Designing an observer-based controller for a network controkesyst

Payam Naghshtabrizi and Joao P. Hespanha

Abstract— We propose a numerical procedure to design a transport protocols since transmission of old data is not
linear output-feedback controller for a remote linear plant in  gyitable as new data is available.
which the loop is closed through a network. The controller We want to design an observer-type output feedback

stabilizes the plant in the presence of delay, sampling, and . P .
dropout effects in the measurement and actuation channels. control unit that remotely stabilizes the plant even in the

We consider two types of control units: anticipative and non  Presence of network effects, i.e., delays, sampling, and
anticipative. In both cases the closed-loop system with dgf, packet dropouts in the (sensor) measurement and actuation

sampling and packet dropout effects can be modeled as a delay channels. We consider two types of control units: non-
differential equation. Our method of designing the controler anticipative and anticipative. Let's assume that the sargpl

is based on the Lyapunov-Krasovskii theorem and a linear . t i tuati h i tant and HPtoA
cone complementarity algorithm. Numerical examples show interval In actuation channel Is constant and eqa

that our method is significantly better than the existing ons. ~ NON-anticipative control unit sends control updates aetim
h?, ¢ e N, equal to{u,: ¢ € N}, whereu, is a single
. INTRODUCTION valued control command applied to the plant until the next

Network Control Systems (NCSs) are spatially distributed co?TandtatrrlveésHaAQ ar§|0|patlvlet control. L2n|t§endshcdntro
systems in which the communication between plants, sefPaates at imesh?, £€ &y, equa O{ug(+) : £ € N}, where

sors, actuators and controllers occurs through a sharet bai‘ff(g IS a j'gn?_ll \g]'th a ptrope; dlurat|on segt at_ r 'ﬁélf
limited digital network. Using networks as a medium to 0 D€ used untii the next control command arrives. t we
sume the actuation channel delay is constant, edeh

connect elements of the system reduces wiring cost alfd . . e
a control signal of duration equal to the sampling interva

maintenance, since there is no need for point to poilihi1 Th h | th ticioati trol
wiring. Consequently, NCSs have been finding application . rough an examp'e we compare the anticipative contro
it and the non-anticipative one.

in a broad range of areas such as mobile sensor networ In thi follow th ¢ in 121t del
remote surgery, haptics collaboration over the Internét an N this paper we foflow the same SIeps as in [2] to mode
unmanned aerial vehicles [1]. network effects as a delay differential equation (DDE). An

Data is sent through the network as atomic units caIIeHCS with LTI plant model, anticipative or non-anticipative

. . . controller and network effect can be modeled as a DDE of
packets. Therefore any continuous-time signal must b(?he form

appropriately sampled to be carried over a network. Hence

there are some similarities between NCSs and sampled- .., 2 o

data systems due to tlsampling effect. However NCSs are X(t) = Aox(t) + i;A')?(t fi (t>)’ (1a)
significantly different from standard sampled-data system L) € [T T Wt > 0. 1i(t) = 1ae 1b
since the delay in the control system loop can be highly (0) € [Timin, Timax). =0, (M) o (10)
variable due to botlaccess delay (i.e., the time it takes for The delay’s boundstimin and Timax for i = 1,2, are

a shared network to accept data) amansmission delay positive and functions of sampling intervals, maximum
(i.e., the time during which data are in transit inside thé&umber of dropouts and upper and lower bounds on
network) depend on highly variable network conditionghe delay in the measurement and actuation channels.
such as congestion and channel quality. Since access aifé find sufficient conditions for asymptotic stability of
transmission delays have the same effect with respect (b), based on a Lyapunov-Krasovskii functional, formu-
the stability of NCSs, throughout the paper we use the tertated in the form of matrix inequalities. Our stability
(NCS) delay referring to access/transmission delay. result is closely related to [3], [4], [5] where the sta-
Data packets may be discarded at any point between théity and the state feedback stabilization of (la) are
source and the destinatioRacket dropout occurs along the studied for either(t) € [Timin, Timax), Ti(t) < d < 1, or for
network due to uncertainty and noise in communicatiofii € [0,T), Ti(t) = 1 almost everywhere. In [2] the Razu-
channels. It may also occur at the destination when out #fikhin theorem is used to design an output-feedback con-
order delivery takes place. In reliable transmission ok® troller, which generally leads to conservative designs [6]
that guarantee the eventual delivery of packets, dataémtes However our analysis is based on a new descriptor system
again. However NCSs should operate with non-reliablapproach and the Lyapunov-Krasovskii functional, propose
by Fridman and Shaked [3]. We expect less conservative
P. Naghshtabrizi is with the Department of Electrical Eegiing, results and we will illustrate the improvement with respect
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For a given controller, the matrix inequalities that guaran Actuation Ch. Measurersnent Ch.
tee asymptotic stability of (1a) are linear matrix ineqtied Hold u(t) Plant y(t) h
(LMIs). However for designing a controller the matrix v v
inequalities are bilinear matrix inequality (BMI) and non- 5
convex, with no tractable method to solve them. We propose | Network with bounded delay and packet dropouts
a numerical method based on a linear cone complementarity

introduced in [7] to solve the problem. This method converts!i G
T .. . . T ha O 7 t yk

the feasibility of the original non-convex matrix inequigs K X Observer y(t) Hold

to convex optimization of a linear function subject to a —

set of LMIs, which can be effectively solved by numerical J at)

packages such as MATLAB. Network mode

Stability and stabilization of NCSs have received signifi-
Fg}?t[;}ttsetzt(;(;/nﬂ:r; ?Ezb“ﬁﬁ;ag:rriol\élgltjgzsstgéqﬁ(e:ggd_rﬁrg;iksleﬁg 1. Two channel feedback NCS with an observer-basedaitamt
an explicit model of the plant to produce an estimate of
the plant’s state between transmission times which aIIOV\{g
reduced the network usage. In [10] stability of NCSs with
uncertain time delays and packet dropouts in the framework X(t) =AX(t) + Ba(t) + L(y(kh®) — CR(kh®)), (3)
of switched systems is investigated. Branicky etal.[11] Vit e [khS—Hs (k+1)h*+ T3 )
analyze the influence of the sampling and delay on the ks kt1/
system stability by using hybrid system stability analysigvhere u{t) is an estimate of the plant's input at time
techniques. Yu etal.[2] design an observer-type outpyt and yikhs) is equal to the last successfully received
feedback controller to stabilize a plant through a networfeasurement data. Sinads constructed from data sent by
with admissible bounds on drOpOUtS and delays, based ﬂﬂb Controner’ in genera' we have="u. We consider two
the Razumikhin theorem. In survey paper [1] a collectioRypes of control units: Non-anticipative and anticipative
of works in the area of NCSs can be found.

This paper is organized as follows: In section Il weA. Non-anticipative control unit

introduce  anticipative and non-gnticipative control anit Control signal The control unit sends control updates at
We show that the system equations of both types can %le”rles (h3, equal to{—KR(¢h?), £ € N}, whereK is static

written as (1), since _;ampllng and _packet_dro_pout effects cg ain. In the absence of dropouts, these arrive at the plant at
be captured as fictitious delay with derivative one almo P .
Imes/h®+ 12, £ € N, leading to

everywhere. In section Il we find a sufficient condition

for asymptotic stability of system (1) in the form of LMIs. y(t) — —Kg(th?), vt e [thP+ 12, (0+ D+ 12,). (4)

In section IV a numerical procedure is proposed to design ) )

a controller to stabilize the plant for admissible bound®elay differential equation formulation Defining

on delays, dropouts and sampling intervals. Then through . s s s s s

examples we illustrate the use of our method. To=t—K®, vte kh*+ e, (kt DR+ 1),  (5)
Ti=t—(h? vte [(h+1],(C+D)h*+10,), (6)

construct an estimate of the plant state using

Il. NETWORK CONTROL SYSTEM MODELING
we can re-write (3) and (4) as
Figure 1 shows an NCS consisting of a plant, actuator,
sensor and control unit where the plant, actuator and sensor X(t) = AX(t) +Bi(t) + L(y(t — T°) —CX(t— 7)),  (7)
are compound. The plant is LTI with state space model of ut) = —KX(t — 1)
the form

)

in which (t) := ¢ and 13(t) := 13, T; and 12 are defined
X(t) = AX(t) +Bu(t),  y(t)=Cx(1), (2) according to (5), (6) and

wherex(t) € R", u(t) e R', y(t) e R™ are the state, the input  7°¢ [min{t7},h°+max{t5,;}), Yke N °=1 ae,
and the output of the plant, respectively. The measurements, k a va k a -

are sampled with periodic sampling interval equattoand e [mf'n{rf IS mEaX{TMl})’ VEeN T =1

sent at time&hs, k € N. Assuming for now, that there are no

dropouts, the measuremenfg(kh®) : k e N} are received
by the control unit at time&h®+ ¢ wherety is the delay
that measurement sent klt® experiences. These are use

Fig. 2.a shows™ with respect to time wherg; = 1°,vk
and constant sampling intervh?. The derivative oft® is
f£Imost always one, except at the sampling times, witére
drops totS,
2Superscriptss and a are used to label the network effects in (sensor)PaCket dropouts  Packet dropouts can be viewed as a
measurement and actuation channels respectively. delay which grow beyond the defined boundsnff and



a5sre for vt € [tg+ 1, te, 1 + Tie, 1), Vk € N. To compensate for the
time varying delays and dropouts in the actuation channel,
e // e / z would have to estimate further into the future. Hence
e e the assumptions of constant delay and loss-less actuation
‘ ‘ ‘ ‘ ‘ channel can be relaxed by predictingnore into the future.

Control signal construction With such estimate avail-

able, the signalu,(t) sent at time/h? to be used in
Fig. 2. Evolution oft® with respect to time when (a)There is no packet [pha 7@ ¢+ 1)h2+ 1) is then given b
dropout, (b) The packet sentkdt® is dropped. In the picturé := kh®+ 15. [ T ( T ) + )’ 9 y

u(t) = —Kz(t —h*—13), (10)
m? dropouts happen in the measurement and actuation vt e [th?+ 1% ((+1)h°+1%), VI EN,
channels, then which only requires knowledge of(.) in the interval
e [min{t}, (M + 1h*+ max{ts, ns.1}), VKeEN, te [(é— 1)h?,¢h?), and therefore is available at transmis-
k k sion time /h?.
%€ [min{zf}, (mf'+ 1)h"+ mEaX{T?+n‘r3+1})7 teN.  Delay differential equation formulation Defining

Fig. 2.b shows the situation that the measurement packet T2:=t—t3,  Vte [kh®+1g, (k+1)h°+13,4),

sent atkh® is dropped and® grows up to &5+ 15, ) R
Closed-loop Defining e:=x— %, with regard to (2) and assuming thati = u, we conclude from (8),(9) and (10) that

(7), the closed-loop can be written as 2(t) = (A— BK)z(t) (1)
x(t)] _ [A 0] [x(t) L0 LC i(t—fz) +L(y(t— T —Cz(t —h?— 12— %)),
{e(t)} [0 A} [e(t)] [0 _LC} [e(t—r )} e [min{te}, P+ max{ts,,}), keN, T°=1 ae.
n —BK O] {)“((t—r_a)} k k
[ 0 0 [et—17)]" Closed-loop Defining e(t) = x(t + h? 4 13) — z(t) with

or alternatively we can choos{el(t)’ e(t)’]/ as the state of regard to (2) and (11) the closed-loop can be written as

the augmented system.

L , Z(t) A—BK 0] [z(t)
B. Anticipative control unit et 0 Al |e(t)
Control signal For simplicity, we assume that the actua- 0 LC][z(t—h2—T12—T5)
tion channel delay is constant and equakfoand there is + [O —LC} [e(t _n_ra_ ;s)] ‘

no dropout in the measurement and actuation channels. At
each sampling timéh?, ¢ € N, the controller sends a time- ll. STABILITY OF DELAY DIFFERENTIAL EQUATIONS

varying control signal(-) that should be used from the |y section Il we show that both types of control units

time ¢h®+1# at which it arrives until the timé/+1)h®+1®  with any choice of states have the closed-loop form
at which the next control update will arrive. This leads to

2
ut) =u(t), vte[h®+1® ((+1)h*+1?), feN. (8) X(t) = Aox(t) + _ZlAaY(t - T), (12a)

To stabilize (2), L!g(t) should be qual to—KR(t). T € [Timin,Timax), =1 ae (12b)
However, the estimatesx(-]) needed in the interval
[(h+ 12 (£ + 1)h?+ T3) must be available at the transmis-Until recently the only available tool to study the stalilif
sion time ¢h?, which requires the control unit to estimatedelay equations of the form (1) was the Razumikin theorem.
the plant's state up tb?+ 12 time units into the future. ~ Fridman and Shaked [4] were able to use the Lyapunov-
) L . . Krasovskii theorem to study the stability of system (12). In
Remark 1. Anticipative controllers send actuation sig- h dv th bility of led-d ith
nals to be used during time intervals of duratibf .[5] they study the stability of sampled-data systems wit

', input delays as DDEs of the form (12), wherge [0, hS).

Understood n a broad sonse. In practce, the sample bioj STPIeC-ata systems, at each sampiing time the delay
-np S P 8rops to zero. However in NCSs as new information arrives
would send over the network some parametric form of th

. g e delay drops to NCS delay bounded bellowtlyyi > O.
control_5|gr_1alu5(-) (_e.g._, the coeficients of a polynomial If we assume that the maximum delay in both cases is the
approximation to this signal).

same, due to the smaller variation of the delay in the latter
State predictor An estimatez(t) of x(t +h*+ 1) is case, we expect less conservative results than in [4]. The
constructed as follows: next theorem gives a sufficient condition for the asymptotic
2(t) = Az(t) + Ba(t + h? + 19 ©) stability of th.e system (12) wheﬁ_& is 2nx2n fpr i=0,1,2. _
K Theorem 1. The system (12) is asymptotically stable, if
+L(9(kh®) — Cz(khs — h* — 1%)), there exist & x 2n matricesP, > 0, P, P3, S, R and



4n x 4n matricesZyj, Zy; and 2 x 4n matricesT; fori= 1,2,
that satisfy the following set of LMIs®

TR
* -$ 0 <0, (13a)
L* * -S
R [0 AlP -~
Lx Za ] >0, =12 (13b)
R T .
| * lei] >0, =12 (13c)
where
0 | 0 | I
LP:FV{AO _|]+[Ao —|] P+, (14)
2
_ S 0 _ -
- ;\( {O T maxRJ + (Timax— Timin) Zzi
+ TiminZai + [-I(;] + [-I(;] )’ P— {E; F(;] 7

Proof of Theorem 1: See Appendix.

Remark 2: For sampled-data systentsnin = 0 and by
choosing§ =0, T = [0 AP and Z;; = g, such that

variableM, andU is a known matrix. Lemma 2 changes the
BMI (15) to the LMI (16) with the non-convex constraint
that X = a?Y~1. We want to write matrix inequalities
in Theorem 1 in the form of (15) and consequently in the
form of (16) which is suitable to compuke andL. Suppose

P, > 0 andP; > 0, after some manipulations (13a) can be
written asJp(K,L)’NUp +U{NJo(K,L) + Qg < 0, where

r-v -%
I 0 0 O
QOZ * _Sl 0 s UO—|:0 | 0 0:|7
| * * -S
10 P P 0
"= p o]”” N_[o PJ’
(A -1 AL A
JO(KaL)_ A -l A A2:|7

in which @ is defined in (14). Similarly (13b) can be written
asJi(K,L)'NU; + U/NJ (K,L) + Qi < 0, where

R O o1 o
Q'—_{o ZZJ’ U'—{o 0 |]’
JI(KaL):_|:Q 8 8:|a

fori=1,2. Theorem 1 can read as the following theorem:
Theorem 3: The anticipative or non-anticipative con-

(13c) holds, we recover Corollary 1 of [4]. For constanfroller given in section Il with parametet¢ andL asymp-

delay and no sampling max— Timin = 0 and the LMIs (13a)-
(13c) change to the ones in Lemma 1 of [4] whign= &)l

totically stabilizes the plant with state space model gibgn
(2) for givenTimin and Tymax, if there exist 2 x 2n matrices

such that (13b) holds fdr= 1,2. Consequently, Theorem 1 PL>0,X1>0,X>0,Y1, Y2, S, R, 4nx4n Zy;, Z3i, 2nx 4n

is the generalized form of the relevant results in [4].

IV. OBSERVERBASED CONTROLLER DESIGN FORNCSsS
When the controller parameteksandK of an anticipa-

tive or non-anticipative controller are known, the system
matrices A, i = 0,1,2, are constant and known. Hence

(13a)-(13c) are in the form of LMIs. However whdn
and K are unknown, the matriced; become variables

and consequently the matrix inequalities in Theorem 1 are | *

matricesT;, nx 1 matrixL, 1 x n matrix K anda > 0 that
satisfy the following matrix inequalities:

Moy _ / I

UpXUo—Qo  Jp+ aUO} >0, (17a)

L * Y

/Xty — o v !

UXUi—Q J+auf| 0, i=12 (17b)

L * Y

R Ti} -0 i=12  (17¢)
Zji

BMls, and there is no efficient numerical method to SOIV%vhere

them. In this section we develop an efficient humerical
method to solve the matrix inequalities in Theorem 1. The X =

Next lemma, taken from [12], plays a central role.
Lemma 2: Assume thaQ(M) is a symmetric matrix and

X1 O _ Y. O _ y2y—1
58 [ 8. xear

matrix variablesM and N are independent of each other.Theorem 3 transforms the matrix inequalities (13a), (13b)

There exists a symmetric matriX > 0 such that

J(MY'NU +U'NI(M) +Q(M) < 0, (15)

if and only if there exist symmetric matrices andY, and

a scalara > 0 such thatX = a?Y~! and
U'XU —Q(M) J(M)' +aU’

* Y >

The proof is obtained by Schur’'s lemma aKd= aN.
AssumeQ(M) andJ(M) are linear functions of the matrix

0. (16)

SMatrix entries by " are implicitly defined by the fact thaheé matrix
is symmetric.

to (17a), (17b) respectively. Sincky, A;, Ay are linear
functions ofK andL, (17a)-(17c) are LMIs; however, the
fact that X = a?Y~! is a not convex constraint, makes
the whole set of matrix inequalities non-convex. Next we
introduce a numerical procedure to solve such a non-convex
problem.

A. Numerical procedure and example

The cone complementarity linearization algorithm intro-
duced in [7] changes the non-convex feasibility problem in
Theorem 3 to the following linear minimization problem:

1) Chooseaq.



M Timin Timax K L the LMIs are feasible up t@, max= 0.773 and the closed-

0 0765 0865 [-17436 11409 00675 00267’ loop system is stable for any} € [0,0.073,Vk € N. Table |
also contains the expected results that a smaller number
2 0525 0825 [-12990 06983 [0.0720 00292 of dropouts leads to a larget max It justifies taking into
account the distinction between the effect of packet drtgpou
4 0292 0792 [-13556 07501 [0.0727 00300 and delays in NCSs.
6 0073 0778 [-05310 01669 [o0s64 00221 Example 2: Consider the state space plant model [11]
TABLE | .
X 0 1 X 0 X
CONTROLLER PARAMETERS WITHh® = 0.1S AND m® DROPOUTS L(j = [O _0_1} [Xj + {O.l] u, y(t) = [1 O} [Xj :

Branicky etal.[11] assume that both states are available
2) Find a feasible poinXy, Yo for the set of LMIs (17a)- _and_ moreover full state fe_e dback gan= [3'75. 115)
(17¢) and is given. The authors obtain t.hat _the system with n94delay
is stable with constant sampling interval up t® 4 10~
{X | } >0 (18) However, the maximum constant sampling interval for this
| a2y controller is 17s. With regard to Remark 2 for the same
3) SetXj = Xj_1, Yj = Yj_1, and findX,1, Y;,1 that state feedback ga_in, 'Fhe system is asymptotically stable
solves the LMI problem for constant sampling interval smaller thar8D. Now we
assume that only the first state is available and the delays
Zj 1 min tracéX;Y + XYj) are zero and sensor sampling intervahfs= 0.5, ¥k € N.
subject to(17), (18). Non-anticipative control unit with parameters

4) If stopping criterion is satisfied, exit. Otherwise set | _ [3.3348 99103} L— [0.6772 01875%'
j=j+1and go to step 3 if < c (a preset number) ’ ’

or increase with a proper amount and go {0 Step 2. gyapijizes the plant for maximum actuation sampling inter-

If the minimum is equal to Bx a2, then (17a)-(17¢) val h? < 0.7330. With the same sensor sampling interval,
with X = a?y~1 are satisfied and the controller with @nticipative control unit with parameters
parametersK and L stabilizes the plant for the given

!
specifications of delays. Since obtaining tr@6 +XY;) = K= [28-5347 83862@ » L= [03518 00494 J
8nx a2 is numerically difficult, we choose (13a) and (13b) - ] o
with N = a~!X as the stopping criterion. stabilizes the plant for the actuation sampling intervatshs

In example 1 we compare our method to the one préhalt h® < 0.976.
sented in [2], where the controller is directly connected
to the actuator, hence the anticipative and non-anticiati V.. CONCLUSION AND FUTURE WORK
controllers result in the same closed-loop system. Then
example 2 focuses on the advantage of the anticipative overWe introduced two type of control units: non-anticipative

the non-anticipative control unit. and anticipative. NCSs with LTI plant model, anticipative
Example 1: Yu etal.[2] consider the following state or non-anticipative controller, with network effect can be
space plant model modeled as a DDE (1). we found sufficient condition for
. asymptotic stability of DDE (1) in the form of LMI. We
X1 —-17 38| (X1 5 .
| = u, presented a procedure to design output-feedback control
X2 -1 18| |% 2.01 ; oo .
unit for NCSs. Our method shows significant improvement
y(t) = [10‘1 4,5] {Xl}_ in compare to the existing results, since it is based on
X Lyapunov-Krasovskii functional and distinction betweba t

The set of LMIs in [2] is feasible up to, max= 0.3195. effect of sampling/packet dropout and NCS delay. In future
Consequently as long gsn°+1)hS+ 15 <0.3195vke N, work we will explore the advantages of the anticipative
the closed-loop system is stable. Our results in Table | shogver the non-anticipative controller more. For NCSs that
a significant improvement since our set of LMIs is feasibléhe plant has high computational capability such as remote
for larger T max. FOr instance wheh® = 0.1 and the mea- surgery systems or haptic systems, sending a control signal
surement channel is loss-less fax— T1min = h%), the LMIs  must have advantages over a single value control command
are feasible up taimax= 0.865 which means the closed- even in the presence of some disturbances.
loop system with the controller parameters given in Table | We will extend our results to the case that from an input
is stable for anyrg € [0,0.765,Vk € N. If we assume that to an output some performance is desired. Performance can
the number of dropouts iB® = 6 (Tymax— Timin= 7 x h%), beHs or H, norms or passivity from an input to an output.



APPENDIX
Equation (12a) can be written in as equivalent form [4]

,—y(t)iiAix ZA'/f. s)ds=0, (19)

X(t) =y(t)

and the following Lyapunov-Krasovskii functional:

2 0 t
V(t):xpx+zl/4_ [ YSRy(dsio  (20)

+ _i /ttrimin*(S)SX(s)ds

By choosingTi = [0 AP

n<i 'trly (s/Ry(s)ds+2X (1) (Y — [0 A P)(1))
_ZZ
+i;(>”((t)(

-[0 AJP)x(®)

— Timin)

TiminZai + (Timax— Timin)Z2i ) X(t).

Based on the Lyapunov-Krasovskii theorem, (12) is asymp-
totically stable if &
system is asymptotically stable if (13a) holds. However any

< —¢||x||? for somee > 0. Hence the

row and column of (13a) except the first block row and

and th|rd term of (20) W|th respect torespecuvely gives

2XPx(t) = 2% (t)P’ m :

2
Zt (Ti max)/(t)Rt

i=
2

Zl (X/(t)SX(t) - X,(t — Timin) SX(t — T min)) .

wherex'= [x(t)’ y(t)’]/. Substituting (19) into (21a),

- 2
d%?) <K (H)WPK— i;XI(t — Timin) SX(t — Timin)

2 ot
-3 /Hmaxﬂrmy(r)dw n,
=p |52 —llhtzﬁoom —lltlp

+zi[ TlmaxRJ 212*' [ ] /t Y9ds

By Moon-park inequality [13] a bound on cross term,
can be found as follows:

(21a)
[ y@Rrymdr), @)

(21c)

<3 L B [T T
BLTELE R

_ Zt /t;n Y(9Ry(s)ds

+22L/tt My FE -0 A]P)t)ds

Jrzzl/t .

+ ZL)N(/(t) (Ti minZ1i + (Ti — TiminZ2i)X(t),

—[0 A]P)X(t)ds

where

R T R Ts
[* Zli_o {* ZzJZO

in fact non-strict. However for simplicity and since these i

no numerical advantage we state them as strict inequality.
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