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SUMMARY

This paper proposes a new approximate dynamic programming algorithm to solve the infinite-horizon
optimal control problem for weakly coupled nonlinear systems. The algorithm is implemented as a three-
critics/four-actors approximators structure, where the critic approximators are used to learn the optimal
costs, while the actor approximators are used to learn the optimal control policies. Simultaneous continuous-
time adaptation of both critic and actor approximators is implemented, a method commonly known as
synchronous policy iteration. The adaptive control nature of the algorithm requires a persistence of excitation
condition to be a priori guaranteed, but this can be relaxed by using previously stored data concurrently
with current data in the update of the critic approximators. Appropriate robustifying terms are added to the
controllers to eliminate the effects of the residual errors, leading to asymptotic stability of the equilibrium
point of the closed-loop system. Simulation results show the effectiveness of the proposed approach for a
sixth-order dynamical example. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Large-scale systems represent a challenging problem in optimal control [1], because their
complexity can make numerical computations infeasible. A common approach for dealing with
these kind of systems consists on splitting the large-scale design problem into a set of simpler
problems or subsystems. As an example, the subsystems for the regulation of temperature, pressure,
and flow, are designed separately in spite of their connection through a chemical plant. Similarly,
such connected systems can be found in power systems, aircrafts, cars, communication networks.
They are generally characterized by the presence of weak coupling between their subsystems.
Practical knowledge may provide some guidance on how to split a large-scale problem into a set of
simpler problems. But all these approaches completely neglect the coupling effect and most of the
time the obtained results do not have a guaranteed performance level.

Weakly coupled linear systems have been studied extensively since their introduction to the
control systems community by Kokotovic et al. [2] (see also for example [3], [4], and the references
therein). Those systems have also been studied in mathematics [5], [6], economics [7], power system
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engineering [8], [9], [10], and in nearly complete decomposable continuous-time and discrete-time
Markov chains [11], [12], [13].

Due to the curse of dimensionality and the intractable form of the Hamilton-Jacobi-Bellman
(HJB) equations that arise in optimal control, obtaining closed-form optimal control solutions for
weakly coupled nonlinear systems is practically impossible. A first attempt for the optimization
of coupled nonlinear systems was reported in [14] where the authors proposed a coupling
perturbation method for near-optimum design. Approximate solutions of independent reduced-
order HIB equations using Successive Galerkin Approximation (SGA) [15], [16], [17] have been
proposed as alternative methods for solving the weakly coupled nonlinear optimal control problem.
Unfortunately, the SGA method suffers from a computational complexity that increases with the
dimension of the system under consideration.

Adaptive dynamic programming (ADP) techniques were proposed by Werbos [18], [19]. ADP
brings together the advantages of adaptive and optimal control to obtain approximate and forward
in time solutions to difficult optimization problems [20], [21], [22]. But, all the existing algorithms
- such as the ones developed in [23], [24], [25], [26], [27], and the references therein - can
only guarantee uniform ultimate boundedness of the closed-loop signals, i.e., a milder form of
stability [28], and require a persistence of excitation condition to be satisfied for all time.

The need for adaptive controllers with the ability to learn optimal solutions for weakly coupled
nonlinear systems, while also guaranteeing asymptotic stability of the equilibrium point of the
closed-loop system motivates our research. The algorithm proposed, is motivated by a reinforcement
learning algorithm called Policy Iteration (PI) [29] which is inspired by behaviorist psychology. To
the best of our knowledge, there are not any asymptotically stable online solutions to the continuous-
time HIB equation for weakly coupled nonlinear systems since couplings add nonlinearities to the
HJB and make the problem more difficult.

1.1. Related work

A decoupling transformation that exactly decomposes weakly coupled linear systems composed of
two subsystems into independent subsystems was introduced in [30]. These results were extended
in [31] and in the book [32] to the general case of linear weakly coupled systems composed of
N subsystems, and conditions under which such a transformation is feasible were established. The
proposed optimal control algorithm is obtained in the form of a feedback law, where feedback gains
are calculated from two independent reduced-order optimal control problems. In a similar way, the
optimal control problem for weakly coupled bilinear systems was studied in [35], [33], and [34].
These results, were based on a recursive reduced-order scheme in order to solve the algebraic
Riccati equation. Following this reduced-order scheme for solving the algebraic Riccati equation,
the authors in [36] proposed a nonlinear optimal control for a weakly coupled nonlinear system
based on the solution of two independent reduced-order HIB equations, using successive Galerkin
approximation (SGA) [15], [16], [17]. The main drawback of this method is the offline design and
that the computational complexity increases with the dimension of the system.

Moreover, in most of the adaptive control algorithms [47], there is a need for guaranteed
persistence of excitation (PE) condition which is equivalent to space exploration in reinforcement
learning [29], [37], [38]. This condition is restrictive in nonlinear systems and often difficult to
guarantee in practice. Hence, convergence cannot be guaranteed. The work of [39] from the adaptive
control side, and the works of [40] and [41] from the reinforcement learning side propose some
alternatives that rely on concurrently using current and recorded data for adaptation to obviate the
difficulty of guaranteeing convergence with PE. Recently the authors in [42] have used concurrent
learning in optimal adaptive control but they only prove a milder form of stability, namely uniform
ultimate boundedness of the closed-loop signals by using an approach that is based on integral
reinforcement learning.

1.2. Contributions
The contributions of the paper rely on the development of an adaptive learning algorithm to solve the

continuous-time optimal control problem with infinite horizon cost for weakly coupled nonlinear
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OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS 3

systems. The online adaptive algorithm is implemented as a three-critic/four-actor approximators
structure, which involves continuous-time adaptation of both critic and actor approximators. The
proposed algorithm is an appropriate combination of ideas from adaptive control, optimal control
and reinforcement learning. Finally, we prove asymptotic stability of the equilibrium point of the
closed-loop system.

Structure

The paper is structured as follows. In Section 2 we formulate the optimal control with saturated
inputs problem. The approximate solution for the HIB equation is presented in Section 3. The
Lyapunov proof that guarantees asymptotic stability of the closed-loop is presented in Section 5.
Simulation results demonstrating the performance of the online algorithm acting on a weakly
coupled system are given in Section 4. Finally Section 5 concludes and talks about future work.

Notation

The notation used here is standard. R is the set of positive real numbers and Z is the set of positive
integer numbers. The superscript = is used to denote the optimal solution, Ay, (A) is the minimum
eigenvalue of a matrix A, A\pax (A) is the maximum eigenvalue of a matrix A and 1,, is the column
vector with m ones. The gradient of a scalar-valued function with respect to a vector-valued variable
x is denoted as a column vector, and is denoted by V := d/0x. V,. denotes the partial derivative a
given function V(x) with respect to x. A function a : RT — R is said to belong to class K(a € K)
functions if it is strictly increasing and «(0) = 0.

2. PROBLEM FORMULATION
Consider the following weakly coupled nonlinear continuous-time system,

s =[Gt | [ ) e [ ] o

with an initial condition,

.’ﬂl(O) | _ 10

) (0) | I20 ’
where 1 € R™, x5 € R™2, with ny 4+ ny = n are the states that can be measured, uy; € R™, uy; €
R™2 with my + ms = m, 1 € {1,2} are the control inputs and ¢ € R is a small coupling parameter.
Moreover, x = [T 2T]7 is the full state variable and u = [u]}, + culy, culd; +udy]T € U € R™

is the total control input. We assume that f1;(-) € R™, f;(-) € R™ and g¢,;(-) € R™*™3 are known
functions. We also assume that f1,(0) = 0 and f5;(0) = 0 for i € {1, 2}.

It is desired to minimize the following infinite horizon cost functional associated with (1),

1

v=; L r (2(7), u(r)) dr, ¥ 2(0) @)

where,
r(z,u) ;== 2T Qx + uTRu, Y z,u, 3)

where the matrices () > 0 and R > 0 have the following weakly coupled structures,
Q1 eQ2 ] [ Ry 0 ]
= R= ,
@ [ QF Qs 0 Ry
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4 L. R. GARCIA CARRILLO, K. G. VAMVOUDAKIS, AND J. P. HESPANHA

with, @1, Q2, Q3 and Ry, Re matrices of appropriate dimensions.
The cost functional for the weakly coupled system can be rewritten as follows,

V = Vi(x1,u11) + eVa(x, uir, uia, ua1, uge) + Va(x2, u22), 4)
where,
1 o8]
Vi(zi,un) = 5.[0 {21 Q121 + uly Riua } dt, Vor, i, &)
v o]
Va(, w11, w12, Uy, uz2) = {21 Qaxa + uly Riuta + ulyRoust } dt, Vo, w1, w12, usy, sz (6)
0
1 (™"
Va(w2,uz2) = 5] {23 Q32 + uzy Rouss } dt, Vo, uss. (7N
0

The Hamiltonian of the system (1) associated with the cost function (2)-(3) after setting €2 = 0 is
expressed by the following O(s?) approximation,

H=H, +¢Hy + Hs, ()

where,

1 1
H,y =§I1TQ1I1 + Vs, (@) + Vi, g (z)uan + §U$131U11,VI17U11, )]

Hs =27 Q225 + ujy Riurs + ugy Rousy + Vi, fra(x) + Vib, fo1(2)
+ V1£1911($1)U12 + V1T11912($)U22
+ Vo g11(21)urt + Vo, g22(@2)usn + Voo fr1(z1) + Vi, foo(22)

+ V3£2921($)U11 + ‘/2322922($2)U217 Vo, ui1, Uiz, Uz1, Uz, (10)
1 1
Hj =§$2TQ3332 + V3’£‘2 faa(w2) + ‘/522922(332)?122 + 5“52R2“227vx27u22' (1D
Hence, the ultimate goal is to find the following optimal value function,
oe]
V* = minJ r(z,u)dr, t=0, (12)
uelU J;

subject to the state dynamics in (1).
The optimal value V' * satisfies the following HIB equation (see [1] for an existence theorem),

1 1
inQx + iu*TRu* + VX f(z) + Vi g(x)u* =0, (13)

where,

@) =[fiu+efiz efa + fa2] " ;5 glz) = [ 11 €912 ] 7

€921 g22
and u™* is the optimal control that will be found later.

Assumption 1 (Smoothness of solution)
The solution to (13) is smooth, i.e. V* € C!, and positive definite with V*(0) = 0. O

Remark 1

Hamilton-Jacobi equations are nonlinear partial differential equations, and it is well-known that
in general such equations do not admit global classical solutions and if they do, they may not be
smooth. But they may have the so-called viscosity solutions [43]. Under certain local reachability
and observability assumptions, they have local smooth solutions [44]. Various other assumptions
guarantee existence of smooth solutions, such as that the dynamics not be bilinear and the cost
function not contain cross-terms in the state and control input. The latter two assumptions are
satisfied for the system (1) and the cost (2) under consideration. O

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
Prepared using acsauth.cls DOI: 10.1002/acs



OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS 5

We shall now, split the solution V;‘T as follows,

T T
Vi, + €Vg
eVE + Vi

QIQ 3:122

VT = (14)

The optimal control input for the system (1) with the optimal value function (12) can be obtained
using the stationarity condition in the Hamiltonian (8),

0H
S, = 0=t = =R @)V (@), (15)
which can be split into the following control inputs,
ufy (@1) = =Ry g1 (2) Vi, Ve, (16)
ufap(z) = =BT (901 (20) Vil + 921 (2)Vis,) » Vo, an
uj (z) = —Ry" (932(552)‘/5;1; + ngg(x)Vf’;T) Ve, (18)
uy(r2) = =Ry g35(w2) Vi , V. (19)

After substituting the optimal controls (16)-(19) into the Hamiltonians (9)-(11) one has the
following 3 HJB equations H}* = 0, Vi € {1,2,3},

1 1
0 =§$1TQ11‘1 + Vi fu(e) + Vit gua (e)ufy (1) + §UT1T($1)R1UT1($1% (20)
0 =21 Qs + Vi fra(x) + Vi, far (2)

+ Vi gra(@)udy(z2) + Vait gra(zr)ufy (21) + Vo ga2(w2)uds (22)

+ VT fra(an) + Vait fao(aa) + ViiT gor (2)ufy (1), (21)
1 1
0 =§I§Q3I2 + V3o, faa () + Viiy gaa(w)udy (w2) + §U§2T($2)32U§2(I2)~ (22)

Due to the nonlinear nature of these three weakly coupled HIB equations, finding their solution is
generally difficult or impossible.
The following section shall provide approximate solutions to equations (20), (21), and (22).

3. APPROXIMATE SOLUTION

The next subsections will lay the foundation for updating the optimal value function and the optimal
control input simultaneously by using data collected along the closed-loop trajectory.

3.1. Critic approximators and recorded past data

The first step to solve the HIB equations (20), (21), and (22) is to approximate the value function
V*(z) in equation (12) on any given compact set 2 € R™ with a critic approximator as follows,

V() = W* ¢(z) + e(z), Va, (23)

where W* € RNtot are the ideal weights satisfying |[W*| < Winax; o(x) : Q — RNt ¢(z) =
[p1(x) pa(x) ... pn,,(x)]T are the basis functions, such that ¢;(0) = 0 and V;(0) = 0, Vi =
1,..., Niot; Niot is the number of neurons in the hidden layer and ¢(z) is the approximation error.
It has been shown in [46] that NNs with a single hidden layer and an appropriately smooth hidden
layer activation function are capable of arbitrarily accurate approximation to an arbitrary function
and its derivatives.

One should pick the basis functions p;(x), Vi € {1,2,..., Nyot} as polynomial, radial basis or
sigmoidal functions. In this case, V* and its derivatives,

v = [Low] wee L

= V¢ W* + Ve, VreQ, (24)
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6 L. R. GARCIA CARRILLO, K. G. VAMVOUDAKIS, AND J. P. HESPANHA

can be uniformly approximated on any given compact set {2. According to Weierstrass higher order
approximation Theorem [45], a polynomial suffices to approximate V* as well as its derivatives
when they exist. Moreover, as the number of basis sets Ny, increases, the approximation error on a
compact set §) goes to zero, i.e., e(x) — 0 as Nyyy — 0.

We shall require a form of uniformity in this approximation result that is common in neuro-
adaptive control and other approximation techniques [46, 47]. We shall now write the approximate
Hamiltonian as,

H* := %xTQx + %uTRu + W*TVo(f(z) + gu), Yz, u, (25)
with a residual error given as,
ey = H* — H = -Ve' f(z) — VL (f + gu), VY, u, (26)
with,
H* = H{ +eHy + HY,
and,

€g = €y, + €€, + €q,.

Assumption 2 (Critic Uniform Approximation)

The critic activation functions ¢, the value function approximation error e, their derivatives, and the
Hamiltonian residual error ¢y are all uniformly bounded on a set 2 € R", in the sense that there
exist known finite constants ¢p,, Gdm, €m, €am, €am € R such that |¢(z)| < ém, |VO(x)| < dam,
le(z)] < €m, |Ve(z)] < €dm, |en(2)] < €mm, Yo € Q. O

Since the ideal weights for the value function V*(z) that appear in (23) are unknown, one must
consider the actual critic weight estimates W € RNt associated to,

V(z) = WT¢(z), Va. 27

The approximate solution (27) can be split to obtain the approximate solution of equations (5), (6),
and (7), and for that reason we shall use a vector of polynomials ¢; € RV, ¢ € R™2, and ¢3 € R™V3
respectively. Hence, these approximations can be expressed as,

Vi(z1) = Wi ¢ (1), V@i, (28)
Va(z) = Wy o(a), v, (29)
‘73(31‘2) = Wg¢3($2), 4 Z9. (30)

Our objective is to find update laws for the weight estimates Wy € RNt W, € RN2, and W5 € RNs
where N;, j ={1,2,3} are the neurons in the hidden layer of each critic approximator. Our
objective is for the actual weight estimates to converge to the ideal values in the sense that
Wy — Wi, Wy — W, and Wa — Wi,

Now, we can write the approximate Hamiltonians (25) with current weight estimates as,

H, E%%Tlel + WV fir (1) + WEV1g11 (21)unn + %UaRlullavml,Ull, 31)
Hy =27 Qaxs + ufy Riuia + ujy Roust + Wi Vi fia(z) + Wi Vs for (2)

+ WEV1g11(z1)urz + W V1g12(2)ue + W5 Vo, g11(z1)uin + W5 Vag, g2 (22)uzs
+ W3 Ve, f1(21) + Wo Vo, fa2(22)

+ WiV hagar (2)urr + Wi Vsgoa(we)usr, Yo, uir, uiz, usr, uss, (32)
R 1 . A 1
Hs Eixreram + W§V¢3f22($2) + W§V¢3922($2)u22 + §U2TQR2U22, Vg, ugg. (33)
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS 7

It is obvious that, when we have convergence of the actual weight estimates to the ideal weight
values and w1y = uf;, u12 = ufy, usy = u21,uQ2 = u3, then the approxnnate Hamiltonians also
converge to the HIB equations in the sense that Hl — HY, H2 — HZX*, and H3 — HX* ast — oo.
Definition 1 ( [47])
A vector signal ®(¢) is exciting over the interval [t,t + Tpg], with Tpg € R if there exists
B1, 82 € R such that 811 < HT ®(7)®T(7)dr < B21 with I an identity matrix of appropriate
dimensions. O
To achieve convergence of (31), (32), (33) to the (approximate) Hamiltonian (25) along the
closed-loop trajectories, one would typically need persistence of excitation V¢ > 0 (see Definition 1)
for the vectors wi (t), wa(t), ws(t) defined by

wy = V1 (fi1 + griua), (34)
wy 1= Vau, (fa2 + ga2u22) + Vau, (f11 + g11u11), (35)
w3 = Vo3 (faz + gaouaa). (36)

To weaken the need to guarantee a persistence of excitation condition in the sense of Definition 1
for infinite-time, we follow the approach proposed in [48] that uses past recorded data, concurrently
with current data. To this effect, we define the Hamiltonian errors corresponding to the data
collected at the current time t,

ei(t) == H, — Hf = (xl(t), win (t), Wi () TV, (xl(t))) , (37)

62(t) = ﬁg — HQ* = HQ <$(t),Un(t),UQQ(t),ulQ(t),UQl(t),

W (6) V61 (a1 (6), Wa(H) "V o (1)), Vv3<t>Tv¢3<x2(t>>), (38)

es(t) = My — HF = Hy (w2(0), uza(8), Wa(8) Vs (22(1)) ), (39)

where the latter equalities in equations (37), (38), and (39) are due to (20), (21),
and (22), respectively. Similarly, the errors corresponding to data previously collected at times
to,t1,...,ty; <t,Vj€{1,2,3} can be defined as,

eabut (b, 8) = H (28w (0). W (0T V6 (@ (1))
o, 11) 1= i ((t), 0026, va(t) a0, 1),

W07 0 (1), W0 Viaa(t)). Walt) TP on(aa(1) )
ot (t1.1) 1= H (w2(t:), uaa(t:), Wa () Va(aa(t:)))

Note that, while the errors ejpus, (ti,t), €abust, (ti,t), €sbust; (ti,t) use past state and input data
z1(t:), 2(ti), z2(t;) and uqs (t:), wia(ts), u21(ti), uaz(t;) respectively, they are defined based on the
current weight estimates W (), Wa(t), Wa(t).

The current and previous errors defined above can be combined into the following (normalized)
quadratic errors,

_1 ez (t) S Tpusr, (tir )
B =5 ((m(t)%il(t) I & (o) () + 1)2>’W
ko

_1 e3(t) €3pust, (tir1)
Bat) =3 (mgu)m DD 2 i) st + 1)2)’W

B (t e?,louff i)
E?’(t)_Z((wsT(t)wgt)Jrl *Z (wat)Tws(t )+1>2)’W'

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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8 L. R. GARCIA CARRILLO, K. G. VAMVOUDAKIS, AND J. P. HESPANHA

The tuning laws for the three critic approximators are obtained by a gradient descent-like rule as
follows,

V= — o @ = -« wn (t) e «a (tz) e i

A A CTOLTT O 12 nfegy 1 0
(40)

: 0E, woa(t) & wa(t;)

W= =g = o Ty 22— ; (ot Twa(ty) + 1 2 1)
ay

o 0B ws(t) ) — S ws(t:) . '

W3 = 56W3 = TS () Tws (8) + 1)2 3(t) 3; (1 () Tws () £ 1) sbuft, (4, 1),
“2)

Vt>t; >0, where a; € Rt, ap € RT, a3 € RT, are constant gains that determine the speed of
convergence.
Now we shall define the weight estimation errors of the critic approximators as,

Wy:=WF—W, eRM (43)
Wy = Wi —W, eRN (44)
Wy := Wi — W3 e RN (45)
where W* € RYi| i€ {1,2,3} are the ideal weights, satisfying |W*| < Wimax, i € {1,2,3} with

Wimax € RT, 7 € {1,2,3}. Now the weight estimation error dynamics are given as,

Vo (BT Sy et
M= 1<<wl<t>%l<t>+1>2 * 21 Con ) Ten () 7 1 )Wl“)
wi (t)wy (£)" (t:)" _
ror{ Gt s ¢ +2 Gt T 19) = o e,
(46)
s wa (H)wa ()T P w(t)wa(t)T }
e = “2<<w<t>%(t) 17t 2 Gt Ten(t) 1)2)%(”
wa(Hwa(t)T & waltiwa(t)T N L
oo Gt £ 70 X e ) = ~Nona b
47
x W w3(t ) ~
Ws = ‘°’<(WS< )Tws(t)+ Z o t)%(t)ﬂ)?)w?’“)
w3 (8)ws (1) (t:)" _
ool @ + 02 *2 e ) R R
(48)
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS 9

where Noni, Vi € {1,2, 3} are the nominal systems and pe,;, Vi € {1, 2,3} are the perturbation due
to the errors ey, Vi € {1,2,3}.

Note that, in order to derive the expressions for the components of VV =W we
used (40), (41), (42) together with the fact that 12TQz + 2uTRu = —W*Tw(t) + e (t), which
is a consequence of (9), (10), (11), and (26).

Theorem 1

Suppose that {w;(t1),...,w;(tx,)} contains N;,Vj € {1,2,3} linearly independent vectors and that
the critic tuning laws are given by (40), (41), (42). Then, for any given control signal «(¢) for the
nominal systems (i.e. ey, = 0, Vi € {1, 2, 3}) we have that,

k1
ol s (S et il w
k2
N Ot e 1L
2 ks w e
i 0] < 2wt (3 ) Gh

and for bounded ep,, Vje {1,2,3}, the Wj, Vj e {1,2,3} converge exponentially to the

w, (D)w;(t) (t)w; ()T
(Ww SACED VRS v UL
Vje

s kj wji(t)w;(t)T
TR (w5 Twj () +1)2

{1,2,3}. O

Remark 2
Ordinary adaptive optimal control algorithms, e.g. [49], do not have the extra past-data term

residual sets, R,; = {Wj | HWJ H <

. AT ) . .

Zfil %, Vj e {1,2,3} in the error dynamics and thus need a persistence of
w; () t+T w;(t)w; ()T

DT, @ e, S Pl

with constants 31, 32, T € Rt) that holds for every ¢ from t = 0 to ¢ = oo. This condition cannot

be verified during learning. In Theorem 1, the persistence of excitation condition comes through

the requirement that at least N;,Vj € {1,2,3} of the vectors {w;(t1),...,w;(tx,;)}, Vi € {1,2,3}

excitation condition on i (typlcally of the form 5,7
J

must be linearly independent, which is equivalent to the matrix A; := ij 1 %7 Vje
{1,2, 3} being positive definite. In practice, as one collects each additional vector w;(t;), one adds

a new term to the matrix Zi:l %, Vj € {1,2, 3} and one can stop recording points as
3 (t) T, (s

soon as this matrix becomes full-rank (i.e. tx,, Vj{1,2,3} time has been reached). From that point
forward, one does not need to record new data and the assumption of Theorem 1 holds, regardless
of whether or not future data provides additional excitation. In spite of the fact that our Theorem,
for theoretical purposes requires a very large number of basis sets (i.e. N; — o0, Vj € {1,2,3}) in
our numerical simulations it suffices to pick a small number of quadratic or radial basis functions.
The selection of the times ¢; is somewhat arbitrary, but in our numerical simulations we typically

select these values equally spaced in time. ]
Remark 3

It is assumed that the maximum number of data points to be stored in the history (i.e.,
to,t1, ...,y <t,Vj € {1,2,3})is limited due to memory/bandwidth limitations. O
Proof of Theorem 1. See Appendix. ]
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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3.2. Actor approximators

One could use a single set of weights with a sliding-mode controller as in [51] to approximate
both the optimal value functions V;*, V;*, V5* and their gradients VV}*, VV;*, VV;* but instead
we independently adjust two sets of weights: the critic weights introduced in (28), (29), (30) to
approximate V}*, V;*, V;*, respectively and the actor weights introduced below to approximate u};,
ufy, usy, uly from (16), (17), (18), (19). While this carries additional computational burden, the
flexibility introduced by this “over-parameterization” will enable us to establish convergence to the
optimal solution and guaranteed Lyapunov-based stability, which seems difficult using only one set
of weights.

The optimal control policies (16), (17), (18), (19) can be approximated, respectively, by 4 actor
approximators as follows

uly (21) = WE T Guyy (21) + €uy, (21), Y (52)
ula(®) = Wi, Gu, () + €uyy (2), Vo (53)

Ul (€)= Wik, bus, () + €0y (@), Voo (54)
Wy (22) = Wk, T Guss (22) + €uy (22), Vaa (55)

where W € RNaxm ik e RNsxm % ¢ RNoxm and Wk € RN7*™ are the ideal weight
MAtrices, Gy, (z,)s Pusy(x)> Purs(z)s ANA Py, (a,) are the basis functions defined in a similar way
than the one used for the critic approximators, Ny, N5, Ng, N7 is the number of neurons in the
hidden layer of each actor approximator, and €,,,, €y,5, €us; > €us, are the four approximation errors.
As before, the uf, (x1), ufy(x), ud; (z), udy(x2) can be uniformly approximated, as expressed by
the following assumption. According to Weierstrass higher order approximation theorem [46], a
polynomial basis set suffices for proper approximation, and moreover as the number of basis sets
Ny, N5, Ng, Ny increases, the approximation errors goes to zero, i.e., €,,, — 0, €,,, = 0, €4,, — 0,
and €,,, — 0, as Ny, N5, Ng, N7 — 0.

Assumption 3 (Actor Uniform Approximation)

The actor activation functions in ¢,,, € RM, ¢,,, € RYs, ¢, eRNe, ¢, € R and the
actor residual errors €,,,, €u 5, €uyy» €uyy are all uniformly bounded on any given compact set
), in the sense that there exist known finite constants {¢y,,max; Puiomax, Pusymaxs Pussmax ; €
R+ and {6u11max7€u12max’euzlmaxveuzzmaX} € R+ such that |¢u11 ($1)| < ¢u11max» |¢u12 (.13)| <
Purpmaxs  |Pusy ()] € Pugymaxs  [Puzs (¥2)] € Pugamaxs and ey, (21)] < €upymaxs €0z ()] <
€uromaxs |€usy ()| < €ugymaxs [€uss (Z2)] < €upymaxs Y2 € . ]

Since the ideal weights W* € RN«xm W e RNsxm 1% ¢ RNexm and Wk e RNvxm

Uil U112 u21 u22

are not known, we introduce the current actor estimate weights W, ,, W, Wa,,, and Wi,

to approximate the optimal controls (52), (53), (54), (55), respectively, by the following actor
approximators,

n1(21) = Wi by, (1), Vi, (56)

2(2) = Wit du, (2), Ve, (57

’&21(37) = Wi};l d)uzl (SC), VCL‘, (58)

lga(x2) = u22¢u22 (x2), Y. (59)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS 11

Our goal is then to appropriately tune W.,,,, W,,» Wa,,» Wa,, such that the following quadratic
error terms are minimized,

Fu, = 56h, Bew, (0), Vi (60)
Fu = 560 (Dewn (), ¥, (6)
Ey,, = %e}n (t)ew,, (t), Vi, (62)
Euy, = %(2522 (t)ew (), VY, (63)

where,
Cuyy = u11¢u11 + Ry gll(xl)VQqua
Cuns = umm+m(ﬁmW£M+&uwgmy
Cuss =Wk, buss + By (90(22) VO Wa + gly(2) VT W)

Cuzy = U22¢u22 + R2 922(x2)v¢3TW3’

are the errors between the estimates (56), (57), (58), (59) and versions of (16), (17), (18), (19), in
which V* is approximated by the estimates of the critic approximators (28), (29), (30).
The tuning laws for the actor approximators are obtained by a gradient descent-like rule as follows

A OF
Wiy = —y —L = —Qy Cbu €u
11 11 9Wul1 11 Pu11 Curr
T
= _au11¢u11< u11¢u11 + Rl gll(xl)vd)l Wl> ) (64)
A O0FE,
Wulz = Ty, 0W = = _au12¢u126ul2

u12

T
= _au12¢u12< u12¢u12 + Rl (grlrl (xl)V(b’ZTW? + g;rl (%)V(ﬁg‘W{J,) > ) (65)

A oE,
[[u21 = Oy 7= - _au21¢u21euzl
U21

T
= Oy, ¢u21 ( u21 ¢u21 + R2 (g2T2(x2)V¢gW2 + 91[‘2($)v¢1[‘W1) ) ) (66)

A 0Fy,,

[[u22 = Ty, = _au22¢u226u22

T
= _au22¢u22( u22¢u22 + R2 922(x2)v¢3 W3) ) (67)

where a,,, € RT, oy, € RY, y,, € RT, and vy, € R are constant gains that determine the speed
of convergence. Defining the weight estimation errors for each one of the actors by

Wy, = Wi =Wy, € RN>m (68)
W = W — Wi, € RNsxm (69)
Wum =W, — Wy, €RNoxm (70)
Vigy = W, — Wiy, € RN (71)
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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12 L. R. GARCIA CARRILLO, K. G. VAMVOUDAKIS, AND J. P. HESPANHA

and after taking into consideration that (16), (17), (18), (19) with (23) is approximated
by (56), (57), (58), (59), respectively, the actor approximators error dynamics can be written as

~ ~ T
Wuu = au11¢u11¢311Wu11 - aun(bun (Rl_lg?l(xl)V(zsrlI‘Wl)

_ T
— Qlyqy d)uueuu — Oy, d)uu (Rl 191[‘1 (1’1)V61) 3 (72)

T
Wu12 = - aum(bum(bglzwum - au12¢u12 <Rllg;[‘1 (xl)v¢;fw2 + R;192Tl (l‘)V(bgW3>

_ _ T
- au12¢u126u12 - au12¢u12 (Rl 1grlrl (1’1)V62 + Rl 192Tl (l‘)veg) ) (73)

T
Wu21 = = Oy, (buzl ¢521Wu21 — Oy ¢u21 <R21932(x2)V¢EW2 + R2191T2($)V¢1W1)

_ _ T
- au12¢u216u21 — Qlyyy ¢u21 (RQ IQQTQ(IQ)VEQ + RQ 1ng2(:C)VE1) ) (74)

~ - T
Wu22 = = Qygy ¢u22 ¢322 Wu22 — Oy, ¢u22 (R2_192TQ(I2)V¢3TW3)
_ T
— Qg (buzz Cugy — Augy (buzz (RZ 192TQ (xQ)V€3) . (75)

A pseudocode (with inline comments to provide guidance following after the symbol =) that

describes the proposed adaptive-optimal control algorithm has the following form,
Algorithm 1: Adaptive-Optimal Control Algorithm for Weakly-Coupled Nonlinear Systems

1: Start with initial state 2:(0), random initial weights W, (0), Wy, (0), W, (0), Wi, (0), W1 (0), Wa(0), W3(0)

2: ;I:'?)cledulre

3: Propagate ¢, z(t) using (1) _ _ _ _

4: Propagate Wun , Wum, Wum , Wu22, Wi, Wy, W3 = {integrate Wun , Wu12 , Wu21 , Wu22 asin
(64)-(67) and Viﬁ, Wg, VV; as in (40)-(42) using any ode solver (e.g. Runge Kutta)}

5: Compute Vi = I/T/}Tqbl(:cl), Vo = WQFF(ZSQA(m), Vs = Wi 3 (xz)A

6:  Compute a1 = Wiy, duyy (21), G12 = Wik, durs (2), G21 = Wik, buas (%), G2 = Wi, buss (22)
7: if i # k then & {{w;(t1),w;(t2),...,w;(t:)}, Vs € {1,2,3} has N1, N2 and N3 linearly
independent elements respectively and ¢, is the time instant that this happens}
8: Select an arbitrary data point to be included in each history stack (c.f. Remarks 2-3)
9: ti=1+1
10: end if
11: end procedure
Remark 4

Note that the algorithm runs in real time in a plug-n-play framework and we do not have any
iterations within the algorithm. The computational complexity is similar to an adaptive control
architecture [47] which increase with the number of the states. O

3.3. Stability analysis
The following regularity assumption is needed for the stability analysis presented below.

Assumption 4

The process input functions g11(.), ¢12(.), g¢21(.) and gao(.) are uniformly bounded on
Q’ i'e" Supxleﬂ Hgll(xl)H < g1lmaxs SUDPg 0 ”912(1’.)“ < g12max> SUPgzen ||921(x) H < g21max>
Supxzeﬂ ”922 (332)” < g22max- O

To remove the effect of the approximation errors €1, €y,,, €2, €uya» €ugys €35 Eug,» (and their partial
derivatives) and obtain a closed-loop system with an asymptotically stable equilibrium point, one

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS 13

needs to add robustifying control terms to (56), (57), (58), and (59), following the work of [52] and
write,

w1 (t) = WE ¢, (1) — B paw (76)
11 Ull w11 1 (A+mr1rm1) 114mq, )
T
u2(t) = u12¢u12( x) — mBmlml, Vi, an
T
ug1(t) = u21¢u21( x) — mBQI:lmzv Vi, (78)
xXx
uga(t) = u22¢u22 (w2) — mBQQ]-mgv vt, (79)
2

with A € RT, and By; € RT, Bis € RT, By € RT, Byy € RT satisfying (80), (81), (82), and (83)
respectively,

A+ 2] ()" ’
B 22 1+ Amax
11||x1|| (Wlmax(bldmax + 61dmax)gllmax 4al + Z (wl t )TWI t ) + 1)2 CHlmaz

— 2
+ ((qsullmax)\max(Rl 1)gllmaXVGlmax + ¢u11max6u11max) + ¢u11max6u11max)
2

1 1
2 2 2
Wlmax¢1dmax + e1dmax) + i(Wlmaxgéldmax + 61(:1m;1x) + 2eullmax

(80)

At [z]? ! A wn(twa(t)” ’
Bis|z|® = 1+ Amax ,
12”37” (WQmax¢2dmax + 62dmax)912max 40‘2 ( * 2 ( ( )TWZ (tz) ) 2 Mz

i=1
+ <(¢u12max (Arnax(RII)gllmaxve%nax + Amax(R; )ngmaxve?)maX))

g1 1max¢u11max (

+
2

2

1 1
*(WQmax¢2dmax + 62dmax)2 + - 12max}7

2 2
81

A+ |z|? 1 & walti)walty)" 2
Bo1llz||? = — Amax €
21” ” (WQmax¢2dmax + 62dmax)g21max 40[2 : Z WQ Tw2( ) + 1) Hzmax

+ <(¢u21max (Amax(RQ_I)g22maxve2max + )\max(RQ_ )thmaxvelmax))Z)

g12max® 2
+ w (WQmax¢2dmax + 62dmax) +

2

g21max¢u21max

1
+ f (WQmax¢2dmax + 62dmax) + = (W2m3x¢2dmax + 62dmax) + - 2 uzlmax}
(82)

A+ jzo|? { 1 << ( S ws(t)ws(t)T )) )2
B 2> 1+ Amax (Y .
22 “$2 ” (W 3max¢3dmax + 63dm'a»x).922max 4043 ; WS( )Tw3 (tz) ) €3 Home

— 2
+ ((quzgmax)\max(Rz 1)922maxvﬁ3max + ¢u22max€uQ2max) + ¢uz2max€ummax)
2

g22max® 2 1 1
+ w (W3max¢3dmax + 6Sdma)c) + §(W3max¢3dmax + 63dmax)2 + 56322max .
(83)
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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The following theorem is the main result of the paper and proves asymptotic stability of the
equilibrium point of the closed-loop system dynamics (1), (76)-(79). The closed-loop systems
dynamics can be written as,

[ a1 ] :[ fu(1) + € fra(2) ] +[ gu(z)  egia(x) ] [ Wit Gurs + Wi dus

T2 efo1(x) + faa(wa) ego1(z)  g2a(7) W busy + Wi, buss
w?zl 2Tz

(A+acrlrx1) Bll]-m1 te (A+;5Tw) 3121m1

(84)

+m;FHT2

2T zlx
EmBgl 1m2 + ﬁBQleQ

Theorem 2

Consider the closed-loop dynamics given by (84) together with the tuning laws for the critic
and the actor approximators given by (40)-(42) and (64)-(67), respectively. Suppose that the
HIB equations (20)-(22) have a positive definite, smooth solution, the Assumptions 1, 2, 3,
and 4 hOld, and that {wl (tl), w1 (t2), oWt (tkl)}, {WQ (tl), wWa (tg), e, W2 (th)}, and
{ws(t1),ws(t2), ..., ws(tr,)} have Ny, No, and N3 linearly independent elements respectively.
Then, there exists a triple 2, x Qu x Qu, € Q, with Q compact such that the solution
Z = [x(t)T Wl(t)T WQ(t)T W3(t)T Wun(t)T Wu12 (t)T WU21 (t)T Wu22 (t)T]T €
(Qz x Quw x Qu,) converges asymptotically to zero for all initial approximator weights
(W1(0), Wa(0), W3(0)) inside Qw, (Way, (0), Way, (0), Wy, (0), Wiy, (0)) inside Qyy, and state
2(0) inside Q2 provided that the following inequalities are satisfied,

o (8‘“9““ ( > <w£§ti¢)ﬁ£§ - 1>2> - 1)

i=1

>¢u111nax)\max(Rfl)glllrlaxv¢1max + d)uglmax)\max(R51)912111axv¢1maX7 (85)

1

¢ (2 12111max - 1) >Amax(R1_1)gllmaxv¢lmax + J11max; (86)
ujpipmax
kz T
1 (J.}Q(ti)UJQ(ti) ) )
— { 803 Amin -1
0 ( g (Zzl (wa(ti) Twa(t) +1)?

>¢u12max)\max(Rl_l)gllmaxquQmax + quglmax)\max(Rg_l)g22maxv¢2ma)c7 (87)

1 _ _
¢ (2 ﬁlzmax - 1) >>\max(R1 1)911maxv¢2max + Amax(]%l 1)921maxv¢3max + 922max
ujz2max
(88)
1 _ _
(b (2¢12121max - ]-) >)\max(R2 1)922maxv¢2max + /\max(R2 1)912maxv¢1max + 921max
U1 max
(89)

o (8@“““(% (wﬁ;tic)ufigf . 1)2) - 1)

=1

>¢u22max)\max(R2_1)922maxv¢3max + ¢u12max)\max(R1_1)921maxv¢3maxv (90)

1

(2¢12122max - 1) >Amax(R51)922maxv¢3max + 922max- (91)

¢112 2max

When the set (2 that appears in the Assumptions 2, 3, and 4 is the whole R", then the triple
Quy x Qw, x Q5 can also be the whole R". O

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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Proof. See Appendix. ]

Remark 5

For the inequalities (85), (87), and (90) to hold, one needs to pick the tuning gains 1, e, ag for the
critic approximator sufficiently large since the left hand side of these inequalities are monotonically
increasing to +00 on a1, ag and g respectively. But as noted in adaptive control [47], large adaptive
gains can cause high frequency oscillations in the control signal and reduced tolerance to time
delays that will destabilize the system. Regarding (86), (88), (89) and (91), since ¢y11max> Pul2maxs
Du21maxs Pu22max are simply the upper bounds that appear in Assumption 3, one can select them as
large as needed since the left hand side of these inequalities are monotonically increasing to +oo
ON Gy11max> Pul2max> Pu2imax aNd Puoomax respectively. However, one must keep in mind that large
values for these upper bounds, require an appropriate large value for the functions Bi1, Bi2, Bai,
Bs, in the robustness terms in (76)-(79). It is possible to pick Bi1, Bi2, Be21, Be2s high enough to
ensure the convergence of the state to an arbitrarily small neighborhood of the equilibrium point.
Choosing an increasing or time-varying robustifying term, can lead to asymptotic stability provided
that the inequalities (80)-(83) hold Vz. O

Remark 6 ~
From the conclusion of Theorem 2, we shall have that HZ H — 0 which implies |z| — 0, it is

straightforward that as ¢ — oo then from (76)-(79) we have (56)-(59) which are €, , €u,5, €usy s €ugs
respectively away from the optimal. |

Remark 7

In order to get € small we assume that we have a large number of basis sets, i.e. N; — 00, Ny — o0
and N3 — 00. Moreover, in order to get €,,,, €5, €uyy» €usyy SMall we also assume that we have
a large number of basis sets, i.e. Ny — 00, N5 — o0, Ng — 00, N; — oco. But note that this is a
requirement for theoretical purposes. We have observed in our numerical and simulation examples
that picking quadratic basis function can achieve the required result. O

Remark 8

In case the approximation holds over the entire space, i.e. 2 =R", one can conclude global
existence of solution provided that the HIB solution V* is norm coercive (i.e., V¥ -0 = =z —
0), as this suffices to guarantee that the Lyapunov function V that we use in the proof of Theorem 1
is also norm coercive (see [28]). O

4. NUMERICAL EXAMPLE

This section presents a sixth-order numerical example to illustrate the effectiveness of the proposed
optimal adaptive control algorithm for weakly coupled nonlinear systems like the one described by
equation (1). The state variables are taken as, 71 = [x1; 212 713]T and 2o = [721 292 223]". The
small perturbation parameter is chosen as, ¢ = 0.1. The matrices of the system under consideration
are chosen as

[ —0001‘%%1 [ 0.1x23x21x13
fir(z) = | —zzun |, fia(z) = —3.26211 ;
—T13 | —0.251‘33
—1.323, [ 0
fgl(x) = 0.955(}115821 — 1.03$12$22 y fgg(:l)g) = 0.413{)321 — 0.4261‘22 s
| —2.11‘13 | —0.09I23
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
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911(581) =

921(I) =

[ —4.2741’%1{1713

—0.011‘12
0
0.75$11

21713 |,
0

g12(x)

922($2) =

L. R. GARCIA CARRILLO, K. G. VAMVOUDAKIS, AND J. P. HESPANHA

0.1£E12
—4.51‘22 ;

T13
—0.718:1021

—0.11‘231‘21
0.07183323.%‘%2

We consider a cost defined by (2), and with the user-defined matrices ¢ and R to be identity matrices
of appropriate dimensions.

The weights are initialized randomly in the interval [0,1], the critic activation functions
were chosen to be quadratic of the form ¢ = [2?] z11212 T11T13 235 T12713 Ti5),
¢ =[23), TuTi2 TTi3 TuTa TnTer TiiTey Ty TiaTiz Tialal Tiala  T12T23
96%3 13721 T13T22 13723 3731 2122 21723 36%2 2223 33%3,], 93 =
[23, 221722 T21T03 T35 To2Ta3 T35], and the actor activation functions are picked in a similar way.
The initial states are chosen as z(0) =[3 —1 4.3 1.2 —1.5 —1]T, and the tuning gains were
setto ap = ap = ag = 10, and ay,,, = Q= Quy, = Quuyy = 2.

Figure 1 shows the time evolution of the states in the weakly coupled nonlinear system. The
convergence of the critic parameters W, to the optimal cost (12) is shown in Figure 2. The evolution
of the actor parameters W, is shown in Figure 3. The optimal control inputs, i.e. u; = w11 + €12
and ug = eus; + ugs, are shown in Figure 4.

Trajectory of the system states
348 T T T T T T

25

[}
|r._

70
Time (s)

Figure 1. Trajectory of the closed-loop system states.

5. CONCLUSIONS

This paper proposed a new approximate dynamic programming algorithm for controlling weakly
coupled nonlinear systems, which also relaxes the persistence of excitation condition by using
previously stored data concurrently with current data. The algorithm is implemented as a three-
critic/four-actor approximators structure. To suppress the effects of the three critics and four actors
approximation errors, robustifying terms have been added to the controllers. We finally prove
asymptotic stability of the equilibrium point of the overall closed-loop system. Simulation results
illustrate the effectiveness of the proposed approach. Future work will be concentrated on extending
the results in completely unknown systems and multiple decision makers.

Copyright © 2015 John Wiley & Sons, Ltd.
Prepared using acsauth.cls

Int. J. Adapt. Control Signal Process. (2015)
DOI: 10.1002/acs



OPTIMAL ADAPTIVE CONTROL FOR WEAKLY COUPLED NONLINEAR SYSTEMS

Parameters of the three critic NNs

a 10 20 3a 40 50 =il 70
Time (s)

Figure 2. Convergence of the critic parameters.

Parameters of the four actor NNs

T T T T T T
g #
0.5 q
RS J
o,
15+ q
2k ]
-2ar b
1 T T T T T
a 10 20 3a 40 50 =il 70

Time (s)

Figure 3. Parameters of the four actors.

APPENDIX

Proof of Theorem 1

Consider the following Lyapunov function, for ¢ > 0

17

92)
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Evolution of the Controllers
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Figure 4. Trajectories for w11, euy2, euai, and uas.

where,
= L O
L= 2a1W1(t) Wi(t), 93)
— Ly T
Lo := Son Wo ()" Wa(t), %94)
1 - -
£3 = EWg,(t)TWg(t). (95)

By differentiating (92) (i.e. (93), (94), (95)) along the critic error dynamics one has

. wi(Hwi ()T & wilt)wi(t)T
# 0 oy e + 2 ) et 1R ). o0
~ wo t)WQ(t)T r2 W2(t1)w2(tl)T 7
o = =Wl (o) 2 (oalt) Tenlt) + o ) 200
N wo (t)wa (t)T & waltywa(t)T
+ Wg(t)TOCQ ( (w2(t)Tw2(t) n 1)2 €H, (t) + ;1 ((,L)Q(ti)ng(ti) n 1)2 €H, (tz)> ) (97)
_ w3 (t)ws ()T & wat)ws(t)” 7
£a= _W3(t)T<(w3(t3TW3?t) +1)2 le (ws(tj)%?ti) + 1)2>W3(t)
- w3 (t)ws ()T & ws(ti)ws ()"
+Ws(t) s ( — j(TLgZ’f) i e+ 3] (wg(tngis‘Z’fi)L e (ti)) (98)
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Then £ is negative definite (see Section 4.9 in [28], where one can prove Input to State Stability
(ISS) by treating (46)-(48) as dynamical systems with €y, j € {1, 2,3} as input), as long as

w;(Bw; ()T wj (b Jwj (i
af(M&NEH(”Zv Gt e,

Vie{1,2,3}.  (99)
) kj o wi(t)w; ()T
)\mln (Zi:l (wj( L)Tw]( i)+1)2 )

Wl > '

Equations (49), (50), (51) follow from this and the fact that % >0, ¥t and

Vj e {1,2,3}. Since {w;(t1),...,w;(tr,)} has N;,¥j e {1,2,3} linearly independent vectors, the
matrices A;, Vj € {1, 2, 3} are positive definite, from which the exponential stability of the nominal
system follows. ]

Proof of Theorem 2

Consider the following Lyapunov function,
Vi=V*+ V. +V,, (100)
with

V* ::‘/1* + ‘/'2* _{_‘/?:I‘7
Ve i =V + Vg + Vg := VVlTVVl +WEWQ+W;W3,
Vi :=trace{W.X W, } + trace{W.S W,,,} + trace{ququm} + trauce{l/fff22 Wens )

U1l u12

where V'*, are the optimal value functions in (12), that is, the positive definite and smooth solution
of (20)-(22). Since V is positive definite, there exist class-X functions 7, (.) and 73(.) to write,

n (|2]) <v<n (]2

).

T
(t )] € B, where

B, c Q is a ball of radius € R*. By taking the time derivative of the first term with respect to
the state trajectories with u(t) (see (84)), and the second term with respect to the perturbed critic
estimation error dynamics (46), (47), (48), using (49), (50), (51), substituting the update for the

for all 7= [o7() W) W@ W) WE () WE,(0) WE, @) WE

U1l u22
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actors (64), (65), (66), (67) and grouping terms together, then (100) becomes equation (101).

. i1,
1% =V1m1*T(f11($1) - 911(551) u11¢u11 + 911(551)(%11 fuu) - 911(%)311(1%)

A+alx)
xTxl,,
+ Vo * T (fr2(2) — g12(@)WE by + g12(2) (udy — €ury) — g12(2) BH(A+1T;))
xTxl,,
+ Var,* T (far(2) — 921 (@) WL Gusy + go1 () (uy —6u21)—g21(m)B21(A+1T;))
ZL’T.IQ m
o+ Var, ™ (foa(w2) = g2(@2) Wil b, + g22(02) (u; - eu”)—gzz(xz)BmM
Ve ' [ wiBwi ()" & wilt
o, ((Wl(t)TM(t) +1)2 * zjl (w1 (ts) Tw1 2)
Va ' [ wi(w ()T wl(t w1 ()T
T aw, <(w1(t)Tw1() )? et +2 (wi (i) Twi (t:) +1)2 7t )>
Vet wn(B)ea ()T B
oW, ((WQ(t)Twz(t)-i-l) +Z( 2 () TwQ 2) 2
Vo " wa (t)wa ()T k2 Yoa ()T
T ow, <<w2<t>Tw2(t> zem®+ U Twz (t) +1)2 %(ti))
Vs T ([ wi(t)ws(t)” Es ot
oW <(W3(t)TW3(t) +1)2 * zzl (w3 () de ) 3
OWVes ws(t)w(t)" ws(t;)ws(t;)T '
"o <<ws(t)Tw3(>+1) canlt +Z (s () T (t:) +1)2 H3(t’)>

+ trace (W5, (= Gur, éu,, W, = buns (BT 011 (20) VOT 1) =
— Guyy (Rf 911($1)V51) )}
+ trace{ ul2( au12¢u12¢u12 w1s — Qaiyy Duis (Rflngl(xl)VngWQ + R gy (m)V(bgWg)T
= Qg P Curs — Qs Gus (BT 911 (1) Ve + Ry ga (a )VGB)T)}
+ trace{W, o ( - au21¢u21¢321Wu21 — Qlug; Pusy (R; Gy (22)V T Wo + R;lg};(x)vmﬁﬁ)T
= Qg Pugy €uny — Qugy Pusy (Rz 922(22)Ver + Ry gl (x )Vcl)T)}
+ trace{ ugg( ¢u22¢u22 s — Duzy (R ' 932 (2) Vb3 W3) — Dugs €uss

_(buzz (R; 922($2)V63) )}a t=0 )
=T, + Ty + T5. (101)

In equation (101) the three terms 77, 75, and T35 are given by (102), (103), and (104) respectively.
Specifically, for the term 73 one has
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ne= S (e S e
Al o e R o e )
it (it St o)™
Z£2T<(wz?;2)¥it(t; : et +i221 (wﬁgiﬁt) ; Dz (ti)>
o (ot S )
i (it e+ Lt e )
then,
,ﬁ
Ty < — 201 Apin 21 ;) E )HWIHZ
o i ( 3 Gt o)
(3} §§;> o [
g 78] (0 Do 35 )
() ;;3 ; >uv~v3u2
g 9] (0 dmt 3 g e
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finally one has,

a w1 (t
T <-— 2041>‘1min(i§: ( (tngb)ﬂ (t(zt) + 1 HW1H 4a1 HWl H
. 2
g (s (3 e >2”6H“”‘“”>
ko wa(t;
_ 2042)\2min(i; & (tlgf;c)ugzt(zt 1) HW2H day HWQ H

)
+ 1((1 + )\2 i w?( z)w2( ) ))6H2 )2
40&2 max (tz) CUQ( ) ) max

i=

1
o ws(t;)ws(t;
~20sbunn( 3, bt ) [Pl g 1l
+4;3<(1+/\3max(§( E‘fg lc);;?()) )))6H3mai>2 (102)

For the term 75 one has

- T
Ty =trace{ uu( (buu(buu U1l ¢u11 (Rflngl(xl)VQS;[‘Wl)
_ T
- ¢u116u11 - ¢u11 (Rl 19’1T1(x1)vel) )}
+ trace{ u12( ¢u12 U2 ~u12 ¢U12 (Rl gll(xl) TWQ + Rflggl (x)v¢3W3)T
= Gurz€urs — Purs (Rl 911 (z1)Ver +R1 9o1 (a:)Ve;;) )}
+ trace{ u21( ¢u21 U1 ~u21 ¢u21( 2 922( Q)V W2 + R;lngQ((E)V¢1W1)T
- ¢u216u21 - ¢u21 ( 2_ gQQ(xZ)VEQ + R2 912($)VE1) )}
~ - T
o+ trace{ W5, (= Gusadts, Wass — Suss (B ks w2) V0T W5 )
_ T
- ¢U22€u22 - ¢u22 (RQ 192TZ(1'2)V€3) )}

then,
~ 2 ~ ~
T2 S 12111max Wull - qullmax)\max(Rl_l)gllmaxv¢1lnax Wl H HWuM
- (¢u11maXAmax(R;1)gllmaxvelmax + ¢u11max€u11max) ‘Wuu
~ 2 ~ ~
ﬁlgmax Wu12 - (bulgmaxAmux(Rl_l)gllmaxv¢2max W2 H HWu12
- (bulzmax)\(R )ngdeV(bSmdx W3 H H U1
— _ T .~
- (¢u12max ()\max(Rl )gllmaxve2max + )\max(Rl 1)921maxve3max) HWu12
- (bummax Wuzl - (bUleaxAmax(R;l)922maxv¢2max W2 H HVNVugl
- ¢u21max)\maX(R2_l)gl2maxv¢1max Ijfl H HWu21
-1 1 T |5
- (¢uQ1max (Amax(RQ )gQQmaXVGQmax + /\Inax(Rz )gl2maxvelmax) HWu21
~ 2 ~ ~
12122max Wu22 - (bunmax)\max(Rg_l)922maxv¢3max W3 H HWu22
- (¢u22maXAmax(R51)922maxve3max + ¢u22max€u22max) ‘Wugg
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finally one has

2

~ 12 ~
s i I " | [
T2 < - Wu11 + ¢u11max)\max(R1 )gllmaxvd)lmax 2 + 9

Uu11max

— 2
((éullmax)\max(Rl 1)gllmaXVGlmax + ¢u11max6u11max) + ¢u11max6u11max) H = 2
2
~ 2 ~
2 el | [

+ ¢u12max)\max (Rfl)gllmaxv¢2max 2 + 2

_l_

2

W,

U2

2
- ¢u12max

~ 12 - 2
AL L
+ ¢u12max)\(RII)g2lmaxv¢3max 9 + D)

2

( (d)ulgmax ()\max(Rfl)gllmaxve2max + )\max(Rl1)g2lmaxV€3max))2> 1 ~
+ 2 1

2

~ 12 ~
A L
+

2
+ ¢u21maxAmax (Rgl)g22maxv¢2max 2 2

9 ~
- ¢u21max Wuzl

R (N s
usor maxAmax ({13 ) g12max Y Plmax 5 5

2

_ _ 2
(d)ummax ()\max(RQ 1)922maxve2max + )\max(Rz 1)gl2maxvelmax) ) 1 ~
* 2 3 HW“N

~ 2 - 2
: . I ™
+ ¢u22 max )\max (RQ )922maxv¢3max 9 + 9

9 ~
- ¢u22 max Wu22

_ 2
((¢uz2max>\max(R2 1)922maxve3max + ¢uz2max€u2max) + ¢u22max€uz2max) + 1 H 4

+ 2 2

For the term T3 one has

T
— T = T i Tl
Ty :=Via, ™ (fr1(z1) — 911 (@)W, buyy + g1 (1) (uf) — €u,,) — 911($1)3117(A n xlTxll))

T
T - xxl,,
+ ‘/2w1* (f12($) - 912(33)W512¢u12 + 912(30)(“1!‘2 - €u12) - 912($)312m)

T
T - xxl,,
+ Vo, (f21(2) — go1 (@)W, by, + g21(2) (u3) — €uy,) — g21(2) B m)

. xXxol,,
+ Vaa T (foz(@2) — goo(@2) WL buzy + 922(22) (uly — €uzy) — g22(22) Bz S22 )
(A + 75 xg)

(104)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. (2015)
Prepared using acsauth.cls DOI: 10.1002/acs



24

L. R. GARCIA CARRILLO, K. G. VAMVOUDAKIS, AND J. P. HESPANHA

Using the HIB equations (20)-(22) in equation (104) yields the following expression for T3

. -
T3 = — §($1TQ1$1 +ufl Ruufy)) = Vi gun (z1) W,

Uil

T T T
— 21 Qaxa — Voi g12(2) Wy, buys

T
z xl
— Vi g1a(2) ey, — Vst g12(2) Bia o

— V3 g1 (2) W,

u21

2

— Vi 922(%2) €uy — Vit g22(2) Baa (

then,

T3 < (2] Quay + uff Riuf)) — o] Qoo

1
2
- (Wlmax¢1dmax + 6ldmax) (gllmax¢u11max
- (W2max¢2dmax + 62dma,x) (gl2max¢u12max
- (W2max¢2dmax + 62dmax) <g21max¢u21max
1 T T
~5 (29 Q32 + ug Rouga)
- (W3max¢3dmax + 6?)dma,x) <g22max¢u22max
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(A + xT:v)

¢u21 - ‘/223921(1')57121 - ‘éifg?l(x)Bﬂ (

1 _

— (23 Q322 + ugy Rouss) — Vil gao(22) W, buss

T3 291,
A+ a2l zs)

W,

Uu22

*T *T 2T 211m,
Guyy — Vlmlgll(fl)Guu - Vlzlgll(ﬁﬂl)Bllm
rTal,,,
A+ xT:E)
T
i1l
+ (Euumax + gllmaxBllﬁmrer;ll >
T
rxl
+ (Eulzmax + gl2maxBl2A_"_x1;;)>
T
rxl
+ (Euglmax + g21maxB21 M))
T
Ty T2l
+ (€ugpmax + 922max322A_'_mr2er)>~
(105)
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Since A + 2121 >0, A+ a2 2 > 0, A + 23 x5 > 0, T3 can be further upper bounded as,

1 1
T3 < — 5(17?@1131 +ufl Ryufy)) — 2t Qoxg — §(I;FQ3$2 + ugy Rouns)

g1 1max¢u11max

2

g1 1max¢u11max

2

2
((Wlmax¢1dmax + e1dmax))

2

+ W,

Ly

+ (Wlmaxd)ldmax + eldmax)2 + §€u11max

N |

T
izl
A+ ala

2 | G12max®
((WZmaX¢2dmaX + 62dmax)) + w

1 1
+ §(W2max¢2dmax + 62dma.x)2 + §€i1zmax

- (Wlnlax¢1dmax + 61dmax)gllmaxBll

G12max Qurymax 2

* 2

=

u12

zTzl
my
- (WQmax¢2dmax + E2dmax)ngmax-BIZ711
A+zTx
g?lmax(j)uglmax 2

+
2

Waan

1
2 2
(WZmax¢2dmax + €2dmax) + ieuglmax

N

+

zTzl
ma
- (W2max¢2dmax + 62dmax)921max-821m

g22max (buggmax
2

g22max (bugr_) max

2

+ ((W3max¢3dmax + €3dmax))2

2

W,

U22

+

1 1
+ §(W3max¢3dmax + 6Sdmax)2 + 56121/22111&)(

T
Ty T2l

—=—2 106
A+ alzy (106)

- (W3m3x¢3dmax + €3dmax)g22maxB22
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Finally, after taking into account the bound of Bii|zi|, Bizl|z|, B21|z|, and Bas|za||
from (80), (81), (82), and (83), respectively, we can upper bound (101) as

k1 T .
) t ti 1 u max)\max R max max
V<= (200 Amin (D] wl(T)‘”l( i) P Pury (Ry 1) g11max V1
H(wi(t)Twi () +1)27 4oy 2
_ qbuzlma)()\max(RQ_ )ngmaxv¢1maX> HW1H2
2
2 GuyymaxAmax (BT D) 911imaxV@imax 1 911, Guyymasx 2
_ upimax 9 — 5 — 5 u11

1
— (27 Qury + ui Riufy) — 2] Qowy — 5(1‘5@33:2 + ugy Rotins)

20 )\ (i w2(ti)w2(ti)T ) _ L _ ¢u12max)\max(Rl_l)gllmaxquQmax
2 \Amin ] (UJQ(ti)TWQ(ti) + 1)2 40[2 2

_ ¢u21max_kmax(R2l)gzzmax%max) Hm H2

2
_ 2 _ ¢u12max)\max(R1_1)gllmaxv¢2max _ ¢u12maXAmax(Rl_l)g21maxv¢3max
Ul2max 2 2
1 g12 ¢u12max H =4 2
— _ _ Z-fmax 7 Al Wu
2 2 12
_ ¢2 _ ¢u21maXAmaX(R51)922maxv¢2max _ ¢u21maXAmax(R51)ngmaxV¢1max
U21MmMax 2 2
L 9210, Pusymax 2
27 2 )M
k3 _
20(3)\ Z (t’)WS(ti)T ) _ L _ (buzgmax)\max(RQ 1)922maxv¢3max
min t )ng( 1) + 1)2 40&3 2
_ ¢u12max>\max(R12 )ngmaxv¢3max) HWB H2
2 ¢u22max>\max(R2_l)922maxv¢3max 1 g22max¢u22max 2 £>0
- ugomax 2 - 5 - 2 u22 ; L= U

Then by taking into account the inequalities (85)-(91) (which are the parentheses above) one has
V <0, t > 0. From Barbalat’s lemma [50] it follows that as ¢ — oo, then | Z| — 0 The result holds
as long as we can show that the state x(t¢) remains in the set @ € R for all times. To this effect,
define the following compact set

= {z e R"|V(t) < m)} c R"

where m is chosen as the largest constant so that M < (). Since by assumption g € {2, and 2, < (2
then we can conclude that o € 2. While z(¢) remains inside 2, we have seen that V < 0 and
therefore x(t) must remain inside M < Q. The fact that x(¢) remains inside a compact set also
excludes the possibility of finite escape time and therefore one has global existence of solution.

|
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