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Abstract This paper studies a notion of topological entropy for switched systems, formulated in terms
of the minimal number of trajectories needed to approximate all trajectories with a finite precision. For
general switched linear systems, we prove that the topological entropy is independent of the set of initial
states. We construct an upper bound for the topological entropy in terms of an average of the measures of
system matrices of individual modes, weighted by their corresponding active times, and a lower bound in
terms of an active-time-weighted average of their traces. For switched linear systems with scalar-valued
state and those with pairwise commuting matrices, we establish formulae for the topological entropy in
terms of active-time-weighted averages of the eigenvalues of system matrices of individual modes. For
the more general case with simultaneously triangularizable matrices, we construct upper bounds for the
topological entropy that only depend on the eigenvalues, their order in a simultaneous triangularization,
and the active times. In each case above, we also establish upper bounds that are more conservative but
require less information on the system matrices or on the switching, with their relations illustrated by
numerical examples. Stability conditions inspired by the upper bounds for the topological entropy are
presented as well.

1 Introduction

Since its introduction for dynamical systems by Kolmogorov [21], entropy has been an invaluable tool for
understanding system behaviors. The Ornstein isomorphism theorem [34], which characterizes Bernoulli
shifts entirely according to their entropy, further solidified its importance. Broadly, the entropy of a
dynamical system captures the rate at which uncertainty about the state grows as time evolves, which
intuitively corresponds to entropy notions in other disciplines such as thermodynamics and information
theory [10].

In systems theory, topological entropy describes the information generation rate in terms of the
number of distinguishable trajectories with a finite precision, or the complexity growth rate of a system
acting on a set with finite measure. The latter idea corresponds to Kolmogorov’s original definition in
[21], and shares a striking resemblance to Shannon’s information entropy [37]. Adler et al. first defined
topological entropy as an extension of Kolmogorov’s metric entropy, quantifying the expansion of a map
via the minimal cardinality of a subcover refinement [1]. A different definition in terms of the maximal
number of separable trajectories with a finite precision was introduced by Bowen [4] and independently
by Dinaburg [12]. Equivalence between these two notions was established in [5]. Most existing results on
topological entropy are for time-invariant systems, as time-varying dynamics introduce complexities that
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require new methods to understand [22, 20]. This work on the topological entropy of switched systems
provides an initial investigation into some of these complexities.

Entropy also plays a prominent role in control theory, in which information flow occurs between
sensors and controllers for generating feedback controls. Nair et al. first introduced topological feedback
entropy for discrete-time systems [33], following the construction in [1]. Their definition extended the
classical entropy concepts and described the growth rate of control complexity as time evolves. Colonius
and Kawan later proposed a notion of invariance entropy for continuous-time systems [8], which is closer
in spirit to the trajectory-counting formulation in [4, 12]. An equivalence between these two notions was
established in [9]. The results of [8] were extended from set invariance to exponential stabilization in [7].
Entropy has also been studied in the dual problem of state estimation in, e.g., [35, 30, 28].

This paper studies the topological entropy of switched systems. Switched systems have become a
popular topic in recent years (see, e.g., [26, 38] and references therein). In general, a switched system
does not inherit the stability properties of individual modes. For example, a switched system with two
stable modes may still be unstable [26, p. 19]. However, it is well known that a switched linear system
generated by a finite family of pairwise commuting Hurwitz matrices is globally exponentially stable under
arbitrary switching (see, e.g., [26, Th. 2.5, p. 31]). This result has been generalized to the cases where
the Lie algebra generated by the system matrices is nilpotent [14], solvable [23, 29], or has a compact
semisimple part [24, 2]. In particular, a nilpotent or solvable Lie algebra implies that the system matrices
are simultaneously triangularizable, which motivates us to study the topological entropy of switched linear
systems with such matrices. See [3] and [15] for related results on robustness with respect to perturbations
and on feedback controls that induce simultaneous triangularizability, respectively.

Our interest in the topological entropy of switched systems is strongly motivated by its relation to
the data-rate requirements in control problems. For a linear time-invariant control system, it has been
shown that the minimal data rate for feedback stabilization equals the topological entropy in open-loop
[16, 32, 40]. For switched systems, however, neither the minimal data rate nor the topological entropy
are well understood. Sufficient data rates for feedback stabilization of switched linear systems were
established in [27, 42]. Similar data-rate conditions were constructed in [39] by extending the estimation
entropy from [28] to switched systems. In this work, we seek to contribute to these efforts.

The main contribution of this paper is the construction of formulae and bounds for the topological
entropy of switched linear systems. In Section 2, we introduce a notion of topological entropy for switched
systems, and define switching-related quantities such as the active time of each individual mode, which
prove useful in computing the topological entropy. In Section 3, after proving that the topological entropy
of a switched linear system is independent of the set of initial states, we provide standard constructions
of spanning and separated sets based on a notion of grid. Then we construct a general upper bound for
the topological entropy in terms of an active-time-weighted average of the measures of system matrices of
individual modes, and a general lower bound in terms of an active-time-weighted average of their traces.

Sections 46 provide formulae and improved upper bounds for the topological entropy of switched
linear systems generated by matrices with various commutation relations. In Section 4, we consider the
case with scalar-valued state, in which the general upper and lower bounds from Section 3 coincide
and become a formula for the topological entropy. Section 5 studies the case with pairwise commuting
matrices, by establishing a formula for the topological entropy in terms of component-wise active-time-
weighted averages of the eigenvalues of system matrices of individual modes. In Section 6, we investigate
the more general case with simultaneously triangularizable matrices, and construct upper bounds for the
topological entropy that only depend on the eigenvalues, their order in a simultaneous triangularization,
and the corresponding active times. The upper bounds are obtained by first establishing a formula for
the solution to a switched triangular system and two upper bounds for its norm, which are also of
independent interest. For the cases with commutation relations, we also relate the overall topological
entropy to the topological entropy in each individual scalar component and to that of each individual
mode, and establish upper bounds that are more conservative but require less information on the system
matrices or on the switching, with their relations illustrated by numerical examples. Stability conditions
inspired by the upper bounds for topological entropy are presented in Section 7. Section 8 concludes the
paper with a brief summary and remarks on future research directions.

Notations: Let R>q := [0,00), Rsg := (0,00), and N := {0, 1,...}. Denote by I,, the identity matrix
in R™*™; the subscript is omitted when the dimension is implicit. For a complex number a € C, denote by
Re(a) its real part. For a vector v € C", denote by v; its i-th scalar component and write v = (v, ..., v,).
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For a matrix A € C"*" denote by tr(A) and det(A) its trace and determinant, respectively, and by
spec(A) its spectrum (as a multiset in which each eigenvalue has a number of instances equal to its
algebraic multiplicity). For a set E C C”, denote by |E| and vol(E) its cardinality and volume (Lebesgue
measure), respectively. Denote by ||v]|c 1= maxi<;<n |v;| the co-norm of a vector v € C", and by
[Alloc = maxi<i<n 27— |ai;| the induced co-norm of a matrix A = [a;;] € C**". By default, all
logarithms are natural logarithms.?

2 Preliminaries
2.1 Entropy definitions

Consider a family of continuous-time dynamical systems

&= fp(z), peP (1)

with the state £ € R™, in which each system is labeled with an index p from a finite index set P, and
all the functions f, : R” — R" are locally Lipschitz. We are interested in the corresponding switched
system defined by

i = fy(x), (2)
where o : Ry — P is a right-continuous, piecewise constant switching signal. We call the system with
index p in (1) the p-th mode of the switched system (2), and o(¢) the active mode at time ¢. Denote
by &,(x,t) the solution to (2) with initial state x at time ¢. For a fixed z, the trajectory &, (x,-) is
absolutely continuous and satisfies the differential equation (2) away from discontinuities of o, which are
called switching times, or simply switches. We assume that there is at most one switch at each time,
and finitely many switches on each finite time interval (i.e., the set of switches contains no accumulation
point). Denote by N, (t,7) the number of switches on an interval (7,t].

In the following, we define a notion of topological entropy for the switched system (2) with a switching
signal ¢ and initial states drawn from a compact set with nonempty interior K C R™ called the initial
set. Denote by || - || some chosen norm on R™ and the corresponding induced norm on R™*™. Given a
time horizon T' > 0 and a radius ¢ > 0, we define the following open ball in K with a center z € K:

By (z,e,T) := {a:’ eK: max, (2! t) — Ex(m,t)]] < 5}. (3)

We say that a finite set F C K is (T, €)-spanning if

K = | By, (2,,7), (4)
zelE

or equivalently, for each z € K, there is a point & € E such that ||&,(z,t) —&,(Z,t)|| < e for all ¢t € [0, T.
Denote by S(fs,e,T, K) the minimal cardinality of a (7, )-spanning set, or equivalently, the cardinality
of a minimal (7, )-spanning set, which is increasing in T and decreasing in €. The topological entropy of
the switched system (2) with initial set K and switching signal ¢ is defined in terms of the exponential
growth rate of S(f,,e,T, K) by

1
W fs, K) = lim limsup — log S(fs,e,T, K) > 0. (5)
N0 Toeo T

For brevity, we at times refer to h(f,, K) simply as the (topological) entropy of (2).

Remark 1. In view of the equivalence of norms on a finite-dimensional vector space, the values of h(f,, K)

are the same for all norms || - || on R™; see [19, Prop. 3.1.2, p. 109] for a slightly stronger statement for
the case with a compact invariant set. In particular, the topological entropy is invariant under a change
of basis. For convenience and concreteness, we take || - || to be the oo-norm on R™ or the induced co-norm

on R™*™ unless otherwise specified.

1 In information theory, entropy notions are often formulated using binary logarithms due to their connection with
binary signals. In this paper, we use natural logarithms to avoid generating additional multiplicative constants In2 when
computing the topological entropy.
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Next, we introduce an equivalent definition for the entropy of the switched system (2). With T and
¢ given as before, we say that a finite set F C K is (T, €)-separated if

i’ ¢ By, (#,e,T) (6)

for each pair of distinct points &, 2" € E, or equivalently, there is a time ¢ € [0, 7] such that ||, (2',¢) —
&s(2,t)|| > €. Denote by N(fy,e,T, K) the maximal cardinality of a (T, €)-separated set, or equivalently,
the cardinality of a maximal (T, ¢)-separated set, which is also increasing in 7' and decreasing in e.
As stated in the following result, the entropy of (2) can be equivalently formulated in terms of the
exponential growth rate of N(f,,e,T, K); the proof is along the lines of [19, p. 110] and thus omitted
here.

Proposition 1. The topological entropy of the switched system (2) satisfies
1
h(fs, K) = lim limsup — log N(f,,e, T, K). (7)
eNO T oo T

Remark 2. Following [19, pp. 109-110], for a time-invariant system & = f(x) and a forward-invariant
initial set K, the value of h(f, K) remains the same if the limit suprema in (5) and (7) are replaced with
limit infima. However, this is not necessarily the case for a time-varying system such as the switched
system (2), for which the subadditivity required in the proof of [19, Lemma 3.1.5, p. 109] does not
necessarily hold.

2.2 Active times, active rates, and weighted averages

In this subsection, we introduce several switching-related quantities that will be useful in computing the
entropy of a switched linear system. The active time of the p-th mode over an interval [0, ] is defined by

rlt) = / 1(o(s))ds, peP (8)

with the indicator function

17 U(S) =D,
1,(c(s)) :=
P 0, o(s)#p
We also define the active rate of the p-th mode over [0, ¢] by
pp(t) == T1p(1)/8, peP (9)

with p,(0) :=1,(c(0)), and the asymptotic active rate of the p-th mode by

pp = limsup p,(t), p€E€P. (10)
t—o0
Clearly, the active times 7, are nonnegative and increasing, and satisfy Zpep Tp(t) =t for all ¢ > 0; the
active rates p,, take values in [0, 1] and satisfy > p pp(t) =1 for all > 0. In contrast, due to the limit
supremum in (10), it is possible that ZpEP pp > 1 for the asymptotic active rates p,, as illustrated in
the following example.

Example 1. Consider the index set P = {1,2}. We construct a switching signal o, as follows?:

— 0. with converging set-points: Let t; := 1. For k > 1, let top := min{t > tor_1 : po(t) > 1 — 272k}
and togy1 = min{t > to : p1(t) > 1 — 2_(2"""1)}. Simple computation yields t;, = 2 ;:11 (2! — 1) for
k>2and p; = pp = limsup,_, 1 —e 2¥ = 1.

The switching signal o, (purple) and the active rates p; (blue) and ps (orange) are plotted in Fig. 1

below, with the asymptotic active rates p; and py indicated by the green dashed line (as the intervals

between consecutive switches grow superexponentially, logarithmic scale is used for the long-range plot).

2 In all examples, we denote by t; < to < --- the sequence of switches and let to := 0, with o = 1 on [tok,tok+1) and
0 =2 on [tagpq1,tort2)-
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Switching signal o,

Active rates p; and py
o -

Time

Fig. 1 A switching signal o, with converging set-points: the sum of the active rates p; + p2 = 1 at all times, whereas both
asymptotic active rates p1 = p2 = 1.

For a family of scalars {a, € R:p € P}, we define the asymptotic weighted average by

1
4 = limsup Z appp(t) = limsup — Z ap7y(t), (11)
t—o00 t—oo 1t

pEP pEP

and the mazimal weighted average over [0,T] by
a(T) = — max > ap(t) (12)
pEP

with a(0) := max{as (), 0}. As 7,(0) = 0 for all p € P, the maximal weighted average a is nonnegative.
In the following lemma, we establish a relation between these two notions; the proof can be found in
Appendix A.

Lemma 1. The asymptotic weighted average a defined by (11) and the maximal weighted average a
defined by (12) satisfy
limsup a(T) = max{a, 0}. (13)

T—o0

3 Entropy of general switched linear systems

The main objective of this paper is to study the topological entropy of the switched linear system
= Asx (14)

with a family of matrices {4, € R"*" : p € P}. Thinking of matrices as linear operators, we denote by
h(A,, K) the entropy of (14) with initial set K and switching signal o. In this section, we first prove
that the entropy of a switched linear system is independent of the choice of the initial set and provide
standard constructions of spanning and separated sets based on a notion of grid. Second, we present
a result for the non-switched case. Finally, we construct upper and lower bounds for the entropy of a
general switched linear system.

3.1 Initial set and grid

Proposition 2. The topological entropy of the switched linear system (14) is independent of the choice
of the initial set K.

Proof. For every initial state x € R™, the solution to (14) satisfies
oz, t) = Dy (t,0) x Vit >0,

where the state-transition matrix @, (¢,0) is independent of the initial state .
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First, we prove that the entropy of (14) is invariant under translation and uniform scaling of the initial
set. Let K3 C R™ be an initial set, and define the translated and uniformly scaled set Ky := {sx+v:x €
K} for some scalar s > 0 and vector v € R™. Given a time horizon T' > 0 and a radius € > 0, let F; be
a minimal (7T, ¢)-spanning set of K;. For each x5 € K, the point 21 := (2 — v)/s € Kj; thus there is a
point &1 € E; such that ||, (21,t) — s (21, 1)]| = || P (¢,0)(x1 —Z1)|| < e for all ¢ € [0,T]. Then the point
To 1= s&1 + v satisfies ||y (22,t) — & (E2,1)|| = || P (t, 0)(x2 — Z2)|| = s]|Pos(t,0)(x1 — Z1)|| < se for all
t € [0,T]. Therefore, the set By := {s& +v : & € E1} is a (T, se)-spanning set of Ky. As |E3| = |Ey|, we
have S(4,,se,T, K3) < S(Ay,e,T, K1) and thus h(A,, K2) < h(A,, K1). Replacing s and € with 1/s and
se in the analysis above, we obtain S(A,, se, T, K2) > S(As,¢,T, K1) and thus h(As, K3) > h(As, K1).
Hence h(A,, K2) = h(A,, K1). Therefore, the entropy of (14) is invariant under translation and uniform
scaling of the initial set.

Second, we establish that the entropy of (14) is independent of the choice of the initial set. Let K C R
be an initial set. As K is a compact set with nonempty interior, there exist closed balls By, By C R™
such that By € K C Bsy; thus h(Ay, B1) < h(4,,K) < h(A,, B2) by construction. As the entropy of
(14) is invariant under translation and uniform scaling of the initial set, we have h(A4,, B1) = h(A4,, Bs).
Hence h(A,, B1) = h(Ay, K) = h(Ay, Ba). Therefore, the entropy of (14) is independent of the choice of
K. O

Following Proposition 2, we omit the initial set and denote by h(A,) the entropy of the switched linear
system (14). For convenience and concreteness, we take the initial set to be the closed unit hypercube at
the origin, that is, K := {z € R™: ||z|| < 1} (recall that we take || - || to be the co-norm; see Remark 1)
in computing the entropy of (14).

Next, given a time horizon 7" > 0 and a radius € > 0, we provide standard constructions of (T, ¢)-

spanning and (7, ¢)-separated sets based on a notion of grid. Given a vector 6 = (01,...,60,) € RZ,
which may depend on T and ¢, we define the following grid on the closed unit hypercube K at the origin:
G(Q) = {(klel,...,knen)EK:kl,...,k‘nGZ}. (15)

Simple computation yields that the cardinality of the grid G(6) satisfies

n

G©) = T11/6:] +1).

i=1
For a point & € G(0), let R(Z) be the open hyperrectangle with center & and sides 26y,...,26, in K,
that is,
R(i@)={x € K :|ry — 1] <01,...,|xn — Tn| < Op}. (16)
Then the points in G(0) adjacent to & are on the boundary of the closure of R(Z), and the union of all
R(Z) covers K, that is,
U Rr@).

£€G(0)
By comparing the hyperrectangle R(#) to the open ball Ba,(&,¢,T) defined by (3), we obtain the
following result; the proof can be found in Appendix B.

Lemma 2. Consider the switched linear system (14).
1. If the vector 0 is selected so that R(&) C Ba,(&,e,T) for all & € G(0), then the grid G(0) is (T,¢€)-
spanning. Additionally, if

log(6
lim lim su 17
eNO 700 P Z ( )

then

log( 1/(9)

h(A,) < hm hmsupz (18)

T—oo
2. If the vector @ is selected so that Ba, (%,¢,T) C R(%) for all & € G(0), then the grid G(0) is (T, ¢€)-
separated. Additionally, if (17) holds, then

log(1/6,)

T (19)

h(Ay) > lim limsu
( ) eNo T%mp;
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3.2 Entropy of linear time-invariant systems

Before analyzing the entropy of the switched linear system (14), we present here a result for the non-
switched case. Consider a linear time-invariant (LTT) system

T = Az (20)

with a matrix A € R"*"™. The following well-known result provides a formula for the entropy h(A) of
(20). The proof is along the lines of those of the corresponding discrete-time results (e.g., [4, Th. 15] and
[35, Th. 4.1]) and thus omitted here; a complete proof can be found in [36, Ch. 4].

Lemma 3. The topological entropy of the LTI system (20) satisfies

h(A)= Y max{Re()), 0}. (21)

A€spec(A)
3.3 Entropy of general switched linear systems
In this subsection, we construct upper and lower bounds for the entropy of the general switched linear

system (14). The upper bound is formulated in terms of a notion of matrix measure for the system
matrices of individual modes, and the lower bound is formulated in terms of their traces.

Following [11, p. 30], for an induced matrix norm || - ||, the matriz measure p : R™*™ — R is defined
by
. [T +tA] -1
A)=lim —. 22
p(A) = lim ; (22)

For standard norms, there are explicit formulae for the matrix measure; for example, for the co-norm,

the matrix measure satisfies
)= g (04 Y

J#i
for a matrix A = [a;;] € R™*". For all induced matrix norms || - || on R™, we have [11, Th. 5, p. 31]
Re(X) < pu(A) < ||A| VAeR"™™ Ve spec(A). (23)

Moreover, an upper bound for the norm of the solution to the switched linear system (14) can be
constructed in terms of the matrix measures of A,, which is a direct consequence of [11, Th. 27, p. 34).3

Lemma 4. For every initial state x € R™, the solution to the switched linear system (14) satisfies
o (2, t)| < epeP u(Ap)Tp(t)Hx” Vi>0

with the active times 1, defined by (8).

Theorem 3. The topological entropy of the switched linear system (14) is upper-bounded by*

h(As) < max{lim sup Z nu(Ap)pp(t), 0} (24)

t—o0 peEP

and lower-bounded by

t—o00 peEP

h(As) > max{lim sup Z tr(Ap)pp(t), O} (25)

with the active rates p, defined by (9).

3 We can apply [11, Th. 27, p. 34] to the switched linear system (14) as the switching signal o is piecewise constant.
4 TFollowing (23), the upper bound (24) is tighter than the one in the previous result [43, eq. (19)].
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Note that the value of the matrix measure depends on the induced norm || - || in the definition (22).
Therefore, the upper bound (24) can be improved by taking the infimum over all induced norms on
R™*™. See Remark 5 below for additional upper bounds (31) and (32) that are more conservative but
require less information on the switching.

Proof of Theorem 3. First, we establish the upper bound (24). For all initial states x,2’ € K, the corre-
sponding solutions to (14) satisfy

||£U($/, t) - £U(x> t)” = ||§0($I -, t)“ < eZPEP w(Ap) 7o (1) ||$/ - :BH Vi > 07
where the inequality follows from Lemma 4. Given a time horizon T > 0 and a radius € > 0, we have

elory e (2, ) = &o (2, 1) < emectom Zper 1A O g — . (26)
te[0,T

Consider the grid G(6) defined by (15) with

0; := e~ MaXtelo.1] >per #(Ap)‘fp(t)g, ie{l,...,n},
and the corresponding hypercubes R(Z) defined by (16). Comparing (16) and (26) to (3), we see that
R(%) C Ba,(%,e,T) for all # € G(#). Then Lemma 2 implies that G(0) is (T, ¢)-spanning and, as all ;
are decreasing in T', the upper bound (18) yields

log(1/6;)
h(A,) < lim lim su —_—
( ) eNo0 T%oop; T
nlog(1/e)
= limsup — max n ) + lim lim sup —————=
T—>oop T telo, T] Z M eNo0 T—>oop T

= lim sup — max g nu(A
T—o00 T te [0 T]

Then the upper bound (24) follows from (13) with a, = nu(A,) in (11) and (12).
Second, we establish the lower bound (25) via volume-based analysis. For every initial state x € K,
the solution to (14) satisfies

oz, t) = Dy (t,0) 2 Vt>0
with the state-transition matrix defined by

A t —t _
@U(t,s) — e a(tNU(t,s))( N (t,8)+1 7N (t,8)) | eAa(tO)(tl to)’ t>s5>0,

where ) < -+ <ty () is the sequence of switches on (s,t], and to := s and ty_(¢,5)+1 := t. Given a
time horizon T' > 0 and a radius € > 0, the open ball B4_(x,e,T) defined by (3) satisfies

Ba,(z,e,T) C{z' € K : & (2',T) — & (2, T)| < €}
(& € K |8, (T,0)(& — )| < &} = {8 (T,0) v +z € K : o] < &)

Hence its volume satisfies (recall that we take || - || to be the co-norm; see Remark 1)
vol(Ba, (z,2,T)) < det(®y(T,0)1)(26)" = e~ %o (o) (tiri=t) (92yn = ¢~ Lper t1(An) 70(T) (92)n,

where the first equality follows from Liouville’s formula [6, Prop. 2.18, p. 152]. Combining the upper
bound above with (4), we conclude that for all (T, €)-spanning sets E C K, we have

vol(K) < Y " vol(Ba, (&6, T)) < |Ele” Zver A2 (1) (95)7,
Tel

Therefore, the minimal cardinality of a (T, €)-spanning set satisfies

S(Ag,e,T,K) > |E| > eXver ") (D) o] (K) /(26)",
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which, combined with (5), implies

H(As) 2 iy imsup 7 log (eZer =40 ) vol 1) /(22)"
)

peE
N0 T
) tr(Ap) (T) .. .. log(vol(K)/(2¢)™)
= limsu —2 P/ PY 7 4 lim limsu
T%oopg) T eNo T—><>op T
= limsup Z tr(Ap)pp(T),
T— o0 peP

where the last equality follows partially from the definition (9) of the active rates p,. The proof of (25)
is completed by recalling that h(A,) > 0. O

In general, there is a gap between the upper bound (24) and lower bound (25) in Theorem 3 (e.g.,
consider an LTI system with a matrix with one positive and one negative eigenvalue). The formula
(21) for the entropy of an LTI system, together with the property (23), implies that max{tr(4,), 0} <
h(Ap) < max{nu(4,), 0} for all p € P, and thus

max{lim sup Z tr(A4,)pp(t), O} < lim sup Z h(Ap)pp(t) < max{lim sup Z nu(Ay)pp(t), 0}.

t—o0 peP t—o0 peP t—o0 peP

However, for a general switched linear system, due to the lack of “alignment” between eigenspaces of
individual modes, the relation between h(A,) and imsup;_, . > cp 7(A4p)p,(t) is undetermined (exam-
ples where the former is smaller can be found in Example 3 below; an example where the former is larger
can be seen from the unstable switched linear system generated by Hurwitz matrices in [26, p. 26]). In
Sections 4-6, we will consider switched linear systems generated by matrices with various commutation
relations, and establish formulae and improved upper bounds for the topological entropy.

4 Entropy of switched scalar systems

In this section, we consider the case of switched linear systems with scalar-valued state. Then each A,
is a scalar a, € R, and (14) becomes the switched scalar system

T =a,x (27)

with the family of scalars {a, : p € P}. In this case, tr(a,) = ap = p(ap) for all p € P, and thus the
upper bound (24) and lower bound (25) in Theorem 3 coincide and become the following formula for the
entropy h(a,).

Corollary 4. The topological entropy of the switched scalar system (27) satisfies
h(ay) = max{a, 0} (28)
with the asymptotic weighted average & defined by (11).

Based on the formula (28), we construct upper bounds for the entropy h(a,) that require less infor-
mation; the proof can be found in Appendix C.

Corollary 5. The topological entropy of the switched scalar system (27) is upper-bounded by
h(as) < Z h(ap)pp (29)
peEP

with the asymptotic active rates p, defined by (10), and also by

h(as) < max h(ap), (30)

where h(a,) denotes the topological entropy of the p-th mode and satisfies (21), i.e., h(a,) = max{a,, 0}.
Moreover, if the limits limy_, o pp(t) exist and a, > 0 for all p € P, then (29) holds with equality.
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Remark 3. 1. For a fixed family of scalars {a, : p € P}, compared with the formula (28), the upper
bound (29) depends only on the asymptotic active rates p,; the upper bound (30) is independent of
switching.

2. The upper bounds (29) and (30) are both useful in the sense that neither is more conservative than
the other, as illustrated in the following example.

Example 2. Consider the index set P = {1, 2} and the scalars a; = 2 and as = 1. We construct

switching signals og, o1, and o9 as follows (see also footnote 2):

— o¢ with no switch: Let oo(t) := 1 for all ¢ > 0. Simple computation yields the asymptotic active rates
ﬁlzlandﬁQ:O.

— 01 with periodic switches: For k € N, let t; := k. Simple computation yields that p; = p, = 0.5.

— 09 with constant set-points: Let t1 := 1. For k > 1, let tor := min{t > top_1 : p2(t) > 0.9} and
torr1 = min{t > top : p1(t) > 0.9}. Simple computation yields ¢, = 9¥~1 + 9%=2 for k& > 2 and
p1 = p2 =0.9.

The values of h(as,), h(as, ), and h(a,,) computed using the formula (28) and their upper bounds

computed using (29) and (30) are summarized in Table 1. In particular, h(a,,) can be computed as

follows:

hao,) = limsup (a1p1(t) + az(1 = p1(t))) = az + (a1 — az)pr = 1.9.

t—o00

Table 1 Entropy values and bounds for the switched scalar systems in Example 2.

(P1,p2) (28)  (29) (30)
oo (1,0) 2 2 2
o1 (0.5,0.5) 1.5 1.5 2
oz (09,09 1.9 2.7 2

Remark 4. When the scalars a, are complex and state space is extended from R to C, the results in
this section still hold after replacing each a, with its real part Re(a,) in (11) and (12) and noticing that
(21) implies h(ap) = max{Re(ap), 0}. More specifically, this can be seen from the fact that for all initial
states z, 2/ € K, the corresponding solutions to (27) satisfy |£, (2, 1) — &g (x, )] = eXrer Rel@n) )37 _ )
for all ¢ > 0.

Remark 5. Comparing the upper bound (24) and lower bound (25) to the formula (28), we conclude
that the entropy of the general switched linear system (14) is upper- and lower-bounded by those of
the switched scalar systems (27) with a, = nu(A,) and with a, = tr(A,), respectively. Consequently,
Corollary 5 implies that the entropy of (14) is upper-bounded by

WAs) < Y max{npu(4,)p,. 0}, (31)
peEP

which only depends on the asymptotic active rates p, defined by (10), and also by
h(4,) < mea%max{nu(Ap), 0}, (32)
P

which is independent of switching.

5 Entropy of switched commuting systems

In this section, we consider the case of switched linear systems with pairwise commuting matrices, that
is, the family of matrices {4, : p € P} in (14) satisfies

ApA, = A,A,  VpqeP.

We call such a set of pairwise commuting matrices a commuting family.

The following result shows that there exists a (possibly complex) simultaneous change of basis under
which every matrix in the commuting family {A, : p € P} can be written as the sum of a diagonal part
and a nilpotent part, and these diagonal and nilpotent parts are pairwise commuting.
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Lemma 5. For the commuting family {A, : p € P}, there exists an invertible matrizc I’ € C"*™ such
that

r'A,l~'=D,+N, VpeP,
where all D, € C**™ are diagonal, all N, € C**™ are nilpotent, and {D,, N, : p € P} is a commuting
famaly.

Proof. Lemma 5 is a consequence of [17, Cor. 2.4.6.4, p. 115]. An alternative proof based on the Jordan—
Chevalley decomposition can be found in [41]. O

In view of Lemma 5 and Remark 1, we assume, without loss of generality, that every matrix in the

commuting family {A, : p € P} satisfies A, = D, + N, with a diagonal matrix D, := diag(a;, coap) €

Cm™*™ that is, a; is the i-th diagonal entry of D,,, and a nilpotent matrix N, € C**", and that {D,,, N}, :
p € P} is a commuting family.® Then (14) becomes the switched commuting system in C™ defined by

&= (Do + Ny)x (33)
with the commuting family of diagonal and nilpotent matrices {D,, N, : p € P}.
Theorem 6. The topological entropy of the switched commuting system (33) satisfies

h(Dy + Ny) = limsup Y _ a;(T) (34)
T— o0 i—1
with 1
a; (1) := = : ) 1,...
a”b( ) T tle%”;] Re(a’p) Tp(t)7 1€ { ’ an}7 (35)

where the active times T, are defined by (8).

Here the functions a; are the component-wise maximal weighted averages of the real parts of eigen-
values. Hence the entropy h(D, + N, ) is independent of the nilpotent matrices N, in (33).

To prove Theorem 6, we first formulate upper and lower bounds for the effect of the nilpotent matrices
N,; the proof can be found in Appendix D.

Lemma 6. Consider the commuting family of nilpotent matrices {N, : p € P}. For each § > 0, there
exists a constant cs > 0 such that for all v € C™, we have

s te=® ||| < HeEpew Nw(t)q;H <csetv||  VE>0 (36)
with the active times 7, defined by (8).

Proof of Theorem 6. For all initial states z,2’ € K, as {D,, N, : p € P} is a commuting family, the
corresponding solutions to (33) satisfy (see, e.g., [26, p. 31])

||§U(x/,t) — fa(x’t)H = HeZpep(Dp""Np) Tp(t)(l-’ _ x)H — HeZpE'P Np7p(t) o2 pep DPTP(t)(x/ _ m)H Vi > 0.

Given a time horizon T > 0 and a radius ¢ > 0, Lemma 6 with § = ¢ and v = eXrer Dro®) (7 _ )
implies that there is a constant ¢, > 0 such that

e tem et |eXver Pomo () (g — a:)H < I€r (@', t) = Eo (2, 8)|| < coet||eZrer Pt (57 — x)H vt >0,
in which .
ezpep Dp7p(t) (1‘/ _ $) = max ezpep Re(a;)Tp(t)|x{ _ .13|
1<i<n ¢ ‘
as D, are diagonal (recall that we take || - || to be the co-norm; see Remark 1). Taking the maximum
over t € [0,T], we obtain
-1 (@ (T)=e)T |t _ | < A < (@i(T)+e) T\t _ oo
ce jax e [ = il < max [i€o(2,1) = Lo (2, )] < ce roax e |2 =i (37)

s

5 In particular, for each p € P, the diagonal entries a;

Th. 2.4.8.1, p. 117].

are also the eigenvalues of the original system matrix A, [17,
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with @; defined by (35).
First, consider the grid G(0) defined by (15) with

0; = e~ @M+ T/ ie{l,...,n},

and the corresponding hyperrectangles R(&) defined by (16). Comparing (16) and the upper bound in
(37) to (3), we see that R(%) C Bp,+n,(Z,e,T) for all & € G(A). Then Lemma 2 implies that G(6) is
(T, e)-spanning and, as all §; are decreasing in 7', the upper bound (18) yields
log(1/6
h(Dy 4+ N,) < hm hmsupz L/)

T— o0 i—1

= lim sup Z a;(T) + hm ne + lim lim sup

T— 00 eNO Tso

= lim sup Z a; (T

T—)ooll

nlog(ce/¢)
T

Second, consider the grid G(0) defined by (15) with
0, ;= e @(M=) T ie{l,...,n},

and the corresponding hyperrectangles R(Z) defined by (16). Comparing (16) and the lower bound in
(37) to (3), we see that Bp_4n, (Z,6,T) C R(Z) for all € G(#). Then Lemma 2 implies that G(6) is
(T, e)-separated and, as (17) holds, the lower bound (19) yields

log(1/6;)
h(Dys + N,) > lim lim su —_—
( ) eNo T—>oop; T
= limsu id(T) — lim ne — lim limsu ML(CEE)
T—>oop i—1 ‘ eNo0 eNo T—>oop T
= limsu a;(T). O
T%Op; (T)

Based on the formula (34), we establish upper bounds for the entropy h(D, + N,) that require less
information.
First, we construct an upper bound in terms of the entropy in each individual scalar component.

Proposition 7. The topological entropy of the switched commuting system (33) is upper-bounded by

h(Dy 4+ N,) < Z max{d;, 0} (38)
i=1
with
a; = hmsupZRe pp(t), ie{l,...,n}, (39)
t—o00 peP

where the active rates p, are defined by (9). Moreover, if the limits lim¢ o p,(t) exist® for all p € P,
then (38) holds with equality.

Here the constants a; are the component-wise asymptotic weighted averages of the real parts of
eigenvalues. Combining (38) with (28) and Remark 4, we conclude that the entropy of the switching
commuting system (33) is upper-bounded by the sum of the entropy of the switched scalar system (27)
with a, = a; for each i € {1,...,n}. For the case where all the active rates p, converge, as (38) holds with
equality, (21) implies that h(D, + N,) equals the entropy of the LTI system (20) with the asymptotic
weighted average matrix A =} 5(Dp + Np) limy—o0 pp(1).

6 For example, when the switching signal o is periodic; see [36, Sec. 3.2.1] for more conditions.
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Proof of Proposition 7. Following (34) and the subadditivity of limit suprema, we have

h(Dy+ N,) = hmsupZal < thsup a;(T) = Zmax{dh 0},

T_)OO’L]. le—»

where the last equality follows from (13) with a,, = Re(a}) in (11) and (12). For the case where the limits
limy o0 pp(t) exist for all p € P, the inequality in the derivation above becomes an equality due to the
additivity of limits. O

Second, we construct an upper bound in terms of the entropy of each individual mode.

Proposition 8. The topological entropy of the switched commuting system (33) is upper-bounded by

h(Dy + No) < limsup > h(D, + N,)pp(t) (40)

t—o0 peP
with the active rates p, defined by (9), where h(Dp,+ Np) denotes the topological entropy of the p-th mode
and satisfies (21) with A = Dy, + N,,. Moreover, if Re(al,) > 0 for alli € {1,...,n} and p € P, then (40)
holds with equality.

Combining (40) with (28), we conclude that the entropy of the switching commuting system (33) is
upper-bounded by the entropy of the switched scalar system (27) with a, = h(D, + N,). For the case
where all the eigenvalues of system matrices a; have nonnegative real parts, the general lower bound
(25) coincides with (40) and thus also holds with equality.

Proof. For each p € P, let
a;, := max{Re(a},), 0}, ie{l,...,n}.

p

Following (21), the entropy of the p-th mode of (33) satisfies h(Dp+ N,) = >_;-, ab; see also footnote 5.
Consequently, (34) and (35) imply

h(Ds + N,) fhmsupZ— max Re(a p) Tp(t)

T—o00 i—1 tE[O T) peP
<hmsupz Za (T —hmsupz <Z > _hmsuthD + Np)pp(t).
T—oo 5 pEP t—o0 pEP 1 t—00 peP

For the case where Re(a;) >0 forallie{l,...,n} and p € P, the inequality in the derivation above
becomes an equality as a}, = Re(al,). O

The upper bounds (38) and (40) can be further relaxed to obtain the following upper bounds for
h(D, + N,); the proof is along the lines of that of Corollary 5 and thus omitted here.

Corollary 9. The topological entropy of the switched commuting system (33) is upper-bounded by
WDy + No) <> WDy + Np)pp (41)
peEP

with the asymptotic active rates p, defined by (10), and also by

WDy + Ny) < max h(D, + Np), (42)
pe

where h(D, + N,,) denotes the topological entropy of the p-th mode and satisfies (21) with A = D, + Np.
Moreover, if the limits limy_,o pp(t) exist and Re(a}) > 0 for all i € {1,...,n} and p € P, then (41)
holds with equality.

The relations between the formula in Theorem 6 and the upper bounds in Propositions 7 and 8 and
Corollary 9 are summarized in Fig. 2 and Remark 6, and illustrated numerically in Example 3.
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34 L @w) = 2

Simultaneous change Simultaneous change
of basis needed of basis not needed

Fig. 2 Relations between the formula (34) and the upper bounds (38), (40), (41), and (42). The implications (A) and (B)
become equivalences if all the active rates p, converge; the implication (C) becomes an equivalence if all the eigenvalues

of system matrices a; have nonnegative real parts; the implication (D) becomes an equivalence if both of these conditions

hold. The relations between these upper bounds that are not specified in this diagram are undetermined.

Remark 6. 1. Unlike the formula (34) and the upper bound (38), the upper bounds (40), (41), and
(42) are independent of the order of eigenvalues (i.e., in which scalar component each eigenvalue of
the system matrices D, is), and thus can be computed for a switched linear system with pairwise
commuting matrices without knowledge of the simultaneous change of basis in Lemma 5.

2. For a fixed family of matrices {D,, : p € P}, compared with the formula (34), the upper bound (38)
depends only on the component-wise asymptotic weighted averages a;; the upper bound (40) depends
only on the asymptotic weighted average of the entropy of each individual mode h(Dp,+ N,); the upper
bound (41) depends only on the asymptotic active rates pp; the upper bound (42) is independent of
switching.

3. The upper bounds (38) and (40) are both useful in the sense that neither is more conservative than
the other; the same holds for the upper bounds (41) and (42).

Example 3. Counsider the index set P = {1, 2} and the switching signals o¢, o1, and oy defined in
Example 2. As the entropy of the switched commuting system (33) is independent of its nilpotent part,

we consider the diagonal matrices
—-10 30
p=[] =)

The values of h(Dy,), h(Dy,), and h(D,,) computed using the formula (34) and their upper bounds
computed using (38), (40), (41), and (42), as well as the general upper and lower bounds (24) and (25),
are summarized in Table 2. For the case with o2, the computation using (38), (40), (24), and (25) is
along the lines of computing h(a,) in Example 2; see Appendix E for the computation using (34).

Table 2 Entropy values and bounds for the switched commuting systems in Example 3.

p2)  (34) (38) (40) (41) (42) (24) (25)

(b1,
oo (1,0) 2 2 2 2 3 4 1
o1 (0505 15 15 25 25 3 5 1.5
o9 (0.9,0.9) 2.79 4.3 2.9 4.5 3 5.8 1.9

6 Entropy of switched triangular systems

In this section, we consider the case of switched linear systems with simultaneously triangularizable
matrices, that is, there exists a (possibly complex) change of basis under which the matrices A4, in (14)
are all upper triangular.” Hence and in view of Remark 1, we assume, without loss of generality, that

7 A sufficient condition for simultaneous triangularizability is that the matrices A, are pairwise commuting (see, e.g.,
[17, Th. 2.3.3, p. 103]). More sufficient conditions can be found in [25]. A necessary and sufficient condition is that the Lie
algebra {Ap : p € P}pa is solvable (see, e.g., [18, pp. 10, 16]). More necessary and sufficient conditions can be found in
31, 13].
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every A, is upper triangular, and denote it by

11,2 . 1
a, b, b,
v= |0 % | eome
: . '..bnflm
0O --- 0 aZ

Then (14) becomes the switched triangular system in C™ defined by

t=U,x (43)
with the family of upper-triangular matrices {U), : p € P}.
Theorem 10. The topological entropy of the switched triangular system (43) is upper-bounded by

h(U,) < limsup (nal(T) + i(n +1—1) di(T)> (44)

T—o0
with 1
a(T) = 5 e, Re(a,,) (1) (45)
peEP
and )
di(T) := Ttgg§} Re(a, — ay ) 7, (1), i€{2,...,n}, (46)

cp

where the active times 7, are defined by (8), and also by

< J
h(U,) < max{a;, 0} + Z [nax, r;leagmax{Re(a ), 0} (47)
Z max maxmaX{Re(aj) 0} (48)
P <j<i peP
with
ay == limsup Y _ Re(ap)pp(t), (49)
t—o0 peEP

where the active rates py, are defined by (9).

Here the function a; is the maximal weighted average of the real parts of the eigenvalues in the first
scalar component, the functions d; are the maximal weighted averages of the differences between the real
parts of the eigenvalues in adjacent scalar components, and the constant a; is the asymptotic weighted
average of the real parts of the eigenvalues in the first scalar component. Hence the upper bounds (44),
(47), and (48) are independent of the off-diagonal entries b/ of the matrices U, in (43).

To prove Theorem 10, we first establish a formula for the solution to the switched triangular system
(43) and two upper bounds for its norm, which are also of independent interest (e.g., the upper bound
(53) is used to establish a stability result in Section 7); the proofs can be found in Appendices F and G.
Here we denote by ¢¥(z,t) the k-th scalar component of the solution &, (x, ).

Lemma 7. For every initial state x € R™ and k € {1,...,n}, the k-th scalar component of the solution
& (,t) to (43) satisfies

n -k
f (z, t) = e (t (.%‘k + Z (ZW(t,Ck)M)) .%‘l> Vt>0 (50)

I=k+1 i=1
with

=Y ayn(t), ie{l,...,n}, (51)

peP
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the sets A
Crii = {(co,...,ci) € Nt k=co<ey < <ci1<c =1} (52)
fortle{k+1,....n} andie{l,...,l—k}, and

t  ps1 si—1 b
) j=1

(coy--,Ci)ECk 1,4

Lemma 8. For every initial state x € R™, the solution &,(z,t) to (43) satisfies
o, )] < B3 (bagt 4+ 1) eZime SO ) Ve >0 (53)
i=1

and also

n
o, )l < Ry 437 (bagt + 1) s R ) yi>0 (54)
i=2
with by 1= Maxpep, 1<i<j<n |b;;j|, and 0y and d; defined by (51) and (46), respectively.
From Lemma 8 and the proof of Theorem 10 below, we will see that the terms related to the off-

diagonal entries b';l;j of the matrices U, in (43) are absorbed into the polynomials (byst + 1)"~!, and thus
do not appear in the bound (44).

Proof of Theorem 10. Following Lemma 8, for all initial states z, 2’ € K, the corresponding solutions to
(43) satisty

€5 (', t) = & (x, )] < eRelm Y~ ((bMt 1) im0 gt xi|) Vt>0
i=1

and also

60 (2", £) =& ()| < PO a4 37 ((bagt + 1) sz mer Dol ) v > 0,
i=2

Given a time horizon 7' > 0 and a radius ¢ > 0, following the definition (45) of @; and the fact that

bar > 0 and d;(t)t > 0 are increasing in ¢ for all ¢ € {2,...,n}, we obtain

o(2',t) = & (2, 1) < by T + 1) Le(a M+ (D) Typr _ 4 55
e (6 (a' 1) ~ & (x, >||_;(<M +1)e ; 2} — i) (55)

and also

n

e (1€ (&, 1) =& (@ 1) < € T faf ] 4 3 (bart 1) emesisssemasoer max{ieled). 01 g )
’ i=2

(56)
First, consider the grid G() defined by (15) with

0; = e (DT i) T /(b T +1)17Y), i€ {l,...,n},

and the corresponding hyperrectangles R(Z) defined by (16). Comparing (16) and (55) to (3), we see
that R(%) C By, (&,e,T) for all & € G(A). Then Lemma 2 implies that G(0) is (T, )-spanning and, as
all 0; are decreasing in T, the upper bound (18) yields

L — log(1/6;)
h(U,) < lim lim su E —_—
( ) T eNo T—)oop i1 T

. e L , n(n—Dlog(byT+1) . nlog(n/e)
= limsu E a1 (T) + E d:(T) | +limsu + lim lim sup ————~=
T%oop - < 1( ) =~ J( )> T%oop 2T eNo0 Tﬁoop T

= lim sup (n&l(T) + Z(n +1—1) CL‘(T)> )

T—o0 i—2
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where in the last step, we change the order of summation by grouping terms in the same scalar component.
Second, consider the grid G() defined by (15) with

0, :=e 1MTg/p

and ‘
0; 1= e~ MaX1<j<i MAXpep max{Re(a},), 0} Te/(n(bMT + 1)i71)7 ie {27 o ,n}’

and the corresponding hyperrectangles R(Z) defined by (16). Comparing (16) and (56) to (3), we see
that R(%) C By, (&,e,T) for all & € G(A). Then Lemma 2 implies that G(0) is (T, )-spanning and, as
all 0; are decreasing in T, the upper bound (18) yields

“ log(1/6;
h(U,) < lim lim sup log(1/6:)

N0 Tooo i T
n
= limsup a; (T Re(al), 0
1;11_)501?@1( )—&-glrél?églea%max{ e(a}), 0}
) n(in— 1) log(bpT+1) . . nlog(n/e)
1 o 1 1 3 9N /77
Hlimeup ST g £

= max{as, 0} + Z max, r;leagmaX{Re(a;), 0},
i=2 7=

where the last equality follows partially from (13) with a, = Re(a}) in (11) and (12). Hence (47) holds,
and (48) follows from the definition (49) of a; as

dy = lim sup Z Re(all,)pp(t) < max Re(azlj). O
t—o0 peEP
peEP
Based on the upper bounds (44), (47), and (48), we establish additional upper bounds for the entropy
h(U,) that are more conservative but require less information.
First, we construct an upper bound in terms of the entropy in the first scalar component and the en-
tropy differences between adjacent scalar components; the proof is along the lines of that of Proposition 7
and thus omitted here.

Proposition 11. The topological entropy of the switched triangular system (43) is upper-bounded by

h(Us) < nmax{ay, 0} + Y (n+1—i)max{d;, 0} (57)
1=2
with
d; := lim sup Z Re((JL;7 - a;_l)pp(t), i€{2,...,n} (58)
t—o0 pEP

and Gy defined by (49), where the active rates p, are defined by (9).

Here the constants czz are the asymptotic weighted averages of the differences between the real parts
of the eigenvalues in adjacent scalar components.

Second, we construct two upper bounds in terms of two entropy-related quantities of each individual
mode; the proof is along the lines of that of Proposition 8 and thus omitted here.

Proposition 12. The topological entropy of the switched triangular system (43) is upper-bounded by

h(Usy) < litn sup > h(U)py(t) (59)
— 00 pep
< lim sup > R (Up)pp(t) (60)

pEP
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with
hU,) == nmax{Re(all,), 0} + Z(n +1—4) max{Re(a; - a;_l), 0},
i (61)

W (U,) = max nmax{Re(\"), 0} + n+1—i)max{Re(\* = X\""1), 0
( p) ()\1,.‘.,)\n)ES(spec(Up))< { ( ) } 122;( ) { ( ) }

for p € P, where the active rates p, are defined by (9), and S(azlj, ..., ay) denotes the set of permutations
of{a;,...,az .

The upper bounds (47), (48), (57), (59), and (60) can be further relaxed to establish the following up-
per bounds for h(U,); the proof is partly along the lines of that of Corollary 5 and partly straightforward,
and thus omitted here.

Corollary 13. The topological entropy of the switched triangular system (43) is upper-bounded by

WUZ) <Y 1(U,)pp (62)
pEP

<> (Up)py (63)
peEP

with the asymptotic active rates p, defined by (10), by

h(Us) < max h(Up) (64)
< max rS(U,), (65)

where the quantities h(U,) and hS(U,) are defined by (61), and also by

h(U,) < pax max max{n Re(a}), 0} = I;lea%)\esr;leac}((ljp)max{n Re()), 0}. (66)

The relations between the upper bounds in Theorem 10, Propositions 11 and 12, and Corollary 13
are summarized in Fig. 3 and Remark 7, and illustrated numerically in Example 4.

(47) = (48) = (66)

P—

(64) = (65)

I

48 2 59) = (60)

ﬂ(A) ﬂ(B) ﬂ<c>

657) = (62) = (63)

=

Simultaneous change Simultaneous change
of basis needed of basis not needed

Fig. 3 Relations between the upper bounds (44), (47), (48), (57), (59), (60), (62), (63), (64), (65), and (66). The implications
(A), (B), and (C) become equivalences if all the active rates p, converge; the implication (D) becomes an equivalence if the
eigenvalues of all the system matrices Uy, satisfy 0 < Re(azl,) < -+ < Re(ap); the implication (E) becomes an equivalence
if both of these conditions hold. The relations between these upper bounds that are not specified in this diagram are
undetermined.
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Remark 7. 1. Unlike the upper bounds (44), (47), (48), (57), (59), (62), and (64), the upper bounds
(60), (63), (65), and (66) are independent of the order of eigenvalues (i.e., in which scalar compo-
nent each eigenvalue of the system matrices U, is), and thus can be computed for a switched linear
system with simultaneously triangularizable matrices without knowledge of a basis for simultaneous
triangularization.

2. For a fixed family of matrices {U), : p € P}, compared with the upper bound (44), the upper bounds
(47) and (57) depend only on the asymptotic weighted averages a; and d;; the upper bounds (59)
and (60) depend only on the asymptotic weighted averages of the entropy related quantites of each
individual mode h(U,) and h%(U,); the upper bounds (62) and (63) depend only on the asymptotic
active rates p,; the upper bounds (48), (64), (65), and (66) are independent of switching.

3. The upper bound (57) and (59) are both useful in the sense that neither is more conservative than
the other; this is also true for the upper bounds (62) and (64). The same conclusion holds if the
corresponding relaxed upper bounds (60), (63), and (65) are taken into consideration. Moreover, the
same conclusion holds between the upper bounds (44) and (66), between the upper bounds (47) and
(63), and between the upper bounds (47) and (64).

Example 4. Counsider the index set P = {1, 2}, the switching signals 0q, o1, and o2 defined in Example 2,
and the upper-triangular matrices
—-11 31
il =04

The upper bounds for A(Uy,), h(Us, ), and h(U,,) computed using (44), (47), (48), (57), (59), (62), (64),
and (66), as well as the general upper and lower bounds (24) and (25), are summarized in Table 3. For
the case with o3, the computation using (47), (57), (59), (24), and (25) is along the lines of computing
h(as,) in Example 2; see Appendix H for the computation using (44).

Table 3 Entropy bounds for the switched triangular systems in Example 4.

(p1,p2)  (44) (47) (48) (57) (39) (62) (64) (66) (24) (25)
oo (1,0) 3 3 6 3 3 3 6 6 4 1
o1 (05,05) 2 4 6 2 4 4 6 6 6 1.5
oy (0.9,0.9) 546 56 6 75 57 81 6 6 76 1.9

7 Entropy and stability

In this section, we present stability conditions inspired by the upper bounds for topological entropy
above. Suppose that the origin is a common equilibrium for all modes of the switched system (2), that
is, fp(0) = 0 for all p € P. The switched system (2) with switching signal o is (Lyapunov) stable if
for each € > 0, there exists a § > 0 such that for every initial state € R"™ satisfying ||z| < 4, the
corresponding solution satisfy ||€,(x,t)|| < e for all t > 0; it is globally exponentially stable (GES) if there
exist constants ¢,k > 0 such that for all x € R™,

1€ (z, )| < ce™ |z VE>0.

Clearly, stability implies that the entropy h(f,, K) = 0 for a small enough initial set K, and GES implies
h(fs, K) =0 for all initial sets K.

For the general switched linear system (14), both stability and GES imply h(A,) = 0. However, it
is possible that h(A,) = 0 while (2) is unstable (with the uncertainty about the state growing subexpo-
nentially); for example, the LTI system (20)—which can be viewed as a switched system with a constant

switching signal—with
01
+=[on

is unstable and yet h(A) = 0 following (21). The upper bound (24) in Theorem 3 shows that the entropy
h(A,) can be upper-bounded in terms of the asymptotic weighted average of the matrix measures p(A4,),
which can also be used to establish GES.



20 G. Yang et al.

Proposition 14. The switched linear system (14) is GES provided that the asymptotic weighted average
of the matriz measures u(A,) defined by (22) satisfies

lim sup Z w(A <0. (67)

t—o0 peP

Proposition 14 implies that (14) is GES under arbitrary switching if the matrices measures p(A,) are
all negative.

Corollary 15. The switched linear system (14) is GES for all switching signals o provided that the
matriz measures defined by (22) satisfy p(Ap) <0 for allp € P.

Proof of Proposition 14. Following (67), there exists a constant x > 0 such that

K< -5 hm sup Z »)Pp(1).

t—o0 peEP
Then the limit supremum in (67) implies that there is a large enough 7T,; > 0 such that

Zu <H—|—hmsupz p)Pp(s) < —K Vit > T,.

pEP 570 pep

Hence for every initial state 2 € R™, Lemma 4 implies that the solution to (14) satisfies
€5 (@, 0)]| < erer HADT O jz|| < e g V> T

Moreover, we have

€0 (2, )| < eXver HADT O ||z || < eimt ||| < em@xum O x|z Vit € [0,T]
with the constant pi,, := max,ep (Ap). Therefore,
€ (2,0 < et OO T Rt vz,
that is, (14) is GES. O

Similar to Proposition 14, the asymptotic weighted averages used in the upper bounds for topological
entropy in Corollary 4 and Propositions 7 and 11 can also be used to establish GES for the corresponding
switched linear systems generated by matrices with commutation relations.

Corollary 16. The switched scalar system (27) is GES provided that the asymptotic weighted average
a defined by (11) satisfies a < 0.

Proposition 17. The switched commuting system (33) is GES provided that a; defined by (39) satisfy
a; <0 forallie{l,...,n}.

Proposition 17 implies that the switched commuting system (33) is GES for all switching signals o if
the diagonal matrices D, are all Hurwitz; thus it generalizes the well-known result that a switched linear
system generated by a finite family of pairwise commuting Hurwitz matrices is GES under arbitrary
switching (see, e.g., [26, Th. 2.5, p. 31]). In particular, it is possible that all @; < 0 while none of D,, is
Hurwitz.

Proof of Proposition 17. The proof is established by combining Lemma 6 with similar arguments to those
in the proof of Proposition 14. For every initial state z € R™, as {D,, N,, : p € P} is a commuting family,
the solution to (33) satisfies

1€, (2, 8)]| = Hezpep(Dl,-'er)Tp(t)mH _ Hezpep Npp(8) o Eperp Dpfp(t)xH V> 0.

As a; <0 forallie {1,...,n}, there exists a constant x > 0 such that k < —a;/3 for all i € {1,...,n}.
Then the limit suprema in (39) imply that there is a large enough T,; > 0 such that

> Re(al)pp(t) < @i+ k< —26  Vt>T.Vie{l,...,n}
peP
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Hence Lemma 6 with § = k and v = eXver Pr7o(t) g, implies that there is a constant ¢, > 0 such that

€0 (2, )| < cre™

2
eZver Dpfpu)zH = cpett max eXwer Re(a) To(t)||
1<i<n

< ¢, max e("FTper R0 M)t 5| < ¢, 0| Vi >T,,
1<i<n

where the equality follows from the fact that D, are diagonal. Moreover, we have
€ (@, )| < enelmt || < elmextam OEO Tz Vi€ [0,T,]
with the constant a,, := maxpep, 1<i<n Re(al). Therefore,
€0 (@, )] < coelmasom 20Tt i >0,
that is, (33) is GES. O
Proposition 18. The switcl}ed triangular system (43) is GES provided that a1 and d; defined by (49)
and (58) satisfy a1 <0 and d; <0 for alli € {2,...,n}.

Proof. The proof is established by combining Lemma 1 and the upper bound (53) in Lemma 8 with
similar arguments to those in the proof of Proposition 14. As a; < 0, there exists a constant x > 0 such
that kK < —a1/(n+2). Then the limit supremum in (49) implies that there is a large enough T}, > 0 such
that

ZRe(a;)pp(t) <@r+r<—-(n+1)k Vi>Tr.

pEP

Also, following (13) with a, = Re(a}, —a}~') in (11) and (12) for i € {2,...,n}, the maximal weighted
averages d; defined by (46) satisfy

limsup d;(t) = max{cii, 0}=0 Vie{2,...,n},

t—o00

in which the limit suprema imply that there is a large enough 7/ > 0 such that
di(t) <k  Yt>T!Vie{2,...,n}.
Finally, there is a large enough T, > max{T., T/} such that
(bprt + 1)1 < et YVt >T,.

Hence for every initial state x € R™, Lemma 8, together with the definition (51) of 71, implies that the
solution to (43) satisfies

(D)) < eZoer RO F7 ((bagt 1)1 Eie b O] )
=1

< (bMt + 1)n_1e(zp677 Re(a;,)/)p(t)-‘rz;t:z c?j(t))tz |xl| < ne—)—ctHxH Vit > Ty
=1

Moreover, we have
n
€ (@, )l < (bart + 1) el Eia ) U™ ] < by T+ 1)t e(me{on, O+ iy maxtaie O Ti
=1

for all t € [0,T,] with the constants a,, := max,ep Re(ay) and di, := max,ep Re(a), — al™") for i €
{2,...,n}. Therefore,

Hfa(x, t)” < Tl(bMTk + 1)n716(max{ain,0}+2;’:2 max{dZn,O}Jrn) T“€7Kt||xH Yt >0,

that is, (43) is GES. O
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Remark 8. Aside from the proofs above, Propositions 14, 17, and 18 can also be established using the
destabilizing-perturbation method proposed in [44]. More specifically, they can be proved by combining
the corresponding upper bounds (24), (38), and (57) with [44, Th. 5.1], respectively. The proofs presented
here are more direct, whereas the results in [44] lead to additional upper bounds for topological entropy
and additional stability conditions, such as those for the case with general matrices and slow switching.
In particular, Proposition 18 does not generalize the standard result that a switched linear system
generated by upper-triangular Hurwitz matrices is GES under arbitrary switching, which is achieved in
[44, Cor. 5.3]. Alternatively, this standard result can be proved by combining the upper bound (54) in
Lemma 8 with similar arguments to those in the proof of Proposition 18, or by combining the upper
bound (66) with [44, Th. 5.1].

8 Conclusion

In this paper, we studied a notion of topological entropy for switched systems. For general switched linear
systems, we proved that the topological entropy is independent of the set of initial states, and constructed
upper and lower bounds in terms of the measures and the traces of system matrices of individual modes,
respectively. For switched linear systems with scalar-valued state and those with pairwise commuting
matrices, we established formulae for the topological entropy in terms of the eigenvalues of systems
matrices of individual modes. For the more general case with simultaneously triangularizable matrices,
we constructed upper bounds for the topological entropy that only depend on the eigenvalues, their
order in a simultaneous triangularization, and the active time of each individual mode. In each case
above, we also established upper bounds that are more conservative but require less information on
the system matrices or on the switching. Furthermore, we presented stability conditions inspired by the
upper bounds for topological entropy.

The notion of topological entropy proposed in this paper depends on the switching signal. For switched
systems with an uncertain switching signal, a different entropy notion is needed to capture the additional
uncertainty about the trajectory and to quantify the extra information needed for stabilization. Sufficient
data rates for feedback stabilization of switched linear systems were established in [27, 42]. A similar
data-rate bound for state estimation was formulated in [39]. These data-rate bounds should be upper
bounds for the entropy notion to be defined.

Another topic for future research is to reconcile the switching characterizations for entropy compu-
tation and for control design. More specifically, the entropy computation in this paper is based on the
notion of active time (i.e., the accumulated time in which an individual mode is active). Such a quan-
tity is rarely seen in the literature of switched control systems, and incorporating it into the control
design procedure may lead to more precise data-rate bounds. Some preliminary results on entropy-based
stability conditions can be found in [44].
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A Proof of Lemma 1

As a direct consequence of the definition (12), the maximal weighted average a satisfies

a(T) zmax{jljz:apr(T)7 O} :max{ Zappp(T), O} VT >0,

pEP peP

and thus limsupy_, . a(T) > max{a, 0}.
It remains to prove that the reverse inequality holds as well. The definition (11) of the asymptotic
weighted average @ implies that for each § > 0, there is a large enough Ty > 0 such that Y 5 a,pp(t) <
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a+¢ for all t > T5. For a T > Ty, let

t*(T) := arg max Z apTp(t
te[0,T] peP

Then ) 5 a,7,(t*(T)) > 0. If t*(T') €

= % Z apTp(t*(T

pEP

(T3, T], then

E apTp(t

pEP

peP

Otherwise t*(T") € [0, T}], and thus

amt*(T)

max{a,,0} T}

= =Y () < ) <

pEP

T

with the constant a, := max,cp a,. Combining the two cases above yields

a(T) < max{a + 6, max{a,,, 0} T5/T}

Hence
a(T) < max{a, 0} +¢

As § > 0 is arbitrary, we have limsupy_, ., a(T") < max{a, 0}.

B Proof of Lemma 2

1. As R(2) C Ba,(#,e,T) for all & € G(0),

K= |J R@)

zeG(9)

we have

2€G(0)

U Ba,(

VT > T}

VT > Ty := max{Ts, max{a,,, 0} T5/d}.

Z,e,T).

Then (4) implies that the grid G(0) is (T, ¢)-spanning, and thus

log S(As,e, T, K) <log|G(0)| = znzlog(QLl/GiJ +1) < znzlog@/ﬁ,; +1).

i=1 i=1
Consequently, the definition of entropy (5) implies
- log(2/6; +1) og 1/9 ) log(2 + 6;)
h(Ay) < lim limsu _— = hm lim su —_— 4 hm lim su _—
(4e) < fg o 3 P07 D3 O

T—o0 i—1

where the last term equals 0 if (17) holds.
2. For all distinct points #,2" € G(6)

i=1

0), as &' ¢ R(Z) and By, (&,e,T) C R(&), we have &' ¢ Ba,_(&,e,T).

Then (6) implies that the grid G(6) is (T, ¢)-separated, and thus

log N(Ag,¢e,T, K) > log |G(0

)= Z log (2
Consequently, the definition of entropy (5) implies

log(max{2/6; —

1,1})

h(Ay) > hm hmsupz

T—o0 i—1

= hm lim sup Z

T—o0 i=1

T

log 1/9)

where the last term equals 0 if (17) holds.

+ hm lim sup Z

T—o0

11/6;] +1) > Zlog max{2/0; — 1, 1}).

=1

log(max{2 — 6;, 6;})
T )
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C Proof of Corollary 5

First, the definition (11) of 4 and the subadditivity of limit suprema imply

a< g lim sup appp(t) < E max{a,, 0} limsup p,(t) = g h(ap)pp;
t—o0 t—o0
peP peEP peP

which, combined with (28), implies the upper bound (29). For the case where the limits lim;_, o pp(t)
exist and a, > 0 for all p € P, the inequalities in the derivation above becomes equalities due to the
additivity of limits and max{a,, 0} = a,. Second, the definition (11) of & implies

a <limsu max a t) = max a, < max h(a
< tﬂQQP(pe% p)I;)pp() p67§ pfpe% (P)v

which, combined with (28), implies the upper bound (30).

D Proof of Lemma 6

First, we establish the upper bound in (36). For each p € P, as N, is nilpotent, there is a positive integer

kp such that N;f P =0.Let ks := > kp, which is finite as the index set P is finite. Define the weighted
average matrix over [0, ] by

pEP
N(t) =Y Nppp(t) € C**".
peP

For all t > 0, as {N, : p € P} is a commuting family, we have (N(t))ks = 0. Also, [|[N(#)| < nar :=
maxpep || Vp||. Hence for all v € C™, we have

ks—1 ks—1 ks—1
d (N(t))ktk d ,r]k tk i 6ktk
1™ ]| = H( Yo = A el <es| Y = Jlvl < ese™flol - ve>0
k=0

k=0 k=0

with ¢5 1= max{(nas/8)*~1, 1} > 0.
Second, we establish the lower bound in (36). As ||—N(t)|| = ||N(¢)|| < nar for all £ > 0, the proof
above also implies that for all v € C™, we have

—N(t)t N(t 6t||eN(t)t

lv]| = ||e )tUH < cse UH7

that is, [|eN® t|| > c5'e™%||v|| for all t > 0.

E Computation of h(D,,) using (34) in Example 3

Recall from footnote 2 that o = 1 on [tog, tor+1) and o = 2 on [tag41, tag+2), where to = 0, t; = 1, and
tp = 951 4 95=2 for all k > 2. Hence

{Tl(t) =1 — 0.9, T2(t) =0.9ty, t € [tor, baks1), (68)

T1(t) = 0.9t9p 41, 7T2(t) =t — 092,41, t € [tar+1, tont2),
and thus

a%ﬁ (t) + asma(t) = 3ma(t) — 7o (t)

3t — 3.6tak41, tE [toks1,tont2)

2t — 2.Ttog, t € [tak, tak+1),

2 2
a3 (t) + asma(t) = 271 (t) — 72 (t)
! ? 2.Ttop1 —t, t € [tops1, tont2)-

{3.6t2k —t, t € [tor, takt1),
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Then a@; and ay in (34) satisfy

1 2.6t91 /T, T € |tog,t 8tor/3),
a1(T) = — max al7i(t) + aim(t) = 2/ [t21> tak 41 + Bla/3)
T tefo,T] 3 — 3.6t2k+1/T, T e [t2k+1 + 8t2k/3, t21€+2)
1 1. 7topsr /T, T € [tops, Atorir),
a2(T) = — max a 1 (t) + aima(t) = 241/ [Fa+1, tant2 + Atoksa)
T tefo,T] 2 — 2.7t2k+2/T, T e [t2k+2 + 4tok+1, t2k+3).
Hence
17.9to1 /T, T € [topt1,tars1 + Star/3),
a1(T) + (T = 3= 19tk 41 /T, T € [tag41 + 8tar/3, tar2),
1 2(T') =
25.1top41/T, T € [tok+2, o2 + dtogt1),
2 — 0.1topq2/T, T € [tons2 + dtopt1, torts)-
Therefore,

h(Dgy,) =limsup a1 (T) + a2(T) = max{1.99, 2.79} = 2.79.

T—o0

F Proof of Lemma 7

We regard (43) as a family of scalar differential equations (recall that here ¢¥ denotes the k-th scalar
component of &,):

R
£ = ax&y + 00 + - 2y,

Gt =aplgT g,

£ = gy,
and prove Lemma 7 by mathematical induction. For brevity, let
wi,j(t) = bigt)enj(t)_m(t), i, ] € {1,...7’[1}.
Then ¥ in (50) can be written as

U (t,Cryui) = Z ./Ot /051' "/OSil lf[ (T/ch,l,cj (Sj)de)- (69)

(coy--,Ci)ECk 1,4

F.1 The basis of induction

n

7, the state-transition function is defined by

For the n-th scalar differential equation £? = a”¢
On(t,s) = e ()= (s) t>s>0.

Hence the n-th scalar component of &, (z,t) satisfies £ (z,t) = ™"z, that is, (50) holds for k = n.
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F.2 The inductive step

For an arbitrary m € {1,...,n— 1}, suppose that &¥(z,t) satisfy (50) for all k € {m +1,...,n}. For the
m-th differential equation

n
: k ok
& =ager + Y b,
k=m+1
the state-transition function is defined by

Pt s) = eMmB=mm(s) t>s>0.

By variation of constants, the m-th scalar component of &, (x,t) satisfies

& (, t)—e”m(t)<x + Z / ~Nm gl)l)7”k)§ (z, 51)d51>

k=m+1
n
_ eﬁm(t) (:L’ + Z / 'LZJm k 81 <(Ek + Z Z{Elw sl,Ck 1,i > d81>
k=m+1 l=k+1 i=1
n n
=¢m® (xm + Z Ty %Dmk s1)ds; + Z Z Zﬂvl %Dmk (s1)¥ (51ack,l,i)d51>~
k=m+1 k=m+1Il=k+1 i=1

Based on the definition (52) of Cy;; and the formula (69) of ¥, we have
¢
VYm,k(s1) ds1 = ¥(t,Cn k1)
0

and

t
/0 Ym k(51)¥(81,Ch 1) ds1 = > / / / Vi (51) (T/JCJ,hcj (s7)ds;) ds:

(c1seesCit1)€CK 14

_ / / /ﬁ (Ve 1e;(55) ds;)

(cosernsCigi G{m}xckz

= W(t, {m} X Ck,l,i)-

Changing the order of summation, we obtain

n n l—k n -1 I-k

SN S ww(t {m} x Cru) = W (t, {m} x Cr,4)
k=m+1Il=k+1 i=1 l=m+2 k=m+1 1=1
n l—m l—i 41

= oW (t,{m} x Ci1,ir—1),

where in the last step we also let i’ = i + 1. Next, we prove that the family of sets {{m} x C1_1: k =
m+1,...,1—4 + 1} forms a partition of CmJ,iI.

— For all (cy,...,cir) ECk1 Lir—1 and (cf,...,¢) € Cry1i—1 With ky # ke, as ¢1 = k1 # ko = ¢}, we have
(c1,...,¢) # (¢4, ..., ¢). Hence the sets in {{m} X Cryi—1:k=m+1,...,1 —i' + 1} are pairwise
disjoint.

— For all (¢1,...,¢y) € Cppi—1,a8 c1 =k >m+1and ¢y =1, we have (m,c1,...,¢;) € Cpy 1. Hence

ig_:zn;:l{m} Xcklz’fl Ccmlz

— For all (cp,...,¢}) €Cpmyi,ascr >co+l=m+landec; <cy— (' —1)=1—-1+1, we have k := 4

satisfies m+1 < k <l—i'+1and (co,...,c;) € {m} xCp 1. Hence Cpy 1,ir C Uﬁc:zm_ﬁl{m} XCl 1i/—1-
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Therefore,
n l—m 1—i'+1

Z Z Z ¥ (t, {m} x Cg,1,ir—1) Z Zxﬂtcm“ )

l=m+2i{=2k=m+1 l=m+21i=2

Combining the results above, we obtain

l—m
&Mz, t) = em (1) <x + Z lew (t Cm“)>

l=m+1 i=1

that is, (50) holds for k = m. Therefore, mathematical induction implies that (50) holds for all k €
{1,...,n}.
G Proof of Lemma 8

For every k € {1,...,n}, following the formula (50) and the triangle inequality, the k-th scalar component
of £, (x,t) satisfies

€5 (2, )] < e | 4 Z (ZGR‘S("’“ Nt C!m)l)ivz-

l=k+1 i=1

First, following the definitions (46) of d; and (51) of 17;, we have

Re(ni(t)) < Re(ni_1(t)) + di(t)t Yt >0,Yie{2,...,n}.

|W(tack,l,i)| < / / / H Re( 770 (sj)— Nej_ 1(85)) ds. )

Hence

(cose--sci) ECkz

T (T
, s;€[0,T]

(co,--,Ci)ECk 1,4 j=1

_ Z bhtiezézl de, (1)t

(co,yeesci)ECR 1,0
< Z bgwtieZ;:k-%—l d;(t) t7
(coyees¢i) ECR 1,
where the last inequality follows partially from the definition (52) of the sets Cy;,;. As b%,t' and

Z;:kﬂ d;j(t)t are independent of the choice of (cg,...,¢;) € Cp,,; and the latter is also independent
of the choice of ¢ € {1,...,1 — k}, and the set Cy;; can be characterized by the combinations of ¢ — 1
increasing integers from k + 1 to [ — 1, we have

I—k -k
Z RO\ (¢ ¢y )| < (Z |Ck,l,i|bz}wti> eRe(mk (D) +5kpr di (1) t

=1 i=1
- k-1 ]
= (Z ( _ o )bﬁ\/[tl> eRe(Uk(t))-‘rEé:kJrl dj(t)t (bMt + 1>l k Re(nk(t))—i-ZJ Bt (t)t
i=1 i—1
where the last inequality follows partially from the binomial formula. Hence

n
6h(a, )] < By £ D7 ((bart + 1) TFROHO e h O )
I=k+1

< eRe(mk (1)) Z ((bMt + 1)1*7“62;:“1 d;(t) t‘xl‘).
=k
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Note that the upper bound for |¢%(x,t)| above is decreasing in k. Indeed, the upper bound for [€571(x, t)|
satisfies

n

e(ms-1(8)) Z (bMt+1l k135 (t)t|$l|)
l=k—-1

> eRe(me—1(t)+dx(t) t Z ((bMt + 1)1—16625-:;”1 Jj(t)t|ml|)
=k

> efeln (1) §° ((bMt 1) ke ek Jj<t>t|xl|),

=k

Hence we obtain (53) by taking the upper bound for [£}(x,t)| (recall that we take ||-|| to be the co-norm;
see Remark 1).
Second, recall cg = k and ¢; = [, and let sg := ¢ and

o= R ie{1,...,n}.
Gy = 02X e(a ) ie{ n}

Following the definition (51) of n;, we have

Re(n;(t) — mi(r)) = > _ Re(a}, —7(r) <al,(t—7) Yt>7>0Vie{l,...,n}.
peEP
Hence
R D) (¢, Cp )| < / / (R, (s >>H (R0 (55 ney_1 (50 )
(Co ..... Cl GCH j=1
< ¥ zM/O/ T gatts: H( af;r%sw—sj)dsj)
(Coymeey ¢;)ECK,1,i 0 0 j

IN

T bemmsaiis ( / / Hdsj>

(coy-,¢i)ECK 1,
< S ptlemmemant
< )
(coy-5€i)ECK 1,

where the last inequality follows partially from the definition (52) of the sets Cj;,;. As b%,t' and
maxg<;<j a{nt are independent of the choice of (co,...,¢;) € Cry,; and the latter is also independent
of the choice of i € {1,...,l — k}, and the set Ci;; can be characterized by the combinations of ¢ — 1
increasing integers from k + 1 to [ — 1, we have

l—k -k
> et ey )| < (Z |Ck,z7i|b§\4ti> ARSI Gt
i=1 i=1
-k
_ (Z (l-k;l) ﬁwti>€maxk§jslaint S (bMt+ )l k maxk<7<la t
7 —
=1

where the last inequality follows partially from the binomial formula. Hence

n

|§§(a:,t)\ < eRe(mc(t))|gck| + Z ((bMt—l- 1)k mmx;c<7<1amt|xl|)
I=k+1
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Note that the upper bound for |¢%(x,t)| above is decreasing in k. Indeed, the upper bound for [€571(x, t)|
satisfies
Xy |)

n
eRe(nkfl(t)) |"Ek71| + Z ((bMt + 1)l—k+lemaxk,1§j§1 al t
=k

n

> et oy + 3 ((bart+ 1) Fem ety
I=k+1
n

> €Re(nk(t))|$k| + Z ((bMt—f— 1)l—kemaxkgj§la{nt
I=k+1

xl|).

Hence we obtain (54) by taking the upper bound for |£1(z,t)| (recall that we take | - || to be the co-norm;
see Remark 1).

H Computation of an upper bound for h(U,,) using (44) in Example 4

Following (68) in Appendix E, we have

3.6ta; — t, t € |tog, tok+1),
a%ﬁ(t) + G%TQ(t) = 3'7'2(t) - Tl(t) = [ N )

3t — 3.6top1, tE [tops1,tonyi2)

3t — 6.3tog, te [tzk, t2k+1)7

(a2 - al) 71(t) + (a2 - al) To(t) = 371(t) — 4d7a(t) =
v 2 6.3top 1 —4t, t € [tops1,torsa).

Then a@; and dy in (44) satisfy

1 2.6tor /T T € [top, t 8tor/3);
a1 (T) = = max alm(t) + alm(t) = 2%/ € tar, facr1 + 8tar/3);
T tefo,1) 3 —3.6tak+1/T, T € [tary1 + 8tax/3,tak12)
- 1 2.3t T Tet 2t 5t 3);
B(T) = 7. max (af —al) (1) + (a3 — a)mo() = { 22T T et Bara + Slai [3)
T telo, T 3 — 6.3t2k+2/T, T e [2t2k+2 + 5t2k+1/3, t2k+3).
Hence
25.9t0 /T, T € [tokt1,tar+1 + 8tar/3);
_ 6 — 4.9t 11 /T, T € [topsr + Star /3, torio):
2a1(T) + do(T) = 2h+1/ [tor+1 2k/3: tar+2)
49.1top41/T, T € [tokt2, 2tokt2 + Stor41/3);
3— 1.1t2k+2/T, T e [t2k+2 + 5t2k+1/3, t2k+3).
Therefore, ~
h(Us,) = limsup 2a1(T) + d2(T) = max{2.88, 5.46} = 5.46.
T—o00
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