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Abstract— This paper addresses the computation of theC,-  used to establish the value of the induced gain have been only
induced gain_for switched linear system_s. The r_nain contription available for special switched systems. A separation prop-
of the paper is to completely characterize the induced gainfa erty between all the stabilizing and all the anti-stabiligi

switched system though a differential inequalities on &initely luti t t of aluebraic Riccati fi f th
parametrized common storage function, one for each system solutions 1o a set or algebraic Riccall equatons o €

being switched. The motivation for computing the induced g SysStems being switched provides a complete solution to the
of a switched system is the application of robust stabilityeols induced gain analysis in the case sibw-switchingsignals,

to the analysis of hybrid systems. where slow-switching refers to the limit as the intervals
between consecutive switchings grows to infinity [11]. The
. INTRODUCTION variational approaches in [12] also provide a complete and

Hybrid dynamical systems whose behavior can be déon-conservative characterization of the induced gain for
scribed using a mixture of event-based logic and differergingle-input single-output first-order systems. In a récen
tial or difference equations have been attracting sigmificapaper [13], a complete characterization of the induced gain
interest. This is motivated by the observation that a wide vdor general switched linear systems was proposed, where it
riety of artificial/man-made and physical systems/proeesswas proved that the existence otammonstorage function
are naturally modeled in a hybrid dynamical frameworkthat is a solution to a set of Hamilton-Jacobi inequalities,
Switched systems typically arise in the context of hybrid dyone for each system being switched, équivalentfor the
namical systems when it is possible to describe the behaviée-induced gain of a switched linear system to lie below a
in each mode through a differential or difference equatioRrescribed value.
and the event-based transitions as discontinuous swigshin  This paper further pursues non-conservative necessary

The stability of switched system has been extensivelgnd sufficient conditions for an induced gain estimate of
studied and several key results can be found in the surv@yswitched system. The main result shows that a common
papers [1], [2], [3] and references therein. Among thesstorage function that establishes both uniform asymptotic
result, the ones in [4], [5] are especially relevant for thgtability and a non-conservative induced gain estimate ove
present paper. In these papers, it was proved that the exige class of every piecewise constant switching signagat f
tence of acommorsolution to a set of Lyapunov inequalities, admits afinite parametrizationThis result also allows us to
one for each linear system being switchedeguivalento  derive finite dimensional algebraic criteria for an induced
the uniform asymptotic stability of the switched system fogain estimate.
arbitrary switching signals. In this contextpiformity refers The remainder of the paper is organized as follows:
to the fact that asymptotic stability is guaranteed over afiection Il describes the problem which will be considered
entire set of switching signals, which in the context of [4] here, and some required preliminary results are summarized
[5] contains every switching signal with a finite number ofThe main results are presented in Section lll. The proofs
discontinuities on every finite time interval. In [4], it watso ~ of the main results are presented in Section IV. Section V
proved that a common Lyapunov function actually admitsontains some concluding remarks. Due to space limitations
a finite parametrizationand this fact was used to derive athe proofs of all lemmas are omitted, but they can be found
finite dimensional algebraic criterion for uniform asymito in [14].
stability of switched systems.

The input-output properties of dynamical systems, espe- Il. PROBLEM DESCRIPTIONS AND
cially Ls-induced gains are fundamental tools for robust PRELIMINARY RESULTS

control theories in linear [6], [7], and nonlinear [8] sags, This section formulates the problem that is considered

par'ucularly in 747 control problems [9]. In Sp't? of their t}ere. Required preliminary results which derived in [13] ar
important roles, the progress on the study of input-outpu . . .
summarized in Section II-D.

properties for switched systems has been difficult [10]. Non
conservative necessary and sufficient conditions that ean R Switched Systems
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wheres : [0,00) — P denotes a piecewise con- Because of causality of the system dynamics [15], having
stant switching signal that selects appropriate quadsuplan induced gain smaller than or equal to a given constant

(Ap, Bp, Cp, D,y) from a parametrized family ~ > 0 uniformly overS’ C S is equivalent to
{(Ap, Bp,Cp, Dp)| p € P} (1b) t
o o sup sup lim [ [ly(r)|*=2*[u(r)Pdr <0 (3)
of n-dimensionalm-input, k-output state space realizations, s€S uely = Jo
whereP denotes an index set, and, throughout the paper, the _
set of matrices in (1b) is assumed to be compact. where y(7) denotes the output of (1) obtained for the

The set of all piecewise constant switching signals i§witching signals, input signal:, and zero initial condition.
denoted byS = {s: [0,00) — P} and, by a piecewise Fora givenS’ C S, we denote byys: the exactL,-induced
constant signal, we mean a signal that exhibits a finitg@in of a switched system (1):
number of discontinuities on every bounded time interval
and that is constant between consecutive discontinuligs. Vs = inf{y > 0| (2) holds for allt > 0, all s € &’
convention, each piecewise constant signé assumed to and allu € £}
be continuous from above = inf{y > 0| (3) holdg

A functionz : [0,00) — R™ is said a solution to (1) if it
is continuous and piecewise continuously differentiabié a oy goal is to provide non-conservative conditions on the
there exists a switching signale S and an input signdlu € (eglizations in (1b) that guarantee the system hasCan

L3 such that the time-varying differential equatiéV) =  induced gain smaller than (or equal to) a given constant
Agyz(t) + Byyu(t) holds almost everywhere an> 0. 0.

B. Stability and Induced Gains
Our main interest is to determine the induced gain of the- Switching Signal Classes

switched systems (1), but to proceed we need to introduce | classes of switching signals considered here are sabset
appropriate stability definitions. o of the classS of every piecewise constant switching signal.
Definition 1: Let S’ C &. The system (1) is said t0 e state a few important regularity properties of switching
be uniformly asymptotically stable oves' if there exists a  gjgna| classes. For a given subsétof S and for constants
function 3 of classkCL such that [|z(t)[| < 8(]|=(0)||,¢) for < > 0, possibly withb = co, we denote byS'[ a,b )
allt >0, all s € 5" and allz(0) € R", wherex(t) denotes he set of restrictions of all switching signalsc S’ to the
the solution to (1) obtained for the switching signalzero interval [ a, b ). Similarly, £2'[ a,b) denotes a restriction of
input signalw, and initial conditionz(0). o
Definition 2: Let &’ ¢ S. The system (1) is said to

. . . _ LetS’ C S andt > 0. Using the set of restricted switching
be (uniformly) exponentially stable ove$’ if there exist signal signalsS'[t, o), we can define a new set of switching
constantse > 0 and A > 0 such that the functiorg in

> signals defined on the whole time interval by'[¢,00 ) =
Definition 1 can be chosen of the forfi{r, t) = ae~**r for _ " / .
’ = , e St , p > 0}. The switchin
all >0 and allt > 0. {ola(p) = ulp+1t), pes't,o0), p=0} g

, —_ , . signal classS’ is said to beshift-invariantif S" = 'S’[t, 00)
We now state the following definitions of induced gains.¢,, 4 ¢ > 0.

Definition 3: Let &’ ¢ S and~ > 0. The system (1) is y ,

, ) . LetS’ € § andt > 0. Suppose that € §’[0,t) andu €
sa|_d to have ar/ﬁ?-mduced gain smaller than or equal+o S'[t,00). We define a switcﬁipng signale 1 b3[/ (UG)BM)(T/)LZ
uniformly overs' if o(r)forr € [0,7) and(o®p)(7) = u(r) fort € [, 00), and

t t : / / /
9 5 5 also defineS’[0,t) D S'[t,00) = {o@u| o € S'[0,t), u €
/o ly(m)"dr <~ /0 lu(r)"dr (@ S'[t,00)}. The switching signal class' is said to beclosed

iNt ! !/ /
forallt >0, all s € &’ and allu € £, wherey(r) denotes under concatenatioif &' = S'[0,1) [ t,00) for al

) o . . t>0.
the output of (1) obtained for the switching signalinput . _—
signalu, and zero initial condition. We now state the following definition.

Definition 4: Let 8’ ¢ S and > 0. The system (1) Definition 5: Let S’ ¢ S. The switching signal clasS§’

is said to have anCs-induced gain strictly smaller thamn said to beregularif
uniformly overS’ if the system has arC,-induced gain 1) For everyp € P, the constant switching signa#(¢) =

smaller than or equal to somg < ~ uniformly overS’. p(= constank belongs toS’.
. o _ 2) The switching signal clasS’ is shift-invariant.
Foranyt > 0, the limit from above ofs(r) asr | ¢ is equal tos(?). 3) The switching signal clas$’ is closed under concate-
We denote byC5* the set of square integrable functions with values on ti

R™ defined on[ 0, o0 ). naton.

A function o : [0, 00) — [0, 00) is said to be of clask, and we write The classS of every piecewise constant switching signal

a € K, if ais continuous, strictly increasing and(0) = 0. A function s regular, and examples of other regular and non-regular
B: [0,00) X% [0,00) — [0,00) is said to be of clas& L, and we write itchi . | cl be f d in 1141. O .
B € KL, if B(-,t) is of classk for each fixedt > 0 and3(r, t) decreases switching signal classes can be found In [ ] ur main

to 0 ast — oo for each fixedr > 0. results will be provided for regular switching signal cless



D. Preliminary Results

the statement 1) implies that, is Hurwitz. We also notice

Necessary and sufficient conditions for a switched systefiat strict convexity)’(0) = 0 and homogeneity with degree
to be (uniformly) exponentially stable and admit an induce&"0 'Tply that the functior is positive definite}/(z) > 0,

gain strictly smaller than a given constant- 0 uniformly % #
over a regular switching signal clag$ c S were provided
in [13], which can be summarized as in the following
proposition:

Proposition 1: Let S’ C S be regular and' > 0. Suppose
that there exists a system indgx P such that(Cy, 4,) is
an observable pair. The following statements are equitzale%

IIl. M AIN RESULTS

This section summarizes main results of this paper. The
following Theorem 1 shows that a common storage function
that establishes both (uniform) exponential stability and
non-conservative induced gain estimate for any regular

1) The system (1) is (uniformly) exponentially stable ovegyitching signal class, in fact, admitdiaite parametrization

S’ and has anC.-induced gain strictly smaller than
uniformly overS’.

The positive constant satisfiesy?I — D D, > 0 for
all p € P, and there exists a constant> 0 and a
functionV : R™ — R that is strictly convex, zero at
zero, and homogeneous of degree two, which satisfies
ov

W(m)Apx + ITCEOPI

2)
1)

2)

1 T avT T B 2 T -
+ EBP W((E) + Dp Cp(E (’}/ I — Dp Dp)
1 ovT
—RBT
x ( 2 P Oz
for all p € P and almost everywhere in.
The positive constany satisfiesy2I — DE D, >0
for all p € P, and there exists a constaat> 0

1

() +D;£cpx) < el @

3)

Theorem 1:Let S’ C S be regular andy > 0. Suppose
that there exists a system indgx P such that(C,, 4,) is
an observable pair. The following statements are equitalen

The system (1) is (uniformly) exponentially stable over
S’ and has anC,-induced gain strictly smaller than
uniformly overS’.

The positive constany satisfiesy?I — DE D, >0

for all p € P, and there exists a constant> 0, a
constant integefM satisfying M > n and a set of
constant vectord; € R™, ¢ = 1...,M such that
the matrix L = [ 4 --- £y ]T € RM>*" has full
rank,rankl. = n, and the piecewise quadratic function
V(z) = max;—1 v (¢Fx)? satisfies (4) for alp € P

and almost everywhere in.

The finite parametrization property of a common storage
function allows us to derive finite dimensional algebraic

and a compact sek’ C R"*" of positive definite conditions for an induced gain estimate. We can state the
matrices such that the piecewise quadratic functiofpliowing corollary.

V(z) = maxgex z1 Qz satisfies (4) for allp € P
and almost everywhere in.

We recall that a functionf :
be homogeneous of degreeif f(kx) = k9f(xz) for all
x € R™ and allk € R. Each functionl” in the statements 2)
and 3) is differentiable almost everywhere in but not
necessarily everywhere. Therefore, the quantificatiom ove
in (4) should be interpreted as for everyc R™ except for
the zero-measure set of points at which— V(z) is not
differentiable.

Each statement 2) and 3) requires an existence afra-
monsolution V' that satisfies the inequalities in (4), one for
everyp in the index sefP. The functionV’ can be regarded
as acommon storage functiofor all the systems being
switched. It is probably not surprising that the existente o
a common storage function suffices to guarantee an induced
gain smaller thany. It is perhaps more unexpected that this
is actually a necessary condition.

The statements 2) and 3) do not depend on the specific
class of switching signal$’. We then conclude that every 2)
regular switching signal class exhibits the same inducéd ga
Since the classS of every piecewise constant switching
signal is regular, the above theorem essentially shows that
for every regular switching signal clas$ C S, we have
s = s

Since s%(r)
signal [Definition 5, 1)], (uniform) exponential stabilify

1)

Corollary 1: Let S’ C S be regular andy > 0. Suppose
_ . that there exists a system indgx P such that(C,, 4,) is
R" — R is said t0 an gbservable pair. The following statements 1) and 2) are
equivalent, and imply the statement 3):

There exists a constant integkf satisfyingM > n,

a set of constant vectors, ¢ = 1,..., M such that
the matrixL = [¢; --- £3;]" € RM>" has full rank,
rankL = n, and a set of real numbers/, p € P,

1,7 =1,..., M which satisfy

GOF A, + AT T
+ (') + -+ (a))?) £t

4T
_(aélgl)Tailgl . éléz BP
— (OL;M ¢ M)%OZIZ-,MK M

,;F ity s

CT
+ [Dﬂ [C, D,]<0

for all p € P.

There exists a constant integdr satisfyingM > n, a

set of positive semi-definite matrices with rank aie

1=1,..., M satisfyingP; +---+ Py > 0 and a set
of non-negative numbers/, p € P, i,j =1,...,M

. . o 4Letd € (0,1) andx # 0. We haved?V (z) = V(0z) = V(Oz + (1 —
q(= constant is a possible switching ),y €V((z)—2(1 —xé))V(O) =0V (2), tfgﬁ)se(l—(g))V(r) (>xo. S(ince
0 € (0,

1), this implies thatV (z) > 0.



which satisfy says that the storage function actually satisfies the corre-
PA 4+ ATP sponding HamiItoq—Jacobi in_equalit_y everywhere &h, if_
+(ﬁif+p_ N +pﬁiif)P- PB one allows to consider sub-differentials for convex fuoics.
_ﬁﬂpp o _égMPz P Lemma 2:Let &’ C S be regular,y > 0,0 < k < 1
p ol srp 7 M 2 andr > 0. Suppose that there exists a system index P
pot - such that(C,, 4,) is an observable pair, and the system (1)
* [OPT} [Cp, Dp]<0 is (uniformly) exponentially stable ove$’ and has anC.-
DE b b induced gain strictly smaller thapn uniformly overS’, and
for all p € P. thgreforewzl - D)D, >0 hoId.s for eachp € P apd there
3) The system (1) is (uniformly) exponentially stable ovefXit & constant > 0 and a strictly convex functioft” for
S’ and has anCs-induced gain strictly smaller than which the statement 2) (or 3)) of Prqposmon 1 holds. Let
uniformly overs’. I(r) = {z € R"|_ V(xz) < r} and pick any¢ from the
The above corollary is derived by utilizing a so callsd Poundary ofll(r), i.e., £ € bdll(r), and setag € IV ().
procedure [16]. In general, it provides sufficient condigio | Nen. for eaclt € bdll(r), there exists a constadt< 6 <
for the statement 3), but the three statements in the coyollal Such that
. o T
are equivalent if\/ =1 or 2. agApx N xTCpTCp:v N (%B;Fag N Dngx)
IV. PROOFS OFMAIN RESULTS
This section proves the main results stated above. Due to x (y*I — DED,,)% (%Bgag + D;,FCp:c) < —ke|l€|?
space limitations, the proofs of Lemmas 1 and 2 are omitted,

but they can be found in [14] holds for allp € P and allz € Rg(0) N II(r), where

A. Proof of Theorem 1 RZ(6) = {z € R"| afw > 6a] ¢} for some0 < 0 < 1.
Remark 2:Let ¢ be a point inbdII(r), and we have a
radient of the functior/ at this point. Letxz be a point
T which we would like to evaluate the inequality in (4).
Lemma 2 says that, even we have a small ‘miss-much’
a1||a;”2 <Vi(z) < a2||a;”2 forallz e R® (5) betweenS andz, the inequality (4) still holds, if the system
- ) admits an induced gain strictly smaller thanbut it involves
where both ofx, anda; are positivens, a; > 0, since the 4 price of a reduced decay rate specified by a paranketer
matrix L has full rank. Hence, the functiovi has quadratic  Fyom the statement 3) of Proposition 1, we have a positive
shnnk/grqvvth raj[.e bounds. Combining (4), we can prov@onstante and a compact selk C R"*" of positive
exponential stability of the system (1). The remaining & th yefinjte matrices such that the piecewise quadratic functio
proof is identical to the proof of 23> 1) of Proposition 1 V() = maxqex TQx satisfies (4) for allp € P and
in [14], showing that the system (1) has dg-induced gain  5most everywhere in. We also have constanis , as > 0

1) Theorem 1, 23 1): It can be proved that the function
V is convex and homogeneous of degree two. Thus, the
exit constantsy;, as which satisfy

strictly smaller thany uniformly overS'. _ which satisfy (5), and this concludes that, for any given
2) Theorem 1, 1) 2): The following two lemmas will . 0, the setll(r) = {z € R"| V(z) < r} is compact. We
be useful. next construct a polyhedral approximatispprox (TI(r)) of

Lemma 1:Let S’ C S be regular andy > 0. Suppose ne setTI(r).
that the system (1) is uniformly asymptotically stable over | gt 0 « ¥ < 1 be any given constant and pick any

S'. The following statements are equivalent: ¢ € bdII(r). Suppose thaf is a constant which satisfies
1) The system (1) has afy-induced gain strictly smaller the conditions in Lemma 2. Singg < 1, the setR?(ef)
H !
than+ uniformly overs’. contains¢ in its interior, i.e.,¢ € intR? (6c) = RZ (0¢) =

2) The positive constant sa_tisfies;yzl— D} D, > 0 for {z € R"| alz > feac}. Hence, the family of open sets
?" pt_E 7‘3/ anﬂ% thereRet);:stts_a constant> 0 atnd a R?(f), ¢ € bdII(r) defines an open covering of the set
unctionV : R" at is convex, zero at zero, :

— bdII(r), i.e., bdIl(r) C Ugepan(r) Be (0c)-

and homogeneous of degree two, which satisfies Since the sethdll(r) is compact, we can pick finitely

- AT 1 ¢ - T many points§;, € bdll(r), ¢ = 1,...,2M which also

a Apr + 2 C) Cpr + (§Bpa+Dp Cpff) define an open covering of the sbtiIl(r). In addition,
e sinceV(—z) = V(z) for all z € R™, we can assume that
x (v¥'I—-D,D,)" (EBpTa + DECﬂ) < —¢ellz||* 6) Earvi= —&,i=1,..., M without loss of generality. Thus

>
for all p € P, all a € dV(z) and all z € R”, bdll(r) U Rz) @)
wheredV (x) denotes the sub-differential of the convex i=1,....2M
function V' at the pointz. defines a centrally symmetrical finite open covering of the

Remark 1:Proposition 1 requires that a storage functiorsetbdII(r). For notational simplicity, let us denotg = ag,
should satisfy (4) almost everywherednLemma 1 basically and 6, = 6, for eachi = 1,...,2M. We note that our



assumptiort; 1 = —¢; impliesay; = —a; andpy; =
f; foralli=1,..., M.
Let us define

approx(II(r)) = ﬂ Ré(@l)
i=1,...,.2M

x € intK; implies the functionr — v(z) is differentiable.
We have that

1
v(z) = ;e (4; x) () g (ajz)” (11a)

0 1
8—Z($) = 2:UT€J-€;F = o0r xTaja;r (11b)
where RZ (6;) = {z € R"| afx < 6,a]¢}. Because of J
the definition§; > 0 anda]¢; > 0, the setapprox(TI(r)) is  Because oft € bd(approx(Il(r))), we also have
closed, convex and contains the origin in its interior. Wetne
9 a?w = Gja;ffj (12)

see thatpprox(II(r)) C II(r), and hence it is compact.
We assume that there exits a pointsuch thatx €
approx(II(r)) andz ¢ TI(r). Let us sety = /r/V(x)z.
Sincex ¢ II(r) implies V(x) > r and /r/V(z) < 1, the
point y is localed on the line segment connectimgand
the origin. Convexity of the setpprox(Il(r)) concludes
that y € approx(Il(r)), and we haveuly < 6;al¢; for for a unique matrixQ; € K which satisfiesV({;) =
all i = 1,...,2M. On the other hand, because 6fy) = maxqex & QE; = £ Q;&; = r. By substituting (13) into
(/7/V(z))?V(x) = r, we havey € bdIl(r). Since the the right hand side of (12), we conclude
family R;(Gi), i = 1,...,2M defines the open covering
of the setbdll(r) in (7), we haveajy > 6;a]¢; for
somej = 1,...,2M, which leads a contradiction, and  On the other hand, if the functiag — V (¢;) is not differ-
this proves compactness approx(Il(r)). We notice here entiable, then; is an element 0BV (¢;) = cl(convS(E;)),
that compactness afpprox(Il(r)) concludes that the matrix where convS(¢) denotes the convex hull of the s&t¢)
[a1 -~ ap |T € RM>™ has full rank. of all limits of the sequences af,; = (9V/dz)T (27), j =

We now suppose that the piecewise quadratic function
is differentiable at the poirg;, i.e.,a; = (0V/0x)(&;), then
we have

af =261, (13)

ajr=20;67Q;& = 20,7 (14)

Let us setl; = a;/(2v/0;r) for eachi = 1,...,2M. 1 9 .. such that the functiofi’ is differentiable at each’,
We notice that the vectors satisfy;; = —¢;, since andzi tends to¢ (see, e.g., [17]). Because of Carathéodory’s

ayy; = —a; forall ¢ = 1,..., M, and the matrix, has
full rank, since the rank of the matrika; --- ax |* is

Theorem, we can have; € S(¢) and \; > 0, i =
1,...,n+ 1 which satisfya; = A\ja; +-- -+ Apt1an41 and

equal ton. Let us define the piecewise quadratic functiony, 4 ... 4+ )., = 1. Let hi=1,...,n+1,k=12,...
v(z) = max;—1,..,m (¢ ). We see next that there exists ape the sequences such that the functioris differentiable

constante’ > 0 such that the functiom satisfies (4) for all
p € P and almost everywhere in.

at eachz®, in additionz? anda® = (0V/0z)T (2F) tend

i

to {; and a; as k goes to infinity, respectively. Since the

To this effect, we first need to confirm that the function fynction V' differentiable at each:?, we have(a¥)T =
has quadratic shrink and growth rate bounds. It can be provggv/ax)(x;c) = 22%Q_» whereQ, . € K is a unique matrix

i

that the functiorw is convex, homogeneous of degree tWOsatisfyingV(x’?) = maxgex (29)TQab = (25)TQ, vk, By
3 K3 K3 3 Ei 1"

Thus, there exist constants, 8» such that
Billzl* < v(x) < Baf)? (8)

where both ofg, and 5, are positive,55, 51 > 0, since the
matrix L has full rank.

We next consider a polyhedral partition &". Let us
define a set of cones iR™ such as

Kj={x eR"| (o >z foralli=1,...,2M} (9)

forj=1,...,2M. The union of the set&;, j = 1,...,2M
covers wholeR”, and the zero measure set

for all z € R

Q:{xeR”M}Ea:é?x

for somej # i wherei,j =1,...,2M}  (10)

includes all non-differentiable points of the functionThus,
we see that (4) holds for aj € P and allz € R"\ 2 =

Uj:l,...2M intKj.

We now in position to evaluate the inequality (4) for the
function v, and we start our investigation for the points in

bd(approx(II(r))). Let us pick anyj = 1,...,2M and
consider any point: in bd(approx(Il(r))) N intkK;, where

making a convex combination af’s with coefficients);, we
have
aj =A1ar + -+ Apg1an41
= lim (Maf + - 4+ Apjrak )
k—oo

=2 len;O(Almexlf +F )\n+1Qm§l+1IfL+1) (15)

By substituting (15) into the right hand side of (12), we
obtain

ajw = 26; lim (A (a])" Qqy + -
+ )\n+1($ﬁ+1)TQ

where we use the fact that alf’s tend to¢; ask goes to
infinity, and V'(¢;) = r.
By substituting (14) or (16) into (11), we conclude that

v
P

)& = 20;r (16)

k
Tl

v(z) =60;r and a7)
for eachj =1,...,2M and eachr € bd(approx(II(r))) N

intKj.



From (17), we have

%(x)Apx + ,TTCECPSC + (

1 o™

2
1

T
By ——(x)+ D, cpx>

ox
T

-1
x (v’I — D, D,) (731? o

(x) + DECP:C)
1 T
= a;-pr:c + ITCECPZC + <?Bgaj + Dngx)
- 1
x (I - DID,) ™" (735%- + D;FO,,:C)

For a given constari < k£ < 1, applying Lemma 2 to the
function V, the factz Rg (8;) NII(r) concludes that the

guantity in the above equation is smaller than or equals to

—ekl|&;||* for all p € P.

Sincej is arbitrary, by using (5), (8) and (17), we further

have
ke 1

a1 Hj

ke
a19j

i ==

v(x)

r
—kell&N? < —ke— =
el I < —hel

S_

ke

g el < =€l

forallp e P and allz € U,_; 5y, [bd(approx(IL(r)))
intK;] = bd(approx(Il(r))) \ Q, where we sete’
(keﬁg)/(alé‘) > 0and0 < 60 max;=1,....M 0;
maxi=1,...2M 0; <1.

We now consider any point in R™ \ Q. For eachy, we
have uniqug =1, ...,2M, z € bd(approx(II(r)))\ 2, and
t > 0 such thaty = tz. Because of the definition af, we
havev(y) = t?v(x) and (dv/dz)(y) = t(Ov/dx)(z). These
facts lead to

0

v T AT 1
a—x(y)Apy—Fy C, Cpy + (EB

1 >

T
T Ov

P ox

ovT
50+ DGy )

T
(y) + DT cpy)

(1
x (*I-DID,) ™" (335
< % ||z])* = —€l|y|)?

for all p € P. Sincey is arbitrary, this inequality holds
almost everywhere oR™.

B. Proof of Corollary 1

1,...,2M covers wholeR"”, and the measure zero set (10)
includes all non-differentiable points of the functidifz) =
max;—; v (¢Fz)? in Theorem 1.

We notice that the condition in the statement 2) in Theo-
rem 1 is confirmed if the inequality (4) holds for alle P,
and for allz € R™ \ Q or equivalently for allz € intK;
and allj = 1,...,2M. In addition, if the inequality (4)
holds for a pointr € K, then it is automatically holds for
—x € Ky4;. Therefore, we have an equivalent condition to
the statement 2) in Theorem 1 as

fojéjTAp:v + xTAEEjZJTx + :CTCPTCP:E

+ 2" (By it} + D, Cp)' (v’ 1 — Dy D,) "

X (BEZJ[JT + Dng)xT < —¢ljz||?
subjectto ((]x)* > ((fx)> foralli=1,....M
holds for allp € P and allj = 1,... M. Where the vectors
l;,i=1,...,M should satisfyrank[¢; --- £3/]T =n.

Let us pick anyp € P andj = 1,..., M, and consider
real numbersa/’, i 1,...,M. We have a sufficient
condition to the above constrained feasibility problem as

xTéjZ;rApx + xTA;FéjZ;rx + xTCpTCpx
+ 2" (By (] + D, Cp) (v’ 1 — Dy D,) ™"
x (Byljl] + D) Cp)x
< —ellz)*~(ag")?at (5 — (i )x — - -
— (22T (€] 0 — Oyplar)a
for all x € R™. Sincee > 0, it is equivalent to the following
strict matrix inequality condition

CiUT Ay + ATGLT + (') + -+ 4 (0dM)?) €]
— (ag,lél)Taglel — = (a%MZM)Ta%MZM
+CyCp+ (Bytil] + D,y Cyp)' (v*1 — Dy D) ™"

x (Bytil7 + D)y Cp) <0

The positive definiteness of the matriX1 — D' D,, con-
cludes that the statement 1) implies the statement 2) in
Theorem 1.

We set rank one matriceg = ¢1'¢; > 0 and non-negative
numbers3)’ = (aj')? > 0 for i = 1,..., M, respectively.

We see that the condition in the statement 1) or 2) implieshen, this and the rank constraimink(P; +- - -+ Py;) = n,
the statement 2) in Theorem 1, hence it concludes thgnclude that the statement 2) implies 3).

corollary.
Let us consider the partition d&™ in (9). Sincely;; =
—{; foreachi =1,..., M, we have

Kj={zeR"(Jo>(lzandljz > (]
foralli=1,...,M}
:{xER”MJT:chiT:d foralli=1,...,M}
forj=1,...,2M. We also have
KjU Ky = K U(=Kj)
={z eR"| ((z)* > (¢[2)* foralli=1,...,M}

where we use the fact thafy, . ; = —K; andK;N(—K;)
{0} for eachi = 1,..., M. The union of the set,, j

V. CONCLUSIONS

This paper provided non-conservative necessary and suf-
ficient conditions to compute the induced gain of a switched
system in terms of a common solution to a system of
Hamilton-Jacobi inequalities. The main contribution oisth
paper is to prove that a common storage function that
establishes both uniform asymptotic stability and a non-
conservative induced gain estimate over any regular switch
ing signal class admits a finite parametrization. This fact
also allows us to derive finite dimensional algebraic diter
for an induced gain estimate. Future work is needed to
propose a specific numerical procedure to solve (perhaps
approximately) the Hamilton-Jacobi inequalities.
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