ON THE EFFECT OFASYMMETRIC COMMUNICATION ON DISTRIBUTED TIME
SYNCHRONIZATION

Prabir Barooah Joao P. Hespanha Ananthram Swami

Abstract— Several distributed algorithms have been recently measurement off, — 3, can be obtained. Noisy ratios of
proposed to estimate clock offsets and skews in a network of gkews ay /o, can also be measured by exchanging time-
processors from a set of noisy measurements of the differeac stamped messages [3], [4]. Measurements of skew ratios and
between clock offsets and of the ratios of clock skews. These e .
algorithms are designed to converge to the optimal, i.e., thbest offsets between a pair of nodes can also be obtglned by the
linear unbiased, estimates even in the presence of node and RBS (Reference Broadcast System) method, which does not
link failures. However, they require symmetric communicaion  require bidirectional message exchange between them but
between nodes for convergence. We examine the case whenyequires the involvement of a third node [5]. The problem
communication is asymmetric, i.e., when a node can receive s agtimating the clock skews w.r.t. a global time can be
information from another node but not vice versa. We first shav . - -
that in the presence of asymmetric communication links, thse separated from t_he problem of estimating offsets, and ip fac
algorithms converge to an unbiased but suboptimal estimate Can be handled in almost exactly the same way that the offset
In fact, we show that with a distributed algorithm that is con-  estimation problem is handled, as described in [6]. For this
strained to use only local information, it is generally impassible  reason and for simplicity of presentation, for now we restri

to converge to the optimal estimate when communication is o attention to the offset estimation problem alone.
asymmetric. We characterize the resulting estimate that thse

algorithms converge to in the presence of asymmetry, and ned Many of the current synchronization protocols use relative
and link failures, and its error covariance. offset measurements to synchronize node clocks to a global
clock in a sequential manner [5], [7], [8]. For example, in
TPSN protocol [7], nodes close to a root node, called level 1
nodes, synchronize their clocks to the root node’s clock by

Time-synchronization is an important problem for sensousing such relative measurements. The nodes close to level 1
and actuator networks because a wide range of potenti@des, called level 2 nodes, in turn synchronize their clock
applications for these networks require tight synchrdivra to the level 1 nodes’ clocks, and so on until all the nodes are
For example, due to the severe constraints on the energynchronized. For a review of time synchronization proteco
budgets of the constituent devices in a sensor networfor sensor networks, see [4].

sleep scheduling is proposed to maximize network lifetime; It is possible to construct estimates of clock offsets more

see [1] and references therein. Such scheduling requIess te-curate than what is possible by the above mentioned meth-
clocks at the sensor nodes to be accurately synchroniz

) : ) s by using all the available relative offset measurements
Collaborative processing tasks such as event detection al'?ldparticular, it is possible to compute the optimal estienat

warning, target tracking and sensor fusion also requI&t the clock offsets (w.r.t. a global time frame) by using all

clock synchronization. In addition, for feedback contreép the relative clock offset measurements [6], [9], [10], [11]

communication networks to be a reality, it is important thaﬁ'he optimal estimate refers to the one obtained from the Best

the clocks of different .nodes.connected by a communicatiqnaar Unbiased Estimator (BLUE), which has the minimum
network are synchronized with one another. variance among all linear unbiased estimators [12].

In practice, clocks have two main sources of inaccuracy:
skew and offset. Skew refers to the rate at which clocks
measure time and offset refers to the difference betwe
the local times of two clocks that have the same skew.
a particular “global” timet, the measured local timg, at
a clock u is given byt, = aut + 8., where«,, is the
clock’s skew w.r.t the global time and, is the offset. The

I. INTRODUCTION

Recently, several distributed algorithms have been pro-
osed to iteratively compute the optimal estimates of clock
ffsets [6], [9], [10], [11], [2]- These algorithms are ittive;

t every step nodes exchange their current estimates with
their neighbors and update their own estimates based on
the received estimates of their neighbors. All the refer-
ences above assumed symmetric (bidirectional) communica-

ggt'g: c;;f:; breet(\;v?en ?opggrr?(fe n;?g?%dvéncigﬁtmori.mtion between nodes. However, in ad-hoc wireless networks,
u up y ex 9iNg UM&G mmunication between certain pairs of nodes may be

stamped messages _between them, e.g., using the me.thggk?mmetric, meaning that a node may be able to receive
described in [2] and in [3, Chapter 2]. In particular, a NOISY ansmissions from another node but may not be able to

This material is based upon work supported by the Institote Gol- transmit |nformat|on_ to that node. This COUk_j _be caused by
laborative Biotechnologies through grant DAAD19-03-D8@0from the non-homogeneous interference, packet collisions, and eve
U.S. Army Research Office and by the National Science Foiorander — qye to an imperfect sleep scheduling arising from inaceurat
Grant No. CCR-0311084. PB and JPH are with the Dept. of Etettand . e . . o
Computer Engineering at Univ. of California, Santa Barb&@4a, and AS t'me'synChron'zanon itself. Motivated by this possrtyl,llwe
is with the U. S. Army Research Lab, Adelphi, MD. examine the behavior of these algorithms in the presence



of asymmetric communication. Since the algorithms in [6]as node variables from now on. We associate these node

[11], [2] are all special cases of thdacobi algorithm variables with the node¥ = {1,2,...,n} of a directed
described in [9], in this paper we focus exclusively on theneasurement graph G = (V,E). The measurements cor-
Jacobi algorithm. respond to the edges B, where each edge consists of an

We first show that in the presence of asymmetric conerdered paifu,v) such that a noisy relative measurement of
munication links, the Jacobi algorithdoes not converge to the form (3) is available. Using only relative measurements
the optimal estimates. However, the Jacobi algorithm dodB€ z.'S can be determined only up to an additive constant.
converge to an unbiased but sub-optimal estimate, providé@ avoid this ambiguity, we assume that a particular vaeiabl
certain connectivity properties of the communication trap(Say o) is known. One could imagine that the nodeis
are satisfied. In fact, we prove that it is impossible to desig? cluster-head and the times of all the nodes need to be
a distributed algorithm that converges to the optimal estém synchronized to the cluster-head. In certain cases, mare th
when communication is asymmetric, if the algorithm is conone node’s offsets and skews may be known, such as when
strained to use only local information. The Jacobi algaonith @ subset of the nodes can receive GPS signals. The node

is shown to be robust to temporary node and communicatiof@riables that are known are called treterence variables
link failures. and the corresponding nodes are calledréference nodes.

»The set of reference nodes is denotedhy The problem is

We characterize the error covariance of the “limiting : : .
. . . to estimate the unknown node variables from all the avalabl
estimate the Jacobi algorithm converges to when communi-

S . . . . ... measurements and the reference variables.

cation is asymmetric. An interesting feature of this limgi

estimate is that the error variances of some of the nodetoffse Our objective is to construct an optimal estimafeof z,,

estimates may increase upon using more measuremetits. every nodew € V \ V,.. The optimal estimate refers to

This is in contrast to the optimal estimate, for which morghe estimate produced by the classical Best Linear Unbiased

measurements (no matter how noisy) always leads to lowEstimator (BLUE), which achieves the minimum variance

variances for all node offset estimates. Thus, an importaatmong all linear unbiased estimators [12]. To compute the

lesson is that in the presence of asymmetric communicatiooptimal estimate directly one would need all the measure-

more measurements may not lead to more accurate estimatesnts and the topology of the graph (see section IIl). THus, i
a central processor has to compute #fjs, all this informa-

Il. PROBLEM STATEMENT AND PREVIOUS WORK tion has to be transmitted to it. In a large ad-hoc network,
The local timet, at nodeu is related to the global such centralized computation suffers from poor scglg{bi!it
(unknown) timet by and lack of robustness to node and communication link

failures. Therefore a distributed algorithm that can cotapu
tu = ayt + Bu, the optimal estimate while using only local communication

whereq,, and 3, are the skew and offset of nodés clock, is advantageous.

respectively. By using one of the methods mentioned in An iterative distributed algorithm, called the Jacobi al-
Section |, it is possible to obtain noisy measurem&nt  gorithm, to compute the optimal estimates was proposed
of the difference between clock offsets of certain nodespaiin [9]. The algorithm is distributed in the sense that every
(u,v): sensor can compute its own node variable’s estimate and all
the data needed for the computation can be obtained from
M = Bu = Bo + Cuo, @ communication with only those neighbors with whom it has
where e, , is a zero-mean measurement error. For theelative measurements. The algorithm is based on the Jacobi
details of obtaining such measurements, see [3, Chapter fjethod of iteratively computing the solution to a system of
Similarly, noisy ratios of their skewsy, /o, can also be linear equations. A distributed algorithm was also propose

obtained. Upon taking logarithm, we get in [2] for computing the least squares estimate of the time
1 ) , 2 shifts, which was a special case of the Jacobi algorithm,
§u = log(aw) —log(aw) + €0, (2)  where all the measurement error variances were assumed

where¢, , is the logarithm of the measured ratio of clockto be equal. An algorithm based on the Jacobi method was
skews, and’, , is a zero-mean error. The details of obtaininglso proposed in [6], though not investigated. However, the
such measurements are explained in [3, Chapter 2]. It is cledlgorithms proposed in [6], [9], [11], [2] assumed that the
from the similarity of (1) and (2) that both of them are spbciacommunication between nodes is symmetric. In other words,
cases of if node u receives a transmission from node then v
can also receive a transmission framIn many situations,
Cuw = Tu = Lo + €uo, ©) specially in wireless ad-hoc networks, nadenaybe able to

where(, , is a noisy “relative measurement” between thd€CeIVE€ MESSages frombut not vice versa.

unknown variablesr,, and z,, ande,, iS a zero-mean
measurement error. I1l. OPTIMAL ESTIMATION OF NODE VARIABLES

In a network ofn nodes, we haver such offsets (and  The measurement errex on the edge: € E is assumed
logarithm of skews):, xs, ..., x,, which we will refer to to be of known variance, and uncorrelated with all other



measurement errors. That is, for every edge E, 02 = can receive information from which other nodes. We Gﬁl
Ele?] is known, andE[e.c;] = 0 if e # e. Here and in the the communication graph associated with the measurement

€

sequel, we use the symbelto denote an edge as well asgraph G. In particular, a node: can receive information

the index of that edge, i.e¢,= (u,v) € E as well ase = from another node if and only if there is an edgé, u) in
1,...,|E|. Consider a measurement gra@Ghwith n» nodes the communication grapt¢. Communication between two
andm edges. LeK := [z1,22,...,7,]7 € R" be the vector nodesu and v is symmetric if and only if both(u,v) and

obtained by stacking together all node variables, known an@, ) belong toE¢. An edgee (in G or G¢) between two

unknown. Similarly defines := [¢1, (o, ..., (] € R™ and  nodesu and v is said to be incident on both the nodes

€:=le1, €2,...,e,)T € R™. We can now rewrite (3) as and v, which is denoted by ~ u ande ~ v respectively,

T whether the edge is directed fromto v or otherwise. For

z=A"X +e ) an edgee that is incident on a node, we denote: \ u as

where A is theincidence matrix of the graph G [13]. The theother end of u. That is, ife = (v, u), thene \ v = v and
incidence matrix is am x m matrix with one row per node ¢\ v = .

and one column per edge defined By= [a., .|, wherea, The following conditions are assumed to hold:
is nonzero if and only if the edge € E is incident on the Assumption 1: 1) Every weakly connected component
nodeu € V. When nonzerog,. = —1 if the edgee is of the measurement graphi = (V,E) has at least
directed towards: anda,,. = 1 otherwise. one reference node, ar@ does not contain multiple

By partitioning X into a vectorx containing all the edges between the same pair of nodes.
unknown node variables and another vectorcontaining 2) The communication grap&® = (V, E¢) is such that
all the k”OWH_ reference nodg vanabng:T =[x, x"]", for every pair of nodes that have a measurement edge
we can re-write (4) az = A, x, + A, x + €, where 4, between them, there is at least one communication

contains the rows ofl corresponding to the reference nodes edge between them.
and4, contains the rows ofl corresponding to the unknown  3) |f there is a communication edge between a pair of
node variables. The equation above can be further rewritten ~ npodes, then there must by a corresponding measure-

as: B . ment edge between them (in either direction).
z=A,x+¢, (5) 4) Every node that is not a reference node has at least
wherez := z — ATx, is a known vector. The optimal one communication edge directed toward it. [

estimate (BLUE)* of the vector of unknown node variables "€ assumption of not having multiple edges between a pair
x for the measurement model (5) is the solution to th@f nodes is not restrictive because multiple measurements
following system of linear equations: between the same pair of nodes can be combined into a
single measurement (see Chapter 2 of [3]). The second

Lx" = b, (6) condition ensures that the nodes employing the algorithm

whereL := A, P~ AT, b := A,P~'z, and P := E[e€”] is will be able to use all the available measurements. The third

the covariance matrix of the measurement error vector [1 _ond|t|on cIar|f_|es that t_he communication graph is us&_—:‘(y onl
model the information exchange that occurs during the

Since the measurement errors on two different edges are i f the alaorithm. The fourth diti
uncorrelated,P is a positive definite diagonal matrix with eéxecution ot the algorithm. The fourth condition ensures

the messurement ertor variances along fts diagarak (2 S 0 8 ORI e ot
diag(o},03,...,02,) € R™>*™ The error covariance of the 9 ghbor,

optimal estimate X := E[(x — x*)(x — x*)T], is given it cannot update its estimate.
by ¥ = L~! where L-! exists if and only if every Figure 1 shows a measurement graghand the asso-
weakly connected component of the grapthas at least one Ciated communication grapfa©. Since there is only one
reference node [9]. A directed gragh is said to beweakly ~communication edgé4,2) between4 and 2, node2 can
connected if there is a path from every node to every othereceive broadcasts fromd but not the other way around.
node, not necessarily respecting the direction of the edgeghis communication graph is therefore asymmetric. Note
The optimal estimate can be computed by a fusion cent#tat lack of communication edge€®, 1) and (3, 1) is not
when all the nodes are able to communicate their noigy cause of asymmetry since the reference nbdees not
measurements to the fusion center over a noise-free chanrigie any information from its neighbors (see Assumption 1).
In the next section we describe and analyze a distributédccording to the terminology introduced aboves i (4, 2),
algorithm to compute the optimal estimates that does nétene\ 2 =4 ande\ 4 = 2.
require a fusion center. The Jacobi algorithm can be mathematically expressed by
the following update law implemented by every nodes
IV. JACOBI ALGORITHM V\V,, wherez? denotes node’s estimate ofz, at the
To describe the Jacobi algorithm with (possibly) asymi™ iteration:
metric communication, we introduce a directed gr&ph= 1N . 1 /.6
(V,E°) consisting of the same nodes as the measurement ( Z —)ij*l) :Z (x((;\)u + au,eg“e) ' @)
graph, but with edge directions that determine which nodes c€E,

)
Ge

2
o; —
ecE,



graph pair(G, G°) is defined as a diagonal matrix with'

1
(D) = Z et (10)
ecE,
3 4 3 4 Similarly, theweighted adjacency matrix C' € R"*" of the
G gle) directed graph paifG, G°) is defined as
1 1

Fig. 1. A measurement graph and a communication graph assdaivith
it. Note that the asymmetry in the communication graph cofmas the
lack of a communication edge from node 2 to node 4. Thougtetieeno

edge from 2 to 1, that is not a cause of asymmetry since 1 iseserefe | et A/, N € R™*™ pe the sub-matrices oD and C,
node and it does not use information from its neighbors ef/ewdilable. respectively, obtained by removing the rows and columns
corresponding to the reference nodes, whgris the number
of nodes inV \ V,. that do not know their variables. Using
where E,, is the set of edges in the measurement grapiie matrices introduced above, the Jacobi algorithm (7)
G that are incident on the node such that there are with asymmetric communication links can be compactly
communication edges from their other ends toward expressed as the following discrete-time dynamical system

E,:={c€E|e~u,(e\uu)ecEY}, (8) Mx"! = Nx* +b°, (12)

c._ Acp—1 T

anda, . is the (u,e)" entry of the incidence matrix of b= APz — Arxr), (13)
defined in Section Ill. The Jacobi algorithm has a simplavhere A§ is a submatrix ofA® that is obtained fromA¢ by
interpretation. When communication is symmetric, a nodeemoving from it the rows that correspond to the reference
obtains multiple estimates of its own variable by addingiodes. The fixed point of (12) is given by the solution of the
the appropriate relative measurements to its measuremefstiowing system of linear equations, when it exists.
nelghbors_ estimates. !t then cqmputes the new estimate L.x® —b°, where (14)

of its variable by taking a weighted average of those
estimates. When communication is asymmetric, it carries Le:=M—N. (15)

out the same procedure, but the averaging uses informatipg, 4 o exist and be uniquel,. must be invertible. The

from only those measurement neighbors from which it capeyt lemma, whose proof is in Appendix |, states when this
receive data. We have assumed above that transmitted d%t"t‘rue.

is digitized and coded sufficiently so that errors due t0 | gyyma 1: The matrixL. is invertible if and only if there
noisy communications channels can be ignored. That is, the 5 directed path irG from at least one reference nodes
communication channels between the nodes are error-frge,, for everyu € V\ V,. 0
during the iterative updating of the estimates. Thus, whefje conclude that when the path existence condition of

an estimate is transmitted in a data packet, if successfullysmyma 1 is satisfied. the Jacobi algorithm converges to
delivered, the estimate is received without being coriptehe estimatex™. In the next section. we show that this

7z (11)

Clus = L if (v,u) € E¢ande ~ u,e ~ v,
“Y 10 otherwise

by any error. convergence is, in fact, robust to link and node failuresaund
The question naturally arises as to whether this algorith@ppropriate conditions.
converges to an unbiased estimate xof if so, whether It is straightforward to verify that

it converge to the optimal estimate, and if not, what is I — Acp—14T (16)

the covariance of the resulting estimate. To answer these e b

questions, we need to express the iteration (7) in a moemd this matrix does not depend on the edge directiors of

compact form. To that end, we now define a few matricesbut does depend on the edge direction&if Furthermore,
We define thecombined incidence matrix A¢ € Rnx™ for it can be verified ifG is weakly connected, theh, = L if

the pair of directed graph@a, G), wherem is the number and only if communication is symmetric between all pairs of

of edges in the measurement gra@h in the following nodes. Therefore, when communication is asymmetric, the
manner: Jacobi algorithm does not converge to the optimal estimate

in general.
. aye fe~wu,(e\u,u) e E°
(A, = GV EBT )
0 otherwise A. Convergence and robustness to faults

The algorithm described by (12) is synchronous, since that
for the measurement grap®. The incidence matrix was description implicitly assumes that all the nodes updagé th

defined in Section lll. If communication between every paiphst!mates at the same t|.mhebafter|gett|ng _updatgi fr_om ?j" of
of nodes is symmetric, theA(G, G¢) = A(G). their communication neighbors. In practice, with time de-

pendent communication failures or due to sleep scheduling,
The weighted in-degree matrix D € R™*™ of the directed waiting to get information from all neighbors may not be

wherea, . is the (u,e)‘h entry of the incidence matrixd



advisable. In this case, the algorithm can be implementaifhen nodes and communication edges fail according 53(0 the

in an asynchronous fashion, in which nodes wait to receivié.d. failure model, if condition 1 above is satisfied, thée

estimates from their neighbors until a "time-out” occurifs. | Jacobi algorithm converges to the unique solutiol gt =

estimates from some neighbors do not arrive in this timéy. almost surely. O

they use the previously received data from those nodes. Due to space limitations, the proof of this result is omitted
Consider time index € N that is incremented by at The interested reader is referred to [3, Chapter 3] for

the end of every time-out period. A communication edga complete proof. We briefly note that the proof of the

(u,v) is said to fail in timet if during the time between convergence of the asynchronous Jacobi algorithm is based

t — 1 andt, all broadcasts from node fail to reachv, on the results on asynchronous iterations in [14].

which may occur due to interference etc. A nadés said Remark 1: If the communication grapks,;, is symmet-

to fail at time ¢ if during the time betweert — 1 andt, ric, L. = L, A = A, and thereforex>™ = x*, which

node u either does not broadcast its current estimate aneans that the Jacobi algorithm will converge to the optimal

does not process any information. Such node failures castimate. When communication is asymmetric, it converges

occur due to sleep-scheduling [1], among other reasons. We the sub-optimal estimat&>. Therefore, asymmetry in

say that a communication edde, v) is active at timet¢ if communication leads to poorer estimates.

in that time, neither of the nodes and v fails, and the

communication edgéu,v) does not fail. At every time, B. Unbiasedness and covariance of the limiting estimate
the communication grapl“(t) = (V,E°(t)) consists of

all the nodes ofG and all the communication edges that are The next result characterizes the covariance of the lignitin

active in that time. We assume that every nade V' \ v,  €stimate produced by the Jacobi algorithm.
detects its communication-neighbors, i.e., the nodes from Theorem 2: The limiting estimatex>, when it exists, is
which it can receive messages, during an initial detectionnbiased and the covariance of the estimation e#for.=
phase, before the iterations begin. This detection, whickh— x> is given by
may be_carned out even during t_he_ process o_f ol_atammg 5 E[éooéOOT] _ LglAgP_lAgTLgT. 0
the relative measurements, leads tdritial communication
graph G¢{,;, = (V, E{;,) consisting of those communication Proof. From (14), (13) and (5), we get
edges that were active over the time interval of the detectio e 1ol T
phase. A node does not update its list of communication X% =Ly ApP™ (2 — A xr)
neighbors thereafter. =L7'ASP~ Y (AT x + €)
The next theorem states how the algorithm behaves in the =x+ L7t AP e,
presence of asymmetric communication, and is implementeol1 )
in an asynchronous manner in the presence of node and lif§®"® the last equality follows from (16). It follows that
failures. We consider the following model of random faikire E[X_ ) —x Tﬁi expression for the covariance of the
At every time instant € N, every communication edge may estimation erroe> follows immediately. =
fail independently qf a" other edges with probabiliyand .. We simulated the Jacobi algorithm for the measurement
cevery n_(_)de may fail independently _Of all other nqdes, _W'ﬂ%lnd communication graph pair shown in Figure 1. Simulation
probability g, y\(herep < 1,¢ < 1. This model of failure is results are shown in Figure 2. All the nodes started with
referred to as.i.d. fa_ulure. ) ~ 0 initial estimates for their node variables, i.e., log-skew
Theorem 1. Consider the asynchronous Jacobi algorithmyng offsets. At every iteration of the simulation, every
implemented on the measurement grépland its associated communication edge was allowed to fail with a probability
time-varying communication grap&<(t), such thatG and  of (.2, independent of all other edges, i.e.,= 0.2 and
G*(t) satisfy Assumption 1 at evetye N. Let G{;, denote , — (. The Figure validates the predictions of Theorem 1

the initial measurement graph that describes the neighbgrd 2: the estimate converges to the predicted vaftebut

relations used by the nodes to implement the algorithmyot to the optimal estimate*.

Let L. and b be as defined in (15) and (13) for the

pair (G, G{,;,). The Jacobi algorithm converges £6° for _ I

every initial condition, where is the unique solution of C. Animpossibility result

L.x =be, if The result established in the previous section shows that
1) for every nodeu € V \ V,, there is a directed path the Jacobi algorithm will not lead to convergence to the

in G¢,;, from at least one reference node to that nodéPtimal estimate when the communication graph is asym-

and metric. This raises the question if it possible to construct
2) no communication edge ﬁfnit fails permanent'y, and a dIStrIbuted algorithm that will ensur.e C(.)nVPTI’gence to the
no communication edge that is not @icnit remains Optlmal estimate eyen Whe-n Commun|cat|0n IS asymmet_ﬂc.
active infinitely often, i.e., The answer to this question will depend on the precise
o oo characterization of what is meant by ’distributed’. If we
m U G°(t) = GSyy,. (17) restrict our attention to algorithms in which the infornoati

I—1 g exchange in purely local, i.e., a node is allowed to have



10° :
S X&
3]
- 1073 1
(O]
N 3
© (c)
E .
o 10 1
z o3 =

—— &% —x>||/[Ix =
. —=— IO — %) /1%l 2

10™°h : I' i

1 -8 L L L

0 20 40 60 80 100 3

Iteration number

Gle)

Fig. 2. Simulation results on the convergence of the Jactgurithm 9 9 9

with asymmetric communication. The simulation was coneldicfor the o3 =0.67,05 = 0.67,0; = 1.67.

measurement grap@; and communication grap@&$ shown in Figure 1.

Each communication edge was allowed fail at each iterat'whh a F|g 4. Two measurements graph}l and G2’ and their associated

probability of 0.1, independent of all other edges. The @llym converges  communication graph&$ and G§. The variance of every measurement

to an unbiased estimate> whose variance is Iarger than the that of theerror is1 for both the measurement graphs The estimation errornces®

BLU estimate. of the limiting estimate (that the Jacobi algorithm conesrgo) computed
from Theorem 2 are shown alongside the graphs. Even théught G1

1 1 and G§ C G¢, the resulting estimation error variances are still higimer

(G1,GY) than in (G2, GS).

D. More measurements need not reduce error further

2 3 2 3 Another important effect of asymmetric communication
G G is that using more measurements need not lead to more
accurate estimates of all node variables, in the sense that
Fig. 3. A measurement graph and its associated communicgtiph. the variance of some of the node variables’ estimation error
can in fact increase.

When communication is symmetric, the Jacobi algorithm
information about only those measurements that are intideconverges to the optimal estimate, which has the property
on itself and is allowed to broadcast its current estimatihat its estimation error variance can only decrease upon
only to its communication-neighbors, then the answer igsing more measurements. This follows from the so-called
no. This can be seen by the example shown in Figure Rayleigh’'s monotonicity law of effective resistances; g
where the reference variableis = 0 and the measurement for details. We thus conclude that with symmetric com-
error variances are all equal to one another. Consider theunication, having more measurement edges, regardless of
case when the communication graph (shown in Figure 3he associated error, produces more accurate (less vayianc
is time-invariant. It satisfies the conditions of Theorem lestimates when the Jacobi algorithm is used. However, the
and therefore the Jacobi algorithm will converge. Howevepresence of asymmetry in the communication graph destroys
due to the asymmetry in the communication graph, ththis monotonicity. We illustrate this effect of asymmetry
limiting estimate will be different from the optimal estitea with an example, where the addition of a measurement edge
It is clear from the figure that due to the information flowmakes the error variances alf the node estimates increase.
structure imposed by the communication graph, n@de Figure 4 shows two measurements graghsand G, and
will only have information of the reference variable, whichtheir associated communication grap8y and GS. The
is 0, and the measuremeni,. The optimal estimate of measurement grap@; contains all the nodes and edges of
xq IS, however, a combination of all three measurementthe measurement grapgl.. Similarly, G§ contains all the
5 = ——(12 (Clg —(32). Clearly no distributed algorithm nodes and edges i&{. Every measurement error variance
can converge to the optimal estimate, since information an both the measurements graphs is unity. The estimation
¢13 will never reach node 2. Even if nodes are allowed t@rror variances of the limiting estimat&s® computed from
transmit their neighbors’ information in addition to theirTheorem 2 are shown alongside the graphs. It is clear from
own, similar examples can be constructed that shows tlilee variances that the estimatesGi are poorer than those
impossibility of optimal estimation in the presence of comin G, even thoughG; contains more measurements than
munication asymmetry. Go.
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V. SUMMARY

We examined the behavior of recently proposed dig17]
tributed algorithms for network-wide clock synchroniza-
tion under asymmetric communication between neighborirth]
nodes. Clock synchronization consists of estimating the
skews and offsets of the clocks w.r.t. a global reference. We
showed that in the presence of asymmetry, these algorithms
converge to a unbiased but sub-optimal estimate, provided APPENDIX |
certain conditions on the communication graph are satisfied TECHNICAL PROOFS
An example was provided to show that it is impossible to | the proofs, we will use the following result due to

converge to the optimal estimate with a distributed algorjegler, where~ () is used to denote entry-wise ordering.
rithm. We showed that when communication is asymmetrigy, addition, p(X) denotes the spectral radius of a matkix

the error variance of the resulting estimate may actuall
. L 9 Y _actidly rheorem 3 (Theorems 5.1 and 5.12 of [16]): Let X be
increase upon considering more measurements. This is in : ;
. S a real squarer x n matrix whose off-diagonal terms are
contrast to the symmetric communication case where more o . .
. . .non-positive. Then, the following statements are equivale
measurements lead to more accurate estimates. This raises

several questions that point to new research directiortdy su

1) There exists a splittingd = Y — Z of the matrix X

. -1 1
as, when should one not use certain measurements, and how SUch thaty’™" =0, Z = 0 andp(Y ™ Z) < 1.

can the nodes collaboratively decide which measurements?) X IS @ non-singular M-matrix.

should be excluded.
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The reader is referred to [17] for properties of M-matrices.

Proof of Lemma 1. Consider the case when the communica-
tion graph is time-invariant and the Jacobi algorithm ofeera

in a synchronous fashion. It can be deduced from (12) that
the error at thei-th iteratione(® := %() — %x* evolves
according to :

et = pr—tNeld (18)

Due to the structure of the matrice® —! and N, (18)
implies that in every iteration, each nodec V computes

its new state as the weighted average of the states of those
nodes that have an edge witldirected toward: in the graph

G¢. In other words, it is a distributed average-consensus
algorithm where the reference nodes keep their valugs at
and the remaining nodes try to reach consensus by averaging
with their neighbors. The system (18) satisfies the strict
convexity assumption of [18]. Thus, from Theorem 2 of [18]
we know that the system (18) is uniformly globally attraetiv
with respect to the equilibrium (which in this caseOsif

and only if for every node: € V \ V., there is at least one
reference node such that there is a directed pati<rirom

the reference node to. Note that here we have used a slight
specialization of the results in [18] to the case when one or
more agents do not participate in the consensus algorithm
but keep their values fixed.

It is also easy to see that the iteration (18) convergdsifo
and only if p(M~*N) < 1. Since M ! = 0 (follows from
Assumption 1) andV = 0, it follows from Theorem 3 that
non-singularity ofL.. is equivalent tgp(M ~1N) < 1, which

was shown to be equivalent to the path existence condition.
This proves the lemma. ]



