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Abstract— This paper addresses theCz-induced gain analysis  induced gain analysis in the case s#bw-switchingsignals,
for switched linear systems. We exploit non-conservativeetes- where slow-switching refers to the limit as the intervals
sary and sufficient conditions for the induced gain to lie bedw between consecutive switchings grows to infinity [9], anel th

a prescribed positive constant and discuss on the induced s . . " .
of switched systems obtained for different classes of swhing technically related results were also obtained in the studi

signals, which distinct regularity assumptions are placean. We Of Hankel operators of switched systems [10] or systems
particularly show that the induced gain that is obtained forthe  with a failure [11]. The variational approaches in [12] also
class of every piecewise constant switching signal can albe  provide a complete and non-conservative characterizafion
attained by the more restricted classes of switching signsl the induced gain for single-input single-output first-arde
|. INTRODUCTION systems. In the recent papers [13] and [14], a complete
haracterization of the induced gain for general switched

Hybrid dynamical systems whose behavior can be df—

scribed using a mixture of event-based logic and differe inear systems was obtained, where it was proved that the

tial or difference equations have been attracting sigmticaex'Stfn?zOf ﬁomr‘wj‘lonséc_)r_age fulr)t(_:tlon that is a §O|U?Oﬂl’: to
interest. This is motivated by the observation that a wide v S€el of Hamilton-Jacobl inequalities, one equation foheac

riety of artificial/man-made and physical systems/proeessSySte_m being SW'tChed.' squivalento thg induced gain of
a switched system to lie below a prescribed value.

are naturally modeled in a hybrid dynamical framework. . L .
This paper further pursues non-conservative induced gain

Switched systems typically arise in the context of hybrid dy timates f itched ¢ Wi loit switching i
namical systems when it is possible to describe the behavigr- ates for switched systems. YW exploit switching signa
lasses, which distinct regularity assumptions placed on

in each mode through a differential or difference equatioﬁ d d in the stabilit vsis of switched
and the event-based transitions as discontinuous sm@shinan were used in the stability analysis of swiiched Sys-
The stability of switched system has been extensivel ms [5], and investigate the induced gains obtained farethe

studied and several key results can be found in the surv itching si.gnal <_:Iasses. Th_e.paper utillizes -non-cons'ea/a
papers [1], [2], [3] and references therein. An importan duced gain estimate conditions obtained in [13], [14] and

distinction in the studies of properties of switched sysiemShOW that the induced gain that is obtained for the class of

such as stability, rate of convergence, etc. is that these-pr every piecewise gonstant. sw_itchir)g signal remainssiwae
erties crucially depend on admissible classes of switchinf8 th:e more(eztr 'Cte]fj fr']/V’tChmg s:gnal clasges d foll )
signals, which each the switching signal ranges over. imisti t'e re”m;un e_rb 0 the pagler |stho;ggn|ze .33 (()j %WS'
regularity assumptions placed on the family of switchin e(;: lon descnl_ es the prolt em that 1S C(.)ns(; (;re H erle,
signals introduce specific admissible classes of switchin required preliminary resufts are summarized. >ection
signals [4], [5]. The impact of regularity properties on pntams main re_sults: _Sectlon “I'.A descrlb.es switching
the switching signal class on the type of stability such a ignal classes which distinct regularity properties ptos.

asymptotic stability, uniformity of the rate of convergenc ection 11l-B shows that_ the |_nduced gain tha_t IS obta_lned
was explored [5]. for the class of every piecewise consf[ant swﬂ_chu_wg S|gnal

The input-output properties of dynamical systems, espgf’m also ge ?ttan;\?d bytthe more restrlclteéj_ SW|tch|n?(S|gnal
cially L»-induced gains are fundamental tools for robust'@SS€s. Section v contains some concluding remarks.
control theories in linear [6], and nonlinear [7] settings, Il. PROBLEM DESCRIPTIONS

) e ) -

particularly in‘#¢>* control problems. In spite Of. their im This section formulates the problem that is considered
portant roles, the progress on the study of Inlout'()m'mll1tere Some regularity properties of switching signal dass
properties for switched systems has been difficult [8]. Non- .~ g Y brop gsi9

: . " hich are needed in this paper are described in Section II-
conservative necessary and sufficient conditions that ean é/
n

used to establish the value of the induced gain have been o XRequwed prehmma}ry re_sults W.h'Ch were obtained in [13]
. . : . and [14] are summarized in Section II-D.
available for special switched systems. A separation prop-

erty between all the stabilizing and all the anti-stabil@i A. Switched Systems

solutions tq a se_t of a'gebfa'c Riccatl equaﬂon; of the The switched systems under consideration are represented
systems being switched provides a complete solution to ”E)?/ equations of the form
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Tz = Asz + Bsu y = Csx + Dyu (1a)



(Ap, By, Cp, Dy,) from a parametrized family uniformly overS’ if the system has anC,-induced gain
smaller than or equal to somg < ~ uniformly overS’. O
{(4p, By, Gy, Dy)| p € P} (1b) For a givenS’ C S, we denote byys: the exact Lo-
of n-dimensionaln-input, k-output state space realizations,induced gain of a switched system:
whereP denotes an index set. Throughout the paper, the set .
of matrices in (1b) is assumed to be compact. 7s = inf{y > 0] (2) holds for allt > 0,
The set of all piecewise constant switching signals is all s € 8" and allu € £3'}

denoted by C. Regular Switching Signal Class

S={s:[0,0) — P}
We next discuss a few important regularity properties of

and, by a piecewise constant signal, we mean a signal thafiiching signal classes which will be needed to describe
exhibits a finite number of discontinuities on every boundeg,qyced gains of switched systems. For a given subéef
time interval and that is constant between consecutive dig 5nd for constants > a > 0 possibly withb = oo, we

continuities. The time instances at whighs discontinuous genote byS’[ a,b) the set of restrictions of all switching
are called switching times. By convention, each piecewis‘gignmSS € &' to the interval[ a, b ).

constant signak is assumed to be continuous from above, | gts’ - Sandt > 0. Using the set of restricted switching

i.e., for anyt > 0, the limit from above ofs(r) as7 | tis  gignalsS’[t, ~), we can define a new set of switching signals

equal tos(t). o . on the whole time interval by
A functionz : [0,00) — R™ is said to be a solution to (1)

if it is continuous and piecewise continuously differebtea  2:S'[t,00) = {o| o(p) = plp+1t) peS'[t,0),p> 0}
and there exists a switching signak S and an input signal
u € L4 such that the time-varying differential equation
#(t) = Agpz(t)+ Bsryu(t) holds for almost everywhere on
t > 0. Here, we denote byD* the set of square integrable
functions with values oiR™ defined on[ 0, oo ).

B. Stability and Induced Gains (0@ p)(r) = {0(7) Te[0,t)

Our main interest is to determine the induced gain of p(r) 7e[t o)
a switched system, but to proceed we need to introdugg,q aiso define:
appropriate stability definitions. We recall that a funatio
a: [0,00) — [0,00) is said to be of clask, and we write  S'[0,t) D S'[t,00) = {o@u| o € 8'[0,t), p € §'[t,00)}
a € K, if a is continuous, strictly increasing ang0) = 0.
A function 3 : [0,00) x [0,00) — [0,00) is said to be of
classK L, and we writes € KL, if 8(-,t) is of classiC for
EZEE ::;(Ee}gi f(? and (r, ) decreases 10 as¢ — oo for pefinition 5: Le_t S’ C S. The switching signal class’
Definition 1: Let &’ ¢ S. The system (1) is said to said to beregularif
be uniformly asymptotically stable oved if there exists a 1) Foreveryp € P, the constant switching signat(t) =
function 3 of classK.£ such that|z(¢)|| < 8(]|z(0)],t) for p(= constant belongs toS’.
all t >0, all s € &’ and allz(0) € R", wherex(t) denotes ~ 2) The switching signal clasS’ is shift-invariant.
the solution to (1) obtained for the switching signalzero ~ 3) The switching signal clasS’ is closed under concate-
input signalu, and initial conditionz(0). O nation. O
Definition 2: Let S’ C S. The system (1) is said to Remark 1:For regular classes of switching signals, there
be (uniformly) exponentially stable ove$’ if there exist IS a close connection between the uniform stability of the
constantss > 0 and A > 0 such that the functions in  switched system over the given class of switching signals
Definition 1 can be chosen of the ford(r, ¢) = ae~*r.0  and the (usual) uniform stability of the time-varying syste
We now state the following definitions of induced gains.that is obtained when we pick a switching signal and use it
Definition 3: Let S’ ¢ S and~ > 0. The system (1) is in (1). To understand this, le§’ C S be regular. Suppose
said to have anC,-induced gain smaller than or equalto thata switched system (1) is uniformly asymptotically &ab

The switching signal class§’ is said to beshift-invariantif
S =3%,8t,00) forall t > 0.

Let S’ ¢ S andt > 0. Suppose that € S'[0,¢) and
u € S'[t,00). We define a switching signal ¢ u by:

The switching signal class’ is said to beclosed under
concatenationf S’ = §'[0,t)@ S’[t,00 ) for all t > 0.
We now state the following definition.

uniformly overS' if over §’. Let us pick a switching signal in S’. The time-
' . varying systemi(7) = Ayz(7), 7 > 0 is asymptotically
/ ly(m)|?dr < 72/ |u(r)|?dr (2) stable, and we havgz(7)|| < B(||lz(0)|[,7) for all 7 > 0

0 0 and all z(0). Let ¢ > 0 be any constant and consider the

forallt >0, all s € §’ and allu € £}, wherey(7) denotes switching signals(r + t), = > 0 which also belongs to

the output of (1) obtained for the switching signalinput S’, since a regular switching signal class is shift-invariant

signalu, and zero initial condition. O This concludes the asymptotic stability of the time-vagyin
Definition 4: Let S’ € S andy > 0. The system (1) systemi(r) = A -yp2(7), 7 > 0, and we have|z(7)|| <

is said to have anC,-induced gain strictly smaller than  5(||(0)||, ) for all 7 > 0 and allz(0). Let us set! = 7 +1¢



andy(¢) = z(£—t), then we havély(¢)|| < B(lly(@®)|l,£—t) (3), one for everyp in the index setP. The functionV’
for all £ > t and all y(t) = «(0), wherey(¢) represents can be regarded as @mmon storage functiofor all the
the solution to the time-varying systepi/) = A,y(¢), Systems being switched. Itis probably not surprising that t
¢ > t obtained for initial conditiony(t) = xz(0). Since existence of a common storage function suffices to guarantee
t > 0 is arbitrarily, this demonstrates that the uniformthat the induced gain is smaller than or equalsytdt is
asymptotic stability over a regular switching signal clasperhaps more unexpected that this is actually a necessary
implies the uniform asymptotic stability of the time-vamgi condition.
systemy(£) = Agyy(€), £ > t > 0 for every switching Proposition 1 assumes that a switched system is uniformly
signals in §'. 0 asymptotically stable over a regular switching signal €las
Necessary and sufficient conditions for the induced gai@’ C S. This is needed because the inequalities in (3) do
of a switched system with a regular switching signal class toot necessarily imply the stability of a switched systeme Th
lie below a prescribed constafmt> 0 were obtained in [13] following result was obtained in [14] and provides neces-
and [14], which can be summarized as in the next sectionsary and sufficient conditions for a switched system to be
(uniformly) exponentially stablend admit an induced gain
D. Preliminary Results strictly smallerthan a given constant > 0 uniformly over
The following result was obtained in [13] and providesa regular switching signal clas$’ C S. Another important
necessary and sufficient conditions for a switched systef@ature appears in the following statement 4), which shows
to admit an induced gaismaller than or equal ta given that the storage function admitsfiaite parametrization
constanty > 0 uniformly over a regular switching signal Proposition 2: Let S’ C S be regular and > 0. Suppose
classS’ c S. that there exists at least one system ingex P such that
Proposition 1: Let S’ S be regular and > 0. Suppose (Cy, 44) is an observable pair. The following statements are
that the system (1) is uniformly asymptotically stable ovegquivalent:

S’. The following statements are equivalent: 1) The system (1) is (uniformly) exponentially stable over
1) The system (1) has afi,-induced gain smaller than <" and has arCy-induced gain strictly smaller thap
or equal toy uniformly oversS’. uniformly overs’. e -
2) The positive constant satisfiesy?/ — DT D, > 0 for 2) The positive constant satisfiesy“/ — D), D, > 0 for
all p € P, and there exists a functidri : R™ — R that all p € P, and there exists a constant> 0 and a
is locally Lipschitz, and zero at zero, which satisfies functionV' : R™ — R that is strictly convex, zero at
oV zero, and homogeneous of degree two, which satisfies
—(v)Apz + :CTCPTCP:C ov T
Ox ——(x)Apr + 27 C, Cpz
+<IBT6VT( )+ DTC >T( 21-D'D,)"" ” 1 . ovT B
—_ x x — —
27 Oz Py K Py + <7BE 5 @)+ DEC’px> (+*1 - DD,y
1 g ov?t
x (=B, I+DTC’J:><O 3 1 T
(255 @+ D) < © < (5B S @)+ DGy ) <~ (@

for all p € P and almost everywhere in.
3) The positive constant satisfiesy* — D) D), > 0 for
all p € P, and there exists a functiol : R" —
R that is convex, zero at zero, and homogeneous of
degree two, which satisfies (3) for alle P and almost
everywhere inc.
4) The positive constant satisfiesy*/ — D]} D,, > 0 for
all p € P, and there exists a compact gétc R"*" of
positive semi-definite matrices such that the piecewise )
quadratic functionV (z) = maxgex T Qx satisfies
(3) for all p € P and almost everywhere in. O
We recall that a functionf : R™ — R is said to be
homogeneous of degregif f(kz) = kif(z) for all z €
R™ and all £ € R. Each functionV in the statements 2),
3) and 4) is differentiable almost everywhereanbut not /T ‘
necessarily everywhere. Therefore, the quantificatiom ave and almost everywhere in. -
: : n From (4), we have
in (3) should be interpreted as for everyc R™ except for
the zero-measure set of points at which— V(z) is not a—V(x)A z < —e|z|?
differentiable. O P
Each statement 2), 3) and 4) refers to the existen@most everywhere in;, and therefore the functiolr could
of a commonsolution V' that satisfies the inequalities in be a candidateommonLyapunov function, provided that it

for all p € P and almost everywhere in.
3) The positive constany satisfiesy?I — DD, > 0
for all p € P, and there exists a constaat> 0
and a compact seikl’ C R"*™ of positive definite
matrices such that the piecewise quadratic function
V(z) = maxgex z1 Qz satisfies (4) for allp € P
and almost everywhere in.
The positive constant satisfiesy?I — DE D, >0
for all p € P, and there exists a constant> 0, a
constant integetM satisfying M > n and a set of
constant vectord; € R", ¢ = 1...,M such that
the matrix L = [ ¢, --- fy |7 € RM*" has full
rank,rankL = n, and the piecewise quadratic function

forallp e P



is positive definite. However, this is not always the case Thvalue, s(t) = p* for somep® € P and allt € [ 74,1 ), and
conditions in the statement 2), strict convexity{0) = 0 and consecutive intervals with this property are separateddy n
homogeneity with degree two, imply that the functibnis more than goeriod of persistenc&, 7.1 —ti. < T

positive definite,V (z) > 0, = # 0. On the other hand, a _ .
finite gain property in the statement 1) and the existence gP'dwe"[TD’ T'] = {s € S| there exist a sequence of

at least one observable pair imply that the storage function O=70<to<m <ti <Tp<lg<---

becomes strictly positive. such thatty, — 7 > 7p, 741 —tx < T,

I1l. | NDUCED GAINS AND SWITCHING SIGNAL CLASSES and for allk = 0,1,2,... and allt € [ 7%, 1% )
This section reviews a few classes of switching signals that s(t) = pk for somep! € P}

will be used, and explores the induced gains of the switched Tpe following classes are limiting cases of the ones

systems with these switching signal classes. described above. Although they lack “uniformly”, they Istil

A. Switching Signal Classes exhibit sufficient regularity for our purpose: The S8,

The switching signal classes which will be exploited ir]where each_swnc_hlng_ S|gnal is restricted to have a finite
Humber of discontinuities:

this paper were used in the stability analysis of switche
systems [4], [5]. The set of all piecewise constant switghinSsinie = U Saveragé 00, No |

signals is denoted by = {s : [0,00) — P}, whereP No>0

denotes an index set, and, by a piecewise constant signal, = {s € S| s € Saveragd o0, No,s] for someN, , > 0}
we mean a signal that exhibits a finite number of disconti-
nuities on each bounded time interval and that is constant
between consecutive discontinuities. By convention, e ta
piecewise constant switching signals to be continuous fromhe setSqyenr, Where each switching signal is restricted to
above. All classes of switching signals considered in thisave a positive dwell-time, but there is no common dwell-

= {s € S| there exists aVy s > 0 such that
Ny(t,7) < Ny, forall t > 7 > 0};

paper are subsets of the class time for all switching signals:
For a givens € S, we denote byN, and t*, k =
0,1,..., N, the number of discontinuities and consecutive Sdwell = U Sawell 7D ]
switching times ofs, respectively, wheré = 0 and possibly T0>0
N, = co. Lett > 7 > 0 be given two constants. We ={s€S|seS[mps]| forsomerp > 0};

denote byN;(t,7) the number of discontinuities ofin the  The setS, eaqe Where each switching signal is restricted to
interval (7, ). We haveN,(t,7) < oo forall s € S, and all  haye 4 positive average dwell-time and a finite chatter bound

t>r>0. _ but there is no common average dwell-time or chatter bound
We consider particular subsets of the classof every 5, g switching signals:

piecewise constant switching signal: The Sgtei[7p], 7D >
0 consists of switching signals for which any consecutive Saverage= U Saveragé 7D, No |
discontinuities of a switching signal are separated by Bs le 0 >0

than adwell-time 1p: No=0
™ = {5 € S| ERS Saveragé TD,s; No,s]

k k
Sawel[ 70| = {s € S|ttt =tk > 7p for somerp . >0 andTp , > 0};

forall k=0,1,..., Ny — 1}; The setSp.awen, Where each switching signal is restricted to

The setSaveragd 70, No ], 70 > 0, Ny > 0 consists of have a positive persistent dwell-time and a finite period of
switching signals for which the number of discontinuitiegpersistence, but these is no common persistent dwell-time o
in any open interval is bounded by the length of the intervaderiod of persistence for all switching signals:

normalized by ammverage dwell-timep plus achatter bound

Ny > 0: Sp—dwell = 7-I:L)go‘s“p—dwell[ D, T]
t—T1 T<oo
Saverage{ 7D, No ] = {s € S| Ns(t,7) < No + ™ ={seS|se Sp—dweII[TD.,st]
forall t > 7 > 0}; for somerp s > 0 andT, < co};

The setSp-awer[ 70,1 ], 70 > 0, T € [ 0,00 ] consists of The setSyeek-awer Where each switching signal is restricted
switching signals for which there exists a sequenc® ef to have a positive persistent dwell-time, but can have irini
To<tg <1 <t <7 <ty <--- such that the length of period of persistence:
each interval is no smaller thanpersistent dwell-timep, S - S
tx — 7 > Tp, on which a switching signal takes constant week-dwell = TLJO p-awell 7D, +00]

D

LLeto € (0,1) andz # 0. We haved2V (z) = V(0z) = V(0z + (1 — ={s € S| s € Spdwel| TD,s, +00]
0)0) < 0V (z) + (1 —0)V(0) = 0V (z), thusé(1 — )V (z) > 0. Since
9'€ (0,1), this implies that\/ () > 0. for somerp ; > 0}



The relation Corollary 2: Let &’ be any one of the switching signal
classes in (5). Suppose that there exists at least one system
index ¢ € P such that(Cy, A,) is an observable pair, and
the system (1) is (uniformly) exponentially stable 0¥gfie.
Then, the system (1) is (uniformly) exponentially stablerov

S and’}/g/ = Y Shinite* O

can be checked for altp > 0, all No > 1 and all§ € Proof: The switched system is (uniformly) exponen-
(0,1) [5]. In addition, because of the above relation, ongally stable overSine, and both of the switching signal
can conclude a strict inclusion relation classesS and Sinie are regular, it is consequently stable
over the classS. SinceS’ C S, one concludes that the
switched system is also (uniformly) exponentially stable
over the classS’. Since every regular switching signal class
exhibits the same induced gain and from (6), one concludes

B. Ls-induced Gains for the Classes of Switching Signalsthat yfinite = vs' = 7s. n

deell[ TD ] = Saverage{ D, 1 ]
= Sp—dwell[ 7D, 0 ] - Saveragé 7D, No ]
- Sp—dwell[ 01p,0Tp(No —6)/(1 —9) ]

Stinite C Sawell C SaverageC Sp-dwell C Sweek-dwell C S (5)

for non-uniform switching signal classes.

This section provides two corollaries which describe the IV. CONCLUSIONS
L,-induced gains of switched systems effected by the switch- 1o paper investigates the induced gains of switched

ing signal clgsses in _(5)‘ . linear systems effected by the switching signal classestwhi
We start with recalling Proposition 1. The statements 2), 355 neen used in the stability analysis of the switched sys-

and 4) of this proposition do not depend on the specific claggms e exploit non-conservative necessary and sufficient
of switching signalsS’. We then conclude that every regulary,qitions for the induced gain to lie below a prescribed
switching signal class exhibits the same induced ga'n'es'r,‘%ositive constant and the inclusion relations of the sviitgh

the classS of every piecewise constant switching signal isjgna| classes, and show that the induced gain that is @atain
regular, Proposition 1 essentially shows that for everyl®y (o ¢ classS of all piecewise constant switching signals can

switching signal class’ C S, we haveys = vs-.

also be attained by the more restricted clégse of all the

We now consider the switching signal classes in (5). Let U§yitching signals having a finite number of discontinuities

suppose now that a switched system (1) is uniformly asymp-
totically stable overS. Consequently, it is also uniformly
asymptotically stable over every switching signal class inf
(5). Then, one concludes that

(2]
(3]

(6)

We shall see in the following corollary that (6) essentially
holds with equalities.

Corollary 1: Let S’ be any one of the switching signal [g]
classes in (5). Suppose that the system (1) is uniforml);]
asymptotically stable over the clags of every piecewise
constant switching signal. Then, we haye = vs;.. U

Proof: We notice that the clas§ of every piecewise
constant switching signal and the cla&gite of all switching
signals having a finite number of discontinuities are regula (8]
while the other classes that appear in (5) are not. The
switched system is uniformly asymptotically stable ogér
consequently it is also uniformly asymptotically stablesov [l
S’ and Syiniie. Then, we haveys,,,. = 7s. One concludes, [10]
from (6), thatys;,. = vs' = 7s- u

We now recall Proposition 2. The statements 2), 3) an
4) of the proposition do not depend on the specific class
switching signalsS’. We then conclude that if a switched [12]
system which having at least one observable pair was (uni-
formly) exponentially stable over a specific regular swittgh  [13)
signal class, then it is also stable over every other regular
switching signal class, and every regular switching sign:ﬂﬂr]
class exhibits the same induced gais

Let us consider the switching signal classes in (5), a result
that follows from Proposition 2 and corresponds to a version
of Corollary 1 can be summarized as follows:

stinite S ’stwell S ’YSaverage S ’YSp—dwe\l S ’YSweak—dwell S ’YS

(6]
(7]

1]
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