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Abstract— We consider Networked Control Systems (NCSs) Z(t) _ X(t) s

consisting of a LTI plant; a linear static or dynamic feedbad Hold x=Ax+Bu Vi
controller; a collection of sensors that provide measuremas

to the controller; and a collection of actuators that are use
to control the plant. The different elements of the control
system are spatially distributed, but interconnected thraigh
a communication network. Due to the shared and unreliable Delay 1
channel used to connect the subsystems, the sampling intafs X(%)
are uncertain and variable. Moreover, samples may be droppz
and experience uncertain and variable de'aYS before arrivig Fig. 1. Sampled-data system with variable sampling interead delays

at the destination. We show that the resulting NCSs can be whereu(t) = z(t) = x(s¢) for ¢+ Tc <t < See1 + Tert

viewed as a MIMO sampled-data system with variable sampling

intervals and delay, which can be modeled by linear infinite-

dimensional impulsive systems. The infinite dimensionalt of .

the system arises from the existence of delays. We provide theéntk := sc+ k. Equation (1) can be used to model a NCS
conditions for the stability of the closed-loop expressechiterms  in which a linear plantx(t) = Ax(t) 4+ Byu is in feedback
of LMIs. By solving these LMIs, one can determine positive with static state-feedback remote controlkéx where B =
constants related to each entity sent through the network tht BuK in (1). We introduce a newdiscontinuous Lyapunov

determines an upper bound between the sampling time and . . .
the next update time at the destination of that entity, for wtich functionalto establish stability of the closed-loop based on

stability of the closed-loop system is guaranteed. the theorems in [9] developed for a general nonlinear time-
varying delay impulsive systems . The Lyapunov functional
l. INTRODUCTION is discontinuous at the impulse times but its decrease is

Network Control Systems (NCSaje spatially distrib- guaranteed by construction. The stability test is presente
uted systems in which the communication between plantas LMIs that can be solved numerically. By solving these
sensors, actuators, and controllers occurs through adhateMls, one can find a positive constant that determines the
band-limited digital communication network. Using networ upper bound between the sampling tigeand the next input
as a medium to connect spatially distributed elements ofpdate timety, 1 = Sc1+ Tkr1 for which the stability of the
the system results in flexible architectures and generalBfosed-loop system is guaranteed, assuming a given lower
reduces wiring and maintenance cost, since there is no neaad upper bound on the total delay in the loop. When there is
for point to point wiring. Consequently, NCSs have beemo delay this upper bound simply determines the maximum
finding application in a broad range of areas such as mobitampling interval which is often calledyat; in the NCS
sensor networks, remote surgery, haptics collaborati@n ouiterature, e.g., in [14]. We use the terminologyar, for the
the Internet and unmanned aerial vehicles [4]. However, tlmse when there are delays in the systems too, and one can
use of a shared network, in contrast to using several dedicatstate our result as follows: the system (1) is exponentially
independent connections, introduces new challenges: th@ble if 51+ Tki1 — Sk < Tmati and Tmin < T < Tnax for
sampling intervals are uncertain and variable, samples mai € N wheretyar| appears in our LMIs.
be dropped and experience uncertain and variable delaysWe also consider an abstract multi-input multi-output

before arriving at the destination. (MIMO) sampled-data system of the form
We start by considering an abstract single-input single- .
output (SISO) sampled-data system of the form X(t) =Ax(t) +But),  y(t)=Cxt), (2)

X(t) = AX(t) + BX(), t<t<teyq,keN, (1) which modelsthe closed-loop system in Fig. 4. The input and

the output are partitioned gs= [y, - ] andu:= [u; - uy]’

and the partition ofu matches the partition of. At time

S, ke N the i—th output of the systemy;(t),1<i<m

is sampled andyi(s¢) is sent to update the input, to be

used as soon as it arrives until the next update arrives. This
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Engineering at the University of California, Santa Barbara terms of LMIs. The first one is less conservative but the

which models the closed-loop system in Fig. 1, where
denotes th&-th sampling time instant ang} is the time at
which thek-th sample arrives to the destinationzifdenotes
the total delay that th&-th sample experiences in the loop,



number of LMIs grows exponentially witin. The second Il. SAMPLED-DATA SYSTEMS WITH VARIABLE SAMPLING
stability condition is based on the feasibility of a singl&llL INTERVALS AND DELAYS
with dimention that grows linearly witim. For smallm the Consider a linear delay sampled-data system of the form
first stability test is more desired, because it leads to less )
conservative results, but the second stability test is more ~ X(t) =AX(t) +Bx(sd), t<t<tipr, keN, (3)
adequate for largen. which models the closed-loop system in Fig. 1 whete
) N ~ denotes thek-th sampling time andy is the instance that

By solving the LMIs that guarantee stability, one obtaingne k-th sample arrives to the destination.tf denotes the
positive constantimax, 1 <i <m that determine the upper otg delay that thé-th sample experiences in the loop, then
bound between the sampling timg and the next input  -_ g 1 .. The closed-loop system can be modeled by the

update timet, 1 = S. 1+ k1 for eachi which the stability following impulsive system with delay
of the closed-loop system is guaranteed for a given lower .

and upper bound on the total delay in each loop. In practice, S(t)=F&(b), te St <ty (4a)
these constants produce deadlines for sampling that can be _ [ X(teq)
used to design protocols for communication scheduling. U X(+1)|’ keN, (4b)

Significant work has been devoted to findimgat ([4] where A B}

and references therein). First we review the work which F:= { , Et) = {X(t)} ,
consider NCSs that can be presented as (1). In [3, 16, 8] 0 0 Z(t)
the effect of delay is ignored and the problem of finding t=+Tk 2 =X), Wt<tgr

Tvati is formulated as LMIs. In the presence of variablgye will seek for a class? of impulse-delay sequences
delays in the control loop, [2, 7, 15] show thattifin, the  rq 7.1 sych that the infinite-dimensional impulsive sys-
lower bound on the delay in the control loop, is given, thgem (4) is globally uniformly exponentially stable. We say
stability is guaranteed for a less conservatiygati. OUr  yhat the system (4) iglobally uniformly exponentially stable
result depends not only ofin but also on an upper bound qer 4 classy of impulse-delay sequences, if for every se-
on the delay in the control loop, which we denote #x.  quence of impulse-delay in the’ and every initial condition
Through examples we show that assuming an upper bouQHo),X(to— To) the solution to (4) is globally defined and
Tmax ON the delay reduces the conservativeness greatly. satisfiesx(t)| < ¢ max(|x(to)|, [X(to — To)|) & 1), for some

c,A >0 andVvt > tg.

When the delay in the feedback loop is smakif, Tmax— Consider the Lyapunov functional

0), our LMIs reduce to the ones presented in [8] which
are less conservative than [3, 16]. The following reference 3

. V=3V, (5)
consider a more general framework where there are many v

nodes sending data to the network. To orchestrate netwovrvlﬁere
access, Walsh et al. [13, 14] consider Round-Robin (sta-
tic) and Try-Once-Discard (TOD) (dynamic) protocols and Vi :=XPx,
they find 1 which determines the maximum deference t . .
Y MAT! Vp = (Pmax—t+9)X (S)R1X(s)ds

betweenany consecutivesampling times. Nesic and Teel

[10, 11] study the input-output stability properties of gead t~t g . .
nonlinear NCSs using an argument based on small gain Vzi= /tio(amax—t+S)X/(S)R2X(S)d3
theorem to findryat for NCSs. t
Vs = (Tmin —t +9)X (S)Rex(s)ds

In section Il we consider the sampled-data system in Fig. 1 t:n;i"_
and we model it as a linear delay impulsive system, then Vs ;:/ ™ (Pmax—t+ X (SRax(5)ds
we present stability test. To enlarge the class of NCSs we t—p t
consider MIMO sampled-data system in Fig. 4 and then we . N . .
present the stability test and classes of NCSs that can be Vo= (Pmax—Tm|n)/7rminX/(S)R4X(S)dS

presented by the MIMO sampled-data system in Fig. 4. We [
finish by conclusions and future work in section IV. Vii= /tirminx’(s)Zx(s)ds,
R _ _ li _
Notation: We denote the transpose of a ma#fxigy A’ and Ve = (Pmax— P) (X = W)X (x=w),
we write P > 0 (or P < 0) whenP is a symmetric positive With P,Ry,Ry,R3,R4,X,Z symmetric positive definite matri-

or negative) definite matrix. We write a symmetric matrixces and
Q, CB?] as A g . The notations @, I, are used to denote pt)i=t—s, ot):=t—t, t<t<te,
aix j matrix with zero entries and & x k identity matrix Pmax:=SUPP(t),  Omax:=Ssupal(t),

and when there is no confusion about the size of the matrices =0 t=0

we drop the dimensions. W(t) i=X(t)  tk <t <t
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Fig. 2. TvaT! With respect tormin based on Theorem 1 famax equal to
0,0.1,---,0.7 and 1.

The LMIs in the next theorem guarantee that the system (
with the Lyapunov functional (5) satisfies the conditions irf

[9] of global uniform exponential stability over the sef
such thatsg 1+ Tkr1 — Sk < TmaTi (or equallyty. g —tx +
Tk < TmaT)) for a giventyar) > 0 and thattmin < Tk < Tmax-

The Lyapunov functional is a positive functional where its” "™
decrease at the jump points is guaranteed by the constucti@i ‘=
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Fig. 3. Tmar) With respect tory,, from [7], [15] are shown by+ and x
respectively. The worse casinhx = TmaT1) and the best casefax = Tmin)
from Theorem 1 are shown ky and o respectively.

ﬂe following polytopic condition:

K K
Qe fiQi, 0<f; <1, fi=1¢,
{J;J j BN }

Where thek vertices of the polytope are described by

[Al Bl]. Stability of the system can be checked by

and the following LMI conditions guarantee the decrease G°/Ving the LMIs in Theorem 1 for each of the individual

the Lyapunov functional along the solution of the system (4

The proof of this result can be found in [9].

)vertices with the same matrix variables.

A. NCSs modeled by a sampled-data system

Theorem 1:The system (4) is exponentially stable for any Equation (3) models NCSs in which a linear plant with

delay and sampling interval satisfyirghn, < 1« < Tmax and

Skt + Tkl — S < TvaTi, Vk € N, provided that there ex-

ist symmetric positive definite matricésR;, Ry, R3, R4, X,Z
and (not necessarily symmetric) matridég N>, N3, N4 that
satisfy the following LMIs:1

M1+Bmax(M2+M3) TmaxN1  TminN:
! * 2 7rmax|%1 0 ’ } <0, (6a)
* * —TminR3
Mi+BmaM2  TmaxN1  TminN3  Bmax(N1+N2)  BmaxNsg
* —TmaxRy 0 0
* * —TminR3 0 0 < 07 (6b)
« s % Pra(RitR) O
" ! ! £ —PraR
where Bmax= Tmati — Tmin F:=[A B 0 0], and
_ P71 _
My :=F'[Pooo]+ [8} F + TminF’ (R + Rs)F
0
T[4+ 2[4 [812[8]
SRR HEHEHEH
0 0 0 0 | [
I |
— Ny |1 |oo]—{0' Ni—N2[|0|o]—[°,}N§
0 0
| 0
~Nz[1o00-1]— [8} N —Ng[o-101]— [0'} Ny,
S [
My = FI(R1+ Ry + R4)F,
| _ _
Mg := [ol}XF+F/X[|0| 0]. 7
0

Remark 1:Suppose that the system matrié@s= [A  B]

are not exactly known and instead they are specified through

1All zero matrices and identity matrices ame< n

state-space
Xp(t) = ApXp(t) + Bpup

wherexp € R",up € R™ are the state and the input of the
plant, is in feedback with a static feedback giinAt time s,

k € N the plant’s statex(s¢), is sent to the controller and the
control command&x(s) is sent back to the plant to be used
as soon as it arrives until the next control command update.
The total delay in the control loop that tHeth sample
experiences is denoted by wheretmin < T < Tmax, YK€ N.
Then the closed-loop system equations can be written as (3)
with

X:=Xp, A:=Ap, B:=BpK, (8)

and exponential stability of the system can be concluded
from Theorem 1.

Remark 2:We only index the samples that get to the
destination, which enables us to capture packet drops [16].
Consequently, even if the sampling intervals are constant,
because of the packet dropouts in the network, the NCS
can be represented by a sampled-data system with variable
sampling intervals.

Example 1:Consider the state space plant model [1]

X1 |0 1 X1 n 0 u
%| =0 —01] x| " loa]"
with state feedback gaik = — [3.75 115, for which we

have

0 1 0
A_[O _0.1}, B_—[O_l]x[3.75 115].
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X=Ax+Bu

8] &M <0 on

a tight grid of h and finding the largesh, it is possible Hold
to show that the closed-loop system remains stable if and P yolt)
only if the constant sampling interval is smaller thaisl Sampler
On the other hand when the sampling interval approaches
zero, the system is described by a DDE and we can find the
maximum constant delay for which stability is guaranteed.

The system is stable if and only if all the roots of character-

istic function de([sl _A— BefTOS) are negative. We use the Fig. 4. MIMO sampled-data system with variable samplingrvls and
. - 1 sto/2 ] . delays whereu;(t) = z(t) = yi(s) for ty <t <t; wherek and j are the
Pade approximatiog 0% = +ST8 7 to derive the determinant consecutive sampling indexes i, 1 <i < m.

polynomial. By the Routh-Hurwitz test,one can show that

the system is stable for any constant delay smaller tha®. 1

Comparing these numbers to the maximum variable sampligd u. In NCSs eachy; represents the output of nodes that

interval 11137 and maximum variable delay0¥44 reveals can send their information to the network in a single packet.

the conservativeness of our method. For example sensors spatially close to each other, send thei
No-delay and variable samplingiVhen there is no de- measurements in a single packet or controller outputs sent

lay but the sampling intervals are variabitgaT, determines to actuators spatially close to each other, send the control

the upper bound on variable sampling intervgls; —sc .  commands in a single packet.

The upper bound given by [3, 16, 7] (whap,r = 0) is At time s, k € N thei—th output of the systeny;(t), 1 <

0.8696 which is improved t0.8871 in [15]. Theorem 1 and i < mis sampled and(sy) is sent through the network to

[8] gives the upper bound equal t01137. update the inputy, to be used as soon as it arrives until the
Variable-delay and samplingFig. 2 showstyat) as a next update arrives. We define se#§, 1 <i <m as the set

function of i, for different values oftmax Obtained form of indexes of sampling times that are related to the output

Theorem 1. Note that the curve that shows the larggst, Vi

in Fig. 2 is part of the curve in Fig. 3 shown by o. Fig. 3 ) :

showstyar) With respect tormin, where the results from [7], i = {k]yi(t) is sampled at g

[15] are shown by+, x respectively. The value ofwati  The total delay in the control loop that theth sample

given by [2] lays betweenr+ and x in Fig. 3 and we did experiences is denoted by where Timin < Tk < Timax, VK €

not show them. In Theorem Iuar; is @ function oftmin %, 1 <i < m. We define := s+ T which is the time instant

and Tmax. TO be able to compare our result to others in thgnat the value ofu; is updated. The overall system can be

literature we consider two values famax and we obtain written as an impulsive system of the form
TvaTi as a function oftyin based on Theorem 1. Fist we )

By checking the condition thagig( :

y=Cx

Delay 1

consider Tmax = Tmin, Which is the case that the delay is &) =F&(), te <t <tiia, (10a)
constant and equal to the value®f,. The largestyat) for [ X.FF.@}) 1
a given i, for this case provided by Theorem 1 is shown 2t q)
by o in Fig. 3. The second case is Whggux = TvaTi, Which : _
is the case that there can be very large delays in the loop in & (tk+1) = e | k+tle#,1<i<m, (10b)
compare to the sampling intervals. The largagir, for a k'“
given tmin for this case provided by Theorem 1 is shownby .
in Fig. 3. One can observe that when the delays in the control [ Zm(tier) ]
loop are small, our method shows a good improvement in .
compare to other results in the literature. whereF = |2 281 &)= [X(U] and
= S|
I1l. M ULTI-INPUT MULTI-OUTPUT (MIMO) 0:0
SAMPLED-DATA SYSTEMS 2(t)
To enlarge the class of NCSs modeled by impulsive  z(t):= [ : ] ; z(t) =vyi(s), t<t<tj,
systems we consider the MIMO sampled-data system in Zm(t)
Fig. 4 with state space of the form where k and j are the consecutive sampling indexes in
() =Aq)+BUY),  y=Cx), (@ MlIsTem

Since the minimum of delay in the network is typically
wherex € R" is the overall state of the systeme RY is the small and for simplicity of derivations, we assume that
overall input of the system, ande RY is the overall output Timin = 0,1 <i <m. We now present two theorems for the
of the system. The input is partitioned as= [u; - u,]’  stability of the system (10). The first one is less conseveati
whereu; e R, 1 <i<mand3s";q =q and the output however, the number of LMIs grows exponentially with
is partitioned ay := [y, - v] wherey; € R4, 1<i<mand The second stability condition is based on the feasibility o
Y"1 0 = q, so the partition ofy is matched with the partion a single LMI, but its size grows linearly witm. For small



m the first stability test is more adequate because it leadghereF := [A B an} and

to less conservative results, but the second stability isest B P _

more desired for largen. We present our results fon=2, My := F’ [P Onq Ong] + {an} F—T{X1 Ty — TJXoT, — Nyg T3
but deriving the stability conditions for other valuesrofis On

straightforward by following the same steps. - TéNil_ —Nog Ty — Tl/Nél_— N12Ts — T;Njp — No2T2 — TNz,
Inspired by the Lyapunov functional (5), We employ theMy; := F'C{(Ry; + Ry )GiF, Mz ;= Ty XCiF + F'C/XT,
Lyapunov functional Gi1i := Pimax(N1i +Nai), Gai := pimax(Rui + Rai)
(13)
V :=Vi1+Vo+V3+ Vg, (12) .
with
where
Cy = [lay O | C, Co 1= [0y 1] C,
Vi = X’PX7 T = [Cl Oqqq *rl]/, Ty = [Cz Ogpq *'72]1,
2 Tz := [C1 —11 Ogya], Ty = [Co —12 Ogya],
Vo= / imax— t+ 9)Yi(S)Ryiyi(s)d — —
2 i; p (Pimax )%( )R1iYi(S)ds I 1= [l Oarap ] I = [Oupa lap ] (14)
2t : . Proof of Theorem 2 After taking the derivative of the Lya-
V3= i;/tiai (Gimax—t+9)Yi(S)Rayi(s)ds punov functional (11) and following the same steps as in the
5 proof of theorem 2 of [9] we conclude that the derivative is
Va'= 3 (o P~ ) X0~ ), negative s long as
= 2

with P,Ryj, Ryi, X symmetric positive definite matrices and M1+ _ZPi max(M2i +Mgz;) + pi (Mg — M3;) < 0. (15)
i=

pit) =t—s, Gi(t):=t—t t<t<t;, Then we can prove that (15) is equivalent to (12). Details of
Pimax:=SUPP(L),  Oimax:= SUPGi(t), the proof can be found in [6].

_ 120 =0 It is possible to generalize Theorem 2 for an arbitraxy
wi(t) = ¥ilt), W<t<t; However, the number of LMIs is™and the size of LMIs
and the number of scalar variables increases linearly. For

where k and j are the consecutive sampling indexes Incomplex systems with large number of sending nodes, to

1<i<m - : o .
S, 1< i< m The next theorem guarantees that the I‘yahave a numerically tractable test, it is crucial that the ham

E;th\r/nf?fg;lonal (11) decreases along the solution to thoef LMIs grows linearly too. The next theorem presents

. . another stability test which is more conservative; however
Theorem 2:The system (10) is exponentially stable for y e

S o the stability test is based on the feasibility of a single LMI
any delay and sampling |ntervallsat|sfy|ng;0rk < Timax a”‘?' Theorem 3:The system (10) is exponentially stable for
Sj +Tj — S < Pimax, Wherek and j are consecutive sampling 5. gelay and sampling interval satisfying<0r < Timax
indexes inJ%, i € {1,2} provided that there exist symmetric and s + T — s < p where k and j are the consec-
positive definite matrice® Ry;, Ryi, X and (not necessarily VT — mimax

) . T . . 7 utive sampling indexes in%{,i = 1,2 provided that there
symmetric) matricedl;j, Ny that satisfy the following LMIs: exist symmetric positive definite matrice® Ry, Ry and

(not necessarily symmetric) matricBlg;, Ny that satisfy the

[M1+p1maxM21+Ma1)+P2mafM22+Ma2) Timadi1  T2madhiz following LMis:
* —T1maf11 OQ1Q2 <07
L * * —T2mafli2 _ _ _
M1+Pp1maM21tP2maM22 Timad1  T2madNi2 G11 Gi2
(12a) * ~Timafil OqquR gqlql gqlqz 0
— - * * —T2max12 O2d1 “Yd202 <
M1-+p1maM21+P2mafMa2tMz2) TimadNii  TomalNi2 Gz * * * G21 Ogyap ’
* ~Tmaf11 00102 Ogyqp <0 N N N «  Gop
* * —T2maR12 Ogyay ’ (16)

* * * Go1 1

(12b)  whereF := [A B 0Oy and
[ M1+p1maMo1+Ma1)+P2maM22 Timadi1  TomadNi2 G2 ]

* “Timafi1  Oggy Qg VR =L Pl=
* * 7T2n1-a)iq12 Oq;qi <0, M; :=F’ [P Ong Ong] + 83: F —NiiT3— T?iNil_ N1 T1
L * * * Gy |
(12c) —T{Np; —N12Ty — TyNio — NoaTo — T3Ng,,
[ M1-+p1 maMa1+P2masM22 Tlmax’;gl T281alez 0(311 0(312 My :=F'C{(Ry + Ry)CiF,
* —Timax™11 agap apa; Yagap . .
. £ —Tomadi2 Oga Ogpap | < O, Gai ==Pimax(N1i + N2i),  Gai := pimax(Rui + Rai).
* * * Gz]_ Oqqu
L * * * * Go2

(12d)  \ith the matrix variables defined in (14).
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Proof of Theorem 3After taking the time derivative of the -

Lypunov functional and following the steps in [6], we con-

clude that the derivative is negative if (15) holds. EquatioFig- 6. Two channel NCSs with the plant (17) and the antisipabr
. . .- L non-anticipative controller (18).

(15) with pi = pimax is a sufficient condition for (15). So we

obtain
2 x = [?]. The closed-loop system can be written as the
Ml+_ZPi max(M2i +Mgi) <0, impulsive system (10) where
i=
and by applying Schur Lemma we get (16). A= [A(‘)p BXCCC] , B:= [BEDC} , C:=[C, 0]. (19)
C

A. NCSs modeled by MIMO sampled-data systems 2) Two-channel NCS with non-anticipative controller:

The impulsive system (10) can be used to represent tfgg. 6 shows a two-channel NCS consisting of a plant with

distributed sensors/actuators configurations shown is.Fig  the state-space (17) in feedback with@n-anticipativecon-
and 6. The LTI plant has the state space of the form troller with state-space (18) wheR. = 0. Non-anticipative

: controllers are simply output-feedback controllers which

Xp(t) = ApXp(t) + Bplip(t), Yo(t) =Cpxp(t),  (17) single value controFI) gommpand is calculated. Now the con-
where X, € R™ up = [Uy ~ U] € R™, and y, := troller is located away from the actuators and the control
[Vor = Ypomp] € R™ are the state, input and output of thecommands should be sent through the network. The con-
plant. At timety,k € %, 1 <i < mp, sensori sendsypi(ty) trol signal for the actuator, yi(t), is sampled afg, k €
to the controller, which arrives at the destination at time*i, Mp+1 <i < mp+m, and samples get to the actuator
ty := Sc+ T«. When a new measurement of the sensor | at tx := S+ Tk. Note that a non-anticipative control unit
arrives at the controller side, the corresponding valudat t Sends a single-value control command to be applied to the
hold block, 7, is updated and held constant until anotheg@ctuatori of the plant and held until the next control update
measurement of the sensoarrives (all other measurementOf the actuator arrives (all other actuator values remain
values remain unchanged when the value of the seinsor unchanged while the value of actuatois updated). Hence
updated). Henceyi(t) = z(t) = ypi(tk), tk <t < tj wherek  Upi(t) = z(t) = Yei(tk), t <t <t;, wherek and j are the
and j are consecutive sampling indexes.iff, 1 <i <m . consecutive sampling indexes i, mp+1 <i < mp+m.
An output feedback controller (or a state feedback corerpll So in this case

uses the measurements to construct the control signal. The " {th 1<i<mp
| =

controller has the state space of the form .
Yei, Mp+1<i<mp+ne

Xo(t) = AcXe(t) + Bele(t),  Ye(t) chc(t)+Dcuc(t()1,8) M= mp+ me and x:— [1#]. The closed-loop system with
state can be written as the impulsive system (10) where

where xc € Ry, 1= [uy - Umy] € RM*Ly. = A0 0 B e o

[V~ Yeme ] € R™*1 c R™*1 gre the state, input and output  A:= [Op } , B:i= {B Op] ,C:= {Op } . (20)

of the plant and matrice®\;,B¢,C;, D have the proper Ac c Ce

dimensions. The main difference between the different 3) Two-channel NCS with anticipative controller:

NCS configurations in this section is the control signaFig.6 can represent a two-channel NCS with a plant with the

construction. state-space (17) in feedback withaaticipative controller

1) One-channel NCS with dynamic feedback controller; with state-space (18). Anticipative controller attempts t

Fig. 5 shows a one-channel NCS consisting of a plant witbompensate the sampling and delay introduced by the actu-

the state-space (17) in feedback with a dynamic outpation channels. For simplicity, we assume that the actnatio

controller with state-space (18). Note that in one-channehannels are sampled with constant sampling interivals

NCS the controller is directly connected to the plant ant—t;, for any consecutive sampling indexeg € 7, my+

only the measurements of the plant are sent through the<i <my+me, and that the delay in the actuation channels

network. Hence in this casg(t) := ypi(t), m:= mp, and is constant and equal to= 1, Yk e J&4, mp+1<i <mp+



me. At each sampling time, ke J&, my+1<i<mp+m. mp and the closed-loop system with state= m’ can be
the controller sends a time-varying control signgl-) to  written as the impulsive system (10) where
the actuatoi. This control signal should be used from the
time s+ T at which it arrives until the timesc+-h+1 at  A:= [AP BF’CC] B:= {BPDC} C:=[Cp 0]. (25)
i il arri 0o A’ Be |’ P
which the next control update of the actuatowill arrive.
This leads to Remark 5:Equation (19) that represents one-channel
NCS with dynamic output feedback is similar to equation
(25) that represents two-cannel NCS with anticipative con-
wheremp +1 <i < mp+ m.. However, the prediction of troller. Consequently for analysis perpose one can model a
control signalyci(t) needed in the intervag+1,5¢+h+1) two-cannel NCS with anticipative controller as a one-clenn
must be available at the transmission tigewhich requires NCS with fictitious’ delays equal to the sum of the delay in
the control unit to calculate the control signal uphe-t  the sensor to actuator channels, the delay in the actuator to
time units into the future. sensor channels, and the sampling of the actuator channel.
Remark 3: Anticipative controllers send actuation signals
to be used during time intervals of duratibntherefore the B Stability of NCSs modeled by MIMO sampled-data sys-
sample and hold blocks in Fig. 6 should be understood in@ms
broad sense. In practice, the sample block would send over
the network some parametric form of the control signg(-)
(e.g., the coefficients of a polynomial approximation tasthi

signal).

upi(t) = Yei(t), WVte[s+T,%+h+71), ke A,

Exponential stability of one-channel NCS, two-channel
NCS with non-anticipative controller and two-channel NCS
with anticipative controller can be concluded from Theo-
rem 2 or 3 (form= 2 or generalization of these theorems
Remark 4:Anticipative controllers are similar to predic- for arbitrarym) with the choice of (19),(20) and (25) respec-
tive controllers in the sense that both calculate the futumévely. By solving the LMIs one can find positive constants
control actions. However in predictive controllers onlyeth pimax 1 < i < mwhich determines the upper bound between
most recent control prediction is applied until the new coint the sampling times, and the next update tims; + 1; of
commands arrive. Anticipative controllers are predictiea- the outputi for 1 <i < m, wherek, j are two consecutive
trollers that send a control prediction for a certain durati  sampling instances of outputfor which the stability of the
In the expense of sending more information to the actuatoctosed-loop system is guaranteed for a given lower and upper
in each packet, one expect fewer packets to be transmittbdund on the total delay in the loap
to stabilize the system. However most of the work in the literature has been
devoted to findingrmat) ([13, 14, 10, 11, 4] and references
_ therein) which determines the upper bound between the
Re(t) = Acke(t) 4 Beuc(t), (21) sampling timesc and the next input update timg,; =
Ski1+ Tke 1 for any consecutive sampling instaneesich the
stability of the closed-loop system is guaranteed for argive
Uci(t) = Ypi(tk), Vt € [tk + h+T,tj+ h+ 1), (22) lower and upper bound on the total delay in the loop. One
) . . ) . can expect that havingn constantgomax, 1 < i < minstead
wherek, j are two consecutive sample indexesfl 1<i< ot gne single constarmiyar), reveals more information about
mp. To compensate for the time varying delay and samplmghe system as we explore in the following example.

intervals in the actuation channelg Wwould have to be Example 2: This example appeared in [14, 10, 5, 12] and
calculated further into the future. Hence the assumptidns @ ' PN,

o ) nsiders a linearized model of the form (17) for a two-input
constant delay and sampling interval for actuation channgﬁ

o-output batch reactor where
can be relaxed by predicting further into the future. With P

An estimatex;(t) of x¢(t+h—+ 1) is constructed as follows:

where

it i ; 1.38 —0.2077 6715 —5.676 0 0
such a qontroller state pred|ct|c_)n available, the S|gtaat)_ | _oss1a —dze’ °G7 Taers B -_|s679 0
sent at times, k € #,my+1<i<mp+m, to be used in 7P~ | 1067 4273 -6.654 5893 | OP T | 11363146/ -
. ; 0048 4273 1343 —2.104 1136 0
[+ T,5+h+ 1), is then given by o1
Cp:= [o 10 0] :

i(t) =CgiXe(t —h— 1) +DgUgj, Vt € [+ T, +h+T1), _ ]
Yei(t) el ) e I * ()23) This system is controlled by a PI controller of the form (18)

where
which only requires the knowledge af(7) in the interval
t € [(sc—h,s), and therefore is available at the transmission Ac:=[89], Be:=[93],
timess. The closed-loop system can be written as Ce = [*02 g} , D¢ = [g *02] .

5 - Following the assumptions of [14, 10, 5, 12], we assume
[)fp(t)] = {Ap chc] Fp(t)} + {BPDC} Uc(t), (24) that only the outputs of the plant are transmitted over the
%(t) 0 Ac | [%(t) Be network, there is no dropouts and the outputs are sent in a

whereXp(t) := Xp(t+h+ 1) and the elements dific(t) are round-robin fashion and consecutively. We compajgr; of

defined by (22). Hence in this caggt) :=ypi(t), m:= this example given by the stability results in [14, 10, 5,,12]



no drop

Maximum deterministic time interval between samples frd]

0.0123

Maximum stochastic arbitrary inter-sampling time diattibn from [5]

00279

Maximum stochastic uniform inter-sampling time distribat from [5]

0.0517

Maximum deterministic time interval between samples frohedrem 2

0.0405

TABLE |

COMPARISON OFTyaT| FOREXAMPLE 2 WHEN THERE IS NO DELAY.

where in all the references the effect of the delay is ignored

From Theorem 2 we compufg max= 0.081 pomax=0.113

Special Issue of the Proc. of the IEEE on The Emerging
Tech. of Networked Contr. Syst.

when there is no delay. We can show that if the upper bound5] J. P. Hespanha and A. R. Teel. Stochastic impulsive

between any sonsecutive samplirigaTi, is smaller that

%min(plmax, P2max), then the upper bound between the sam-

ples ofyp1 or ype are smaller than miip1 max P2max) and the
system is stable, so we gejiaT) = %min(plmax,pZmax) =

0.0405 Table | shows the less conservative results in the

literature and oumyar; for comparison. Onlyryat; for a
(stochastic) uniform inter-sampling time distributioveiby
[5] is less conservative thamyat) given by (2). However, for

fair comparison our result should be compared to stochastic

arbitrary inter-sampling time distribution give by [5]. Wh
the maximum of delay is.05 thenp;max= 0.097, 02 max=

0.126.

IV. CONCLUSIONS AND FUTURE WORK

We considered a large class of Networked Control Sys-
tems (NCSs) and we show that the resulting NCSs car9l
be viewed asabstract MIMO sampled-data systems with
variable sampling intervals and delay. We modeled the tinea
delay sampled-data system as a linear infinite-dimensional
impulsive systems and we provided conditions for the stabi[10]
ity of the closed-loop expressed in terms of LMIs. By solving
these LMIs, one can determine positive constants related to Automat. Contr.49(10):1650-1667, Oct. 2004.
each variable sent through the network that determines &hl] D. Nesic and A. R. Teel. Input-to-state stability of
upper bound between the sampling time and the next update hetworked control systemsiutomatica 40(12):2121~
time at the destination of that variable.

Although in this paper we focused on the stability prob{12]

lem,

it is possible to derive LMI conditions that lead i,

designs. Another direction for future research is the madiu
access scheduling problem and the co-design of feedback

controllers and medium-access protocols.
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