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Abstract— This paper addresses the computation of theL2-
induced gain for switched linear systems. The main contribution
of the paper is to completely characterize the induced gain of a
switched system though a differential inequalities on afinitely
parametrized common storage function, one for each system
being switched. The motivation for computing the induced gain
of a switched system is the application of robust stability tools
to the analysis of hybrid systems.

I. I NTRODUCTION

Hybrid dynamical systems whose behavior can be de-
scribed using a mixture of event-based logic and differen-
tial or difference equations have been attracting significant
interest. This is motivated by the observation that a wide va-
riety of artificial/man-made and physical systems/processes
are naturally modeled in a hybrid dynamical framework.
Switched systems typically arise in the context of hybrid dy-
namical systems when it is possible to describe the behavior
in each mode through a differential or difference equation
and the event-based transitions as discontinuous switchings.

The stability of switched system has been extensively
studied and several key results can be found in the survey
papers [1], [2], [3] and references therein. Among these
result, the ones in [4], [5] are especially relevant for the
present paper. In these papers, it was proved that the exis-
tence of acommonsolution to a set of Lyapunov inequalities,
one for each linear system being switched, isequivalentto
the uniform asymptotic stability of the switched system for
arbitrary switching signals. In this context,uniformity refers
to the fact that asymptotic stability is guaranteed over an
entire set of switching signals, which in the context of [4],
[5] contains every switching signal with a finite number of
discontinuities on every finite time interval. In [4], it wasalso
proved that a common Lyapunov function actually admits
a finite parametrization, and this fact was used to derive a
finite dimensional algebraic criterion for uniform asymptotic
stability of switched systems.

The input-output properties of dynamical systems, espe-
cially L2-induced gains are fundamental tools for robust
control theories in linear [6], [7], and nonlinear [8] settings,
particularly in H∞ control problems [9]. In spite of their
important roles, the progress on the study of input-output
properties for switched systems has been difficult [10]. Non-
conservative necessary and sufficient conditions that can be
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used to establish the value of the induced gain have been only
available for special switched systems. A separation prop-
erty between all the stabilizing and all the anti-stabilizing
solutions to a set of algebraic Riccati equations of the
systems being switched provides a complete solution to the
induced gain analysis in the case ofslow-switchingsignals,
where slow-switching refers to the limit as the intervals
between consecutive switchings grows to infinity [11]. The
variational approaches in [12] also provide a complete and
non-conservative characterization of the induced gain for
single-input single-output first-order systems. In a recent
paper [13], a complete characterization of the induced gain
for general switched linear systems was proposed, where it
was proved that the existence of acommonstorage function
that is a solution to a set of Hamilton-Jacobi inequalities,
one for each system being switched, isequivalentfor the
L2-induced gain of a switched linear system to lie below a
prescribed value.

This paper further pursues non-conservative necessary
and sufficient conditions for an induced gain estimate of
a switched system. The main result shows that a common
storage function that establishes both uniform asymptotic
stability and a non-conservative induced gain estimate over
the class of every piecewise constant switching signal, in fact,
admits afinite parametrization. This result also allows us to
derive finite dimensional algebraic criteria for an induced
gain estimate.

The remainder of the paper is organized as follows:
Section II describes the problem which will be considered
here, and some required preliminary results are summarized.
The main results are presented in Section III. The proofs
of the main results are presented in Section IV. Section V
contains some concluding remarks. Due to space limitations,
the proofs of all lemmas are omitted, but they can be found
in [14].

II. PROBLEM DESCRIPTIONS AND

PRELIMINARY RESULTS

This section formulates the problem that is considered
here. Required preliminary results which derived in [13] are
summarized in Section II-D.

A. Switched Systems

The switched systems under consideration are represented
by equations of the form

ẋ = Asx + Bsu y = Csx + Dsu (1a)



where s : [ 0,∞ ) → P denotes a piecewise con-
stant switching signal that selects appropriate quadruples
(Ap, Bp, Cp, Dp) from a parametrized family

{(Ap, Bp, Cp, Dp)| p ∈ P} (1b)

of n-dimensional,m-input,k-output state space realizations,
whereP denotes an index set, and, throughout the paper, the
set of matrices in (1b) is assumed to be compact.

The set of all piecewise constant switching signals is
denoted byS = {s : [ 0,∞ ) → P} and, by a piecewise
constant signal, we mean a signal that exhibits a finite
number of discontinuities on every bounded time interval
and that is constant between consecutive discontinuities.By
convention, each piecewise constant signals is assumed to
be continuous from above1.

A function x : [ 0,∞ ) → R
n is said a solution to (1) if it

is continuous and piecewise continuously differentiable and
there exists a switching signals ∈ S and an input signal2 u ∈
Lm

2 such that the time-varying differential equationẋ(t) =
As(t)x(t) + Bs(t)u(t) holds almost everywhere ont ≥ 0.

B. Stability and Induced Gains

Our main interest is to determine the induced gain of the
switched systems (1), but to proceed we need to introduce
appropriate stability definitions.

Definition 1: Let S′ ⊂ S. The system (1) is said to
be uniformly asymptotically stable overS′ if there exists a
functionβ of classKL such that3 ‖x(t)‖ ≤ β(‖x(0)‖, t) for
all t ≥ 0, all s ∈ S′ and allx(0) ∈ R

n, wherex(t) denotes
the solution to (1) obtained for the switching signals, zero
input signalu, and initial conditionx(0).

Definition 2: Let S′ ⊂ S. The system (1) is said to
be (uniformly) exponentially stable overS′ if there exist
constantsa > 0 and λ > 0 such that the functionβ in
Definition 1 can be chosen of the formβ(r, t) = ae−λtr for
all r ≥ 0 and all t ≥ 0.

We now state the following definitions of induced gains.
Definition 3: Let S′ ⊂ S and γ > 0. The system (1) is

said to have anL2-induced gain smaller than or equal toγ
uniformly overS′ if

∫ t

0

‖y(τ)‖2dτ ≤ γ2

∫ t

0

‖u(τ)‖2dτ (2)

for all t ≥ 0, all s ∈ S′ and allu ∈ Lm
2 , wherey(τ) denotes

the output of (1) obtained for the switching signals, input
signalu, and zero initial condition.

Definition 4: Let S′ ⊂ S and γ > 0. The system (1)
is said to have anL2-induced gain strictly smaller thanγ
uniformly over S′ if the system has anL2-induced gain
smaller than or equal to someγ′ < γ uniformly overS′.

1For anyt ≥ 0, the limit from above ofs(τ) asτ ↓ t is equal tos(t).
2We denote byLm

2
the set of square integrable functions with values on

R
m defined on[ 0,∞ ).
3A function α : [0,∞) → [0,∞) is said to be of classK, and we write

α ∈ K, if α is continuous, strictly increasing andα(0) = 0. A function
β : [ 0,∞ )× [ 0,∞ ) → [ 0,∞ ) is said to be of classKL, and we write
β ∈ KL, if β(·, t) is of classK for each fixedt ≥ 0 andβ(r, t) decreases
to 0 as t → ∞ for each fixedr ≥ 0.

Because of causality of the system dynamics [15], having
an induced gain smaller than or equal to a given constant
γ > 0 uniformly overS′ ⊂ S is equivalent to

sup
s∈S′

sup
u∈Lm

2

lim
t→∞

∫ t

0

‖y(τ)‖2−γ2‖u(τ)‖2dτ ≤ 0 (3)

where y(τ) denotes the output of (1) obtained for the
switching signals, input signalu, and zero initial condition.
For a givenS′ ⊂ S, we denote byγS′ the exactL2-induced
gain of a switched system (1):

γS′ = inf{γ > 0| (2) holds for allt ≥ 0, all s ∈ S′

and allu ∈ Lm
2 }

= inf{γ > 0| (3) holds}

Our goal is to provide non-conservative conditions on the
realizations in (1b) that guarantee the system has anL2-
induced gain smaller than (or equal to) a given constantγ >
0.

C. Switching Signal Classes

All classes of switching signals considered here are subsets
of the classS of every piecewise constant switching signal.
We state a few important regularity properties of switching
signal classes. For a given subsetS′ of S and for constants
b > a ≥ 0, possibly withb = ∞, we denote byS ′[ a, b )
the set of restrictions of all switching signalss ∈ S′ to the
interval [ a, b ). Similarly, Lm

2 [ a, b ) denotes a restriction of
Lm

2 .
Let S′ ⊂ S andt > 0. Using the set of restricted switching

signal signalsS′[t,∞), we can define a new set of switching
signals defined on the whole time interval bytS′[ t,∞ ) =
{σ| σ(ρ) = µ(ρ + t), µ ∈ S′[ t,∞ ), ρ ≥ 0}. The switching
signal classS′ is said to beshift-invariant if S′ = tS′[ t,∞ )
for all t > 0.

Let S′ ⊂ S andt > 0. Suppose thatσ ∈ S′[ 0, t ) andµ ∈
S′[t,∞). We define a switching signalσ⊕µ by (σ⊕µ)(τ) =
σ(τ) for τ ∈ [0, τ ) and(σ⊕µ)(τ) = µ(τ) for t ∈ [τ,∞), and
also defineS′[0, t)

⊕

S′[t,∞) = {σ⊕µ| σ ∈ S′[0, t), µ ∈
S′[t,∞)}. The switching signal classS′ is said to beclosed
under concatenationif S′ = S′[ 0, t )

⊕S′[ t,∞ ) for all
t > 0.

We now state the following definition.
Definition 5: Let S′ ⊂ S. The switching signal classS′

said to beregular if

1) For everyp ∈ P , the constant switching signalsp(t) =
p(= constant) belongs toS′.

2) The switching signal classS′ is shift-invariant.
3) The switching signal classS′ is closed under concate-

nation.
The classS of every piecewise constant switching signal

is regular, and examples of other regular and non-regular
switching signal classes can be found in [14]. Our main
results will be provided for regular switching signal classes.



D. Preliminary Results

Necessary and sufficient conditions for a switched system
to be (uniformly) exponentially stable and admit an induced
gain strictly smaller than a given constantγ > 0 uniformly
over a regular switching signal classS′ ⊂ S were provided
in [13], which can be summarized as in the following
proposition:

Proposition 1: Let S′ ⊂ S be regular andγ > 0. Suppose
that there exists a system indexq ∈ P such that(Cq, Aq) is
an observable pair. The following statements are equivalent:

1) The system (1) is (uniformly) exponentially stable over
S′ and has anL2-induced gain strictly smaller thanγ
uniformly overS′.

2) The positive constantγ satisfiesγ2I −DT
p Dp > 0 for

all p ∈ P , and there exists a constantǫ > 0 and a
function V : R

n → R that is strictly convex, zero at
zero, and homogeneous of degree two, which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx

+

(

1

2
BT

p

∂V T

∂x
(x) + DT

p Cpx

)T
(

γ2I − DT
p Dp

)−1

×
(

1

2
BT

p

∂V T

∂x
(x) + DT

p Cpx

)

≤ −ǫ‖x‖2 (4)

for all p ∈ P and almost everywhere inx.
3) The positive constantγ satisfiesγ2I − DT

p Dp > 0
for all p ∈ P , and there exists a constantǫ > 0
and a compact setK ⊂ R

n×n of positive definite
matrices such that the piecewise quadratic function
V (x) = maxQ∈K xTQx satisfies (4) for allp ∈ P
and almost everywhere inx.

We recall that a functionf : R
n → R is said to

be homogeneous of degreeq if f(kx) = kqf(x) for all
x ∈ R

n and allk ∈ R. Each functionV in the statements 2)
and 3) is differentiable almost everywhere inx, but not
necessarily everywhere. Therefore, the quantification over x
in (4) should be interpreted as for everyx ∈ R

n except for
the zero-measure set of points at whichx 7→ V (x) is not
differentiable.

Each statement 2) and 3) requires an existence of acom-
mon solutionV that satisfies the inequalities in (4), one for
everyp in the index setP . The functionV can be regarded
as a common storage functionfor all the systems being
switched. It is probably not surprising that the existence of
a common storage function suffices to guarantee an induced
gain smaller thanγ. It is perhaps more unexpected that this
is actually a necessary condition.

The statements 2) and 3) do not depend on the specific
class of switching signalsS′. We then conclude that every
regular switching signal class exhibits the same induced gain.
Since the classS of every piecewise constant switching
signal is regular, the above theorem essentially shows that
for every regular switching signal classS′ ⊂ S, we have
γS = γS′ .

Since sq(τ) = q(= constant) is a possible switching
signal [Definition 5, 1)], (uniform) exponential stabilityin

the statement 1) implies thatAq is Hurwitz. We also notice
that strict convexity,V (0) = 0 and homogeneity with degree
two imply that the functionV is positive definite,V (x) > 0,
x 6= 04.

III. M AIN RESULTS

This section summarizes main results of this paper. The
following Theorem 1 shows that a common storage function
that establishes both (uniform) exponential stability and
a non-conservative induced gain estimate for any regular
switching signal class, in fact, admits afinite parametrization.

Theorem 1:Let S′ ⊂ S be regular andγ > 0. Suppose
that there exists a system indexq ∈ P such that(Cq, Aq) is
an observable pair. The following statements are equivalent:

1) The system (1) is (uniformly) exponentially stable over
S′ and has anL2-induced gain strictly smaller thanγ
uniformly overS′.

2) The positive constantγ satisfiesγ2I − DT
p Dp > 0

for all p ∈ P , and there exists a constantǫ > 0, a
constant integerM satisfying M ≥ n and a set of
constant vectorsℓi ∈ R

n, i = 1 . . . , M such that
the matrix L ≡ [ ℓ1 · · · ℓM ]T ∈ R

M×n has full
rank,rankL = n, and the piecewise quadratic function
V (x) = maxi=1,...,M (ℓT

i x)2 satisfies (4) for allp ∈ P
and almost everywhere inx.

The finite parametrization property of a common storage
function allows us to derive finite dimensional algebraic
conditions for an induced gain estimate. We can state the
following corollary.

Corollary 1: Let S′ ⊂ S be regular andγ > 0. Suppose
that there exists a system indexq ∈ P such that(Cq, Aq) is
an observable pair. The following statements 1) and 2) are
equivalent, and imply the statement 3):

1) There exists a constant integerM satisfyingM ≥ n,
a set of constant vectorsℓi, i = 1, . . . , M such that
the matrixL ≡ [ ℓ1 · · · ℓM ]T ∈ R

M×n has full rank,
rankL = n, and a set of real numbersαij

p , p ∈ P ,
i, j = 1, . . . , M which satisfy





















ℓiℓ
T
i Ap + AT

p ℓiℓ
T
i

+
(

(αi1
p )2 + · · · + (αiM

p )2
)

ℓT
i ℓi

−(αi1
p ℓ1)

Tαi1
p ℓ1 − · · ·

−(αiM
p ℓM )TαiM

p ℓM









ℓiℓ
T
i Bp

BT
p ℓiℓ

T
i −γ2I













+

[

CT
p

DT
p

]

[ Cp Dp ] < 0

for all p ∈ P .
2) There exists a constant integerM satisfyingM ≥ n, a

set of positive semi-definite matrices with rank onePi,
i = 1, . . . , M satisfyingP1 + · · · + PM > 0 and a set
of non-negative numbersβij

p , p ∈ P , i, j = 1, . . . , M

4Let θ ∈ (0, 1) andx 6= 0. We haveθ2V (x) = V (θx) = V (θx+(1−
θ)0) < θV (x) + (1 − θ)V (0) = θV (x), thusθ(1 − θ)V (x) > 0. Since
θ ∈ (0, 1), this implies thatV (x) > 0.



which satisfy












PiAp + AT
p Pi

+(βi1
p + · · · + βiM

p )Pi

−βi1
p P1 − · · · − βiM

p PM



 PiBp

BT
p Pi −γ2I









+

[

CT
p

DT
p

]

[ Cp Dp ] < 0

for all p ∈ P .
3) The system (1) is (uniformly) exponentially stable over

S′ and has anL2-induced gain strictly smaller thanγ
uniformly overS′.

The above corollary is derived by utilizing a so calledS-
procedure [16]. In general, it provides sufficient conditions
for the statement 3), but the three statements in the corollary
are equivalent ifM = 1 or 2.

IV. PROOFS OFMAIN RESULTS

This section proves the main results stated above. Due to
space limitations, the proofs of Lemmas 1 and 2 are omitted,
but they can be found in [14]

A. Proof of Theorem 1

1) Theorem 1, 2)⇒ 1): It can be proved that the function
V is convex and homogeneous of degree two. Thus, there
exit constantsα1, α2 which satisfy

α1‖x‖2 ≤ V (x) ≤ α2‖x‖2 for all x ∈ R
n (5)

where both ofα1 andα2 are positive,α2, α1 > 0, since the
matrix L has full rank. Hence, the functionV has quadratic
shrink/growth rate bounds. Combining (4), we can prove
exponential stability of the system (1). The remaining of the
proof is identical to the proof of 2)⇒ 1) of Proposition 1
in [14], showing that the system (1) has anL2-induced gain
strictly smaller thanγ uniformly overS′.

2) Theorem 1, 1)⇒ 2): The following two lemmas will
be useful.

Lemma 1:Let S′ ⊂ S be regular andγ > 0. Suppose
that the system (1) is uniformly asymptotically stable over
S′. The following statements are equivalent:

1) The system (1) has anL2-induced gain strictly smaller
thanγ uniformly overS′.

2) The positive constantγ satisfiesγ2I −DT
p Dp > 0 for

all p ∈ P , and there exists a constantǫ > 0 and a
function V : R

n → R that is convex, zero at zero,
and homogeneous of degree two, which satisfies

aTApx + xTCT
p Cpx +

(

1

2
BT

p a + DT
p Cpx

)T

×
(

γ2I − DT
p Dp

)−1
(

1

2
BT

p a + DT
p Cpx

)

≤ −ǫ‖x‖2 (6)

for all p ∈ P , all a ∈ ∂V (x) and all x ∈ R
n,

where∂V (x) denotes the sub-differential of the convex
function V at the pointx.

Remark 1:Proposition 1 requires that a storage function
should satisfy (4) almost everywhere inx. Lemma 1 basically

says that the storage function actually satisfies the corre-
sponding Hamilton-Jacobi inequality everywhere onR

n, if
one allows to consider sub-differentials for convex functions.

Lemma 2:Let S′ ⊂ S be regular,γ > 0, 0 < k < 1
and r > 0. Suppose that there exists a system indexq ∈ P
such that(Cq, Aq) is an observable pair, and the system (1)
is (uniformly) exponentially stable overS′ and has anL2-
induced gain strictly smaller thanγ uniformly overS′, and
thereforeγ2I − DT

p Dp > 0 holds for eachp ∈ P and there
exit a constantǫ > 0 and a strictly convex functionV for
which the statement 2) (or 3)) of Proposition 1 holds. Let
Π(r) = {x ∈ Rn| V (x) ≤ r} and pick anyξ from the
boundary ofΠ(r), i.e., ξ ∈ bdΠ(r), and setaξ ∈ ∂V (ξ).
Then, for eachξ ∈ bdΠ(r), there exists a constant0 < θξ <
1 such that

aT
ξ Apx + xTCT

p Cpx +

(

1

2
BT

p aξ + DT
p Cpx

)T

×
(

γ2I − DT
p Dp

)−1
(

1

2
BT

p aξ + DT
p Cpx

)

≤ −kǫ‖ξ‖2

holds for all p ∈ P and all x ∈ R≥
ξ (θξ) ∩ Π(r), where

R≥

ξ (θ) = {x ∈ R
n| aT

ξ x ≥ θaT
ξ ξ} for some0 ≤ θ ≤ 1.

Remark 2:Let ξ be a point inbdΠ(r), and we have a
gradient of the functionV at this point. Letx be a point
at which we would like to evaluate the inequality in (4).
Lemma 2 says that, even we have a small ‘miss-much’
betweenξ andx, the inequality (4) still holds, if the system
admits an induced gain strictly smaller thanγ, but it involves
a price of a reduced decay rate specified by a parameterk.

From the statement 3) of Proposition 1, we have a positive
constant ǫ and a compact setK ⊂ R

n×n of positive
definite matrices such that the piecewise quadratic function
V (x) = maxQ∈K xTQx satisfies (4) for allp ∈ P and
almost everywhere inx. We also have constantsα1, α2 > 0
which satisfy (5), and this concludes that, for any given
r > 0, the setΠ(r) = {x ∈ Rn| V (x) ≤ r} is compact. We
next construct a polyhedral approximationapprox(Π(r)) of
the setΠ(r).

Let 0 < k < 1 be any given constant and pick any
ξ ∈ bdΠ(r). Suppose thatθξ is a constant which satisfies
the conditions in Lemma 2. Sinceθξ < 1, the setR≥

ξ (θξ)

containsξ in its interior, i.e.,ξ ∈ intR≥
ξ (θξ) ≡ R>

ξ (θξ) =

{x ∈ R
n| aT

ξ x > θξaξξ}. Hence, the family of open sets
R>

ξ (ξ), ξ ∈ bdΠ(r) defines an open covering of the set
bdΠ(r), i.e., bdΠ(r) ⊂ ⋃

ξ∈bdΠ(r) R>
ξ (θξ).

Since the setbdΠ(r) is compact, we can pick finitely
many pointsξi ∈ bdΠ(r), i = 1, . . . , 2M which also
define an open covering of the setbdΠ(r). In addition,
sinceV (−x) = V (x) for all x ∈ R

n, we can assume that
ξM+i = −ξi, i = 1, . . . , M without loss of generality. Thus

bdΠ(r) ⊂
⋃

i=1,...,2M

R>
ξi

(θξi
) (7)

defines a centrally symmetrical finite open covering of the
setbdΠ(r). For notational simplicity, let us denoteai ≡ aξi

and θi ≡ θξi
for each i = 1, . . . , 2M . We note that our



assumptionξM+1 = −ξi implies aM+i = −ai andθM+i =
θi for all i = 1, . . . , M .

Let us define

approx(Π(r)) =
⋂

i=1,...,2M

R≤

ξi
(θi)

where R≤

ξi
(θi) = {x ∈ R

n| aT
i x ≤ θia

T
i ξi}. Because of

the definition,θi > 0 andaT
i ξi > 0, the setapprox(Π(r)) is

closed, convex and contains the origin in its interior. We next
see thatapprox(Π(r)) ⊂ Π(r), and hence it is compact.

We assume that there exits a pointx such thatx ∈
approx(Π(r)) and x 6∈ Π(r). Let us sety =

√

r/V (x)x.
Sincex 6∈ Π(r) implies V (x) > r and

√

r/V (x) < 1, the
point y is localed on the line segment connectingx and
the origin. Convexity of the setapprox(Π(r)) concludes
that y ∈ approx(Π(r)), and we haveaT

i y ≤ θia
T
i ξi for

all i = 1, . . . , 2M . On the other hand, because ofV (y) =
(
√

r/V (x))2V (x) = r, we havey ∈ bdΠ(r). Since the
family R>

ξi
(θi), i = 1, . . . , 2M defines the open covering

of the set bdΠ(r) in (7), we haveaT
j y > θja

T
j ξj for

some j = 1, . . . , 2M , which leads a contradiction, and
this proves compactness ofapprox(Π(r)). We notice here
that compactness ofapprox(Π(r)) concludes that the matrix
[ a1 · · · aM ]T ∈ R

M×n has full rank.
Let us setℓi = ai/(2

√
θir) for each i = 1, . . . , 2M .

We notice that the vectors satisfyℓM+i = −ℓi, since
aM+i = −ai for all i = 1, . . . , M , and the matrixL has
full rank, since the rank of the matrix[ a1 · · · aM ]T is
equal ton. Let us define the piecewise quadratic function
v(x) = maxi=1,...,M (ℓT

i x)2. We see next that there exists a
constantǫ′ > 0 such that the functionv satisfies (4) for all
p ∈ P and almost everywhere inx.

To this effect, we first need to confirm that the functionv
has quadratic shrink and growth rate bounds. It can be proved
that the functionv is convex, homogeneous of degree two.
Thus, there exist constantsβ1, β2 such that

β1‖x‖2 ≤ v(x) ≤ β2‖x‖2 for all x ∈ R
n (8)

where both ofβ2 andβ1 are positive,β2, β1 > 0, since the
matrix L has full rank.

We next consider a polyhedral partition ofR
n. Let us

define a set of cones inRn such as

Kj = {x ∈ R
n| ℓT

j x ≥ ℓT
i x for all i = 1, . . . , 2M} (9)

for j = 1, . . . , 2M . The union of the setsKj, j = 1, . . . , 2M
covers wholeRn, and the zero measure set

Ω = {x ∈ R
n| ℓT

j x = ℓT
i x

for somej 6= i wherei, j = 1, . . . , 2M} (10)

includes all non-differentiable points of the functionv. Thus,
we see that (4) holds for allp ∈ P and all x ∈ R

n \ Ω =
⋃

j=1,...2M intKj.
We now in position to evaluate the inequality (4) for the

function v, and we start our investigation for the points in
bd(approx(Π(r))). Let us pick anyj = 1, . . . , 2M and
consider any pointx in bd(approx(Π(r))) ∩ intKj, where

x ∈ intKj implies the functionx 7→ v(x) is differentiable.
We have that

v(x) = max
i=1,...,M

(ℓT
i x)2 = (ℓjx)2 =

1

4θjr
(aT

j x)2 (11a)

∂v

∂x
(x) = 2xTℓjℓ

T
j =

1

2θjr
xTaja

T
j (11b)

Because ofx ∈ bd(approx(Π(r))), we also have

aT
j x = θja

T
j ξj (12)

We now suppose that the piecewise quadratic functionV
is differentiable at the pointξj , i.e.,aj = (∂V/∂x)(ξj), then
we have

aT
j = 2ξT

j Qj (13)

for a unique matrixQj ∈ K which satisfiesV (ξj) =
maxQ∈K ξT

j Qξj = ξT
j Qjξj = r. By substituting (13) into

the right hand side of (12), we conclude

aT
j x = 2θjξ

T
j Qjξj = 2θjr (14)

On the other hand, if the functionξj 7→ V (ξj) is not differ-
entiable, thenaj is an element of∂V (ξj) = cl(convS(ξj)),
where convS(ξ) denotes the convex hull of the setS(ξ)
of all limits of the sequences ofaxj = (∂V/∂x)T(xj), j =
1, 2, . . . such that the functionV is differentiable at eachxj ,
andxj tends toξ (see, e.g., [17]). Because of Carathéodory’s
Theorem, we can haveai ∈ S(ξj) and λi ≥ 0, i =
1, . . . , n + 1 which satisfyaj = λ1ai + · · ·+λn+1an+1 and
λ1 + · · ·+λn+1 = 1. Let xk

i , i = 1, . . . , n + 1, k = 1, 2, . . .
be the sequences such that the functionV is differentiable
at eachxk

i , in addition xk
i and ak

i = (∂V/∂x)T(xk
i ) tend

to ξj and ai as k goes to infinity, respectively. Since the
function V differentiable at eachxk

i , we have(ak
i )T =

(∂V/∂x)(xk
i ) = 2xk

i Qxk
i

whereQxk
i
∈ K is a unique matrix

satisfyingV (xk
i ) = maxQ∈K(xk

i )TQxk
i = (xk

i )TQxk
i
xk

i . By
making a convex combination ofai’s with coefficientsλi, we
have

aj = λ1a1 + · · · + λn+1an+1

= lim
k→∞

(λ1a
k
1 + · · · + λn+1a

k
n+1)

= 2 lim
k→∞

(λ1Qxk
1
xk

1 + · · · + λn+1Qxk
n+1

xk
n+1) (15)

By substituting (15) into the right hand side of (12), we
obtain

aT
j x = 2θj lim

k→∞
(λ1(x

k
1)TQxk

1
+ · · ·

+ λn+1(x
k
n+1)

TQxk
n+1

)ξj = 2θjr (16)

where we use the fact that allxk
i ’s tend toξj as k goes to

infinity, andV (ξj) = r.
By substituting (14) or (16) into (11), we conclude that

v(x) = θjr and
∂v

∂x
(x) = aT

j (17)

for eachj = 1, . . . , 2M and eachx ∈ bd(approx(Π(r))) ∩
intKj .



From (17), we have

∂v

∂x
(x)Apx + xTCT

p Cpx +

(

1

2
BT

p

∂vT

∂x
(x) + DT

p Cpx

)T

×
(

γ2I − DT
p Dp

)−1
(

1

2
BT

p

∂vT

∂x
(x) + DT

p Cpx

)

= aT
j Apx + xTCT

p Cpx +

(

1

2
BT

p aj + DT
p Cpx

)T

×
(

γ2I − DT
p Dp

)−1
(

1

2
BT

p aj + DT
p Cpx

)

For a given constant0 < k < 1, applying Lemma 2 to the
function V , the factx ∈ R≥

ξj
(θj) ∩ Π(r) concludes that the

quantity in the above equation is smaller than or equals to
−ǫk‖ξj‖2 for all p ∈ P .

Sincej is arbitrary, by using (5), (8) and (17), we further
have

−kǫ‖ξj‖2 ≤ −kǫ
r

α1
= − kǫ

α1

1

θj

θjr = − kǫ

α1θj

v(x)

≤ − kǫ

α1θj

β2‖x‖2 ≤ −ǫ′‖x‖2

for all p ∈ P and allx ∈ ⋃

j=1,...,2M [bd(approx(Π(r))) ∩
intKj ] = bd(approx(Π(r))) \ Ω, where we setǫ′ ≡
(kǫβ2)/(α1θ) > 0 and 0 < θ ≡ maxi=1,...,M θi =
maxi=1,...,2M θi < 1.

We now consider any pointy in R
n \ Ω. For eachy, we

have uniquej = 1, . . . , 2M , x ∈ bd(approx(Π(r)))\Ω, and
t > 0 such thaty = tx. Because of the definition ofv, we
havev(y) = t2v(x) and(∂v/∂x)(y) = t(∂v/∂x)(x). These
facts lead to

∂v

∂x
(y)Apy + yTCT

p Cpy +

(

1

2
BT

p

∂vT

∂x
(y) + DT

p Cpy

)T

×
(

γ2I − DT
p Dp

)−1
(

1

2
BT

p

∂vT

∂x
(y) + DT

p Cpy

)

≤ −t2ǫ′‖x‖2 = −ǫ′‖y‖2

for all p ∈ P . Since y is arbitrary, this inequality holds
almost everywhere onRn.

B. Proof of Corollary 1

We see that the condition in the statement 1) or 2) implies
the statement 2) in Theorem 1, hence it concludes the
corollary.

Let us consider the partition ofRn in (9). SinceℓM+i =
−ℓi for eachi = 1, . . . , M , we have

Kj = {x ∈ R
n| ℓT

j x ≥ ℓT
i x andℓT

j x ≥ −ℓT
i x

for all i = 1, . . . , M}
= {x ∈ R

n| ℓT
j x ≤ |ℓT

i x| for all i = 1, . . . , M}
for j = 1, . . . , 2M . We also have

Kj ∪ KM+j = Kj ∪ (−Kj)

= {x ∈ R
n| (ℓT

j x)2 ≥ (ℓT
i x)2 for all i = 1, . . . , M}

where we use the fact thatKM+j = −Kj andKj∩(−Kj) =
{0} for eachi = 1, . . . , M . The union of the setsKj, j =

1, . . . , 2M covers wholeRn, and the measure zero set (10)
includes all non-differentiable points of the functionV (x) =
maxi=i,...,M (ℓT

i x)2 in Theorem 1.
We notice that the condition in the statement 2) in Theo-

rem 1 is confirmed if the inequality (4) holds for allp ∈ P ,
and for all x ∈ R

n \ Ω or equivalently for allx ∈ intKj

and all j = 1, . . . , 2M . In addition, if the inequality (4)
holds for a pointx ∈ Kj, then it is automatically holds for
−x ∈ KM+j . Therefore, we have an equivalent condition to
the statement 2) in Theorem 1 as

xTℓjℓ
T
j Apx + xTAT

p ℓjℓ
T
j x + xTCT

p Cpx

+ xT(BT
p ℓjℓ

T
j + DT

p Cp)
T(γ2I − DT

p Dp)
−1

× (BT
p ℓjℓ

T
j + DT

p Cp)x
T ≤ −ǫ‖x‖2

subject to (ℓT
j x)2 > (ℓT

i x)2 for all i = 1, . . . , M

holds for allp ∈ P and allj = 1, . . .M . Where the vectors
ℓi, i = 1, . . . , M should satisfyrank[ ℓ1 · · · ℓM ]T = n.

Let us pick anyp ∈ P and j = 1, . . . , M , and consider
real numbersαji

p , i = 1, . . . , M . We have a sufficient
condition to the above constrained feasibility problem as

xTℓjℓ
T
j Apx + xTAT

p ℓjℓ
T
j x + xTCT

p Cpx

+ xT(BT
p ℓjℓ

T
j + DT

p Cp)
T(γ2I − DT

p Dp)
−1

× (BT
p ℓjℓ

T
j + DT

p Cp)x

≤ −ǫ‖x‖2−(αj1
p )2xT(ℓT

j ℓj − ℓT
1 ℓ1)x − · · ·

−(αjM
p )2xT(ℓT

j ℓj − ℓT
MℓM )x

for all x ∈ R
n. Sinceǫ > 0, it is equivalent to the following

strict matrix inequality condition

ℓjℓ
T
j Ap + AT

p ℓjℓ
T
j +

(

(αj1
p )2 + · · · + (αjM

p )2
)

ℓT
j ℓj

− (αj1
p ℓ1)

Tαj1
p ℓ1 − · · · − (αjM

p ℓM )TαjM
p ℓM

+ CT
p Cp + (BT

p ℓjℓ
T
j + DT

p Cp)
T(γ2I − DT

p Dp)
−1

× (BT
p ℓjℓ

T
j + DT

p Cp) < 0

The positive definiteness of the matrixγ2I − DT
p Dp con-

cludes that the statement 1) implies the statement 2) in
Theorem 1.

We set rank one matricesPi = ℓT
i ℓi ≥ 0 and non-negative

numbersβji
p = (αji

p )2 ≥ 0 for i = 1, . . . , M , respectively.
Then, this and the rank constraint,rank(P1+· · ·+PM ) = n,
conclude that the statement 2) implies 3).

V. CONCLUSIONS

This paper provided non-conservative necessary and suf-
ficient conditions to compute the induced gain of a switched
system in terms of a common solution to a system of
Hamilton-Jacobi inequalities. The main contribution of this
paper is to prove that a common storage function that
establishes both uniform asymptotic stability and a non-
conservative induced gain estimate over any regular switch-
ing signal class admits a finite parametrization. This fact
also allows us to derive finite dimensional algebraic criteria
for an induced gain estimate. Future work is needed to
propose a specific numerical procedure to solve (perhaps
approximately) the Hamilton-Jacobi inequalities.
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