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Abstract—This paper address theoretical and practical chal-
lenges associated with a commercially–available and ready–to–
fly small scale unmanned aircraft system developed by Parrot
SA R©: the MamboTMquad rotorcraft. The dynamic model and
the structure of the controller running onboard the unmanned
aircraft system autopilot are not disclosed by its manufactur-
ers. For this reason, a novel robust controller for discrete–
time systems under time–delays and input saturation is first
developed for this platform. Then, three fundamental estimation
and control challenges are addressed. The first challenge is the
system identification of the X and Y translational dynamics of
the unmanned aircraft system. To accomplish this goal, input-
output data pairs are collected from different unmanned aircraft
system platforms during real-time experimental flights. A group
of dynamic models are identified from the data pairs through
an extended least squares algorithm. The obtained models are
similar in nature but exhibit parametrical variations due to
uncertainties in the fabrication process and different levels
of wear and tear. Using a time-varying modeling approach,
the second challenge addressed consists on the development
of a robust controller which guarantees the stability of all
the identified dynamic models. The third challenge addresses
the development of a nonlinear controller enhanced with a
perturbation estimation which can reject, from the nominal
model, the effects of model uncertainties and perturbations.
These theoretical developments are presented in the form of
two original theorems. The proposed strategies are ultimately
validated in a set of real-time experiments, demonstrating their
effectiveness and applicability.

Index Terms—Unmanned aircraft systems, Robust control,
Nonlinear control, Perturbation estimation.

I. INTRODUCTION

UNSATISFACTORY performance and instability in feed-
back systems are commonly related to model uncer-

tainties. For this reason, a control design considering robust
stability is relevant and nontrivial. Towards this objective, H∞
control strategies for robust stability of linear and nonlinear
systems have been extensively studied over the past decades
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Fig. 1. The MamboTMmulticopter: a small UAS developed by Parrot SA R©.

and many interesting results have been introduced, see for
example [1]–[4] and the references therein. In order to apply
robust control techniques a model of the system to be con-
trolled is needed. However, when dealing with commercial
systems, it is rare that the manufacturer makes available the
equations describing the corresponding dynamic model. This
is the case with most, if not all commercially–available ready–
to–fly unmanned aircraft system (UAS) platforms. Commercial
UASs are equipped with an onboard autopilot executing a
low–level control strategy whose structure is also not dis-
closed. The main function of the autopilot is to stabilize the
attitude of the platform during autonomous flights. In some
instances, the autopilot also allows a human user to control
the motion of the UAS, making use of a remote controller
or via a pre–selected set of way-points that the UAS must
follow. Due to the lack of knowledge in terms of dynamic
models and control structures, commercial UAS platforms are
rarely used for research purposes. However, these limitations
represent in fact an ideal scenario for developing novel system
identification techniques in combination with robots control
strategies allowing the implementation of commercial systems
in research–oriented frameworks [5].

Taking inspiration from the results in the area of H∞ control
as well as from the limitations encountered in numerous
commercial UAS platforms, the research presented in this
paper focuses on the development and implementation of an
H∞ robust control strategy for the X–Y translational dynamics
of the MamboTMmulticopter, a commercially–available ready–
to–fly small scale UAS developed by Parrot SA R©, see Figure 1.
Not surprisingly, the equations describing the Mambo UAS
dynamics are not disclosed by the manufacturer, neither is the
structure of the low–level control strategy running onboard
its autopilot. As a first step towards developing a high–
level control strategy for stabilizing the Mambo during real–



IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY XXXX 2

time autonomous missions, a model identi�cation procedure
is conducted, which consists of an extended least-squares
(ELS) identi�cation technique, applied to a set of data pairs
containing input–output system information. The interested
reader is directed to [6]–[8], where this kind of technique has
been successfully applied to real–time systems.

The main challenge associated with system identi�cation
is that any identi�cation procedure for a real-time system
would be commonly affected by errors and uncertainties.
As a matter of fact, by performing multiple instances of a
system identi�cation procedure for the exact same system, the
designer will commonly obtain similar but slightly different
results. On top of that, it is often the case that a system
identi�cation must be performed not just for one, but for two
or moreidentical real–time platforms, e.g. in our case, for a
group of four Mambo UAS. This situation is commonly faced
by practitioners when it is time for them to replace (probably
broken) platforms, and also by researchers performing real-
time experiments related to Multi-Agent Systems (MAS).
Indeed, a broad parametrical variation is encountered when
performing multiple identi�cation experiments involving mul-
tiple platforms similar in nature. This is the situation addressed
in this paper, since multiple uncertain models are obtained
from the set of Mambo UAS platforms available at the TAMU-
CC Unmanned Systems Laboratory [9], and currently used for
performing MAS research activities.

A. Related Work

A survey of current methods and applications of system
identi�cation techniques for small low-cost UASs is provided
in [10]. In [11] a linear matrix inequality (LMI)-based pro-
cedure is proposed for synthesizing the gains of a closed–
loop controller for stabilizing a quad rotorcraft UAS using
an approximate feedback linearizing controller. The synthesis
procedure generates suboptimal gains with respect toH2

and H1 performance cost functions, and a pole placement
to mixed region constraint. In [12] a nonlinear disturbance
observer–based robust attitude tracking controller was pro-
posed for quad rotorcraft UASs.

1) Robust control for uncertain dynamics and perturba-
tions: In [13] an H1 control approach is adopted in order
to cope with the presence of uncertainty such as unmodeled
dynamics, unknown parameters, and inputs constraints. First,
a continuous-time system identi�cation is performed on the
experimental data to encapsulate a nominal model of the
system as well as a multiplicative uncertainty. By doing this,
H1 control strategies for both roll and pitch angles are
synthesized. Recently, in [14], [15] the authors proposed a
robust output tracking controller design for a class of uncertain
discrete-time systems subjected to actuator saturation. The
work in [16] addressed the control problem of a quad rotorcraft
in the presence of input constraints. In [17] the authors
addressed the stability and tracking control problem of a
quad rotorcraft UAS, where adaptation laws are designed to
learn and compensate modeling errors and external uncertain
disturbances.

2) Systems with time–delay:In [18], [19] a delay esti-
mation method is introduced by using transient responses
of a quad rotorcraft UAS and analytical solutions of delay
differential equations. Collected altitude responses in the time
domain are compared to the predicted ones, which were
obtained from analytical solutions. The effects of the time
delay on the responses are analyzed through the locations
of the characteristic roots in the complex plane. Based on
the estimation result, proportional plus velocity controllers are
proposed to improve transient altitude responses. In [20] the
authors presented an application of model reference adaptive
control (MRAC) to quad rotorcraft UASs, considering the
time–delay in the altitude control system. The MATLAB
system identi�cation toolbox is applied to obtain the altitude
motion model, without time–delay, for the quad rotorcraft.
Then proportional–plus–velocity (PV) and PV-MRAC altitude
control systems are designed, by incorporating an estimated
constant time delay. In [21] a robust trajectory tracking control
problem is developed for quad rotorcraft UASs with multiple
uncertainties and time–delays. The UAS model is described as
a multiple–input multiple–output time–varying system subject
to parametric perturbations, nonlinear and coupled dynamics,
external disturbances, and state and input delays. In [22] a
robust control strategy based on a predictor and an uncertainty
and disturbance estimator is developed for a class of uncertain
nonlinear systems with input/output delays.

3) Literature on commercial UAS platforms:The work in
[23] exposed the navigation and control technology embedded
in the commercial AR.Drone UAS platform developed by
Parrot. Still, the system identi�cation and translational position
control problem for a commercial UAS platform with a builtin
low–level controller that stabilizes and decouples the velocities
in each translational direction has not yet been studied. In
general, the stability and decoupling advantages of the builtin
controller represent an advantage for certain users. However,
when it is desired to use these kind of platforms in research
oriented experimental scenarios, diverse undesired disadvan-
tages become evident, such as dead–times, unknown dynamics,
saturation in the control inputs, and �xed sampling times.

B. Main Contributions

Taking into account the practically–oriented challenge of en-
abling commercially–available UASs to perform autonomous
tasks, the research conducted here addresses a set of fun-
damental estimation and control challenges related to any
commercially–available UASs in general, and to the Parrot
Mambo UAS quad rotorcraft in particular. The �rst contri-
bution consists on the development of a novel robust con-
troller for discrete-time systems under time delays and input
saturation. Two original theorems are presented, in particu-
lar Theorem 3and Theorem 4, which together summarize
the theoretical contribution of this research work. Next, and
building upon these theoretical results, three fundamental
estimation and control challenges are identi�ed, addressed,
and successfully solved. The �rst challenge is the system
identi�cation of the X and Y translational dynamics of the
UAS. To accomplish this goal, input-output data pairs are
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collected from different Mambo UAS platforms during real-
time experimental �ights. A group of dynamic models are
identi�ed from the data pairs through an extended least squares
algorithm. The obtained models are similar in nature but
exhibit parametrical variations due to uncertainties in the
fabrication process and different levels of wear and tear.
Using a time-varying modeling approach, the second challenge
addressed consists on the development of a robust controller
which guarantees the stability of all the identi�ed dynamic
models. The third challenge addresses the development of a
nonlinear controller enhanced with a perturbation estimation
which can reject, from the nominal model, the effects of model
uncertainties and perturbations. The proposed strategies are
validated in a set of real-time experiments, demonstrating their
effectiveness and applicability.

The rest of the manuscript is organized as follows. First,
the problem addressed is formally introduced in Section II.
Next, Section III describes the mathematical background of
the proposed identi�cation technique, which is based on an
ELS methodology for linear systems with dead–time delays.
The theoretical background for theH1 robust control strategy
and the additional nonlinear control law with disturbance esti-
mation is introduced in Section IV. The main contributions are
introduced next. First, Section V presents the model identi�ca-
tion procedure for the Mambo UAS platform. Next, Section VI
presents theH1 corresponding nonlinear robust controller
synthesis, which makes use of the identi�cation results. Real–
time experiments are presented in Section VII, demonstrating
the satisfactory performance of the identi�cation and robust
nonlinear control techniques. Concluding remarks and future
research directions are presented in Section VIII.

II. PROBLEM STATEMENT

The Mambo quad rotorcraft is equipped with an onboard
autopilot that decouples and controls its motion in three axis,
i.e., longitudinal, lateral, andvertical translational directions.
The autopilot also decouples and controls the platformheading
orientation, i.e., the yaw angle. As with most commercially–
available ready–to–�y UAS platforms, the architecture of the
low–level estimation and control strategies running onboard
the Mambo autopilot are unavailable to the �nal user.

As a �rst step towards addressing the estimation and control
challenges at hand, it is assumed that the Mambo's autopilot
architecture is similar to the architecture encountered in the
AR.Drone autopilot, which has been previously studied in
[23]. In particular, the assumption is that both platforms have
similar (but not identical) estimation, control, and decoupling
strategies running onboard. This conclusion was reached after
performing similar identi�cation tests with both the AR.Drone
and the Mambo, and observing similar results and behaviors.
Furthermore, from an inspection of the internal components,
it can also be inferred that both platforms share a similar
architecture in terms of hardware.

Despite the observed similarities, a dedicated identi�cation
of the Mambo's closed-loop system is needed in order to
ensure appropriate stabilization during autonomous real–time
missions. The model to be identi�ed considers thevelocity

Fig. 2. The TAMU-CC Unmanned Systems Laboratory experimental test-bed.

set–pointas thecontrol input, while thetranslational position
in the corresponding axis of motion is considered to be the
output. An additional challenge that is worth mentioning is
due to the fact that the amplitude of the control input signal
is limited (saturated) by the manufacturer via software. This
saturation has the objective of avoiding pitch and roll attitude
angles compromising the appropriate operation of the UAS.

A. The UAS experimental test–bed

The UAS test–bed available at Texas A&M University –
Corpus Christi (TAMU-CC) Unmanned Systems Laboratory
(USL) is shown in Figure 2. The following discussion refers
to this system in particular. Still, these ideas apply to any test–
bed regardless of the UAS platforms, motion capture system
(MCS), ground station computer (GSC), and communication
links selected for performing the real–time experiments.

In the TAMU-CC USL, the 3-dimensional position and
heading dynamics of the Mambo are measured using a 12–
cameras MCS developed by Vicon. Then, a GSC receives
the system states, and uses this information to compute the
corresponding control signals. A wireless link is then used for
sending the control commands to the UAS. Figure 2 illustrates
the interaction between the MCS, GSC, and the Mambo.
Notice that any communication process involved in the estima-
tion and control tasks will introduce a time–delay. Ultimately,
the control strategy should stabilize the corresponding states
of the UAS using the velocity set-points, while taking into
account input saturation, communications delays, as well as
model uncertainties coming from manufacturing heterogeneity
between similar platforms.

III. SYSTEM IDENTIFICATION

This section introduces an ELS algorithm designed to
identify a linear system affected by output additive noises.
Real–time systems are commonly affected by time delays in
the signals used for state estimation and control purposes. To
address this additional challenge an extension of the identi-
�cation methodology for linear systems with time–delays is
provided. Relevant practical considerations for implementing
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the identi�cation approach are discussed also, which simpli�es
the identi�cation task under certain conditions.

A. The proposed ELS algorithm for system identi�cation

The ELS algorithm introduced in [6], [7] allows identifying
Single Input – Single Output (SISO) linear time invariant (LTI)
discrete–time systems. Towards this goal, consider ann-th
order difference equation model of the form

Aqzk = Bquk ; (1)

where the subscriptk denotes the time sample,uk andzk are
scalar input and noiseless output, respectively,q is the unity
advance operator, andAq and Bq are the linearn-th order
polynomials inq such that

q� 1zk = zk � 1 (2)

Aq = 1 + a1q� 1 + � � � + an q� n (3)

Bq = b1q� 1 + � � � + bn q� n (4)

Assumption 1:The system in equation (1) is stable, and the
coef�cients ai andbi , for i = 1 ; 2; : : : ; n, are constant.
For the research challenges addressed in this work, the validity
of Assumption 1comes from two reasons: (i) the controller
on board the Mambo's autopilot, which was developed by the
manufacturer of this system, is able to stabilize the rotorcraft's
translational velocity and, (ii) this control strategy decouples
the motion of the platform in four independent axis, i.e.,
longitudinal, lateral, vertical, and heading.

Assumption 2:The system outputyk is corrupted by an
additive Gaussian zero-mean white noise� k as

yk = zk + � k : (5)

From equations (1) and (5) one obtains

Aqyk = Bquk + � k (6)

with � k = Aq� k . The following matrices are now introduced

� =[ a1; a2; � � � ; an ; b1; b2; � � � ; bn ]> ; (7)

y =[ yn +1 ; yn +2 ; � � � ; yN ls ]> ; (8)

� =[ � n +1 ; � n +2 ; � � � ; � N ls ]> ; (9)

� i =[ � yi � 1; � yi � 2; � � � ; � yi � n ;

ui � 1; ui � 2; � � � ; ui � n ]> ; (10)

� =[ � n +1 ; � n +2 ; � � � ; � N ls ]> ; (11)

where the superscript> stands for matrix transpose, andN ls

is the number of measurements available. Now, it is possible
to write the equation

y = � � + � (12)

The optimal least square (OLS) solution�̂ OLS that minimizes
the norm� > � is then given by

�̂ OLS = (� > �) � 1� > y: (13)

In order to eliminate the noise–induced bias in�̂ OLS , � k is
modeled asCq� k = ek , with Cq = 1 + c1q� 1 + � � � + cn q� n ,

and ek as an independently distributed random sequence.
Furthermore, the order of the constants termsci is m.

Introducing now the matrices

� =[ c1; c2; � � � ; cm ]> ; (14)

e =[ en +1 ; en +2 ; � � � ; eN ls ]> ; (15)

wi =[ � � i � 1; � � i � 2; � � � ; � � i � m ]> ; (16)


 =[ wn +1 ; wn +2 ; � � � ; wN ls ]> ; (17)

the term� k can be estimated by means of

�̂ k = Âqyk � B̂quk ; (18)

with Â andB̂ being the estimation ofA andB , respectively.
Putting together the estimation problems for the matrices�
and � , the following nonlinear problem is obtained

y = [� 
]
�

�
�

�
+ e (19)

whose solution is obtained by solving the following equations

�̂ = �̂ OLS � �̂ Bias; (20)

�̂ Bias =(� T �) � 1� T 
 �̂ ; (21)

�̂ =[
 T 
] � 1
 T �; (22)

The nonlinear problem at hand must be solved iteratively. In
particular, the term̂� OLS is �rst obtained at each iteration using
equation (13). Next,̂� is computed using equation (18). Finally,
�̂ is calculated using equations (20)-(22). This procedure is
repeated until the valuek�̂ i � �̂ i +1 k is suf�ciently small, where
�̂ i is computed at the iterationi , and�̂ i +1 is computed in the
consecutive iteration.

The identi�cation procedure is now extended to address
time–delays induced by hardware and software, which are no
negligible since they directly affect the system dynamics.

B. Extension for dead–time identi�cation

A system with a dead–time (i.e., a delay) of� samples can
be represented by modifying equation (6) as

Aqyk = z� � Bquk + � k (23)

In order to develop useful modeling and control results, the
value of� must be identi�ed �rst. A solution for the dead–time
estimation problem was originally proposed in [24], where the
ELS algorithm is combined with an optimization procedure. In
particular, given the expected minimum and maximum delay
samples, i.e.,� min and� max, the ELS algorithm is applied to a
set of(� max� � min +1) models, all of which have polynomials
with the same order inAq and Bq, but different dead–times
given by

� i = � min + i; i = 0 ; 1; 2; :::; (� max � � min): (24)

A performance indexI i is computed for each model by
comparing its output with respect to (w.r.t.) the ground truth
obtained from the real process. Speci�cally

I i = ky � ŷ( i ) k
2; (25)
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whereŷ( i ) is the output of thei -th model. The best model is
chosen as the one which gives the lowestI i . Then, the dead–
time of the best model is considered as the best estimation of
the dead–time afecting the system.

Once the time–delay has been properly identi�ed, the cor-
responding dead-time problem is addressed by making use
of the methodology presented in [25]. Towards this end, the
technique to stabilize a SISO LTI system with time–delays
using an equivalent SISO LTI system which is not affected by
time delays is introduced next.

C. A reduction for discrete-time LTI systems with delay

The authors in [25] proposed a method for reducing a
system with delayed dynamics into a new system which is
free of delays and equivalent – in terms of stabilization – to
the original one. Following this approach, consider �rst the
reduction technique for a SISO discrete-time LTI system of
the form

� k+1 = Ad � k + Bduk � � : (26)

with � k the state of the system, and� the dead–time at the
control inputu.

Remark 1:Equation (23) can be written in the form of equa-
tion (26) (which is not unique) using one of the methods for
going from a transfer function to a state space representation,
as described in [26].

A change of variable is now introduced, which has the form

xk = � k +
k � 1X

j = k � �

Ak � 1� � � j
d Bduj (27)

and evolves with dynamics

xk+1 = Adxk + A � �
d Bduk (28)

Lemma 1:(From [25]) The dynamics in equation (28) are
controllable if and only if the following conditions are satis�ed

� the pair (Ad; Bd) is controllable;
� Ad has no zero eigenvalue.

Also, any feedbacku = Kx ensuring thatAd + A � �
d BdK is

Schur, asymptotically stabilizes the system in equation (26).

Remark 2:The real–time system identi�cation procedure
of the Mambo UAS involves the execution of a set of (very
similar) experiments. From these results, a collection of linear
models with the same structure but with different parameters
are obtained.

D. A discussion on important practical considerations to ease
the system identi�cation

The following practical considerations, which are important
to achieve a suitable identi�cation of the real system, were
also taken into account for the real–time implementation of
our theoretical results.

� Signal scaling:for the computation of the ELS in equa-
tions (20)-(22) to be numerically well conditioned, it is

important that the numerical values of both the inputs and
the outputs have roughly the same order of magnitude.
Because the units of these variable are generally quite
different, this often requires scaling of these variables. It
is good practice to scale both inputs and outputs so that
all variable take “normal” values in the same range, e.g.,
the interval[� 1; 1].

� Down–Sampling:if the data acquisition system can sam-
ple the system at higher frequencies than the identi�cation
needs, a down–sample can be applied to the signals. This
helps removing measurement noises from the signals.

� Dealing with known parameters: due to physical con-
siderations, one often knows one or more poles/zeros of
the process. Imposing the prede�ned structure with its
known parameters simpli�es the problem.

� Quality of Fit: the quality of �t can be checked by
computing the Mean-Square Error (MSE) achieved by the
estimate, normalized by the Mean-Square Output (MSO).
In particular:MSE

MSO = k� �̂ � yk2

kyk2 .

The interested reader is referred to [27] for additional details
concerning the implementation of identi�cation methods.

IV. ROBUST CONTROL

As a preliminary step towards the development of a robust
control strategy, it is required to mathematically represent all
the obtained LTI reduced models by means of a single uni�ed
linear time varying (LTV) model.

A. Parameter dependent LTV discrete-time systems

Consider a parameter dependent LTV discrete-time system
of the form:

xk+1 = A(� k )xk + B (� k )uk + E(� k )dk

yk = C(� k )xk + D(� k )uk + F (� k )dk
(29)

wherex 2 Rn is the state vector,u 2 Rm is the input vector
and d 2 Rp a perturbation. Also, the matricesA(� k ), B (� k ),
C(� k ), D (� k ), E (� k ), and F (� k ) are assumed to depend
af�nely on the time-varying parameter� k , with values assumed
in the unit simplex

� =

(

� 2 RN
+ :

NX

i =1

� i = 1

)

(30)

The af�ne assumption means that the matricesA(� k ), B (� k ),
C(� k ), D (� k ), E (� k ), andF (� k ) can be written as

�
A(� k ) B (� k ) E (� k )
C(� k ) D (� k ) F (� k )

�
=

NX

i =1

� i;k

�
A i B i E i

Ci D i Fi

�
(31)

where each subindexi = 2 f 1; 2; : : : ; N g is associated with
each one of theN vertice generated by combinations of all the
extreme values of each matrix element from the LTI models
previously obtained from the identi�cation procedure.
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B. The proposedH1 controller

For the purpose of de�ning theH1 cost criterion, consider
the asymptotically stable open-loop dynamics of the form

xk+1 = A(� k )xk + E(� k )dk

yk = C(� k )xk + F (� k )dk
(32)

for which theH1 performance� is de�ned by means of the
L 2-to-L 2 gain

kH k1 = � = sup
kdk k2 6=0

kyk k2

kdk k2
(33)

A linear condition for obtaining a static controller ensuring a
prede�nedH1 performance� is discussed inLemma 2.

Lemma 2:(From [3]) The system in equation (29) is poly-
quadratically stabilizable withH1 performance bound� , if
and only if there exist matricesQi = Q>

i � 0 in Rn;n , and
X 2 Rn;n , L 2 Rm;n , Yi 2 Rm;n , Wi 2 Rm;p , Z i 2 Rm;m ,
such that

2

6
6
6
6
4

X + X T � Qi ?
A i X Q j � B i Yj � Y T

j B T
i

� L Z T
j B T

i � Yj

Ci X � D i Yj � W T
j B T

i
0 E T

i

? ? ?
? ? ?

Z j + Z T
j ? ?

D i Z j � W T
j �I � D i Wj � W T

j D T
i ?

0 F T
i �I

3

7
7
7
7
5

� 0 (34)

for all vertices represented byi; j = 1 ; :::; N . In equation (34)
the symbol (?) denotes the symmetric transpose, and�
expresses the positive de�nite condition. The robust control
law obtained is therefore given by

uk = Kx k ; with K = LX � 1: (35)

Remark 3:The problem de�ned in equation (34) is com-
posed by an inequality, therefore, there exists an in�nity
number of solutions. Ultimately, it is possible to minimize
� in order to obtain the solution to a linear optimization
problem that �nds a static linear controller with minimalH1

performance bound.

C. Nominal Dynamics and Disturbance Identi�cation

This section builds upon the procedure developed in [14]
to minimize the effects of model uncertainties and external
perturbation over a nominal model. To begin, consider a
nominal model of the form

xk+1 = AN xk + BN sat(uk ) + dk

yk = CN xk
(36)

with time invariant matricesAN , BN , and CN and dk a
perturbation term that is composed by external perturbations
and mismatch due to model uncertainties. The term sat(uk ) is
the saturation function de�ned as

sat(uk ) =

8
><

>:

umax; for uk > u max

uk ; for juk j � umax

� umax; for uk < � umax

(37)

whereumax > 0 is the maximum amplitude allowed ofuk due
to the actuator saturation. A couple of relevant assumptions
are now introduced.

Assumption 3:The pair(AN ; BN ) is controllable, and the
realization (AN ; BN ; CN ) is invertible and has no zeros when
the complex variable, of the Z-transform,z = 1 .

Assumption 4:The upper bound ofdk is dmax, and it is
assumed thatj(B T

N BN ) � 1B T
N dk j < d max, 8k 2 Z+. The term

dmax is a known positive constant anddmax < u max.

Due to the nature of the problem at hand, the required
control signal must be composed by the sum of three parts: (i)
a linear feedback law, (ii) a nonlinear feedback law, and (iii)
a perturbation estimation for a feed–forward law. The design
of each component is introduced next.

D. Linear Feedback Law

The linear part of the controller is computed as

uL;k = Kx k + Gr (38)

where r is the amplitude of the reference, andK 2 R1� n

stabilizes the system. Also, with an identity matrixI d having
appropriate dimensions,G = 1=(CN (I d � AN � BN K ) � 1BN )
is well de�ned because all eigenvalues of (AN + BN K ) are
inside the unit circle and (AN ; BN ; CN ) is invertible and has
no zeros atz = 1 . Furthermore, there exists an equilibrium
state xe associated withr , which allows de�ning the error
vector ~xk = xk � xe, then the controlleruL;k is

uL;k = K ~xk + (1 + K (I d � AN � BN K ) � 1)Gr

= K ~xk + Hr
(39)

The following assumptions are now introduced

Assumption 5:For any � 1 2 (0; 1), then c� be the largest
positive scalar such that

jK ~xk j � � 1umax; 8~xk 2 X � := f ~x : ~xT P ~x � c� g (40)

Assumption 6:The initial condition~x0 andr satisfy

~x0 2 X � ; jHr j � � 2umax (41)

where the positive scalar� 2 is such that�� = � 1 + � 2 2 (0; 1).

Therefore,8~xk 2 X � one has

juL;k j � j K ~xk j + jHr j � ��u max < u max (42)

Consequently, the linear part of the controller will never
exceed the saturation.

E. Nonlinear Feedback Law

The nonlinear part of the controller has the structure

uN;k = � (r; y )B T
N P(A + BK )~xk (43)

with P the positive matrix solution of the Lyapunov equation

P = ( AN + BN K )T P(AN + BN K ) + W (44)

andW 2 Rn � n a positive de�nite matrix.
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Theorem 1: (From [14]) Consider the system in equa-
tion (36) withdk = 0 , and withu = uL;k + uN;k as described
in equations (39) and (43), respectively. Then, for any non
positive � (r; y ), locally Lipchitz in y, and

j� (r; y )j � � � = 2( B T
N PBN ) � 1; (45)

the controlled outputyk asymptotically tracks the step com-
mand input of amplituder from an initial statex0, provided
that the conditions in equations (40) and (41) are satis�ed.

F. Perturbation Estimation for a Feed–forward Law

Assuming continuity assumptions ondk and a small enough
sampling time, it is possible to estimate the perturbationdk

using its previous valuedk � 1. Towards this goal, consider that

d̂k = dk � 1 = xk � AN xk � 1 � BN sat(uk � 1) (46)

whered̂k is the estimation ofdk .

When the system in equation (36) is put together in closed-
loop with the feedback control law in equation (45), it is not
robust against uncertain terms or external perturbations, which
in this case are modeled bydk . To overcome this problem, the
following theorem from [14] is recalled.

Theorem 2: (From [14]) Consider the nominal system
model in equation (36). The control lawuk in equation (47)
guarantees the output tracking of a step command input of
amplitude r , provided that the conditions in equations (40)
and (41) are satis�ed, and also thatdmax � (1 � �� )umax

uk = uL;k + uN;k � (B T
N BN ) � 1B T

N d̂k (47)

whereuL;k , uL;k and d̂k are de�ned in equations (39), (43),
and (46), respectively, and�� comes from the conditions in
equations (40) and (41).

Remark 4:In order to reduce the noise commonly encoun-
tered in measurements obtained during real-time applications,
the estimation of the perturbation can be �ltered using a low-
pass �lter. This allows obtaining an exponentially weighted
moving average as [27]

df
k = � f d̂k + (1 � � f )df

k � 1 with df
0 = d̂0; (48)

with df
k being the �ltered disturbance, and� f 2 (0; 1] the

�lter constant.

G. Main Theorems: Robust controller with perturbation esti-
mation

The main theoretical contribution of this work is provided
next, in the form of two Theorems. In particular, Theorem 3
addresses a robust stability for a set
 d of SISO LTI systems
including dead-times, while Theorem 4 addresses a nonlinear
controller guaranteeing the output tracking of a step command
input of amplituder for the systems in
 d.

Theorem 3:(H1 Control for LPV systems with dead-time)
Consider a set
 d of SISO LTI systems with dead–time of the
form

� k+1 = Ad � k + Bdsat(uk � � )

yk = Cd � k
(49)

and identicalCd matrices. Introducing the change of variable
de�ned in equation (27) for each system in
 d, this lasts are
reduced creating a new set
 of reduced LTI systems. The
set of systems from
 can now be rewritten as a parameter
variant LTV system with no dead–time of the form

xk+1 = A(� k )xk + B (� k )sat(uk )

yk = Cxk
(50)

Then, considering matricesD i = 0 , E i = B i , andFi = C, and
considering that equation (34) holds, a linear robust controller
with the form of equation (35) stabilizes the set of systems

 d.

Proof: The stability of the closed-loop for each system in the
set 
 is given byLemma2. Then, the stability of the closed-
loop for each system in the set
 d derives fromLemma 1.

Theorem 4:(Robust Control for LPV systems with dead-time
and input saturation) Consider a set
 d of SISO LTI systems
with dead–time having the form described in equation (49),
with a feedback controllerK having the form of equation (35)
and computed as described in Theorem 3. Rewrite the set

 d in the form of equation (50). De�ne a referencer , an
equilibrium point xe, and an initial conditionx̂0 in such a
way that Assumptions 5 and 6 hold for all theN vertices.
If necessary, for these assumptions to hold the termD i in
equation (34) is modi�ed to a newD i = Dopt for a new
synthesis of the control matrixK . De�ne a value for� k in
equation (50). By doing this, a nominal model (AN ; BN ; CN )
is obtained, and supposing thatAssumption 3andAssumption
4 hold, the system in equation (50) is rewritten in the form

xk+1 = AN xk + BN sat(uk ) + dk

yk = CN xk
(51)

where the termdk concentrates the differences between the
parameter–variant LTV model and the nominal model, together
with the possible external disturbances. De�ne� (r; y ) in such
a way that equation (45) holds, and selectW as the required
positive de�nite matrix in equation (44). Then, the control law
uk in equation (47) guarantees the output tracking of a step
command input of amplituder .
Proof: The overall closed–loop stability proof is straightfor-
ward fromTheorem 1, Theorem 2andTheorem 3.

Taking into account these theoretical results, the real–time
identi�cation and control of the Mambo UAS platform is now
formulated and addressed from a practical point of view.

V. SYSTEM IDENTIFICATION FOR THEPARROT MAMBO

This section provides an overall description of the software
and hardware that make up the experimental test–bed available
at the TAMU–CC USL. A description of the experiment
designed to accomplish the system identi�cation of the Mambo
UAS platform is also provided.
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