.081, ρ2max = 0.113 when there is no delay. We can show

that if the upper bound between any consecutive sampling, τMATI , is smaller

than 1
2
min(ρ1 max, ρ2max), then the upper bound between the samples of yp1 or yp2
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no drop

Maximum deterministic time interval between samples from [63] 2.81 ∗ 10−4

Maximum stochastic arbitrary inter-sampling time distribution from [21] 8.02 ∗ 10−4

Maximum stochastic uniform inter-sampling time distribution from [21] 1.48 ∗ 10−3

Maximum deterministic time interval between samples from Theorem 18 1.2 ∗ 10−3

Table 5.2. Comparison of τMATI for Example 7 when there is no delay.

are smaller than min(ρ1max, ρ2max) and the system is stable, so we get τMATI =

1
2
min(ρ1 max, ρ2max) = 0.0405. Table 5.1 shows the less conservative results in the

literature and our τMATI for comparison. τMATI for a (stochastic) uniform inter-

sampling time distribution given by [21] is less conservative than τMATI given by

(18). However, for a fair comparison our result should be compared to the stochas-

tic arbitrary inter-sampling time distribution given by [21]. If we can send the mea-

surements of y1p and y2p in one packet then τMATI = min(ρ1max, ρ2max) = 0.081,

because the requirement for the stability that the consecutive samplings of y1p

and y2p are smaller than ρ1max and ρ2max respectively. When the maximum delay

is 0.03 then ρ1 max = 0.058 and ρ2max = 0.087. �

In general if m nodes send their measurements in different packets then τMATI =

1
m

mini ρi max (given that there is no delay).

Example 7. This example appeared in [21, 63] and considers the control of a CH-

47 tandem-rotor helicopter in the horizontal plane, around a nominal air speed of

40 knots which can be modeled by (5.3) where

Ap :=

[

−0.02 0.005 2.4 −32
−0.14 0.44 −1.3 −30

0 0.018 −1.6 1.2
0 0 1 0

]

, Bp :=

[

0.14 −0.12
0.36 −8.6
0.35 0.009
0 0

]

, Cp := [ 0 1 0 0
0 0 0 57.3 ] .

This system is controlled by a static controller where

Dc := [−12.7177 −45.0824
63.5163 25.9144 ]
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From Theorem 18 we compute ρ1max = 0.0024, ρ2max = 0.0028 when there is no

delay. Then we compute τMATI as described in the previous example to compare

our results to the ones in the literature. Table 5.2 summarizes the results obtained

from [21, 63] and Theorem 18. �
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Chapter 6

Communication Protocol Design

For Deterministic Networks

In Chapter 4 we considered NCSs that can be modeled as SISO delay impulsive

systems and in Chapter 5 we considered NCSs that can be modeled as MIMO delay

impulsive systems. In both cases, we found the upper bound on the delays and the

sampling intervals corresponding to the outputs of the system sent through the

network, such that exponential stability of the closed-loop system is guaranteed.

The framework we have developed can be employed to analyze the stability

of NCSs in which a deterministic network is used to connect different elements

of the system. In deterministic networks, the access to the network may not be

predetermined but the latest delivery time of a packet can be computed. Examples

of such networks include token-passing networks, Control Area Networks (CAN),

switched networks, and RayFlex. However, Ethernet or wireless networks are not

deterministic networks since the delays in the network are stochastic and can be
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Controller 1

Dynamic
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d2

d3

d4

d5

d6 d`

Network

Figure 6.1. Schematic description of an NCS with N different subsystems con-

sisting of a plant and a controller. subsystem 1 consists of a MIMO plant and a

MIMO dynamic controller, subsystem 2 consists of a SISO plant and a dynamic

controller, and subsystem N consists of a SISO plant with a static controller. We

refer to a path between a sampler-hold pair as a connection and we assume that

there are ` connections. A subsystem with one connection, e.g. subsystem N ,

is modeled by a SISO delay impulsive system and a subsystem with more than

one connection, e.g. subsystem 1 is modeled by a MIMO delay impulsive system.

Note that the controller of subsystem 2 is a dynamic controller so subsystem 2

consists of two connections but the controller of subsystem N is a static controller

so subsystem N consists of one connection.

unbounded (for instance due to packet collision).

The schematic description of the NCS we consider in this chapter is given

in Fig. 6.1. We consider N subsystems, each consisting of a plant and a con-

troller connected through the network. The overall system consists of ` connec-

tions, where a connection is a path between a sampler and its corresponding hold.

Through the analysis in previous chapters, we can find sets Si, i ∈ {1, · · · , `} of
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admissible sampling-delay sequences ({sk}, {τk}) such that 1

si
k+1 − si

k ≤ ρi max, τ i
k ≤ τi max, (6.1)

so that if every sampling-delay sequence ({si
k}, {τ i

k}) of every connection i belongs

to Si, exponential stability of all subsystems is guaranteed. Suppose now that the

upper bounds on the sampling intervals of all connections, ρi max, i ∈ {1, · · · `}, are

given, then one can find τi max (from Theorem 16 for the SISO case and Theorem 18

or 19 for the MIMO case with τi min = 0) such that if the total delay in each

connection i is smaller than τi max for all i ∈ {1, · · · , `}, then exponential stability

of all subsystems is guaranteed. The main question addressed in this chapter is

whether or not the network can deliver all packets for all connections before their

deadlines τi max.

To answer this question we will employ results in real-time scheduling [6]. In

real-time scheduling, different jobs are released periodically or the lower bounds

between release times are given. In the most basic setting, one shared resource

services different jobs and servicing a job takes a certain amount of time. Each job

should be completed before a deadline and if all the timing requirements can be

met, then the set of jobs is schedulable. In the context of real-time computation,

typically a processor is a shared computation resource and jobs are computing

desired tasks.

In the context of NCSs, the shared resource typically is a network shared

between different nodes2. Job i refers to transmitting a packet from the source

to the destination of connection i and the time required to service a job is the

1The definition of sets Si is the same as (4.3) defined for one connection and we assume the
lower bound on the delay is not available and hence it is zero.

2Nodes may share computation resources also. For example a processor can be used to
implement two or more controllers. We consider this case in Sections 6.4 and 6.5
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time needed to transfer a packet from the source to the destination corresponding

to the job, which we call the transmission time. Suppose that ρi max, τi max are

given such that the stability LMIs are satisfied for these bounds. If the set of

“jobs” are schedulable with deadlines τi max and release times smaller than ρi max

for every i ∈ {1, · · · , `}, then the completion of the job i is guaranteed before

τi max. Hence any sampling-delay sequence, in fact, belongs to set Si defined in

(6.1) and consequently stability of all subsystems connected to the network are

satisfied.

The right choice of the sampling intervals is not trivial. For stability, faster

sampling is desirable so that si
k+1 − si

k ≤ ρi max. However, faster sampling means

higher traffic in the network which may lead to larger network delays τ i
k to the

point that delays in connections become larger than their allowable upper bound

τi max required for stability.

The goal of this chapter is two folded. Based on the analysis we provided in

the previous chapter we will design the following:

• An algorithm to select sampling bounds such that the sampling-delay se-

quence of connection i belongs to the set Si, so stability of all subsystems

connected to the network is guaranteed.

• Communication protocols based on priorities determined by “deadlines”, so

that a node with a closer deadline gains the access to the network.

In Section 6.1 we review some scheduling algorithms with different message

priority assignments. We mainly focus on non-preemptive scheduling because a

higher priority packet cannot preempt transferring a lower priority packet in CAN

networks (after arbitration phase in CAN networks). Then we focus on an Earlier
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Deadline First (EDF) algorithm which has some advantages over other scheduling

algorithms. The deadlines are determined by τi max, and based on how close a

node is to its deadline, priorities are assigned. Then we provide scheduling tests

for EDF scheduling and we propose a convex algorithm to choose the “right”

sampling interval bounds in section 6.2.

In Section 6.3 we provide a brief review of CAN specifications, arbitration

and message prioritization, and some comments about how to implement EDF

scheduling on CAN networks. In Sections 6.1 and 6.2 we assume that the compu-

tation delays are very small, so we can ignore them. In Sections 6.4 and 6.5 we lift

this assumption to study systems with shared computation and communication

resources.

6.1 Communication protocol design and real time

scheduling

Real-time scheduling theory studies the time response of servicing different

jobs by shared resources. In the real-time computation, a processor is a resource

that needs to be shared between different jobs. In NCSs, the shared resource is

the network which is shared between different nodes. Computation resources can

also be shared in NCSs, for example a processor can be used to implement two

or more controllers [27]. However, we will not pursue that here and we assume

that the computation delay is negligible. Moreover, we assume there is only

one communication resource, so for instance we exclude nested CAN networks,

which consists of CAN networks connected through gateway nodes. In the last
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section, we include some remarks that would help to study the effect of sharing

many computation and communication resources. Since delay has an important

role in our analysis and implementation, we identify the sources of delay in each

connection.

6.1.1 Elements of delay in a connection of NCS

The total delay is the time between the moment that data is ready to be sent

at the source until the data is ready to be used at the destination and is equal

to the sum of the wait time to access the network and the transmission time as

shown in Fig. 6.2 (we assume that the computation times at the source and the

destination is zero).

• Wait time to access the network of connection i, acsi, is the time that a

node waits until it gets permission to send a packet.

• Transmission time of connection i, trnsi, is the time from putting the first

bit to the network at the source to receive the last bit from the network at

the destination i. The transmission time consists of transmission delay and

propagation delay which shown by a and b in Fig. 6.2. Transmission delay is

the time to put a packet on the network and propagation delay is the time

that a signal travels from the source to the destination.

We can compute trnsi given the network specifications in terms of data rate,

packet size, and length of network. Our goal thus is to design a network access

protocol so that the network access times acsi are small enough so that

acsi + trnsi ≤ τi max (6.2)
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Figure 6.2. Timing diagram of connection i.

holds for every connection i ∈ {1, · · · , `}. If, in addition, si
k+1 − si

k ≤ ρi max

(stability LMIs are satisfied for τi max and ρi max) then the resulting delay-sampling

sequence belongs to the set Si and all the subsystems connected to the network

are exponentially stable. The wait time, acsi, depends on scheduling policy and

priority assignment. In the next section we review scheduling policies. Then we

provide conditions to determine whether or not it is possible for (6.2) to hold for

a particular scheduling policy.

6.1.2 Real-time scheduling

We assume there are at most ` jobs each generated by only one of the `

source nodes. In real-time scheduling it is assumed that the lower bound between

consecutive release times of all source nodes are given. In our problem we denote

this lower bound by ρi min which corresponds to the smallest sampling interval that

the source i will ever generate. Each connection i ∈ {1, · · · , `} is characterized by

a triple (ρi min, trnsi, τi max) consisting of the lower bound on the two consecutive
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release times of job i, the service time of job i (time that take the network “service”

a packet sent by source i), and the deadline of job i, respectively.

Two types of scheduling can be found in the literature: non-preemptive and

preemptive. In non-preemptive scheduling, when servicing a job starts it will not

be interrupted to service a higher priority job. On the contrary, in preemptive

scheduling, as soon as a job with a higher priority is released, the shared resource

is allocated to the higher priority job and the current job with lower priority is

interrupted. Preemptive scheduling is suitable for computation resource sharing,

but in communication networks such as CAN, access to the network will not be

granted to any other node until the current transmission is completed. Therefore

we only consider non-preemptive scheduling.

There are two main priority assignments to jobs: static and dynamic. A static

priority is fixed and a priori known, so it can be stored in a table. Static scheduling

is simple, yet it is very inflexible to network changes, failures, and often it under-

utilizes the shared resources [6]. If scheduling decisions are based on the current

decision variables, it is called a dynamic scheduling. The priority assignment is

harder because priorities change over time and they should be computed online;

however, a dynamic priority assignment usually does not have the disadvantages of

a static priority assignment. In the following we explain most common scheduling

policies briefly and we refer the readers to [6] for more details.

First-come First-serve scheduling This policy serves the oldest request first

so that resource allocation is based on the order of request arrivals. This policy

is not suitable for NCSs application because it may serve a packet with longer

deadline over a packet with shorter deadline, and consequently instability may
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happen. In addition, it is not implementable based on arbitration as we will

explain in Chapter 6.3.

Round-Robin scheduling This is a static algorithm in which a fixed time slot

is dedicated to each node. For example in every one second slot a node i is allowed

to send packets through the network in the first 0.1 seconds. This policy is simple

and effective when:

• All nodes have data most of the time.

• All nodes are synchronized.

• Network structure is fixed so no new node joins after the slot time is assigned

to the nodes.

If, for any reason, a node loses its turn to send data, no matter how close its

deadline is, it should wait until its next allocated time slot.

Deadline Monotonic (DM) scheduling This policy allocates the network

resource to nodes according to their deadlines. A task with the shortest deadline,

(smallest τi max) is assigned the highest priority and it is a static policy. For

example if τ1max = 3 and τ2max = 4 then the packets of connection one will always

have higher priority over packets of connection two.

Earliest Deadline First (EDF) scheduling EDF is a dynamic algorithm

that assigns priorities to tasks according to their absolute deadlines, which are

the times remaining to miss the deadline. A packet with the earliest absolute

deadline, 1/(til + τi max − t) will have the highest priority, where til is the last
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sampling time of connection i and t is the current time. Again consider node

one with τ1max = 3, t1l = 2 and τ2max = 4, t2l = 0. If both nodes have a packet

ready at time t = 3, node two gains access to the network because a packet

must be received by the destination of the connection 2 before time 4 and by the

destination of connection 1 before time 5 so the node 2 has a closer deadline.

For control applications, DM and EDF are the most desirable and, between

these two, EDF has the advantages of being a dynamic algorithm. The disadvan-

tage of EDF is that the priority of the packet is a function of time and should be

updated periodically, which requires spending more computation power (in order

to “save” the “communication power”). We only consider EDF in this Chapter;

however, modifying the results to make them suitable for DM is fairly straight-

forward.

If the conditions in the next theorem hold for a given set of jobs, then the

set of job is schedulable under EDF policy, and by schedulable under policy X

we mean that (6.2) holds for every connection i ∈ {1, · · · , `} when the priorities

are assigned according to policy X. This theorem is based on [77] which considers

packet-switched networks.

Theorem 20. A set of connections (ρi min, trnsi, τi max), i = {1, · · · , `} is schedu-

lable over a network under the (non-preemptive) EDF scheduling policy if and only

if the following hold:

∑̀

i=1

trnsi

ρi min
≤ 1, (6.3)

∑̀

i=1

bt− τi max

ρi min
c+trnsi + trnsmax ≤ t, ∀t ∈ ∪`

i=1Si, (6.4)
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where trnsmax := maxi trnsi

Si :=
{

τi max + nρi min : n = 0, 1, · · · ,
⌊dmax − τi max

ρi min

⌋

}

,

dmax := max
{

τ1 max, · · · , τ`max,

∑`
i=1(1 − τi max/ρi min)trnsi + trnsmax

1 − ∑`
i=1 trnsi/ρimin

}

,

b . c is a floor function, bxc+ := bx+ 1c for x ≥ 0 and zero otherwise. �

The condition (6.3) ensures that the maximum utilization does not exceed the

capacity of the network and the condition (6.4) ensures that all the deadlines are

met. The deadlines τi max can be smaller or larger than ρi min but if ρi min = τi max

for i ∈ {1, · · · , `} then the condition (6.4) is always satisfied.

The set Si can become large and consequently checking the condition (6.4)

requires a lot of effort. The next theorem inspired by [77] overcomes this burden

but it only provides a sufficient condition for scheduling. In addition the next

result is also more convenient for the numerical search for sampling intervals

considered in the next section. We assume that the triples (ρi min, trnsi, τi max), i =

{1, · · · , `} are ordered based on deadlines such that τj max ≤ τk max, ∀j ≤ k.

Theorem 21. A set of connections (ρi min, trnsi, τi max), i = {1, · · · , `} is schedu-

lable over a network under the (non-preemptive) EDF scheduling policy if the

following hold:

∑̀

i=1

trnsi

ρi min
< 1, (6.5)

k
∑

i=1

(1 +
τk max − τi max

ρi min
)trnsi + trnsmax ≤ τk max, ∀k ∈ K (6.6)

where K := {1, · · · `} − {k : τk max = τ(k+1) max}. �
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Figure 6.3. Algorithm to find sampling and delay bounds to guarantee stability

where F(j) and G(j) are the minimizations given in (6.7) and (6.8). We denote

the largest ρj
i max such that the corresponding stability LMIs in (4.19), (5.13), or

(5.17) are satisfied for given τ j
i max, by (ρj

1 max, · · · , ρj
` max) = LMI(τ j

1 max, · · · , τ j
` max)

and the largest τ j
i max such that the corresponding stability LMIs are satisfied for

given ρj
i max, by (τ j

1 max, · · · , τ j
` max) = LMI(ρj

1max, · · · , ρj
` max) for i ∈ {1, · · · , `}.
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6.2 Choice of Sampling periods

For the scheduling tests in Theorems 20 and 21, we assumed that the bounds

on the sampling intervals and the delays are given. However, when the bounds on

the sampling intervals (specifically ρi min) are not given, one can use these as design

variables to make the problem schedulable. There are two stability requirements

given in (6.1), but making si
k+1−si

k small to guarantee that si
k+1−si

k ≤ ρi max will

generally lead to larger network delays, which may violate τ i
k ≤ τi max. So there is

a trade off between sampling intervals and delays that must be resolved.

We propose the algorithm in Fig. 6.3 to select bounds ρi min, ρi max and τi max

for the sampling intervals and delays, to guarantee stability of all subsystems

under EDF scheduling. For flexibility, we allow the user to specify a desired

gap αi := ρi max − ρi min between the lower and upper bound of sampling times.

When αi = 0, we have periodic sampling with no dropouts, but αi > 0 allows

for sampling interval variability or packet dropouts. For instance to allow one

packet dropout (due to noise) with a constant sampling equal to ρi min we choose

αi = ρi min (see Remark 4).

This algorithm is based on a conservative linearization of the condition (6.6)

and Theorem 21. Although Theorem 21 is more conservative than Theorem 20,

it has the advantage that the conditions in Theorem 21 can be linearized, making

them more suitable for the numerical optimization in the proposed algorithm.

This algorithm uses the slack variable λ which measures how much the condi-

tions (6.5) and (6.6) are not satisfied. At each iteration of the algorithm we solve

a linear optimization to decrease the value of λ. We denote λj the minimum value

of λ obtained from the j−th iteration. The algorithm starts with an arbitrary
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choice of τ 1
i max, i ∈ {1, · · · , `}, small enough such that stability LMIs are satisfied

for some ρ1
i max. Then the algorithm tries to find the best choices of the sampling

interval and delay bounds such that the scheduling conditions are “closest” to

being satisfied. The sequence λj is decreasing since the best choices of the last

iteration are in the search space of the current minimization.

Given τ j
i max, i ∈ {1, · · · , `} at the j−th iteration of the algorithm, we find the

largest ρj
i max, i ∈ {1, · · · , `} such that the corresponding stability LMIs in (4.19),

(5.13), or (5.17)are satisfied and we denote this step by (ρj
1max, · · · , ρj

`max) =

LMI(τ j
1 max, · · · , τ j

`max).

Given ρj
i max, i ∈ {1, · · · , `} at the j−th iteration of the algorithm, we find

the largest τ j
i max, i ∈ {1, · · · , `} such that the corresponding stability LMIs in

(4.19), (5.13), or (5.17) are satisfied and we denote this step by (τ j
1max, · · · , τ j

` max)

=LMI(ρj
1 max, · · · , ρj

` max). In the algorithm, F(j) and G(j) are the following min-

imizations

F(j) : min
1

ρi min

λ

subject to:

1

ρ i min

≤ 1

ρj
i max − αi

,

n
∑

i=1

Ci

ρi min
< 1 + λ,

k
∑

i=1

(

1 +
τ j
k max − τ j

i max

ρi min

)

trnsi + trnsmax ≤ τ j
k max + λ, (6.7)
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G(j) : min
τi max

λ

subject to :

τi max ≤ τ j
i max,

k
∑

i=1

(

1 +
τk max − τi max

ρj
i min

)

trnsi + trnsmax ≤ τk max + λ, (6.8)

where j denotes the j−th iteration. If at some iteration j, the value of λj becomes

negative then both conditions in Theorem 21 are satisfied with the current choices

of sampling interval and delay bounds. We stop the algorithm when, either λj < 0

and we find suitable solutions or when λj − λj−1 < ε for some ε > 0. When this

occurs, the choice of sampling and delay bounds may not satisfy the conditions of

Theorem 21 but they may satisfy the conditions of Theorem 20, which guarantees

stability, otherwise the algorithm fails and no conclusion can be drawn.

6.3 CAN networks

In this section we focus on CAN networks since they are widely used in the

automotive industry, production machinery, medical equipment and building au-

tomation [24]. A CAN network is a serial bus used to connect different elements

of control systems such as sensors, actuators, and controllers. CAN networks are

suitable for short and time critical messages. The total overhead of a message is

47 bits, which includes start of frame, identifier, control, CRC, acknowledgment,

end of frame, and inter-mission field. The size of data is 0 to 8 bytes. More details

of the data format can be found in [8]. Here we explain the identifier field in more

detail because we will use it to assign priorities to packets.

Each message contains an identifier field which is unique for each node trans-
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mitting a message. The identifier field has 11 bits in standard CAN (version 2.0A)

and 29 bits in extended CAN (version 2.0B). There is no destination address field

and all nodes receive the packets sent to the network. Then they filter out the

packets based on the source of the packet that can be extracted from the iden-

tifier field. The identifier field has another important role: it is used to assign a

priority to a packet. Any conflict over accessing the network is resolved by bit-

wise arbitration of the identifier field. The logic value zero has priority over the

logic value one and a node with a higher priority gains the access to the network

[24, 27]. When a node wants to send a packet, it waits until the bus is free and

then (after sending the start of frame bit used to synchronize the nodes) starts

sending the identifier bit by bit. After sending each bit, the node “listens” to the

network. If it senses the same logic as it just sent, the node sends the next bit

of the identifier. Otherwise the node realizes that there is another node trying to

send a packet with higher priority and backs off until the bus is free gain. If a

node succeeds in sending all bits of its identifier field, that node gains access to

the network and it continues to transfer its data. CAN network protocols belong

to the class of Carrier Sense Multiple Access/Collision Avoidance (CSMA/CA),

which avoid collision by bit arbitration.

The arbitration mechanism limits the maximum data rate and physical length

of CAN networks because the duration of each bit is required to be large enough

so it can propagates the length of the network. For example the data rate of a

40m network can be up to 1Mb/s and for longer networks lower data rates are

required.

Priority assignment and implementation As mentioned in previous sec-

tion, the data from the source i should be received by its destination before a
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Figure 6.4. Identification field with 4 bits of uniqueness and 7 bits of priority.

deadline determined by τi max. We will use these deadlines to assign priorities to

messages and encode the priorities in the identification field of the packets in order

to implement EDF or DM scheduling policies. The priority assignment will be

distributed, meaning that each node by itself assigns the priority of its packets.

In DM scheduling policy roughly speaking 1/ρi max is encoded in the identifier

field. In EDF scheduling policy roughly speaking 1/(til + τi max − t) is encoded

in the identifier field, where til is the last sampling time of connection i and t is

the current time. So the node with the earliest deadline gains the access to the

network.

To implement any of these scheduling policies, the set of priorities used by each

source node needs to be unique so the destination nodes can filter out the packets

sent for them. In static priority assignment, all the priorities are known a priori

so each destination can identify the messages sent from its source. However, in

dynamic priority assignment, priority changes over time and it is priori unknown.

To be able to uniquely determine the identification field we divide it to two seg-

ments: uniqueness segment and priority segment. At first we uniquely assign a

number to each node e.g. 0000 to 1111. Less significant bits of identification field

contains the uniqueness field. The most significant bits of the identifier are used

for priority assignment.

The ID field only has 11 bits (to reduce the overhead and network load, one
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would prefer an 11 bit over a 29 bit identifier field) and part of it is used for

uniqueness and priority assignment. To effectively assign priorities [78, 79] suggest

Mixed Traffic Scheduler (MTS) which divides messages to small relative deadline

(τi max) and large relative deadline real-time messages. Then the large relative

deadline messages are scheduled based on DM and the small relative deadline

messages are scheduled based on EDF, while they always have priority over the

large relative deadline real-time messages. This way the absolute deadline of a

packet is always a small number so it can be encoded in the ID field with small

number of bits.

In general, each method has its own advantages and disadvantages. A static

priority assignment is easy, but usually it does not take advantage of the network

capacity fully and a low priority packet may suffer a large delay [6]. On the other

hand, a dynamic priority assignment uses the network capacity more effectively,

and it is more robust because the priorities are assigned based on the current

situation. However, the downside is that it is computationally more demanding.

In a sense, a dynamic priority assignment uses communication resources more

efficiently at the expenses of using computation resources less efficiently compared

to a static one. As the CPUs become faster and cheaper, adding more computation

resources is more desirable. Besides the cost, if we have to add another bus, it

should be connected through a gateway node [24] to share the packets with the rest

of the network. However, a gateway node is not desirable because the whole system

would fail if a failure happens in gateway node. So if adding more computation

power helps to reduce the number of networks, it is definitely more desirable.
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data is ready

data is encoded to packet

sending packet starts

cmps
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first bit is received

end of transmission

packet is decoded

trnsi

cmpd
i

time time

a

b

Figure 6.5. Timing diagram of connection i.

6.4 Computation delay at the source and the

destination

Now we assume that the computation delays at the sources and the desti-

nations are no longer negligible. Let’s assume that the computation delays are

constant. The total delay is equal to the sum of the computation time at the

source, the wait time to access the network, the transmission time, and the com-

putation time at the destination as shown in Fig. 6.5 where acsi and trnsi defined

in Section 6.1.1 and:

• Computation time at the source of connection i, cmps
i , is the time needed

to encode data to a packet with a proper format.

• Computation time at the destination of the connection i, cmpd
i , is the time

needed to decode a received packet to data.
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Now our goal is to design a network access protocol so that the network access

times, acsi, are small enough so that instead of (6.2), the following holds for every

connection i ∈ {1, · · · `},

comps
i + acsi + trnsi + compd

i ≤ τi max. (6.9)

To ensure that the above inequality holds with non-preemptive EDF scheduling,

the conditions in Theorem 20 or 21 must be satisfied with the new deadline

τ̄i max := τi max − cmps
i − cmpd

i . (6.10)

If the computation times at the source and destination i ∈ {1, · · · , `} are variable

but bounded by cmps
i , cmp

d
i the situation is exactly the same as the constant case,

with the only difference being that the deadlines τ̄i max are based on the worse

case according to (6.10). Although we cannot improve the scheduling conditions

because they must be satisfied even under the worse case, in the implementation

under EDF scheduling a packet that suffered from a large delay in the computation

will gain the access to the network faster because the actual priority encoded to

the ID field is higher.

6.5 Concluding remarks

In this Chapter we considered the case that a communication resource is shared

between many nodes and there is a “competition” over accessing the shared re-

source. However, in general there might be competition over several communi-

cation and computation resources. For example, consider the NCS (perhaps an

embedded system with shared communication and computation resources is a

more descriptive term) in Fig. 6.6. In this scenario there is no competition over
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source node i

shared

computation
Shared communication

gateway

node
Shared communication

shared

computation

destination node i

Figure 6.6. A NCS with shared computation and communication resources. For

instance, one of the shared communication resources is a CAN network and the

other one is a FlexRay network and a gateway connects the networks.

the FlexRay network [44] because the access to the network is based on time slots

a priori assigned to the source nodes (similar to Round-Robin scheduling) and

the delay produced by this component of the system is almost constant. How-

ever, there are competitions over accessing the CAN network and computation

resources. Specially there is a high competition over the gateway node because

it connects a low speed network (CAN data-rate is between 125 Kb/s and 1

Mb/s) and a high speed network (FlexRay data-rate is in the range of 10 Mb/s).

To guarantee that there is no “explosion” of information and to find the upper

bound of delay (consisting of wait time and service time) produced by each com-

ponent of the system, proper scheduling conditions should be satisfied for each of

shared resources. In general, the scheduling can be preemptive (for computation

resources) or non-preemptive scheduling with EDF or DM policies. We only pro-

vided scheduling conditions for non-preemptive EDF scheduling and we refer to

[6, 77, 8] for other cases.

To guarantee stability of all subsystems the summation of the deadlines of

each component in the i-th connection should be smaller that τi max for all i ∈

{1, · · · , `}. Perhaps the main challenge is to choose proper deadlines so that

the summation of deadlines is smaller that τi max. For this purpose a numerical
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procedure similar to the one we proposed in Section 6.2 for choice of deadlines

is required. The whole procedure may shed light to identify the “bottlenecks” of

the system which produce large delays in order to replace those components with

faster ones, or to change the structure of the system.
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Chapter 7

Input-To-State Stability Of Delay

Impulsive System With

Application To Tracking Over

Network

In this chapter, we consider a system of the form

ẋ(t) = Ax(t) +B1x(sk) +B2v(t), t ∈ [sk + τk, sk+1 + τk+1), (7.1)

which represents the closed-loop system in Fig. 7.1, where sk denotes the k-th

sampling time and tk the so called k-th input update time, which is the time

instant at which the k-th sample arrives to the destination and v(t) is an external

input. If we denote the delay in the loop that the k−th sample experiences by τk

then tk := sk + τk. The signal v(t) represents an external input and we would like

to find a class of sampling-delay sequences such that the system is Input-to-State
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x(t)

x(sk)

sk

u(t)

v(t)

ẋ = Ax + B1u + B2v

Delay τk

H

Figure 7.1. An abstract SISO system with external input v(t) and delay τk in the

feedback loop where u(t) = x(sk) for t ∈ [sk + τk, sk+1 + τk+1),.

Stable (ISS): for a given bound on the input, v(t), the states of the system, x(t),

remains bounded. We will formally define ISS stability in Section 7.1. We model

the system (7.1) as an impulsive system driven by an external input and we show

that tracking problem over the network can be modeled as system (7.1).

For tracking a desired output or state trajectory, the controller sends control

commands over the network that force the state or output of the process to fol-

low a reference path. For tracking a feedforward control structure is needed to

generate the desired trajectory. Moreover, for convergence to the desired solution

and favorable robustness and disturbance attenuation the feedback structure is

employed.

Since the feedback and feedforward control commands are discrete and they

experience variable delay, exact trajectory tracking is not possible and there is a

mismatch or error between the desired trajectory and the real trajectory of the

system. We drive the error dynamics which is in the form of (7.1) where the effect

of feedforward signal mismatch on the error dynamics shows up as the external

input v(t).

In Section 7.1 we model the closed-loop as a linear impulsive system driven
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H

sk

uk

ud(sk) + K(xp(sk) − xd(sk))

Network

ẋp = Apxp + Bpup

xp

xp(sk)

Figure 7.2. NCS for tracking. The desired trajectory evolves according to

equation (7.4). The input up = uk, sk + τk ≤ t < sk+1 + τk+1 where τk is

the total delay in the network that the k−th packet experiences and uk :=

ud(sk) +K(xp(sk) − xd(sk)).

by the feedforward signal mismatch. The effect of feedforward signal mismatch

on the error dynamics is related to the ISS property of the linear impulsive sys-

tem. Hence in Section 7.2 we establish the ISS property of nonlinear time-varying

impulsive systems by Razumikhin-type results. There are ISS results based on

Lyapunov-Krasovskii theorems in the literature; however, these conditions cannot

be expressed in terms of LMIs for linear case and hence generally lead to conser-

vative results [55]. In Section 7.3 we provide ISS bounds in terms of LMIs for a

given class of sampling-delay sequences. This analysis will lead to an admissible

sampling-delay sequences to guarantee a given tracking mismatch bound. In the

last section we consider an illustrative example.

7.1 Delay Impulsive Model for Tracking

We consider the NCS depicted in Fig. 7.2 which can represent a two-channel

NCS where the delay in the sensor and the actuator channels are lumped into
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one delay represented by τk. It consists of a continuous-time plant and a static

feedback controller connected through a network. Similar to previous chapters,

plant has the following state-space

ẋp(t) = Apxp(t) +Bpup(t), (7.2)

where xp ∈ R
n, up ∈ R

m are the state and the input of the plant. At time sk,

k ∈ N the plant’s state, xp(sk), is sent to the controller. Based on the new

measurement received, the control command uk is calculated and sent back to the

plant to be used as soon as it arrives until the next control command update.

The total delay in the control loop that the k−th sample experiences is denoted

by τk and 0 ≤ τk ≤ τmax and the update time is denoted by tk := sk + τk. The

sampling times {s1, s2, s3, · · · } and the input update times {t1, t2, t3, · · · } form

strictly increasing sequences in [s0,∞) for some initial time s0. Out of order

packets will be dropped and consequently the input update times form a strictly

increasing sequence. The control command uk is used as soon as it arrives at tk

until the next control command update tk+1 so

up(t) = uk, tk ≤ t ≤ tk+1. (7.3)

In what follows we introduce the tracking problem, control signal construction,

the tracking error dynamics, and we argue that the ISS property of the error

dynamics is the relevant notion to study the effect of the network on the tracking

problem.

Control signal construction We would like the system to asymptotically track

a desired trajectory xd(t). The proposed control law consists of a feedforward part

and a feedback part. The exact feedforward ud(t) should be selected such that
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the desired state trajectory xd(t) is a solution to the continuous-time system

ẋd(t) = Apxd(t) +Bpud(t). (7.4)

We propose the following tracking control law for use in (7.3):

uk := ud(sk) −K (xp(sk) − xd(sk)) , (7.5)

that consists of a feedforward component ud(sk) and a feedback componentK (xp(sk) − xd(sk)).

Closed-loop system Applying the control law (7.5) to system (7.2) yields the

following closed-loop dynamics:

ẋp(t) = Apxp(t) − BpK (xp(sk) − xd(sk)) +Bpud(sk), tk ≤ t < tk+1. (7.6)

The initial condition x̄p(0) :=

[

xp
′(0) xp

′(s0)

]′

for this system consists of both

the initial state at time 0, i.e., xp(0), and the hold state xp(s0) at time s0 < 0.

Tracking error dynamics We define the tracking error by e = xp − xd. By

combining (7.4) and (7.6) we get the tracking error dynamics

ė(t) = Ape(t) −BpKe(sk) +Bp

(

ud(sk) − ud(t)
)

, tk ≤ t < tk+1, (7.7)

and with ē(0) :=

[

e′(0) e′(s0)

]′

.

Next, we aim to find the bound of the tracking error, |e(t)|. If the bound is

small or eventually it becomes small after the effect of initial error vanishes, then

the plant trajectory becomes close to the desired trajectory. In the next section,

we will propose sufficient conditions for the ISS of the system (7.7) to determines

the ultimate tracking error bounds.
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Since the ISS property of such systems with time-varying delays and sampling

times are of interest in a wider context, we consider systems of the form

ẋ(t) = Ax(t) +B1x(sk) +B2v(t), tk ≤ t < tk+1, (7.8)

with initial condition x̄(0) :=

[

x′(0) x′(s0)

]′

. The tracking error dynamic error

(7.7) can be recovered from (7.8), by defining

A := Ap, B1 := −BpK, B2 := Bp,

v(t) := ud(sk) − ud(t), tk ≤ t < tk+1. (7.9)

Alternatively, in the scope of the disturbance rejection problem one may con-

sider equation (7.8) to represent external perturbations or, in the scope of the

design of observer-based output-feedback schemes, equation (7.8) may represent

the observer error perturbing the closed-loop system.

We would like to have the ISS property for any set of admissible sampling-

delays sequences ({sk}, {τk}) belong to a set S such that

sk+1 + τk+1 − sk ≤ τMATI , 0 ≤ τk ≤ τmax. (7.10)

The tracking error dynamics (7.8) can be modeled as a delay impulsive system of

the form

ξ̇(t) = Fξ(t) + B̄2v(t) t 6= tk, ∀k ∈ N (7.11a)

ξ(tk) =







x−(tk)

x(sk)






, t = tk, ∀k ∈ N, (7.11b)

with the initial condition ξ(0) :=

[

x′(0) x′(s0)

]′

, where ξ(t) :=

[

x′(t) z′(t)

]′

,

z(t) := x(sk), tk ≤ t < tk+1 and

F :=







A B1

0 0






, B̄2 :=







B2

0






.

132



In the next chapter we provide the formal definition of ISS stability for delay

impulsive systems and we provide conditions for ISS stability of nonlinear time-

varying delay impulsive systems over a given class of sampling-delay sequences.

7.2 ISS property of delay impulsive system

In this section, we consider a more general delay impulsive system of the form

ẋ(t) = fk(x(t), v(t), t), t 6= tk, ∀k ∈ N, (7.12a)

x(tk) = gk(x(tk), x
−(sk), tk), t = tk, ∀k ∈ N, (7.12b)

where fk, gk are locally Lipschitz functions such that fk(0, 0, t) = 0, gk(0, , 0, t) =

0, ∀t ∈ R≥0.

The sampling times {s0, s1, · · · } and the input update times {t0, t1, · · · } form

unbounded strictly increasing sequences. We allow the delays τk to grow larger

than the sampling intervals sk − sk−1, provided that the sequence of input update

times {t0, t1, · · · } remains strictly increasing. In essence, this means that if a sam-

ple gets to the destination out of order (i.e., an old sample gets to the destination

after the most recent one), it should be dropped.

We say that the system (7.12) is uniformly ISS over a given class S of ad-

missible sequences of sampling times and delays ({sk}, {τk}) if there exist a KL-

function β(r, s) and a K-function γ(r) such that, for any initial condition x0 and

any bounded input v(t), the solution to (7.12) satisfies

|x(t)| ≤ β(‖x0‖, t) + γ(sup
t≥0

|v(t)|), (7.13)
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with functions β and γ that are independent of the choice of the particular se-

quence ({sk}, {τk}).

System (7.11a) is a special case of system (7.12) such that for ∀t ≥ 0, k ∈ N,

x(t) := ξ(t), fk(x, t) := Fξ(t),

gk(x
−(tk), x(sk), tk) :=







I 0

0 0






ξ−(tk) +







0 0

I 0






ξ(sk).

We can view (7.12) as an infinite dimensional system whose state contains the

past history of x(·) so that x(sk) can be recovered from the state xtk in order to

apply the reset map in (7.12b). This allow us to apply Razumikhin tools in the

analysis of (7.12). In this framework, it is straightforward to analyze (7.12) even

when the delays grow much larger than the sampling intervals, which is not easy

in methods based on a discretization.

For the system (7.12), we assess the ISS property over the set S of impulse-

delay sequences defined in (7.10) using the tools developed for delay differential

equations in [65]. Given a Lyapunov function V : R
n × [−τMATI ,∞) → [0,∞),

we use the shorthand notation V (t) := V (x(t), t). We define

|xm(t)| := max
−τMATI≤θ≤0

|x(t+ θ)|,

‖xm‖t0 := sup
s≥t0

|xm(s)| = sup
s≥t0−τMATI

|x(s)|.

Theorem 22. Assume that there exist α1, α2 ∈ K∞, γ1, γ2 ∈ G, a scalar α3 > 0,

and a function V (t), such that for any impulse-delay sequence ({sk}, {τk}) ∈ S
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the corresponding solution x to (7.12) satisfies:

α1(|x(t)|) ≤ V (t) ≤ α2(|x(t)|), ∀t ≥ 0 (7.14)

V (t) ≥ max
{

γ1(Vm(t)), γ2(‖v‖t0)
}

⇒ dV (t)

dt
≤ −α3V (t), ∀t 6= tk, k ∈ N

(7.15)

γ1(s) < s, ∀s > 0, (7.16)

and that

V (tk) ≤ lim
t↑tk

V (t), ∀t = tk, k ∈ N. (7.17)

Then, the system (7.12) is uniformly ISS over the class S of impulse-delay se-

quences with γ(s) := α−1
1 (γ2(s)), β(s, t) := α−1

1 (e
−b

t+τMATI
T+τMATI

cα3T
α2(s)), where T >

0 is small enough such that γ1(s) ≤ se−α3T for ∀s ≤ Vm(t0). �

Before the proof of Theorem 22, we state the following lemma. The proof of

the lemma is analogous to the proof of Theorem 4.18 in [25].

Lemma 1. Let µ > 0 and α3 ∈ K. If V (t) ≥ µ implies dV (t)
dt

≤ −α3V (t), then we

have V (t) ≤ max{V (t0)e
−α3(t−t0), µ}.

Proof of Theorem 22. The proof of this theorem closely follows the proof of The-

orem 1 of [65]. From the definitions for any t ≥ t0 we have

|Vm(t)| ≤ max{|Vm(t0)|φ(t− t0), ‖V ‖t0}, (7.18)

where φ(s) := 0.5(1 − sgn(s − τMATI)) and from Lemma 1 and equation (7.15),

we conclude

V (t) ≤ max{V (t0)e
−α3(t−t0), γ1(‖Vm‖t0), γ2(‖v‖t0)}. (7.19)
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From (7.18), we have

‖Vm‖t0 ≤ max{|Vm(t0)|φ(t− t0), ‖V ‖t0}, (7.20)

and from (7.19) that

‖V ‖t0 ≤ max{V (t0), γ1(‖Vm‖t0), γ2(‖v‖t0)}. (7.21)

By combining (7.20) and (7.21) we have

‖Vm‖t0 ≤ max{|Vm(t0)|φ(t− t0), V (t0), γ1(‖Vm‖t0), γ2(‖v‖t0)},

≤ max{|Vm(t0)|φ(t− t0), V (t0), γ2(‖v‖t0)} ≤ max{|Vm(t0)|, γ2(‖v‖t0)},

in which we used the fact that for all a, b ≥ 0, if a ≤ max{b, γ1(a)} then a ≤ b

given that γ1(a) < a. Then, we conclude boundedness of the solution,

‖xm‖t0 ≤ max{α−1
1 (α2(|xm(t0)|)), α−1

1 (γ2(‖v‖t0))}. (7.22)

For the proof of convergence, we choose T such that γ1(s) ≤ se−α3T for ∀s ≤

Vm(t0), and from (7.19) we have

‖Vm‖t0+τMATI+T ≤ ‖V ‖t0+T ≤ max{V (t0)e
−α3T , γ1(‖Vm‖t0), γ2(‖v‖t0)}

≤ max{‖Vm‖t0e
−α3T , γ2(‖v‖t0)}, ‖Vm‖t0+2(τMATI+T ) ≤ ‖V ‖t0+2T+τMATI

≤ max{‖Vm‖t0+T+τMATI
e−α3T , γ2(‖v‖t0)} ≤ max{‖Vm‖t0e

−α32T , γ2(‖v‖t0)},

and following the same steps, we conclude that for ∀n ∈ N

‖Vm‖t0+n(τMATI+T ) ≤ max{‖Vm‖t0e
−α3nT , γ2(‖v‖t0)},

and from (7.20),

‖Vm‖t0+n(τMATI+T ) ≤ max{Vm(t0)e
−α3nT , γ2(‖v‖t0)}. (7.23)
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Note that

α1(‖xm‖t0+n(T+τMATI )) ≤ ‖Vm‖t0+n(T+τMATI ) Vm(t0) ≤ α2(|xm(t0)|).

We can show that for t0 + nT + (n− 1)τMATI ≤ t ≤ t0 + (n+ 1)T + nτMATI ,

|x(t)| ≤ ‖xm‖t0+n(T+τMATI ) ≤ max{α−1
1 (e−α3nTα2(|xm(t0)|)), α−1(γ2(|v|))}

≤ α−1
1 (e−α3nTα2(|xm(t0)|)) + α−1(γ2(|v|)),

Based on the above equation, we can find β(s, t) and γ(s) given in Theorem 22.

Note that β(s, t) satisfies all the conditions of a class-KL function except

that for fixed s is only non-increasing and not continuous everywhere because for

n(T + τMATI) ≤ t < (n+ 1)(T + τMATI), ∀n ∈ N the function β(s, t) is flat and it

reduces at t = n(t + T ), ∀n ∈ N. However, it is easy to construct a β̄(s, t) ∈ KL

from β(s, t).

7.3 Tracking control performance

In this section we find tracking error bounds for the system (7.11) for a given

class of sampling-delay sequences based on Theorem 22. This analysis will lead

to estimation of tracking error for a given class of sampling-delay sequences. We

employ a Lyapunov candidate function of the form

V (t) := x′Px+ (ρ1max − ρ1)(x− w)′X(x− w),

where ρ1(t) := t − tk, w := x(tk), t ∈ [tk, tk+1), ρ1max := supt≥0 ρ1, and P,X are

symmetric positive definite matrices. Note that V (t) is positive (for any e and w
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not both equal to zero) and satisfies (7.14). Along jumps this Lyapunov function

does not increase since the first term remains unchanged and the second term

is non-negative before the jumps and it becomes zero right after the jumps and

consequently (7.17) holds. We choose γ1(s) := ps, 0 < p < 1; so (7.16) holds and

we choose γ2(s) := gvs
2, gv > 0. If the LMIs in Theorem 23 are feasible then

(7.15) is satisfied and consequently Theorem 22 guarantees that system (7.11) is

uniformly ISS over the class S.

Theorem 23. Assume that for any sampling-delay sequence belonging to set S

defined in (7.10), there exist positive scalars α, λi, 1 ≤ i ≤ 4, gv, p < 1 and sym-

metric positive definite matrices P,X and (not necessarily symmetric) matrices

N1, N2 that satisfy the following LMIs:

[ M1+ρmaxM2 N1A N1B1 N1B2

∗ −τ−1
maxλ1P 0 0

∗ ∗ −τ−1
maxλ3P 0

∗ ∗ ∗ −τ−1
maxλ2I

]

< 0, (7.24a)









M1+ρmaxM3 N1A N1B1 N1B2 (N1+N2)A (N1+N2)B2

∗ −τ−1
maxλ1P 0 0 0 0

∗ ∗ −τ−1
maxλ3P 0 0 0

∗ ∗ ∗ −τ−1
maxλ2I 0 0

∗ ∗ ∗ ∗ −ρ−1
maxλ1P 0

∗ ∗ ∗ ∗ ∗ −ρ−1
maxλ2I









< 0, (7.24b)
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where

F̄ := [ A B1 0 B2 ] , ρmax := τMATI + τmax,

β1 := (λ1 + λ2g
−1
v )τmaxp+ λ4 + α, β2 := λ1p+ λ2g

−1
v p,

M1 :=

[

P
0
0
0

]

F̄ + F̄ ′

[

P
0
0
0

]′

−N1 [ I −I 0 0 ] − [ I −I 0 0 ]′N ′
1 −N2 [ I 0 −I 0 ]

− [ I 0 −I 0 ]′N ′
2 −

[

I
0
−I
0

]

X [ I 0 −I 0 ] − λ4gv

[

0
0
0
I

]

[ 0 0 0 I ] + β1

[

P
0
0
0

]

[ I 0 0 0 ]

+ λ3pτmax

[

0
0
P
0

]

[ 0 0 I 0 ] ,

M2 :=

[

I
0
−I
0

]

XF̄ + F̄ ′X

[

I
0
−I
0

]′

+ (β1 + β2ρ1 max)

[

I
0
−I
0

]

X

[

I
0
−I
0

]′

,

M3 := β2

[

P
0
0
0

]

[ I 0 0 0 ] + (N1 +N2)B1 [ 0 I 0 0 ] +

[

0
I
0
0

]

B′
1(N1 +N2)

′. (7.25)

Then, the system (7.11) is uniformly ISS over the class S with respect to the

time-varying input v(t), i.e., inequality (7.13) is satisfied with the functions β, γ

defined by

β(r, s) = rg1(s), γ(s) = g2s, (7.26)

with

g2 :=

√

gv

λmin(P )
, g1(s) :=

√

λmax(P )

λmin(P )
p
b

α(s+τMATI )

ατMATI−log p
c
.

�

See Chapter 7.5 for the proof of Theorem 23.

Theorem 23 can be applied to the tracking problem over the network with

variable sampling and delays. We can convert the equation (7.7) which governs

the mismatch between the desired trajectory and the system trajectory to an
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impulsive form given by (7.12). By applying Theorem 23 one can find the functions

β, γ given by (7.26) such that

|e(t)| ≤ β(|e(0)|, t) + γ
(

sup
k

sup
sk≤t<tk

|ud(t) − ud(sk)|
)

. (7.27)

We assume that ud(t) ∈ C, so the derivative of ud(t) exists. By the Mean Value

Theorem there exists a t∗ ∈ [sk, t] for any t ≤ tk+1 and for any k ∈ N such that

ud(t) − ud(sk)

t− sk
≤ dud(t

∗)

dt
.

Note that

|ud(t) − ud(sk)| ≤ (t− sk)
∣

∣

∣
sup
t∗>0

dud(t
∗)

dt

∣

∣

∣
≤ τMATI

∣

∣

∣
sup
t∗>0

dud(t
∗)

dt

∣

∣

∣
,

and since the right hand side of the inequality does not depend on k then we have

that

|e(t)| ≤ β(|e(0)|, t) + γ
(

τMATI

∣

∣

∣
sup
t∗>0

dud(t
∗)

dt

∣

∣

∣

)

.

Consequently given ud(t) and the class S of sampling-delay sequences and given

that the LMIs in Theorem 23 are feasible, one can find the bound on |e(t)|. It is

usually the case that one would like to find a bound on the ultimate error, i.e.,

when the effect of e(0) on e(t) vanishes which happens when t → ∞. To find a

tighter bound for e(t) the g2 in (7.26) should be as small as possible, which can

be done by line search over gv and solving the following minimization

minα

subject to (7.24),and






P I

∗ αI






> 0. (7.28)
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Figure 7.3. Tracking error bounds for a constant sampling interval h1 = 5× 10−3

s and h2 = 1 × 10−3 s and time-varying and uncertain delays in the set [0, τmax].

Note that the above LMI is equivalent to P > α−1I which amounts to λmin(P ) >

α−1I. Hence finding the smallest α leads to finding a matrix variable P such that

minimizes g2 in (7.26). We assumed u(t) is scalar but extending the results to the

vector case is very easy.

7.4 Illustrative Example

We consider an example of a motion control system from [4]. The continuous-

time state-space representation can be described by (7.2), with

Ap =







0 1

0 0






, Bp =







0

b






, b :=

nrP

JM + n2JP

,

where the first state represents the sheet position (of a sheet in a single motor-roller

pair) and the second state is the sheet velocity. Moreover, JM = 1.95 ·10−5kgm2 is

the inertia of the motor, JP = 6.5 · 10−5 kgm2 is the inertia of the pinch, rP = 14 ·

10−3 m is the radius of the pinch, n = 0.2 is the transmission ratio between motor
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Figure 7.4. Tracking error bounds for variable sampling intervals and no delays,

where hmax = 1.5hmin.

and pinch and u is the motor torque. We would like to design a control law to

enforce the trajectory of the system to follow xd(t) =

[

Ad sin(ωt) Adω cos(ωt)

]′

with Ad = 0.01 and ω = 2π. We can compute ẋ(t) and given that Ap, Bp, xd(t)

are known, according to (7.4) we compute ud(t) = −Adω2

b
sin(ωt). The feedback

gain matrix in (7.5) is K =

[

50 1.18

]

.

We first consider a constant sampling interval h := sk+1 − sk, ∀k ∈ N, but

time-varying and uncertain delays such that τk ∈ [0, τmax], ∀k ∈ N. Fig. 7.3

depicts the error bounds for τmax ≤ h for h = 10−3 and h = 5 × 103. Note that

in this case τMATI = τmax + h and by solving (7.28) we find the least conservative

bound on the ultimate error. We compare our result to the discrete-time approach

presented in [4]. For this particular example the delay impulsive method leads to

less conservative bounds on the ultimate error, while the LMIs in discrete-time

approach are feasible for larger delays.

Next, we consider the case in which the sampling intervals are variable and
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the delay is zero so sk+1 − sk ≤ τMATI . Fig. 7.4 shows the ultimate error bound

provided by minimization (7.28) and the results from discrete-time approach pre-

sented in [4]. The vertical line in the Fig. 7.4 shows the largest constant sampling

interval for which the system is stable. Since the system is LTI for constant sam-

pling, the system is also ISS for any constant sampling smaller than 1.34 × 10−2.

The small distance to this line shows that our result is not very conservative.

This type of plot is instrumental in determining an upper bound on the max-

imum sampling interval needed to guarantee a minimum level of steady-state

tracking performance in the presence of delay in the loop.

7.5 Appendix

Proof of Theorem 23. Along the trajectory of the system (7.11) we have

dV (t)

dt
=2x′P ẋ− (x− w)′X(x− w) + 2(ρ1max − ρ1)(x− w)′Xẋ. (7.29)

To satisfy (7.15) we require that dV (t)
dt

≤ −αV (t) for some α > 0 when V (t) ≥

γ1(Vm(t)), and V (t) ≥ γ2(|v(t)|) with

γ1(s) := ps, γ2(s) := gvs
2. (7.30)

where 0 < p < 1 and gv > 0. We define ρ2(t) := t − sk, t ∈ [tk, tk+1) and

ξ̄ := [ x′ z′ w′ v′ ]′ . Then for any matrix N1, N2 we have

2ξ̄′N1(x− z) + 2ξ̄′N2(x− w) = 2ξ̄′(N1 +N2)

∫ t

t−ρ1

ẋ(s)ds+ 2ξ̄′N1

∫ t−ρ1

t−ρ2

ẋ(s)ds

= 2ξ̄′(N1 +N2)

∫ t

t−ρ1

(

Ax(s) +B1z(s) +B2v(s)
)

ds

+ 2ξ̄′N1

∫ t−ρ1

t−ρ2

(

Ax(s) +B1z(s) +B2v(s)
)

ds. (7.31)
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Moreover, using the fact that x′y ≤ λx′x + λ−1y′y, for any λ > 0, the following

inequalities hold:

2ξ̄′(N1 +N2)

∫ t

t−ρ1

(

Ax(s) +B1z(s) +B2v(s)
)

ds

≤ λ−1
1 ρ1ξ̄

′(N1 +N2)AP
−1A′(N1 +N2)

′ξ̄

+ λ1

∫ t

t−ρ1

x(s)′Px(s)ds+ 2ρ1ξ̄
′(N1 +N2)B1z

+ λ−1
2 ρ1ξ̄

′(N1 +N2)B2B
′
2(N1 +N2)

′ξ̄ + λ2

∫ t

t−ρ1

v′(s)v(s)ds,

2ξ̄′N1

∫ t−ρ1

t−ρ2

(

Ax(s) +B1z(s) +B2v(s)
)

ds ≤ λ−1
1 (ρ2 − ρ1)ξ̄

′N1AP
−1A′N ′

1ξ̄

+ λ1

∫ t−ρ1

t−ρ2

x′(s)Px(s)ds+ λ−1
3 (ρ2 − ρ1)ξ̄

′N1B1P
−1B1N

′
1ξ̄

+ λ3

∫ t−ρ1

t−ρ2

z′(s)Pz(s)ds+ λ−1
2 (ρ2 − ρ1)ξ̄

′N1B2B
′
2N

′
1ξ̄

+ λ2

∫ t−ρ1

t−ρ2

v′(s)v(s)ds, (7.32)

for λi > 0, i = 1, 2, 3. We require that if

V (t) ≥ pVm(t), V (t) ≥ gv|v(t)|2 (7.33)

then dV (t)
dt

≤ −αV (t), and consequently the condition (7.15) holds with γ1, γ2

defined in (7.30). In other words we assume V (t) ≥ pVm(t), and V (t) ≥ gv|v(t)|2

hold and based on these assumptions we would like to find a condition that dV (t)
dt

≤

−αV (t). From the assumption V (t) ≥ pVm(t), we conclude that V (t) ≥ pV (s)

for s ∈ [t− ρ1, t] and V (t− ρ1) ≥ pV (s) for s ∈ [t− τmax − ρ2, t− ρ1] for ∀t ≥ 0.
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Moreover

λ1

∫ t

t−ρ2

x′(s)Px(s)ds ≤ λ1

∫ t

t−ρ2

V (s)ds ≤ λ1ρ2pV (t),

λ3

∫ t−ρ1

t−ρ2

x′(s)Px(s)ds ≤ λ3

∫ t−ρ1

t−ρ2

V (s)ds ≤ λ3(ρ2 − ρ1)pV (t− ρ1) =

λ3(ρ2 − ρ1)pwPw. (7.34)

Also we have that V (t) ≥ gv|w(t)|2 for ∀t ≥ 0, so

λ2

∫ t

t−ρ2

v′(s)v(s)ds ≤ λ2

∫ t

t−ρ2

g−1
v V (s)ds ≤ λ2ρ2g

−1
v pV (t), (7.35)

We replace (7.34) and (7.35) in (7.32) and then combine with (7.31) to conclude

41 ≥ 0 (when (7.33) holds) where

41 := − 2ξ̄′N1(x− z) − 2ξ̄′N2(x− w) + λ−1
1 ρ1ξ̄

′(N1 +N2)AP
−1A′(N1 +N2)

′ξ̄

+ 2ρ1ξ̄
′(N1 +N2)B1z + λ−1

2 ρ1ξ̄
′(N1 +N2)B2B

′
2(N1 +N2)

′ξ̄

+ λ−1
1 (ρ2 − ρ1)ξ̄

′N1AP
−1A′N ′

1ξ̄ + λ−1
3 (ρ2 − ρ1)ξ̄

′N1B1P
−1B′

1N
′
1ξ̄

+ λ−1
2 (ρ2 − ρ1)ξ̄

′N1B2B
′
2N

′
1ξ̄ + (λ1ρ2 + λ2ρ2g

−1
v )pV (ξ̃(t), t)

+ λ3(ρ2 − ρ1)pw
′Pw. (7.36)

The condition (7.15) holds if there exists a λ4, α ≥ 0 such that

dV (t)

dt
+ 41 + λ4(V (t) − gvv

′(t)v(t)) ≤ −αV (t). (7.37)

The term 41 reduces the conservativeness by exploiting the relationship between

x, z and w. The third term is added based on S-procedure [1] and is a crucial

element because otherwise the LMIs in Theorem 23 would not be feasible. We

replace ρ2 − ρ1 by τmax and ρ2 by τmax + ρ1(note that ρ2 − ρ1 ≤ τmax) and (7.37)
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holds if

M̄1 + (ρ1max − ρ1)M2 + ρ1M̄3 < 0 (7.38)

where

M̄1 := M1 + τmaxλ
−1
1 N1AP

−1A′N ′
1+

τmaxλ
−1
3 N1B1P

−1B′
1N

′
1 + τmaxλ

−1
2 N1B2B

′
2N

′
1,

M̄3 := M3 + λ−1
1 (N1 +N2)AP

−1A′+

(N1 +N2)
′ + λ−1

2 (N1 +N2)B2B
′
2(N1 +N2)

′,

and M1,M2,M3 are defined in (7.25). The condition (7.38) is equivalent to (see

proof of Theorem 12)

M̄1 + ρ1 maxM2 < 0, M̄1 + ρ1maxM̄3 < 0.

Note that ρ1max = supk(tk+1−tk) ≤ supk(sk+1−sk)+supk(τk+1−τk) = τMATI+τmax

so we replace ρ1max by τMATI + τmax then by Schur Lemma the inequalities are

equivalent to (7.24a) and (7.24b). We could state the results in terms of ρ1 max

but the constants which characterize the set S in (7.10) would not show up in

LMIs directly. From (7.23) we can conclude

λmin(P )|x(t)|2 ≤ V (t) ≤ |Vm(t)| ≤ max{λmax(P )|xm(t0)|2e−αnT , γ2‖v‖t0}

≤ λmax(P )|x̄(t0)|2e−αnT + γ2‖v‖t0 ,

for t0 +nT +(n− 1)τMATI ≤ t ≤ t0 +(n+1)T +nτMATI where T is small enough

such that p ≤ e−αT . We pick p = e−αT and we can show that the system is

ISS over class S with the functions β, γ defined in (7.26) with g1(s), g2 defined in

(7.26).
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Chapter 8

Conclusion and future directions

In this thesis we presented a collection of results for Networked Control Sys-

tems (NCSs). We modeled NCSs as delay impulsive systems which exhibit contin-

uous evolutions described by ODEs and state jumps or impulses that experience

delay. We developed general theorems for the exponential stability of nonlin-

ear time-varying delay impulsive systems which can be viewed as extensions of

the Lyapunov-Krasovskii Theorem for time-delay systems. For linear plants and

controllers, exponential stability conditions can be formulated as Linear Matrix

Inequalities (LMIs), which can be solved numerically. By solving these LMIs, one

can find classes of delay-sampling sequences for the different sample-hold pairs

in a NCS such that exponential stability is guaranteed. We also considered the

tracking problem over a network. The error dynamics, defined as the mismatch

between the desired trajectory and the real trajectory of the system, can be mod-

eled as an impulsive system driven by an external input. A sufficient condition

for the ISS of the tracking error dynamics with respect to this input was given.

We also provided classes of sampling-delay sequences for which the steady-state
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tracking error is guaranteed to be smaller than a desired level.

The timing requirements of delay-sampling sequences, obtained from the analy-

sis described above, led to the design of communication protocols to determine

which nodes gain access to the network and an algorithm to select sampling se-

quences. These results can be extended to design access protocols to share com-

putation and communication resources in a NCS. Also delays produced by each

shared component in a NCS can indicate the “bottlenecks” of the system and help

a system designer to choose components of the system.

Some future directions and open questions are as follows:

• Although the analysis results presented in this thesis are less conservative

than the existing ones in the literature, there might be ways to reduce the

conservativeness of the sampling and delay bounds even further. For in-

stance numerical simulations suggest that the Lyapunov function given in

[41] may provide a necessary and sufficient condition for exponential stabil-

ity of the system (3.1) (or at least the results show a great improvement).

This Lyapunov function is closely related to the Lyapunov function given in

(3.14). It seems that there should be more intuition behind the form of the

second term of the Lyapunov function in [41].

• We found upper bounds of the sampling intervals and delays to guarantee

exponential stability. However, one would expect that if “rarely” sampling

intervals or delays violate these bounds, still the system remains stable. This

statistical approach motives us to combine our results with the ADS results

[18]. Then stability of the system also depends on the rate of violating

bounds provided by our approach (similar to Corollary 1). This way we
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allow much larger delay and sampling intervals if they occur “rarely”.

• The ISS results for nonlinear time-varying impulsive systems in Chapter 7

are Razumikhin-type results. There are ISS results based on Lyapunov-

Krasovskii method in the literature; however, these conditions cannot be

expressed in terms of LMIs for linear case and hence generally lead to con-

servative results [55]. However it may be possible to derive ISS results based

on Lyapunov-Krasovskii theorems that can be expressed in terms of LMIs

for linear case. Since Lyapunov-Krasovskii based methods usually lead to

less conservative results (for stability), the bounds in illustrative example

presented in Section 7.4 may be further improved.

• The effect of variable delays and sampling intervals on an adaptive control

system needs to be investigated.

• There are protocols and wired networks, such as CAN and FlexRay, that

are specifically designed to meet the timing requirements of control systems.

However, to our best knowledge such developments have not been performed

in wireless networks to make them more appropriate for control purposes.
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