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Abstract— We consider the spatial localization of nodes in a
network, based on measurements of their relative position with
respect to their neighbors. These measurements include the
nodes’ relative positions in a global coordinate system, their
distances, or their pseudo ranges. We show that the maximum
likelihood estimator associated with these localization problems
can be viewed as a constrained optimization problem with
a specific structure and provide a distributed algorithm to
solve it. Under appropriate assumptions, it is shown that the
maximum likelihood estimates are locally asymptotically stable
equilibrium points of the proposed algorithm. As a case study,
we consider a range-based localization problem and present
simulation results to evaluate the proposed algorithm.

I. INTRODUCTION

With the increasing popularity of low-cost and low-
powered devices, many applications of network systems such
as environmental monitoring, road traffic monitoring, search
and rescue operations, and smart structures are experiencing
dramatic changes on their sensing and controlling capabili-
ties. For most of these applications, determining the precise
location of the sensor position is of utmost importance for
the collected data to be meaningful [18].

In some cases, because of limitations in the environment
and constraints on power and size, many of the sensors
(nodes) in the network do not have access to information
about their absolute position in space (from GPS, for ex-
ample) and have to rely on inter-sensor measurements such
as, angle-of-arrival, received signal strength (RSS), time-
of-arrival, time-difference-of-arrival, and range to solve the
localization problem [13]. In this context, the main challenge
is to combine the available measurements to design a scal-
able algorithm that accurately estimates the nodes’ positions
efficiently in terms of energy and network bandwidth usage.

Localization algorithms can be divided in two groups:
centralized and distributed. Centralized algorithms [24], [3]
are impractical in large-scale networks where nodes have
limited power and communication capabilities. Also, these
algorithms are vulnerable to single-point failure and require
the transmission of every sensor measurement to a fusion
center, where all the computation is performed. One way
to overcome these issues is by using distributed algorithms,
where the computation is carried out locally at each node,

H. Ferraz and J. Hespanha are with Center for Control, Dynamical-
systems and Computation (CCDC), University of California, Santa Bar-
bara, CA. {henrique,hespanha}@ece.ucsb.edu Research
supported by a CAPES BEX 1111-13-2 grant and by the National Science
Foundation under Grant No. CNS-1329650.

A. Alanwar and M. Srivastava are with the Department of
Electrical Engineering, University of California, Los Angeles, CA.
{alanwar,mbs}@ucla.edu

using only information and measurements available from its
neighbors.

We propose a distributed algorithm based on constrained
optimization to localize nodes in a network, inspired by
Jacobi’s method as described in [4]. We show that the
maximum likelihood estimation formulation of several local-
ization problems reduces to a constrained optimization with
a specific structure. The constraints arise from the need to
impose a coordinate system that avoids ambiguities arising
from a global rotation and translation.

The distributed algorithm iteratively computes the optimal
solution using only the most recent measurements and es-
timates from the neighboring nodes. Additionally, at each
node only local variables need to be stored and transmitted,
greatly reducing the complexity of the computation required
locally.

By regarding the iterative algorithm as a dynamical sys-
tems and linearizing it around the optimal solution, we show
that the algorithm converges to the maximum likelihood
estimate, provided that it starts sufficiently close to it. While
our stability results are local, simulations generally converge
to the optimal solution, regardless of how the algorithm is
initialized.

Related work

Both centralized and distributed approaches to localization
have been extensively investigated by the wireless sensor
network community. Evaluation of accuracy and computation
of performance bounds for unbiased location estimators are
treated in [19]. A centralized convex optimization scheme
is proposed in [6], where the communication network is
modeled as a set of geometric constraints and the global solu-
tion is obtained by solving the resulting convex optimization
problem. Distributed localization techniques can be based
on multidimensional scaling and coordinate alignment tech-
niques [10], multilateration [21], [14], and graph-theoretical
methods [2]. In [17] the authors propose a hop by hop
connectivity-based algorithm using trilateration. For range-
based and range-free localization problems, [22] presents a
convex formulation obtained by relaxation techniques that
is solved with a sequential greedy optimization algorithm.
Our approach builds upon [4], where it is proposed an
algorithm that combines the maximum likelihood estimate
and the Jacobi method for localization with relative position
measurements. The algorithm analyzed here is close to the
one evaluated experimentally in [1] for simultaneous node
localization and time synchronization, using custom ultra-
wideband wireless transceivers.



In the context of optimization, the seminal work by
Tsitsiklis [25] sets the foundations for the analysis of dis-
tributed algorithms. Since then, many works have focused
on designing discrete-time algorithms to find the solution
of optimization problems, where the cost function is a sum
of convex functions, see e.g [20], [11], [15], [5]. For prob-
lems with constraints, a distributed primal-dual subgradient
method was proposed in [26], where the global constraint
set is the intersection of local constraints set. A similar
problem setup was studied in [16] for networks with time-
varying connectivity, for which a consensus-based distributed
algorithm was presented. More recently, algorithms that deal
with distributed continuous-time strategies were investigated
in [8] and in [12], where a more sophisticated combination
of a local continuous-time and discrete-time dynamics for
communication with the neighbors was proposed.

Structure: The paper is organized as follows. In Sec-
tion II, we formulate an optimization problem that general-
izes several problems related to node localization. Section III
introduces the distributed algorithm and presents conditions
for local asymptotic convergence. A case study for a range-
based localization is presented in Section IV and numerical
simulations illustrate the proposed algorithm. In Section V
we conclude the paper and present future research directions.

Notation: For twice continuously differentiable func-
tions f : Rn Ñ Rm and g : RnˆRm Ñ R, ∇xfpxq P R

mˆn

denotes the Jacobian of f , ∇2
xxfpxq P Rnˆn is the Hessian

of f , and ∇2
xygpx, yq P Rmˆn denotes the second-order

derivatives matrix of g. We denote by 0mˆn the zero matrix
in Rmˆn.

II. PROBLEM FORMULATION

Several problems related to the localization of multi-agent
systems can be reduced to optimizations of the following
form:

min
x

ÿ

iPN
fipxiq `

ÿ

iPN

ÿ

jPNi

fijpxi, xjq, (1a)

subject to hipxiq “ 0, @i P N , (1b)

where x– px1, x2, . . . , xN q P Rn1ˆRn2ˆ¨ ¨ ¨ˆRnN are the
optimization variables, N – t1, 2, . . . , Nu, Ni is a subset of
N ztiu containing the neighbors of node i, and the functions
fi : Rni Ñ R, fij : RniˆRnj Ñ R, hi : RniˆRnj Ñ Rmi ,
i P N , j P Ni are all twice continuously differentiable.

We consider here four problems, where we want to localize
in space a set N – t1, 2, . . . , Nu of N nodes based on
relative measurements of each node i P N with respect to
its neighbors Ni Ă N ztiu.

A. Relative position measurements

In this scenario, each variable pi P Rd, d “ t2, 3u, i P N
denotes the position of node i in a global coordinate system
and the node i has access to noisy measurements zij P Rd of
the relative position pj´pi of each neighboring node j P Ni.
Specifically,

zij “ pj ´ pi ` wij , @i P N , j P Ni,

where the wij denote independent zero-mean Gaussian noise
with co-variance matrix Σij ą 0. For this problem, the
symmetric of the log-likelihood of the measurements tzij P
Rd : i P N , j P Niu is given by

1

2

ÿ

iPN

ÿ

jPNj

ppi ´ pj ` zijq
1Σ´1
ij ppi ´ pj ` zijq.

Just with relative measurements it is only possible to recon-
struct the positions pi up to a global translation. To avoid
this ambiguity one can force the position of one “reference”
node (say node i “ 1) to be the origin of the coordinate
system, which corresponds to the constraint

p1 “ 0nˆ1.

The computation of maximum likelihood estimates for the
pi thus amounts to solving an optimization of the form (1)
with

xi – pi, fipxiq– 0,

fijpxi, xjq–
1

2
ppi ´ pj ` zijq

1Σ´1
ij ppi ´ pj ` zijq,

h1px1q– p1, hipxiq– 0, @i ‰ 1.

When the neighborhoods Ni induce a graph in which there is
a path from the reference node 1 to every other node i ‰ 1,
this optimization is a strictly convex quadratic program [4].

In this formulation and the ones that follow, we ignore any
prior information about the positions pi. When prior distribu-
tions for these variables are available, this information could
be incorporated into the optimization through the functions
fipxiq.

B. Range measurements

This scenario is analogous to the previous one, but now
the node i has access to noisy measurements zij P R of its
distance }pj ´ pi} to each of its neighboring nodes j P Ni.
Specifically,

zij “ }pj ´ pi} ` wij , @i P N , j P Ni,

where the wij denote independent zero-mean Gaussian noise
with variance σij ą 0. For this problem, the symmetric of
the log-likelihood of the measurements tzij P R : i P N , j P
Niu is given by

1

2

ÿ

iPN

ÿ

jPNj

p}pj ´ pi} ´ zijq
2

σ2
ij

.

Just with relative measurements, it is only possible to recon-
struct the positions pi P Rd up to a global translation and
rotation. To avoid this ambiguity one can force the position
of one “reference” node, say node 1, to be the origin of the
coordinate system and, for d “ 3, use two other nodes, say
nodes 2 and 3, to define the orientation of the coordinate
system. Specifically, forcing the 1st axis of the coordinate
system to be aligned with the vector from p1 to p2 and the
second axis to lie in the plane defined by the first 3 nodes
(assumed not to be co-linear), corresponds to the constraints

p1 “ 0, e12p2 “ e13p2 “ 0, e13p3 “ 0,



where ei P R3 denotes the ith vector of the canonical basis
of R3. The computation of maximum likelihood estimate for
the pi thus amounts to solving an optimization of the form
(1) with

xi – pi, fipxiq– 0, (2a)

fijpxi, xjq–
1

2

p}pj ´ pi} ´ zijq
2

σ2
ij

, (2b)

h1px1q– p1, h2px2q–

„

e12
e13



p2, (2c)

h3px3q– e13p3, hipxiq– 0, @i ą 3. (2d)

When d “ 2, only two nodes are needed to define the
coordinate system.

When the neighborhoods Ni induce a framework that is
rigid and the measurements are noiseless, this optimization
has an isolated global minima at the true positions of the
nodes [3].

C. Pseudo-range measurements

In this scenario, each node i P N broadcasts a wireless
message to its neighbors j P Ni with the value ti of its local
clock at the transmission time and the neighbors record the
times of arrival tij of this message in their local clocks. The
clock of each node i has an unknown offset τi with respect
to the “global” time reference and therefore the actual times
at which the message was transmitted by node i and received
by node j are given by

ti ´ τi ` wi and tij ´ τj ` wij ,

respectively, where wi and wij denote time measurement
errors. Assuming that messages propagate at a velocity c,
we have that

tij ´ τj ` wij “ ti ´ τi ` wi `
}pj ´ pi}

c

which can be re-written as

tij ´ ti “ τj ´ τi `
}pj ´ pi}

c
` w̄ij ,

where w̄ij – wi ´ wij P R. Assuming that the w̄ij
are independent zero-mean Gaussian random variables with
variances σij ą 0, the symmetric of the log-likelihood of the
measurements tzij P R : i P N , j P Niu is given by

1

2

ÿ

iPN

ÿ

jPNj

pτj ´ τi `
}pj´pi}

c ´ tij ` tiq
2

σ2
ij

.

In this problem, we have ambiguity with respect to a global
rotation and translation, as in Section II-B, but also with
respect to a shift of the time reference, which can be resolved
by forcing the clock of node 1 to determine the global time
t. This corresponds to the following constraints:

p1 “ 0, e12p2 “ e13p2 “ 0, e13p3 “ 0, τ1 “ 0.

The computation of maximum likelihood estimates for the pi
and τi thus amounts to solving an optimization of the form
(1) with

xi –
“

pi, τi
‰

, fipxiq– 0,

fijpxi, xjq–
1

2

pτj ´ τi `
}pj´pi}

c ´ tij ` tiq
2

σ2
ij

,

h1px1q–

„

p1
τ1



, h2px2q–

„

e12
e13



p2,

h3px3q– e13p3, hipxiq– 0, @i ą 3.

D. Pseudo-range measurements with clock drift and biases

This scenario is similar to the previous one, but consider-
ing clock drifts and biases in the time measurements. In this
case, the transmission time measurement ti for a message
sent at time t by node i is given by

ti “ φit` τi ` bi ` wi ô t “
ti ´ τi ´ bi ´ wi

φi

and the reception time measurement tij for a message
received at time t by node j is given by

tij “ φjt` τj ` dj ` wij ô t “
tij ´ τj ´ dj ´ wij

φj
,

where φi is the clock drift of node i, bi a bias in the
transmission-time measurement for node i, dj a bias in the
reception-time measurement for node j, and wi, wij zero-
mean noise.

Assuming that messages propagate at a velocity c, we have
that

tij ´ τj ´ dj ´ wij
φj

“
ti ´ τi ´ bi ´ wi

φi
`
}pj ´ pi}

c

which can be re-written as

φ´1
j tij ´ φ

´1
i ti “ τ̄j ´ τ̄i `

}pj ´ pi}

c
` w̄ij ,

where w̄ij – φ´1
i wi ´ φ

´1
j wij P R, τ̄j “ φ´1

j τj . Assuming
that the w̄ij are independent zero-mean Gaussian random
variables with variances σij ą 0 , the symmetric of the log-
likelihood of the measurements tzij P R : i P N , j P Niu

is given by

1

2

ÿ

iPN

ÿ

jPNj

pτ̄j ´ τ̄i `
}pj´pi}

c ´ φ´1
j tij ` φ

´1
i tiq

2

σ2
ij

.

Mapping the computation of the maximum likelihood esti-
mate for pi, τi, φi, bi, and di with the optimization in (1) is
straightforward, so we omit it for the sake of space.

III. MAIN RESULTS

A. Jacobi Algorithm

We construct a distributed algorithm for solving (1), where
each node i P N receives estimates xj of the optimal from
its neighbors j P Ni and, based on these estimates, computes



a value for xi P Rni that only minimizes the terms in the
cost function in (1) that depend on xi:

min
xi

fipxiq `
ÿ

jPNi

fijpxi, xjq `
ÿ

jPN :iPNj

fjipxj , xiq,

(3a)
subject to hipxiq “ 0. (3b)

In practice, node i P N computes values for xi P Rni and
Lagrange multipliers λj P Rmj that satisfy the first-order
necessary optimality conditions for (3):

∇xifipxiq ` λ
1
i∇xihipxiq `

ÿ

jPNi

∇xifijpxi, xjq

`
ÿ

jPN :iPNj

∇xifjipxj , xiq “ 0, (4a)

hipxiq “ 0. (4b)

If all nodes succeed in jointly satisfying (4), then the first-
order optimality conditions for the optimal (1) are auto-
matically satisfied. This observation motivates the following
iterative algorithm, which is inspired by Jacobi’s method for
solving linear systems of equations as described in [4].

Algorithm 1 (Jacobi):
Step 1. Set k “ 0.
Step 2. Each node i P N initializes its estimates x̂ip0q P
Rni and λ̂ip0q P Rmi .
Step 3. Each node i P N computes vectors x̂ipk`1q P Rni

and Lagrange multiplies λ̂ipk`1q P Rmi that solve the first-
order necessary optimality conditions (4) for the previous
estimates of x̂jpkq P Rnj for the other nodes j P Nj :

∇xifipx̂ipk ` 1qq ` λ̂ipk ` 1q1∇xihipx̂ipk ` 1qq

`
ÿ

jPNi

∇xifijpx̂ipk ` 1q, x̂jpkqq

`
ÿ

jPN :iPNj

∇xi
fjipx̂jpkq, x̂ipk ` 1qq “ 0, (5a)

hipx̂ipk ` 1qq “ 0. (5b)

Step 4. Increment k by 1 and go back to Step 3 until }x̂ipk`
1q ´ x̂ipkq} ă εx, for some user defined tolerance εx.

In this work, we restrict our attention to problems, where
the first-order necessary optimality conditions (5) uniquely
determine x̂ipk ` 1q P Rni and λ̂ipk ` 1q P Rmi . Lemma 1
below shows that this will happen under are mild assump-
tions.

B. Local Stability

To study the convergence of Algorithm 1, we view the
sequences xpkq –

`

x1pkq, x2pkq, . . . , xN pkq
˘

, λpkq –
`

λ1pkq, λ2pkq, . . . , λN pkq
˘

as the state of a discrete-time dy-
namical system whose dynamics are defined by (5) and study
its local stability around an optimum x˚ – px˚1 , x

˚
2 , . . . , x

˚
N q

for (1) and the corresponding Lagrange multiplier λ˚ –

pλ˚1 , λ
˚
2 , . . . , λ

˚
N q.

The following result is a direct consequence of the Implicit
Function Theorem [9] applied to (5):

Lemma 1: Let x˚ – px˚1 , x
˚
2 , . . . , x

˚
N q be an optimum for

(1) and λ˚ – pλ˚1 , λ
˚
2 , . . . , λ

˚
N q the corresponding Lagrange

multiplier. Assume that
A1 all the functions fi, fij , hi, i P N , j P Nj are twice

continuous differentiable in an open neighborhood of
px˚, λ˚q; and

A2 the following Jacobian matrix is invertible at x “ x˚

and λ “ λ˚
„

Li D1i
Di 0



pni`miqˆpni`miq

,

where Li – ∇2
xixi

fipxiq ` λ1i∇2
xixi

hipxiq `
ř

jPNi
∇2
xixi

fijpxi, xjq `
ř

jPN :iPNj
∇2
xixi

fjipxj , xiq
is a symmetric matrix and Di – ∇xihipxiq. Then there
exists an open neighborhood of px˚, λ˚q such that if
px̂pkq, λ̂pkqq belong to this neighborhood, x`i – x̂ipk ` 1q
and λ` – λ̂ipk ` 1q are uniquely defined by (5) and we
have that

∇x`

„

x`i
λ`i



“

„

Li D1i
Di 0

´1 „
Si`
0



pni`miqˆn`

(6a)

∇λ`

„

x`i
λ`i



“ 0pni`miqˆm`
, (6b)

where Si` P Rniˆn` ,

Si` –

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

´∇2
xix`

fi`pxi, x`q

´∇2
xix`

f`ipx`, xiq ` P Ni, i P N`

´∇2
xix`

fi`pxi, x`q ` P Ni, i R N`

´∇2
xix`

f`ipx`, xiq ` R Ni, i P N`

0 otherwise.

Remark 1 ([7]): For the problems discussed in Section II,
it can be shown that Assumption A1 of Lemma 1 holds as
long as no two nodes are at the same position. Assump-
tion A2 has simple geometric interpretations for the several
localization problems. To express these conditions, we denote
by N̄i the union of the set Ni of neighbors of i together with
the set of nodes j P N to which i is a neighbor, i.e.,

N̄i – Ni X
 

j P N : i P Nj

(

.

For points pi for which there are no constraints these
conditions are as follows:
‚ For the relative measurements problem in Section II-A,

Assumption A2 holds provided that N̄i is not empty.
‚ For the range measurements problem in Section II-

B with points in R2 and in the absence of noise,
Assumption A2 holds provided that N̄i contains at least
two points that are not co-linear with pi.

‚ For the range measurements problem in Section II-
B with points in R3 and in the absence of noise,
Assumption A2 holds provided that N̄i contains at least
three points that are not co-planar with pi.

‚ For the pseudo-range measurements problem in Sec-
tion II-C with points in R3 and in the absence of noise,
Assumption A2 holds as long as N̄i contains at least
four non co-planar points. l



Lemma 1 enables us to compute the local lineariza-
tion of the discrete-time dynamical system whose dy-
namics are defined by (5) around an optimum x˚ –

px˚1 , x
˚
2 , . . . , x

˚
N q for (1) with Lagrange multipliers λ˚ –

pλ˚1 , λ
˚
2 , . . . , λ

˚
N q. Denoting by δx – pδx1, δx2, . . . , δxN q,

δλ – pδλ1, δλ2, . . . , δλN q the perturbations of the state
with respect to the equilibrium point px˚, λ˚q, under the
assumptions of Lemma 1 we conclude from (6a) that the
next-state vector pδx`, δλ`q is uniquely defined by the
following system of equations on the unknowns δx`i and
δλ`i .

„

L˚i D˚i
1

D˚i 0

 „

δx`i
δλ`i



“

„
ř

`PNi
S˚i`δx`

0



, @i P N ,

where

L˚i – ∇2
xixi

fipx
˚
i q ` λ

˚
i
1∇2

xixi
hipx

˚
i q

`
ÿ

jPNi

∇2
xixi

fijpx
˚
i , x

˚
j q `

ÿ

jPN :iPNj

∇2
xixi

fjipx
˚
j , x

˚
i q,

D˚i – ∇xi
hipx

˚
i q,

S˚i` –

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

´∇2
xix`

fi`px
˚
i , x

˚
` q

´∇2
xix`

f`ipx
˚
` , x

˚
i q ` P Ni, i P N`

´∇2
xix`

fi`px
˚
i , x

˚
` q ` P Ni, i R N`

´∇2
xix`

f`ipx
˚
` , x

˚
i q ` R Ni, i P N`

0 otherwise.

In vector form, these equations can be expressed as
„

L˚ D˚1

D˚ 0

 „

δx`

δλ`



“

„

S˚δx
0



,

where

L˚ – diagpL˚1 , L
˚
2 , . . . , L

˚
N q P Rnˆn, n–

ÿ

iPN
ni,

D˚ “ diagpD˚1 , D
˚
2 , . . . , D

˚
N q P Rmˆm, m–

ÿ

iPN
mi,

S˚ –
“

S˚i`
‰

iPN ,`PN , P R
nˆn.

The next result provides a sufficient condition for the local
stability of this system.

Theorem 1: Suppose that the assumptions of Lemma 1
hold and that there exists a scalar σ P R such that,

L˚ ` σD˚
1
D˚ ´

1

2
pS˚

1
` S˚q ą 0,

L˚ ` σD˚
1
D˚ `

1

2
pS˚

1
` S˚q˚ ą 0.

Then the optimum px˚, δ˚q for (1) is a locally asymptoti-
cally stable equilibrium point of the discrete-time dynamical
system whose dynamics are defined by (5). l

This result is a direct consequence of Lemma 1 and the
following lemma.

Lemma 2: Consider a discrete-time linear time-invariant
system

z` “ Az, z P Rn, (7)

where, for every z P Cn, the next state z` P C can be
uniquely determined by the following equation

Du P Cm :

„

L D1

D 0mˆm

 „

z`

u



“

„

Sz
0mˆ1



for appropriate matrices L “ L1, S P Rnˆn, D P Rmˆn such
that there exists a scalar σ P R

L` σD1D ´
1

2
pS1 ` Sq ą 0, (8a)

L` σD1D `
1

2
pS1 ` Sq ą 0. (8b)

Then A is Schur and the original system (7) is asymptotically
stable. l

Proof of Lemma 2. Consider an eigenvalue λ P Czt0u and
the corresponding eigenvector v P Rn of A. Under the
lemma’s hypothesis,

Av “ λv ô Du P Cm :

„

L D1

D 0mˆm

 „

λv
u



“

„

Sv
0mˆ1



ô Du P Cm : λLv `D1u “ Sv, λDv “ 0.

ô Du P Cm : λLv ` λσD1Dv `D1u “ Sv, λDv “ 0.

We thus conclude that

λv:pL` σD1Dqv`v:D1u “ v:Sv, u:Dv “ 0

ñ λv:pL` σD1Dqv “ v:Sv, (9)

where v: and u: denote the complex conjugate transpose of
v and u, respectively. On the other hand, from (8) we have
that

v:pL` σD1Dqv ą
1

2
v:pS1 ` Sqv “ v:Sv, (10a)

v:pL` σD1Dqv ą ´
1

2
v:pS1 ` Sqv “ ´v:Sv, (10b)

which implies that v:pL ` σD1Dqv ą 0. This allow us to
conclude from (9) and (10) that

λv:pL` σD1Dqv “ v:Sv ñ λ “
v:Sv

v:pL` σD1Dqv

v:pL` σD1Dqv ą v:Sv ñ
v:Sv

v:pL` σD1Dqv
ă 1

v:pL` σD1Dqv ą ´v:Sv ñ
v:Sv

v:pL` σD1Dqv
ą ´1.

Therefore λ must be a real number in the (open) interval
p´1, 1q.

IV. NUMERICAL EXAMPLE

To illustrate the proposed algorithm and the theoretical
results obtained in the previous section, we present an
example of node localization for range-based measurements
in the plane, as described in Section II-B.

Inspired by the Henneberg construction of rigid frame-
works [23], we generate random networks by successively
adding a node at a random position to an existing rigid
framework. The new node is connected using bidirectional
edges with two existing nodes such that these three nodes
are not co-linear.



We have generated a large number of rigid frameworks
using the procedure described above and verified that the
corresponding matrices L˚, D˚, and S˚ verified the condi-
tions in Theorem 1 for σ “ 1. We thus conjecture that these
conditions hold generically (perhaps excluding singular con-
figurations) for rigid frameworks. We are currently working
towards formally proving this conjecture.
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Fig. 1. Sensor network with 10 randomly distribute nodes. The nodes share
information about their current estimates and the noisy range measurements
with a limited number of neighbors, represented by the edge connection.
The initial estimates are random.

One such network consisting of 10 geographically ran-
domly distributed nodes is shown in Figure 1. Figure 2
shows a typical evolution of the local cost function and the
estimation error for two nodes, as a function of the iteration
number of the Jacobi algorithm described in Section III-A
starting with a random initialization for the node estimate
within a ball centered at their true positions. The interior-
point method was used to solve each optimization step. We
observe that node 6, that is one hop away from the reference
node 1, converges faster than node 10, that is 2 hops away
from the reference node 2. This is to be expected, because
the convergence of the references nodes occur faster than the
rest of the network, improving the speed of convergence of
its direct neighbors.

V. CONCLUSION

We presented a distributed algorithm that iteratively com-
putes the optimal solution to constrained optimizations that
arise on node localization, using only locally available mea-
surements. Sufficient conditions for local asymptotic stability
were derived by linearizing the system around the optimal
solution. A range-based localization problem was used to
illustrate the proposed algorithm and we showed that the
nodes estimated position converge to their true position in
the presence of noisy and with random initial estimates. The
localization of mobile nodes and estimation under adversarial
noise are topics for future research.

0 10 20 30 40 50 60
10

−4

10
−2

10
0

10
2

L
o
c
a
l 
c
o
s
t 
fu

n
c
ti
o
n

0 10 20 30 40 50 60
10

−2

10
−1

10
0

n
o
rm

 e
s
ti
m

a
te

d
 e

rr
o
r

iterations

 

 

node 6

node 10

Fig. 2. Cost function and error evolution for two nodes. The dashed line
represents a node that is more distant to the reference nodes than the node
represented by a solid line.
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