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Abstract—This paper constructs bounds on the expected
value of a scalar function of a random vector. The bounds are
obtained using an optimization method, which can be computed
efficiently using state-of-the-art solvers, and do not require
integration or sampling the random vector. This optimization
based approach is especially useful in stochastic programming,
where the criteria to be minimized takes the form of an expected
value. In particular, we minimize the bounds to solve problems
of discrete time finite horizon open-loop control with stochastic
perturbations and also uncertainty in the system’s parameters.
We illustrate this application with two numerical examples.

I. INTRODUCTION

This paper addresses the development of efficient methods
to estimate the expected value of a function of a random
variable and optimize it with respect to a set of (determinis-
tic) parameters that affect the function. The expected value
for continuous random variables is given by an integral,
and its exact computation is computationally intensive in
high dimensions. Hence, an array of techniques has been
developed to tackle this problem.

Numerical integration methods such as the trapezoid
method or the adaptive Gauss-Kronrod quadrature method
[1] provide a numerical solution, but do not scale well
with the dimension. Another approach is to use first or-
der approximations, where the expected value of the cost
function is substituted by the cost function of the expected
value. It is a simple method and when the cost function is
convex, it provides a lower bound on the expected value via
Jensen’s inequality. However, this method provides no formal
guarantees for more general optimization criteria.

Another set of methods is based on sampling. Markov
Chain Monte Carlo [2], [3] and Monte Carlo integration can
be used to estimate the expected value by computing the
empirical mean of samples. In the context of stochastic opti-
mization, stochastic search algorithms, like Recursive Least
Square and Stochastic Gradient Descent [4], provide algo-
rithms analogous to their deterministic counterpart. However,
such algorithms have slow rates of convergence. Methods
such as Scenario Approach [5] or Stochastic Average Ap-
proximation [6] substitutes minimizing the expected value
by minimizing, respectively, the maximum or the average of
the cost function in different “scenarios”, obtained through
sampling the random variables. They require optimizations
with large numbers of samples and variables, which can
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make them slower. For all these methods, the sampling
process can be a computational bottleneck. While sampling
from unconditioned distributions is generally straightfor-
ward, sampling from conditional distributions (i.e., where
there is knowledge that a certain informative event has
occured) is more complicated. Few conditional distributions
have efficient samplers [7]-[10]. In the lack of these, one can
use generic samplers such as Metropolis Hastings algorithm
and Importance sampling, which can be less effective or
more computationally demanding. We refer to [3] for a
broader exposition of Monte Carlo methods.

As an alternative, this paper constructs bounds on an
expected value obtained without explicit integration or sam-
pling. The starting point is a result that provides a lower and
an upper bound on the expected value of a scalar function
V(:) of a random vector ¥ in terms of a minimization
and maximization, respectively. The optimization penalizes a
criterion that consists of a combination of the function V (¥),
the logarithm of the probability density function (p.d.f.) of
¥ and its differential entropy. This result permits estimating
the value of the expected value through an optimization
(and thus optimality conditions that involve differentiation)
rather than through an integration. The results in Section II
actually provide a family of bounds parameterized by a scalar
parameter ¢ that can be optimized to improve tightness of the
bound.

Our optimization-based approach to compute upper/lower
bounds to expected values is especially useful in stochastic
programming problems, where the criteria to optimize ap-
pears in the form of an expected value. In such problems,
one can replace the minimization of the expected value by
the minimization of our lower or upper bounds, which results
in an optimization over a larger space or a min-max problem,
respectively. Using TensCalc [11], a high-performance
numerical solver that combines symbolic computations with
interior point methods, such problem can often be solved
very accurately with modest computation.

Our bounds on the expected value are used in Section III to
solve the problem of optimal Bayesian estimation [12], [13].
The goal is to find an estimator that minimizes the expected
value of a loss function given a set of measurements. For
this particular problem, we show that the approach outlined
above actually leads to the maximum a posteriori estimation
for a class of loss functions and probability density functions.

In Section IV the bounds are used to solve two problems
in discrete time finite horizon open-loop optimal stochastic
control. In both problems, the goal is to optimize a finite
horizon criteria that depends on the trajectory of a dynamical



system with stochastic uncertainty in the form of additive
perturbations and parametric uncertainties in the dynamics.

The first problem corresponds to a state-feedback scenario,
for which the initial state is known, whereas the second
problem corresponds to an output feedback scenario, for
which we have past noisy output measurements based on
which the initial state needs to be inferred.

A criterion similar to the one developed for the output
feedback can be found in [14]-[16], where it is used to
construct output feedback model predictive controllers. In
those references, this criterion was justified on the basis of
that it enabled formal stability proofs for the control scheme
in a purely deterministic setting. The results in the present
paper provide a formal justification for those criteria in a
stochastic control setting.

II. BOUNDS ON AN EXPECTED VALUE AND STOCHASTIC
PROGRAMMING

The following result provides upper and lower bounds on
the expected value of a random variable:

Theorem 1 (Bounds on the expected value): Let
V : RY — IR be a scalar valued function, ¥ a random
vector taking values in IRY with probability density function
pw () and Eg [V (¥)] the expected value of V(). For every
scalar €1, €5 € IR:

with J(1,€) == V(¢) + elog(pw (v)) + €Hy and where

Ho = — j log (pu (1))par (¥)d> = [ log (pw ()]

is the differential entropy of V. [

Proof. Starting with the upper bound, let us define
Vup(€) = Sup V(@) + elog(pw ().

Then, by definition of supremum,

V() + elog(pw (¥)) < Vup(e) Vip, Ve
= V() < Vi (€) — elog(pe(¢)) VY, Ve
= V() pe(¥) < (Vup(€) — elog(pu (v))) pw(¥) Vi, Ve
and integrating in both sides yields

Eg[V(¥)] < Vip(e) + eHw Ve.
The lower bound can be obtained analogously O

Remark 1 (Conditional expected value): In the setting of
Theorem 1 and given a particular realization y from another
random vector ), an almost identical deduction can be done
for conditional expected values. In this case, J(¢,€) =

V() + elog(pwy (¥ | y)) + €Hu|y(y), where

Hay () = f ~ log (puiy (¥ | 9))pery (@ | 4)dv

is a pseudo conditional differential entropy. [

Remark 2 (Discrete case): Analogous bounds hold for
discrete random variables when substituting p.d.f. and differ-
ential entropy by probability mass function and entropy. MW
Optimizing over e: Theorem 1 defines families of upper
and lower bounds parameterized by e. The tightest bounds
of these families are obtained by optimizing over e, i.e.,

sup igf J(,€) < Eg[V(¥)] < infsupJ(¢,€). (2)
€ )

As € is a scalar, optimizing with respect to it is simple, and
one could use methods such as bisection, the golden-section
search [17] or a linear search. Now we construct a useful

stopping criterion for the optimization over e.

We will focus our exposition on the upper bound, as
the lower bound has equivalent properties. We define the
function U (e) := sup,, J (1, €) which is convex [18, §5.1.2]
and €* := min{arginf. U(e)}.

Assumption 1: Consider the following conditions

i) There exists an € € IR such that sup,, J (%, €) < o0.

i) supy, log(pw (¢)) < 0.

iii) The functions V'(-) and py(-) are continuously differ-
entiable, and Ve such that U(e) is finite, the supremum
takes place at a unique point, defining a continuously
differentiable function ¢*(¢) = argsup,, J (1, €).

Lemma 1: Let Ule) be finite. If log(py (v*(€))) + Hy =
0, then € > €*. Otherwise, € < €*. ]

Proof. In view of item (iii) of Assumption 1, taking the
derivative of U (e), one obtains

dU(e) _ dV(*(e)) + elog(pw (¥*(€))) + eHw

de de
_ dw*(e) V() + elog(py () ‘
de dy Y=t (c)

+log(pa (¥7(€))) + Hu-

As 1)* () is determined in an open set, the gradient of J (¢, €)
is zero at that point, i.e.

dJ (¢, €) _ dV(¥) + elog(pe (¥))

Ay oy (o) dy ‘w—w*(a

Therefore dU (e)/de = log(pw(v*(€))) + Hw. As Ule) is
convex, one can use the sign of its derivative to determine
the relation of € to €*, which finishes the proof. ]

=0.

Proposition 1 (Linear error on the upper bound): Let
€low and €, such that €,, < €* < €, obtained using
Lemma 1. Then Ule,p) — U(€*) < (€up — €10w) C, Where
C is a finite non-negative constant. [

Proof. Using the definition of U(e) we obtain
Uleup) = Sup V(¥) + (eup + € — €)(log(pu (1)) + Hw)
<sup [V() + € log(pw (v)) + €*Hu ]
+ (eup — €) sup [log(pe (¥)) + Hu]

< U(e*) + (Eup — €low) Slq/l)p [log(pw (¥)) + Hu];



from which the results follows with (' =
sup,, [log(pw(¥)) + Hw|, which is finite in view of
item (ii) in Assumption 1 and non-negative as Hy =
—Ey[log(pu(¥))] = sup,, [log(pe (¥) + Ho] = 0. O

Notice that Proposition 1 implies that if U(e) = +o0, then
€ < €* (item (i) in Assumption 1 implies U (e*) < +00).

We illustrate how Proposition 1 can be used as a stopping
criteria for the bisection algorithm.

Algorithm 1 Bisection algorithm

Require: a tolerance 7 > 0, €10, < €* < €y
1: €« supy log(pe (¥)) + Hu
2. k<0
3: while (eyp — €100) C > T do

4 e L(eup + €ow)

5: k—k+1

6: if U(€) = +o0 or log(py (¢*(€))) + Hy < 0 then
7: €low < €

8: else

9: Eyp < €

10: end if

11: end while
return €,, and k

Proposition 2: We denote {el(gi), elo)} and {el(fi)u, )y as

the initial and final values of {€;ow, €up}. Algorithm 1 con-
verges to €* and the error obtained by using 61(];)) in lieu of €*
satisfies U(efﬁ)) —U(e*) < (0.5)" €D—-Cc<T. m
Proof. The bisection algorithm converges as €* € [61(21)07 e
and as we can use Lemma 1 to classify € [17]. As each step
reduces (eup — €0w) by half, (e,(f;) — el(fl)u) = (0.5)" (eS),? —

(0)
€low
Stochastic Programming: Let V" : RY x RM — R-o be a
scalar function, u € IRM a variable and ¥ a random vector
taking values in RY. Suppose one wants to solve

). Applying Proposition 1 finishes the proof. O

u* == arg min By [V (¥, u)], 3)
where we assume that ¥ does not depend on u. Let us define

j(wa €, u) = V(wa u) + 610g(pv11(1/1)) + GHW-

Theorem 2 (Bounds on Stochastic Programming): Let u°
be the solution to the optimization problem

uo = arg min inf sup j(’(/)7 €, u) (4)
u €

The following bounds hold:

sup min ildl)f T (W, €,u) (5a)
< Ey[V (¥, u*)] (5b)
< Eg[V(¥,u7)] (5¢)
(5d)

<infsup J(¢,€,u’).
€ 9

Proof. The proof follows from applying the bounds obtained
in Theorem 1. ]

Theorem 2 provides the formal justification to use the
solution u° from (4) in lieu of the actual optimum «* from
(3) by giving performance guarantees. On one hand, the
expected value using «° in (5¢) will not exceed the optimal
expected value in (5b) by more than the upper bound in (5d).
On the other hand, the control u* can never do better than
the lower bound in (5a).

Notice that since Hy does not depend on the optimization
variables, one can obtain its value prior to the optimizations.

Remark 3: In the case where one can sample from ¥,
one could estimate (5c) using Monte Carlo integration [3],
providing a better confidence interval for (5b). This would
still require fewer samples than to solve (5b) and determine
u* using sample based stochastic optimization methods. m

III. OPTIMAL BAYESIAN ESTIMATION

A common Bayesian formulation [12], [13] for estimating
an unknown parameter © based on a set of measurements )/
consists on finding the estimate ¢ that minimizes the condi-
tional expectation of a semi-positive loss function L(O, ¢)
given the measurements:

o = afg¢min Eg\y[L(O, ¢)]. (6)

Motivated by Theorem 2, one could replace the conditional

expectation in the right-hand side of (6) and solve instead:

¢° =argminsup L(6,¢) +e log(peyy (0 | y)) +eHeyy ().
(7

Such estimate ¢° has a strong relationship with the maximum
a posteriori estimation, as we state in the next proposition.
Proposition 3 (Relationship with maximum a posteriori):
Suppose that for ¢ = €* the min and the sup in the definition
of (7) commute. For any semi-positive loss function such
that L(0,¢) = 0 < 6 = ¢, the estimate ¢° corresponds to
the maximum a posteriori estimate of 6. [

Proof. If the min and sup commute, then
qu}nsgp L(0, ) + " log(pey(0 | v)) + € Hoy(y)
= supmin L(§, ¢) +¢* log(peiy(0 | v)) + ¢ Hoy(y)-

As L(0, ) is minimized by setting ¢ = 6, the minimizer
will necessarily pick ¢°(6) = 6, and we conclude that

sup min L(9,9) + €*log(pejy(0 | v)) + *Hoy(y)
= sup e log(pejy (0 | v)) + €*Hopy (¥),

achieved at the maximum a posteriori estimate of 6. ]

IV. OPEN-LOOP OPTIMAL STOCHASTIC CONTROL

This section addresses the use of Theorem 2 to solve
discrete time finite horizon open-loop optimal stochastic
control problem. The key challenge is to determine the
probability density function (p.d.f.) and differential entropy
of the states.



A. State-feedback

Consider the dynamical system
Xiv1 = f( X ur, ©) + Dy, (®)

where X; takes values in IRY* and is the state of the system,
O is a random vector representing unknown parameters, u; €
IR™“ is the control signal and D; is a zero mean random
vector taking values in IR™= called disturbance. The random
parameter © and the random process D; are all independent
and have p.d.f. peo(-) and pp,(-) and differential entropies
He and Hp,, respectively.

For simplicity, we assume full knowledge of the initial
state Ay, but the results could be generalized to the case
where we only know its distribution. Given a time horizon 7',
a cost function V'(+) that depends on the unknown parameter
0, on the sequence of states Xp.r = {Xp, X1,...,Xr}
and control inputs ug.r—1 = {ug,u1,...,ur_1} and an
admissible set U for wg.r—1, our goal is to solve the finite
horizon optimal control problem

ué:T—l = arg min EA.’l:T,@[V(XO:Ty @, uOZT_1)]
Uo:T—1

s.t ug.r_1 €U,
For this problem, the function 7 (-) in Theorem 2 is
j(xO:Ta 97 €, uO:Tfl) = V($O:Ta 0, UO:Tfl)
+ epay.r,0(xor,0) + €Hx, r 0

Proposition 4: In J(xo,,0, €, up.r—1)’s expression,

T-1
p,.r0(Tor,0)=pe(0) | [ po, (wer1 — f(zi,ur,0)),
t=0
and Hy,, 0 = Ho + Yy Ho,. n

Proof. Using the Markov Chain property of stochastic dy-
namic systems
T—1
Pai.r.0(zor,0)=po(0) ant+1\Xt7@(xt+l7 | 24, 0).
t=0
Using the property of change of variable of probability
density functions,

pxt+1,|xt,@($t+1, | Tt 9)

—‘det(d(xtH — [, w, 9)))

dwiyq

Pp, (xt-‘rl - f(xt’uh 9))

=pp, (Tt+1 — f(T4,ur,0)).
For the differential entropy, we use the chain rule
T—1

Haro =Moo+ ), My x0-
t=0
Calculating Hpy, , ,|x,,0:
- fpxtﬂxt,@(ftﬂ, x4, 0)
1og(px, 1 1x,.0(@es1 | 24,0))dy1daydd
~— [ prcmolein | 0px e (6)

10g(pXt+1‘Xt7@($t+1 | T, 9))d$t+1d$td9

o
n
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Fig. 1. Results for Example | comparing ug,_, and the analytical

solution “E)k:T—l obtained solving (10). The solutions are so similar that
u(”)‘:T_1 had to be represented with dots otherwise ug.,»_, was hidden.

:—Jmﬂmﬂ—fwmmﬂm&WM@@
log(pp, (xe41 — [ (x4, ut,0)))dws 1 dw,db
= JHDtht (z¢)po(0)dxidf = Hop,. O

Example 1: We illustrate the use of Theorem 2 to open-
loop control with state-feedback with the following example,
which was selected so that we could compute the solution
analytically and compare it with the control obtained using
Theorem 2. Consider a linear time invariant system given by

X1 = AX, + Bug + Dy, 9

where D, is an independent zero mean Gaussian random
vector and a quadratic cost function V(Xy.1,up.1—1) =

. (X/QX, + u,Ruy) + X F Xr. The expected value has
an analytical expression given by

Ex,.. [V (Xo.r, wo:r—1)] (10)
T-1 T—1 - -

= Y (Q; + ujRuy) + TpFar +)tr(QS;) + tr(FSr),
t=0 t=0

where Z; is the state of the nominal system (i.e., with no
perturbations) and S; is the covariance matrix of A}.
We chose a horizon 7' = 10, and dynamics

ol 3 oef

Figure 1 shows the controls ug.,_; given by Theorem 2
as well as the true optimum, obtained by solving (10). They
turn out to be essentially the same.

B. Output-feedback
Considered the system in (8) complemented by an obser-
vation equation:
Xiv1 = f(Xut, ©) + Dy

11
Vi = h(X,0) + Ny, (an

where ), is the observation vector and N; is a zero mean
random vector called noise, both taking values in IRYv. The



random processes N; is independent of D, and © and has
p-af. px, ().

We assume given a past window of size K with a set of
controls u_g.—1 = {Uu_g,U_K11,...,u_1} applied before
time ¢ = 0 and outputs y_g.0 = {Y—K,Y—K+1s---,Y0}
a realization of )Y_g.9, observed before time 0. Given
a time horizon T, a function V(-) that depends on
the unknown parameter ©, on the sequence of states
Xor = {Xy,X1,..., X7} and control inputs wg.r_1 =
{ug,u1,...,ur—1} from time 0 to time 7 — 1 and an
admissible set U for ug.r—_1, our goal is to solve the finite
horizon optimal control problem

upp_y =argmin By oy o[V (Xor, O, u0.10-1)]
s.t ug.r_1 €U,

Different from the problem in §IV-A, the expected value is
now also taken with respect to past values of A} and is
conditioned to the observations.

For this problem, the function 7 (-) in Theorem 2 is

j(Z—K:Tv 67 €, uO:T—l) = V(xO:Ta 03 uO:T—l)
+ PX_k.7,0|Y_K:0 (‘r—K:Ta 0 | y—KZO)
+ GHX—K:Ty(")‘y—K:O (y—KZO)

Proposition 5: Tn J(x_g.1,0, €, ug.7—1)’s expression,

0
P om0y reo @i 0 | y-rc0) = | [P (01 — B(we, 6))
t=—K

Pt e )| [P0 1 — s 0, 0))p0 (). (9 1c0)
t=—K

and

HX—K:T-,Qly—K:O (y—K:O) :Z HD;FHX—K:(%@D;—K:O (y—K30)7
t=0

which does not depend on ug.7—1. ]

Proof. Using Bayes Theorem we can determine the p.d.f.

Px_x.r.0|YV_Ko0 (‘r—KiT’a | Z/—K:O) =

DYool om0 U—k:0| 2—k:1, 0)Dx_.rj0(T—Kk.1|0)po(0)
Py_k.o (ny:O)

Proving that

prK;Tle(x—KIT | 0)
T-1

= P (Z-k) HPDt (@41 = flar, ue,0))
t=—K

is analogous to what was done in the proof in Proposition 4.
As the observations are conditionally independent,

0

PY_ 0l rx0,0 (U—K:0 | CLK:o,e):H Py a0 | 76, 0),
1=K

from which a change of variable gives the result

pyt|Xt,@(yt ‘ xt79) = pNt,(yt - h(xtaa))

Therefore, the p.d.f. of X_.p can be determined from the
p.df. of X_k, ©, D; and N;.

The second part of the proof is to show that
}A’[X—K:T-,@ly—K:O(y*Kio) does not depend on ug.r_1. The
key element is to separate H ., o[y . (y—rk:0) into past
and future values and show that the future values depend
only on the differential entropy of the disturbance Hp,.

Ha_ sz 01y-1c0 (U-F:0)

=— JPX,K;T,@DLK:() (x—g.1,0 | Yy—K0)

108 (px_ om0V xc0(@—r:1, 0 | Y—K20)) dw .7 df
=- JPX,K;T,@DLK;O (x—g.1,0 | y—K0)

108 (Pay.1.01 % (T1:7, 0 | 20))dw— g7 db

- JPX_K:T@D/_K:O (1,0 | y-K0)

108 (Px_ 0,019 10 (T—K:0,0 | Y—K:0)) dr_ .0 d
=— Jpxm,@pco (17,0 | z0)

log (px,.p.0/% (1:7,0 | 20))dz1.7d0

- JPX,K;O@D),K;O(:E—K:O,@ | y—K0)

108 (Px_ 0,019 10 (T—K:0,0 | Y—K:0)) dT— .00
T—1

= Z HDt + 7-2?(71(;0»@\377&0 (y—K20)7
t=0

where the last line follows from the expression of

Hx,, deduced in Proposition 4. From that proof,
tT=_01 Hp, does not depend on wug7—; and, by

causality, neither does Ha x:0,0]Y_x.0(Y—K:0). Therefore,
Hx om0V 0 (Y—K:0) does not depend on ug.7—1. O

Remark 4: Solving the upper bound optimization from
Theorem 2 provides both a control ug._; and a corre-
sponding state trajectory z° ;... When the min and the sup
commute, one can interpret x° ., as a state estimate of the
past values and x9. as a state estimate of the future values
for the control ug.-_;. In the absence of a control objective,
this would correspond to a maximum a posteriori estimate,
as we saw in Section III. []

Example 2: We illustrate the use of Theorem 2 to open-
loop control with output-feedback with the following exam-
ple which, to the best of our knowledge, cannot be solved
in closed form. Consider a linear system

Xt+1 :AXt+BUt+Dt

(12)
Ve =C X + Ny,

where D; and N; are independent zero mean Gaussian
processes. The system is time-invariant, C' is an identity
matrix, but the matrices A and B are unknown stochastic
parameters such that we have the following priors on them

N(1,1) N(1,1)

A= N(l,l)]B_[N((l),l)]’
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Results from Example 2. We compare the state trajectories for x° ..., obtained solving the min-max and zpsc;, obtained with Monte Carlo

integration for the control ug.,»_,. We can see how both are similar, reinforcing that z° ;..,» can be seen as an estimation.

where A(u, 02) is a Gaussian random variable with mean y
and variance 2. We chose a quadratic cost, a future horizon
T = 10 and a past horizon K = 20.

The problem was solved on MATLAB® using TensCalc
[11], which compiles an efficient optimization code based
on symbolic computation and interior point methods. We
obtained the controls ug.,_;.

We now apply Theorem 2. The optimal expected value
(that we do not know) is larger than 22 according to (5a),
and smaller than 4.5 x 10° (5d). In light of Remark 3, we
can refine the confidence interval on the optimal expected
value by using Monte Carlo integration to estimate the condi-
tional expected value Ex_,. .. o/y_s., [V(XOZT, o, ug:T_l)],
i.e. equation (5c¢), which is equal to 250.

Figure 2 compares the trajectories from z° j.,», obtained
solving the min-max upper bound optimization of Theorem
2, and the estimated expected value of the trajectory for the
control ug.p_4, obtained using Monte Carlo integration. As
we can see, they match closely, reinforcing the interpretation
that x° ;. can be seen as an estimation of the states
trajectory (see Remark 4). Furthermore, although we do not
have any guarantee on the optimality of ug.,-_,, it does drive
the expected value of the trajectory towards the origin.

V. CONCLUSION AND FUTURE WORK

We presented a method to determine lower and upper
bounds on the expected value of a scalar function of a
random vector and how it can be used in stochastic program-
ming. The bounds are computed through an optimization
requiring only the probability density function of the underly-
ing random vector and its differential entropy. These bounds
can be applied to the problem of Bayesian estimation and
how they relate to maximum a posteriori estimation.They can
also be used to solve optimization arising in open-loop con-
trol of finite horizon stochastic dynamical systems with either
state or output feedback. We were able to efficiently compute
the control using solvers generated from TensCalc.

Directions for future research include further investiga-
tions on under each conditions the bounds are finite and
on the possibility of using a convex combination of the
lower and upper bound to solve the stochastic programming
problem. In the context of optimal control, extension of

our bounds to stochastic model predictive control or infinite
horizon optimal stochastic control could also be investigated.
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