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Abstract—The technique of effective resistance has seen The natural generalization of the concept of tree is that
growing popularity in problems ranging from escape probabil-  of Gromov hyperbolic graph [14]. Intuitively, a Gromov
ity of random walks on graphs to asymptotic space localization hyperbolic graph is a graph that has the property that it looks

in sensor networks. The results obtained thus far deal with lik t h . d at a dist h th t of
such problems on Euclidean lattices, on which their asymptotic IKe a ree wnen viewed at a distance, where the concept o

nature already reveals that the crucial issue is the large “Viewing ata distance” is formalized ilarge-scale geometry
scale behavior of such lattices. Here we investigate how such also referred to agoarse geometror asymptotic metric
results have to be amended on a class of graphs, referred theory [15]. The importance of Gromov hyperbolic graphs
to as Gromov hyperbolic, which behave in the large scale 5 {hat scale free, and hence Internet, graphs have that
as negatively curved Riemannian manifolds. It is argued that - .

Gromov hyperbolic graphs occur quite naturally in many property [18]',[23_]’ [19]. Since Gromov hyperbpllc_graphs
situations. Among the results developed here, we will mention are & generalization of trees, the natural question is, “What
the nonvanishing probability of escape of a random walk to is the effective resistance of a Gromov hyperbolic graph?”
a Cantor set Gromov boundary and the facts that the space The importance of effective resistance of Gromov hyperbolic
localization error of sensors networked in a Gromov hyperbolic graphs stems from the above mentioned fact that effective

fashion grows linearly with the distance to a sensor whose ist . turally i ety of fi d
geographical position is known, but would become uniformly resistances arise naturally in a variety or propagation an

bounded in an idealized situation in which the geographical localization problems.

locations of the nodes at the Gromov boundary are known Before extending the result of Doyle and Snell, a technical
guestion is whether such concept as “effective resistance
|. INTRODUCTION between the root and infinity” can be defined for those

) _ ) hyperbolic graphs, in which the tree structure might not be
The effective resistance between two nodes in a grapiympletely obvious. A “root” of a hyperbolic graph is a so-

is the voltage drop that would be observed in a electricglyjied quasi-pole[10]. A quasi-polef? is a compact subset
network obtained by placing one resistor at each edge of thg an infinite graphG such that for every vertex of G
graph, when a unit current is injected in one of the nodegere exists a geodesic ray emanating frémand passing
and removed from the other. In this paper, we extend thgithin a bounded distance of One of the premises of coarse
result of Doyle and Snell [12] on the effective resistancgeometry is that finite subsets, i@, can be coalesced
of a regular tree of degree bounded but greater thamd {5 points. As such{ can be coalesced to € €, which
its ramifications in various asymptotic space localization angecomes the “root” of the graph. Once a root is chosen, the
coordination problems for autonomous agents as initiated eyt issue is to define “infinity” so as to be able to define
Barooah and Hespanha [5], [3], [4]. the effective resistance between the quasi-pole and infinity.
A tree is regular if the degree of its nodes, except for thg the context of the coarse geometry of Gromov hyperbolic
root, is constant. Under this degree condition, the effectivgraphs, “infinity” is theGromov boundary at infinitpf the
resistance from the root of the tree to “infinity” is finite. ThegraphsﬁooG. The latter is defined as the equivalence class of
latter has the important consequence that a random walk @ifinite geodesic rays emanating from the quasi-pole under
the tree has a finite probability of escaping to infinity. In thehe equivalence relation that two rays are equivalent if their
context of computer security, it follows that a worm is moreqausdorff distance remains finite [9, I11.H.3].
likely to escape to infinity and therefore cause more damagewhile the Gromov boundary..G of a regular tree can
than one that is recurrent (see Remark 1). In the context gk easily visualized, this is not so when all that is known
localization based on relative measurements, this means thglout ¢ is that it is Gromov hyperbolic, since it could
if only the absolute positions of the far-away leafs of a largge anything ranging fronN to the circle S!, passing by
tree are available, all nodes in the tree can still be accuratelye Cantor set, the Menger curve, etc. (See [21] for a
localized just based on noisy relative measurements betwegjnrvey_) The difficulty is that the topology @G dictates
adjacent nodes in the graph [4]. The reader is referred tQch application-relevant issues as the Cheeger isoperimetric
[5] for other connections between effective resistance anghnstant and the exponential growth of balls [10]. As far
distributed control problems. as the present paper is concerned, in order to have finite

effective resistance betweén and 0,,G, d-.G must have
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uniformly bounded, thexactvalue of the effective resistance The most extreme example of a Gromov hyperbolic graph
R(w,0-@) is irrelevant. Is relevant, however, the questioris the tree, ag; = 6, = §, = 0.

of whether the effective resistance is vanishing, finite<( The following theorem formulates an important property

R(w, 0G) < o0), or infinite. In fact, the latter are coarse of Gromov hyperbolic spaces, a property that is sometimes

geometry invariants. even taken to be the definition of Gromov-hyperbolicity [10,
Due to space limitations, most proofs have been omitte@ef. 1.1]:

but they are available in [20]. Theorem 1:Let (X, d) be ad,-Gromov hyperbolic space.

Let ~1, 72 be two arc length parameterized geodesics such
Il. MATHEMATICAL SET-UP that v, (0) = 72(0) = +°. Assume that, for somé& > 0,

A. Graphs d(71(R),v2(R)) > 3d5. Then any patlp joining ~v1 (R + ),
A graph G is defined by its vertex set and its edge set)2(” + F) and outside the balBg ., (v°) is such that

(V, E). The edge with end vertices v will be written uv. Up) > 6,27 2

All graphs here have bounded local geometry, i.e., the degreethis theorem has the (negative) consequence that, if an
of their nodes is uniformly bounded. As such, an infinitgytage affects a balBp.,(v°), a message scheduled to
graph has infinitely many vertices. Edges are equipped Witfansit along[uv] > +° will have to make a detour of
alength function ¢ : E — R™*, with the property that exponentiallength 5,23 ~2 to circumvent th%gutlage. As
- 2226(6) S0, Ll = Sggg(e) <o (1) shown in [14], this bound can be refined @ .
. o . C. Quasi-isometry
Upon identification of every edge with a homeomorph of the A () ¢)-quasi-isometric embeddingf the graphG —

unit interval [0, 1], the length function is easily extended to . - .
Lebesgue—m[eas]urable sugbsets of the edges.y (Va, Eg) into the graphi = (Viz, ) is & (not necessarily
A path from z to y is a continuous map : [a,8] — G continuous) functpnf : G — H (usually induced by a
such thatp(a) = z, p(b) = y. Thelengthof a path joining vertex transformatioVg; — Vi) such that
x to y is the sum of the lengths of the (subsets of) edges ld —e<d <\ +
traversed by the path. Thdistanced(z,y) betweenz, y is A cl@,y) —e<du(f(@), 7(y) < Mo(@,y) +e,
the infimum of the lengths of all paths joiningto y. The Vz,y € G. Such anf is quasi-injectivein the sense that
latter will sometimes be referred to as length distance. With
this length distance(G, d) becomes anetric space fl@)=fly) = dalzy)<er, Voyed.
An isometric embedding : G — H of the graphG = s said to be ajuasi-isometnyif, in addition, there exists
(Vg, Eg) into the graphH = (Vi, E) is a map (usually g constant: such that
induced by a vertex transformatidfy; — V) that preserves

the metric, viz.dy (f(z), f(y)) = dg(z,y). dy(f(G),2) <c, Vzel
A geodesicy = [ry] from z to y in G is an isometric \hich means thaf is quasi-surjectiveln this casef has at
embeddingy : [0, £(y)] — G such thaty(0) = z, 7(£(7)) = |east onequasi-inversef ¢ : H — ( in the sense that there

y. Because of the bounded local geometry, every pair
points z,y can be joined by a geodesiay] such that

%fxists a constard for which

{([zy]) = d(z,y). In such a situation(G, d) is said to be a da(f~%o f(z),2) <d, VzeQG, (2)
geodesic metric space dp(fof79(z),2) <d, Vzé€H, 3)
B. Gromov hyperbolicity and this quasi-inverse is both quasi-injective and quasi-

A geodesic triangle\uvw on verticesu, v, w is defined as surjective. Quasi-isometry is an equivalence relation.
[uv] U [vw] U [wu]. A graph(G,d), or an arbitrary geode_sic D. Gromov boundary
metric space(X,d) for that matter, isGromov hyperbolic
if there exists ad; < oo such that,VAuvw, we have
[vw] C Ns,([uv]) U Ns,_([uw]), where Ns_([uv]) denotes
the §,-neighborhood ofuv] for the metricd. An equivalent
characterization is the existence of a constant< oo
such that,VAuvw, for points i(v,w) € [vw], i(u,w) €
[uw], i(u,v) € [uv] such thatd(u,i(u,v)) = d(u,i(u,w)),

A geodesic rayr emanating fromw € V' is an isometric
embeddingr : [0,00) — G such thatr(0) = w. The same
ray will sometimes be written ag0)/r(co). Two raysr, r’
are said to beequivalentiff sup, ¢ ) d(r(s),7’(s)) < oo;
equivalently, if d¢(r,7") < oo, where d;; denotes the
Hausdorff distance. The set of equivalence class of rays
d(v,i(v, w)) = d(v,i(v, ), d(w,i(w,v)) = d(w,i(w,u)), is the Gro_mov_boundaryaooG. The equixalegce class of
we have diam{i(u, v),i(v, w),i(w,u)} < &. It can be the rayr is written 7. Given two raysrog, e € 050G,
shown thats, < oo iff 6, < oo (see [9, Chap. IILH, parameterized by the arc lengthwe define
Prop. 1.17]). Yet a third equivalent definition states that, in Poo (1, 7)) :=lim inf e~ €(s=3da(r(s).r (s)))
any quadrilateral, the largest sum of the lengths of pairs of s—00
opposite diagonals cannot exceed the medium sum by morbe above is asemimetric[6, 1.1.5] on 0,,G. The idea
than2d, < oo (see [9, p. 411]). behind this definition is that, in a tree-like graph, two rays



r* r* emanating from the same quasi-polavill first follow

the same path and then separate at some veftek r*),

the “common ancestor”of the pointsr*(co), " (c0). Then
Poo (T, 1) = e~ cdwalr™.r™)) - Another intuition behind
Poo IS as follows: Write the hyperbolic law of cosines in
Awr(s)r*(s) as embedded in a surface of small negative
sectional curvature = —e:

&8

&

coshedg (r(s),r"(s)) = o
cosh ed(w, 7*(s)) cosh ed(w, 7 (s))

— sinh ed(w, r*(s)) sinh ed(w, r*(s)) cos @
where & is a short for Zr*(s)wr™(s). Since the arc
length parameterization of geodesic rays is an isometrk,. Isoperimetric behavior and exponential growth of balls
d(w,r"(s)) = d(w,r"(s)) = 5 Then, for a distancel Given an infinite graphG, the combinatorial Cheeger
such thated ?>2 1, (.ZOSh ed ~ e anq, f0r a small angle), . isoperimetric constanis defined as
cosw ~ 1 — “%-. With these approximations, the hyperbolic 09|

f —

law of cosines yields h(G) = in
s5Cve |5

Fig. 1. A tree, the Gromov boundary of which has cardinality

edg(r(s),rV(s)) _ 2689 o . o
ere =l+e 2 where the infimum is over all finite subsets, denotes the

In light of the above ., turns up to be the angle metric ~ cardinality, and
poo(r ) = Tim inf 4T“(S\)/0;7’w(8) 08 ={veV\S:ve N(s) for somes € S}.

Now we make the semimetrie,, a metric by enforcing the
triangle inequality

Observe thad'S can be interpreted as the boundarysoand
therefore ifA(G) > 0 the above means that the “volume”
|S| of a subset of vertices is bounded by a linear function
v w ) i i of the “area”|dS] of its boundary.

oo (756, 756) = —a0 inf Z poc(a’,a’™) The exponential growth of balls is clearly related to the
o ‘ condition h(G) > 0. Indeed, if a subsef of vertices is
Fore <log2/dc, ds is avisual metricin the sense that  “infected” at timet = 0, the number of vertices infected prior
1 v w v w v w to or at timet > 0 is bounded from below byS|(1+h(G))*.
Zp‘”(r‘”’ Too) < doo(730,T50) < Poo (e, 7o) It turns out that a Gromov hyperbolic grafrt(need( n)o)t have
(See [16, Sec. 2], [9, 1Il.LH.3.19].) This distance in turnh(G) > 0. For the latter to hold, an extra condition on the
defines a topology oh..G. boundary at infinity is needed:

The Gromov boundary might have varying cardinalities, Theorem 3:Let G be a infinite, bounded geometry, com-
and even Gromov boundaries with the same cardinalitglete, Gromov hyperbolic graph with a quasi-pole. If, in
might be quite different. An example of cdftl,G) = addition, the infimum of the diameters of the connected
N, is provided by Figure 1. It should also be obviouscomponents 0BG is > 0, thenh(G) > 0, which implies
that the cardinality of the Gromov boundary of a binanthat Awin(L(G)) > 0.
tree T, is 2%, which is the cardinality of the continuum There is a slight refinement of the preceding result:

c. Another example of cafd..G) = c is provided by Theorem 4: \,in(L(G)) > hngG)'

G = Cay(m(M™)), the Cayley graph of the fundamental
group of a compact Riemannian manifald™ of curvature
uniformly bounded from above by < 0 (see [11, V.58]). Here we make the preceding concepts a little more pallat-
The significant difference between the continda, 7> and able by linking them with known engineering concepts.

O0s0Cay (71 (M™)) is that the former is a Cantor set while the )
latter is S"L. A. Instances of hyperbolic graphs

n—1

IIl. INSTANCES OF COARSE GEOMETRY

Other examples of Gromov boundaries that are circles Gromov hyperbolic graphs are an idealization of situations
include the Poincé@r disk or any of its tessellation by the that readily occur in practice. Typically, we are given a
image of a fundamental domain [22, 4.10]. set of agents{v‘} =: V, which attempt to form an ad

Theorem 2:Under a quasi-isometry : G — H, G = hoc network, and which in doing so define a distance
(Va,Eg) is Gromov hyperbolic iff H = (Vy,Eg) is function d : V x V. — R*. Typically, the distance
Gromov hyperbolic; furthermorg, induces a (quasi-Bbius)  d(v*,v7) is the communication delay between and v7.
homeomorphisnys, : 050G — Ox H. As such, (V,d) becomes a metric space. The question is

It transpires form the above that, for a Gromov hyperbolito determine the manifold/™ and its Riemannian met-
graph to be quasi-isometric to a tree, it is necessary that i€ g such that the agents can be thought of as oper-
Gromov boundary be a Cantor set. ating on the manifold; precisely, the question is whether



there exists an isometric embeddify,d) — (M™,g). B. Instances of quasi-isometries

Specifically, there exists an isometric embeddi#gd) — The examples are plentiful, the most obvious being that a

(H”,g), where.H" denotes the stand.arddlmensmnal Rie- Euclidean lattice is guasi-isometric to the Euclidean spdice
mannian mamfo!d of constant sectional curvature<k+(1), the same dimensiofPrecisely, the natural embeddify —
iff_det{cosh (d(v', v!)v'=r)} 1, kpxir.hy = (SO paig a(\ = 1,e = 1)-quasi-isometry. More generally, we
(See [6], [7].) Practically speaking, we cite a few spemﬂth,jwe the following:

situations that naturally lead to negatively curved networks. Theorem 5:The drawing functionf : G — E" of a

b a) Growth/preferential attachment grap_h§?hey have graphG that is both sparse and dense in theimensional

een shown to be scaled Gromov hyperbolic [18], [19]. gy cjigean spacéE™ is a (A, e)-quasi-isometry for finite
b) High power transceivers in a wireless sensor Neteonstants\. e > 0. ’

work: They have a tendency to network in a negatively '

curved graph, while the low power transceivers rather Nnef\, ErrecTIVE RESISTANCE A GENERALIZED RAYLEIGH
work in a positively curved graph [2]. MONOTONICITY PRINCIPLE
c) Geometric optics propagation reflecting on convex
obstacles: Assume that in the two-dimensional Euclidean The graphG = (V, E) can be made into an electrical
spaceR?, we define a set of transceivefs'} along with network by replacing every edge by a resistor of resistance
convex obstacles. Assume that, at least for some pairs 8¢ = £(¢). If j(v*) denotes the current injected at node
agents, communication can only be established by radfd v(v') denotes the voltage at node relative to some
waves reflecting on convex obstacles. It can be shown th@found potential, thery = Lv, where L is the Laplacian
the embedding is in a negatively curved surface of a gen@perator defined as(Lv); = > ,jc () 15;”(7%7)) where
equal to the number of convex obstacles. N@) = {v € V : v € E} and Re(v{,v,-) is the
d) Delaunay triangulation of nonuniformly distributed resistance of the edge'v’. If ¢(e) = R. = 1, Ve € E,
vertices: Assume a set of agentsu’} are nonuniformly then L = diag(deg(v')) — A, where A is the adjacency
distributed inRR?. The Delaunay triangulatioiV, E) of a  matrix. It is easily verified that > 0. To define the effective
set of Gauss distributed agents is shown in Fig. 2 and iesistance at a driving point vertex, a subsel/, of short-
negatively curved in the following sense. Define the cluseircuited vertices, connected to the graph, is declared at
tering coefficient asluster(v) = #{(“1”]-':;::}2;”’”%’5} e ground potentialu(Vp) = 0. If V; is finite and at finite
distance from some driving point vertek ¢ V;, theeffective
resistancés defined as(v’, Vo) = (Ly ') ,., whereLy is the
operator obtained after removing the rows and columns of
corresponding td/, easily seen to be invertible. If the graph
is infinite, viewing L : £2(N) — ¢2(N) as a bounded Hilbert
5 space operator require$d..G) = 0, so that the) reference
potential is naturally set acrogs,.G. By the same token,
boundedness df requiresi(v') = 0, Vo' € 0,,G. Assuming
for a moment that\; (L) > 0, where\; (L) = inf spec(L),
then(L~'),, is theeffective resistanc&(v’, 9., G) between
v and d,.G. The latter consideration makes(L) > 0 a
crucial issue:
: : Theorem 6:R(v!,0,G) < R < oo, Yo! € Vg fiff
coror rore e mes M (L(G)) > 0.
One can also show that effective resistance satisfies the
following triangle inequality

) 2
[0,1]. WhenO0 < cluster(v’) < 1, the curvature is locally
negative [2], [13]. The distribution ofluster is shown in
Fig. 3, indicating negative curvature.

Fig. 2. Delaunay triangulation of nonuniformly distributed agents.

Re(u,w) < Rg(u,v) + Rg(v,w), Vu,v,w € V.

Hence effective resistance is a distance, which is different
from the length distance, unleggis a tree.

The following monotonicity result can be viewed as a gen-
eralization of Rayleigh’s Monotonicity Law [12] to “quasi-
embeddings”:

Theorem 7 (Rayleigh Monotonicity PrincipleConsider
two uniformly-bounded degree graptc = (Vg, Eg),
8oz us s os us G705 @8 H = (Vu,Ey) for which there exists a quasi-injective

function f : G — H and constants, ¢ < co such that

du(f(z), f(y)) < Mda(z,y) +6 Vo,yeG.  (4)

Number of Nodes
g

Fig. 3. Clustering coefficient distribution of Delaunay triangulation.



Then there exists a finite constamt> 0 such that boundary at infinity is proportional to the reciprocal of the
X effective resistance between and the Gromov boundary.
Ru(f(2), f(y)) < aBe(z,y), Vo.y€Va.  (5)  ag already said, the mere fact that the graph is Gromov
If, in addition, f is quasi-surjectivehen we also have that hyperbolic with a quasi-pole does not provide enough data
Y Y to determine an exact value fé¥(w, 0, G), but it is enough

Ru(z,w) < aRg(f71(2), f74(w)) + 8, Vz,w € Vi, (6) o determine whether or ndt(w, d-G) is finite.
where f~9(-) is a quasi-inverse of and g a finite constant. Remark 1. The difference between a randomly walking
When f is actually surjective, then (6) holds with = 0. WOrm escaping t(_) infinity and an exponentially growing
In the expressions aboveR; and Ry denote effective perCOQIatmg worm is a matter of the gap betweeriL(())
resistances in electrical networks constructed from the grapR8d2~(G)/4, as specified by Theorem 4.
G and H, respectively. R

B. Space localization

The following result can be obtained by applying Theo- P o ) )
rem 7 to a quasi-isometry and to its quasi-inversg—¢. Assume that autonomous agents distributed in the Euclid-

Corollary 1: Suppose thaf is a(\, €)-quasi-isometry be- €an spacé? or £* communicate via the grap@i. Assume
tween two uniformly-bounded degree graghis= (Ve, Ec), that a subset of verticdg has known geographical position
H = (Vi, Eg). Then there exist finite constants 3 > 0 and that the position of the other agents has to be computed
such that’ from noisy measurement of the distanekgv?, v7), viv? €

1 E, and azimuth data. The following is proved in [4]:

aRg(x,y) — 68 < Ru(f(z), f(y) < aRg(z,y), (7) Theorem 8:1f V, = {v°}, then the unbiased least square

. ) estimation error of the geographical positiotw?) of v¢ is
Vx,y € Vo, where Rg and Ry denote effective resistances

, , given by
in electrical networks constructed from the graghand I, 4 4 ,
respectively. Wherf is actually injective, then (7) holds with E(||lz(v*) — 2(v)|]*) = Rg(v',2°).
p=0. If G is Gromov hyperbolic, and under the idealized situation
V. TWO ASYMPTOTIC PROBLEMS whereV, = d,,G, we have
Here we formulate two asymptotic problems amenable to E(Jz(v') — #(1)]|?) = R(v', 80 G).
effective resistance methods: T
1) The escape probability of a random walk on a Gromov- VI. RESULTS

hyperbolic graph, closely related to the effective resis- The solution to the two problems defined in the previous
tance between the root and the Gromov boundary @fection relies on a generic theorem, stating that a Gromov
the graph. hyperbolic graph is quasi-isometric to a tree. Several such

2) The asymptotically space localization error at larggesults are already known (see, e.g., [8]), but here we need
distance from the reference sensor, closely related tg set-up the quasi-isometry in a specific way that easily
the asymptotic effective resistance between two pointganslates to effective resistance and geographic estimation
in the limit of large distance. errors.

Theorem 9:A planar Gromov hyperbolic grapty with

a quasi-pole2 and a Cantor Gromov boundary is (quasi-

_ The exponential growth of balls is relevant to a propagagrjectively) quasi-isometric to a tre€. Furthermore, if
tion scheme in which every node infeaseryneighboring {e) = 1, Ve € E, the quasi-isometry can be taken such
node. Other processes include random walks on a graphgz:

that is, processes through which an infected node infadis
oneof its neighbors chosen at random. More specifically, if dg(u,v) — 6; < dr(u,v) < Mdg(u,v), Yu,v eV
the walker is at?, the probability of jumping ta’ € N(v?)

A. Escape probability of random walks

is . . . :
% We note that, in [8], it is shown that there exists a quasi-
vil) = e(vwd) isometric embedding from a binary tree to a Gromov hy-
p ) 1 . .
D veN (o) Reoi) perbolic graph with Cantor Gromov boundary. The problem

that this embedding is not in general quasi-surjective and
|Pence cannot be used to construct a quasi-isometry between
the graph and the binary tree.

The problem is to determine whether there is a nonvanishi
probability of the walk reaching the Gromov boundary a
infinity. The latter is calledescape probability A slight

generalization of [12, Sec. 1.3.4] yields A. Escape probability
o= Theorem 10:Let G' be a bounded geometry, Gromov hy-
pesdw, 0o () = S I perbolic graph with a quasi-poke and a Gromov boundary
VIEN(W) R (v that is a Cantor set. Theh < R(w, 0-G) < oo, i.e., there

where w is a vertex of a quasi-pole. In other words, thds a nonvanishing probability of escape from the quasi-pole
probability of escape from a vertex of a quasi-pole to thé the boundary at infinity)G.



We observe that in [8] a quasi-isometric embeddjhg
T — G is set up from a binary tred” to a Gromov
hyperbolic graph. This immediately leads t&q (u,v) <
Ry (u,v) and the upper boun®g(w, 0.G) < oo. As the

challenges, as some standard flocking algorithms [17], [1]
enforce a positively curved formation graph, rather than a
negatively curved graph such as a Gromov hyperbolic one.
This issues remains open for future research.

preceding shows, the difficulty is the lower bound.

As an illustration, consider a regular tree with node degree
3. In this case, the Gromov boundary is the collection of all[]
paths from the root to infinity. Since on the way from the
root to J,.G, each edge gives birth to two other edges, the2]
number of paths from the root t@,,, hence the cardinality
of 0,.G, is 2%, the cardinality of the continuum. It also 3]
follows that the paths can be binary encoded, the same way
as the Cantor set is.

To provide a counterexample thap, the cardinality of 4
N, is not enough to guarante®(w, 0-.G) < oo, consider
the following tree construction: Letl® = a8a1a2 be a [
semi-infinite string of vertices such tha(af,a9,,) = 1.
We attach ata) € A° a replicaA! of A°. Specmcally, 6]
ay = a}. Then we attach at} € A! another replica
AZ%. Specifically, al = a3. From here on, we iterate by [7]
attaching further replicad®, k > 3, such thata} = af™'.  [g]
Clearly, the cardinality 00, G is ¥y. As far as the resistance
is concerned,R(a),0G) = 1 + R(a},0G). But by [
symmetry,R(al, 0.G) = R(a},0G). And the second to
last inequality impliesR(al, 0,,G) = oo (10]
Corollary 2: In a Gromov hyperbolic graph with a quasi-
pole, the mutually exclusive properties [11]
R(w,0,G) =0 [12]
o 0< R(w,@ooG) < o0
e R(w,0,G) = [13]
are coarse geometry invariants. [14]
B. Space localization
[15]

Theorem 11:Given a Gromov hyperbolic grap with a
guasi-polev and a Cantor set Gromov boundary, the effective

resistanceRq (w, v*), for reference node¥, = {w} at the [16]
quasi-pole, grows linearly adg (w, v?),
i Ao i [17]
E(l[x(v") — 2(u")|*) = O(d(w,v")),
For reference nodek, = 0,,G at the Gromov boundary, [1g]
E(llz(v") = 2(0")|*) = O(1)

It may be said that the graghi in Theorem 11 has dimen- [19]
sion2, because the integer dimension of its Cantor boundary
is 1. For a 2-dimensional Euclidean lattice, it was shown
in [4] that the variance of the error ©(log d(w,v’)). The [20]
latter and our major result are consistent, as the Euclidean
lattice is more wired up than a tree-like graph, so that it is
not surprising that the error is smaller in the former. (21]

VII. CONCLUSION [22]

We have shown that a Gromov hyperbolic graphs with &3l
quasi-pole and a Cantor Gromov boundary is quasi-isometric
to a tree and therefore exhibits finite effective resistance to
infinity. We have shown that this property has important im-
plications to problems related to propagation and localization
problems. However, some coordination problem calls for new
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