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Abstract— We introduce an output-feedback approach to
model predictive control that combines state estimation and
control into a single min-max optimization. Under appropriate
assumptions that ensure controllability and observability of the
nonlinear process to be controlled, we prove that the state of the
system remains bounded and establish bounds on the tracking
error for trajectory tracking problems. The results apply both
to infinite and finite-horizon optimizations, the latter requiring
reversible dynamics and the use of a terminal cost that is an
ISS-control Lyapunov function with respect to a disturbance
input. A numerical example is presented that illustrates these
results.

I. INTRODUCTION

Advances in computer technology have made online op-
timization a viable and powerful tool for solving control
problems in practical applications. Model predictive control
(MPC) is an approach that uses online optimization to solve
an open-loop optimal control problem at each sampling
time and is now quite mature, as evidenced by [1–3].
Several papers in this area are focused on the robustness
to model uncertainty, input disturbances, and measurement
noise. These studies include robust, worst-case, and min-max
MPC. Robust and worst-case MPC are discussed in works
such as [4–7]. Min-max MPC for constrained linear systems
is considered in [8, 9], and a game theoretic approach
for robust constrained nonlinear MPC is proposed in [10].
Nominal or inherent robustness of MPC has also been studied
in [3, 11].

MPC is often formulated assuming full-state feedback. In
practical cases, however, the full state often cannot be mea-
sured and is not available for feedback. This motivates the
investigation of output-feedback MPC in which an indepen-
dent algorithm for state estimation is often used. Examples of
algorithms for state estimation include observers, filters, and
moving horizon estimation, some of which are discussed in
[12]. Of these methods, moving horizon estimation (MHE)
is attractive for use with MPC because it explicitly handles
constraints and computes the optimal current estimate of the
state by solving an online optimization problem over a fixed
number of past measurements. Therefore, the computational
cost does not grow as more measurements become available.
Nonlinear MPC and MHE are both discussed in [13]. A
useful overview of constrained nonlinear moving horizon
state estimation is given in [14], and more recent results
regarding stability of MHE can be found in [15].
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Thus far, results on the stability of output-feedback control
schemes based on MPC and MHE (especially for nonlinear
systems) are limited. Some joint stability results for state
estimation and control of linear systems are given in [16], but
output-feedback is not considered. Results on robust output-
feedback MPC for constrained linear systems can be found in
[17] using a state observer for estimation, and in [18] using
MHE for estimation. Fewer results are available for nonlinear
output-feedback MPC, although notable exceptions are [3,
19, 20]. Recent studies of input-to-state stability of min-max
MPC can be found in [21–23]; however, these references
also do not investigate the use of output-feedback.

In this paper, we consider the output-feedback of non-
linear systems with uncertainty and disturbances and for-
mulate the MPC problem as a min-max optimization. In
this formulation, a desired cost function is maximized over
disturbance and noise variables and minimized over control
input variables. In this way, we can solve both the MPC
and MHE problems using a single min-max optimization,
which gives us an optimal control input sequence at each
sampling time for a worst-case estimate of the current state.
For both infinite-horizon and finite-horizon optimizations,
we show that the state remains bounded under the proposed
feedback control law. We also show that the tracking error
in trajectory tracking problems is bounded in the presence
of measurement noise and input disturbances.

The main assumption for these results is that a saddle-
point solution exists for the min-max optimization that is
solved at each sampling time. This assumption is a com-
mon requirement in game theoretical approaches to control
design [24] and presumes observability and controllability
of the closed-loop system. For the finite-horizon case, we
additionally require that the dynamics are reversible and that
there exists a terminal cost that is an ISS-control Lyapunov
function with respect to a disturbance input.

The paper is organized as follows. In Section II, we
formulate the control problem we would like to solve and
discuss its relationship to MPC and MHE. In Section III, we
state the main closed-loop stability results. Simulation results
showing robust trajectory tracking in the presence of additive
disturbances and measurement noise are presented in Section
IV. Finally, we provide some conclusions and directions for
future research in Section V.

II. PROBLEM FORMULATION

We consider the control of a time-varying nonlinear
discrete-time process of the form

xt`1 “ ftpxt, ut, dtq, yt “ gtpxtq ` nt, @t P Zě0 (1)



with state xt taking values in a set X Ă Rnx . The inputs to
this system are the control input ut that must be restricted
to the set U Ă Rnu , the unmeasured disturbance dt that is
known to belong to the set D Ă Rnd , and the measurement
noise nt belonging to the set N Ă Rnn . The signal yt,
belonging to the set Y Ă Rny , denotes the measured output
that is available for feedback. The control objective is to
select the control signal ut P U , @t P Zě0 so as to minimize
a criterion of the form

8
ÿ

t“0

ctpxt, ut, dtq ´
8
ÿ

t“0

ηtpntq ´
8
ÿ

t“0

ρtpdtq, (2)

for worst-case values of the unmeasured disturbance dt P D,
@t P Zě0 and the measurement noise nt P N , @t P Zě0.
The functions ctp¨q, ηtp¨q, and ρtp¨q in (2) are all assumed
to take non-negative values. The negative sign in front of
ρtp¨q penalizes the maximizer for using large values of
dt. Boundedness of (2) by a constant γ guarantees that
ř8

t“0 ctpxt, ut, dtq ď γ `
ř8

t“0 ηtpntq `
ř8

t“0 ρtpdtq.
In what follows, we allow the functions ηtp¨q and ρtp¨q

in the criterion (2) to take the value `8. This provides a
convenient formalism to consider bounded disturbances and
noise while formally allowing nt and dt to take values in
the whole spaces Rnn and Rnd , respectively. Specifically,
considering extended-value extensions [25] of the form

ρtpdtq–

#

ρ̄tpdtq dt P D
8 dt R D,

ηtpntq–

#

η̄tpntq nt P N
8 nt R N ,

(3)

with ρ̄t and η̄t bounded in D and N , respectively, the
minimization of (2) with respect to the control signal ut
need not consider cases where dt and nt take values outside
D and N , respectively, as this would directly lead to the cost
´8 for any control signal ut that keeps the positive term
bounded.

Remark 1: While the results presented here are general,
the reader is encouraged to consider the quadratic case
ctpxt, ut, dtq – }xt}

2 ` }ut}
2, ηtpntq – }nt}

2, ρtpdtq –
}dt}

2 to gain intuition on the results. In this case, bounded-
ness of (2) would guarantee that the state xt and input ut
are `2 provided that the disturbance dt and noise nt are also
`2. l

A. Infinite-Horizon Online Optimization

To overcome the conservativeness of an open-loop control,
we use online optimization to generate the control signals.
Specifically, at each time t P Zě0, we compute the control
ut so as to minimize

8
ÿ

s“t

cspxs, us, dsq ´
t
ÿ

s“0

ηspnsq ´
8
ÿ

s“0

ρspdsq (4)

under worst-case assumptions on the unknown system’s
initial condition x0, unmeasured disturbances dt, and mea-
surement noise nt, subject to the constraints imposed by the
system dynamics and the measurements yt collected up to the
current time t. Since the goal is to optimize this cost at the
current time t to compute the control inputs at times s ě t,

there is no point in penalizing the running cost cspxs, us, dsq
for past time instants s ă t, which explains the fact that the
first summation in (4) starts at time t. There is also no point
in considering the values of future measurement noise at
times s ą t, as they will not affect choices made at time
t, which explains the fact that the second summation in (4)
stops at time t. However, we do need to consider all values
for the unmeasured disturbance ds because past values affect
the (unknown) current state xt, and future values affect the
future values of the running cost.

The following notation facilitates formalizing the control
law proposed: Given a discrete-time signal z : Zě0 Ñ Rn

and two times t0, t P Zě0 with t0 ď t, we denote by zt0:t the
sequence tzt0 , zt0`1, ..., ztu. Given a control input sequence
ut0:t´1 and a disturbance input sequence dt0:t´1, we denote
by1 ϕpt; t0, x0, ut0:t´1, dt0:t´1q the state xt of the system (1)
at time t for the given inputs and initial condition xt0 “ x0.
In addition, to facilitate expressing the corresponding output
and running cost, we define

gϕpt; t0, x0, ut0:t´1, dt0:t´1q

– gt
`

ϕpt; t0, x0, ut0:t´1, dt0:t´1q
˘

,

cϕpt; t0, x0, ut0:t, dt0:tq

– ct
`

ϕpt; t0, x0, ut0:t´1, dt0:t´1q, ut, dt
˘

.

This notation allows us to re-write (4) as

J8t px0, u0:8, d0:8, y0:tq–

8
ÿ

s“t

cϕps; 0, x0, u0:s, d0:sq

´

t
ÿ

s“0

ηs
`

ys ´ gϕps; 0, x0, u0:s´1, d0:s´1q
˘

´

8
ÿ

s“0

ρspdsq,

(5)

which emphasizes the dependence of (4) on the unknown ini-
tial state x0, the unknown disturbance input sequence d0:8,
the measured output sequence y0:t, and the control input
sequence u0:8. Regarding the latter, one should recognize
that u0:8 is composed of two distinct sequences: the (known)
past inputs u0:t´1 that have already been applied, and the
future inputs ut:8 that still need to be selected.

At a given time t P Zě0, we do not know the value of
the variables x0 and d0:8 on which the value of criterion
(5) depends, so we optimize this criterion under worst-case
assumptions on these variables, leading to the following min-
max optimization

min
ût:8|tPU

max
x̂0|tPX ,d̂0:8|tPD

J8t px̂0|t, u0:t´1, ût:8|t, d̂0:8|t, y0:tq,

(6)

where the arguments u0:t´1, ût:8|t to the function J8t p¨q
in (6) correspond to the argument u0:8 in the definition
of J8t p¨q in the left-hand side of (5). The subscript ¨|t in
the (dummy) optimization variables in (6) emphasizes that
this optimization is repeated at each time step t P Zě0.
At different time steps, these optimizations typically lead

1When t “ t0, it is understood that we drop all terms that depend on
previous values of t, i.e., we write ϕpt0; t0, x0q.



to different solutions, which generally do not coincide with
the real control input, disturbances, and noise. We can view
the optimization variables x̂0|t and d̂0:8|t as (worst-case)
estimates of the initial state and disturbances, respectively,
based on the past inputs u0:t´1 and outputs y0:t available at
time t.

Inspired by model predictive control, at each time t, we
use as the control input the first element of the sequence

û˚t:8|t “ tû
˚
t|t, û

˚
t`1|t, û

˚
t`2|t, . . . u P U

that minimizes (6), leading to the following control law:

ut “ û˚t|t, @t ě 0. (7)

B. Finite-Horizon Online Optimization

To avoid solving the infinite-dimensional optimization in
(6) that resulted from the infinite-horizon criterion (4), we
also consider a finite-horizon version of the criterion (4) of
the form

t`T´1
ÿ

s“t

cspxs, us, dsq ` qt`T pxt`T q

´

t
ÿ

s“t´L

ηspnsq ´
t`T´1
ÿ

s“t´L

ρspdsq, (8)

where now the optimization criterion only contains T P Zě1

terms of the running cost cspxs, us, dsq, which recede as the
current time t advances. The optimization criterion also only
contains L`1 P Zě1 terms of the measurement cost ηspnsq.
Specifically, the summations in the criterion evaluated at time
t, which in (5) started at time 0 and went up to time `8,
now start at time t ´ L and only go up to time t ` T ´ 1.
We also added a terminal cost qt`T pxt`T q to penalize the
“final” state at time t` T . Defining

qϕpt; t´ L, xt´L, ut´L:t´1, dt´L:t´1q

– qt
`

ϕpt; t´ L, xt´L, ut´L:t´1, dt´L:t´1q
˘

,

the cost (8) leads to the following finite-dimensional opti-
mization

min
ût:t`T´1|tPU

max
x̂t´L|tPX ,d̂t´L:t`T´1|tPD

Jtpx̂t´L|t, ut´L:t´1, ût:t`T´1|t, d̂t´L:t`T´1|t, yt´L:tq, (9)

where

Jtpxt´L, ut´L:t`T´1, dt´L:t`T´1, yt´L:tq

–

t`T´1
ÿ

s“t

cϕps; t´ L, xt´L, ut´L:s, dt´L:sq

` qϕpt` T ; t´ L, xt´L, ut´L:t`T´1, dt´L:t`T´1q

´

t
ÿ

s“t´L

ηs
`

ys ´ gϕps; t´ L, xt´L, ut´L:s´1, dt´L:s´1q
˘

´

t`T´1
ÿ

s“t´L

ρspdsq. (10)

In this formulation, we still use a control law of the form
(7), but now û˚t|t denotes the first element of the sequence
û˚t:t`T´1|t that minimizes (9).

C. Relationship with Model Predictive Control

When the state of (1) can be measured exactly and the
maps dt ÞÑ ftpxt, ut, dtq are injective (for each fixed xt and
ut), the initial state xt´L and past values for the disturbance
dt´L:t´1 are uniquely defined by the “measurements” xt´L:t.
In this case, the control law (7) that minimizes (9) can also
be determined by the optimization

min
ût:t`T´1|tPU

max
d̂t:t`T´1|tPD

Jtpxt´L, ut´L:t´1, ût:t`T´1|t, dt´L:t´1, d̂t:t`T´1|tq,

with

Jtpxt, ut:t`T´1, dt:t`T´1q–

t`T´1
ÿ

s“t

cϕps; t, xt, ut:s, dt:sq

` qϕpt` T ; t, xt, ut:t`T´1, dt:t`T´1q ´

t`T´1
ÿ

s“t

ρspdsq,

which is essentially the robust model predictive control
problem with terminal cost considered in [10, 26].

Remark 2 (Economic MPC): It is worth noting that our
framework is more general than standard forms of MPC
where the minimal cost is achieved at the optimal feasible
state and input in order to ensure stability of the desired state.
It can also apply to economic MPC where the operating cost
of the plant is used directly in the objective function, and
therefore the cost need not be zero or minimal at the optimal
state and input [27]. l

D. Relationship with Moving-Horizon Estimation

When setting both csp¨q and qt`T p¨q equal to zero in
the criterion (10), this optimization no longer depends on
ut:t`T´1 and dt:t`T´1, so the optimization in (9) simply
becomes

max
x̂t´L|tPX ,d̂t´L:t´1|tPD

Jtpx̂t´L|t, ut´L:t´1, d̂t´L:t´1|t, yt´L:tq,

where now the optimization criterion only contains a finite
number of terms that recede as the current time t advances:

Jtpxt´L, ut´L:t´1, dt´L:t´1, yt´L:tq– ´

t´1
ÿ

s“t´L

ρspdsq

´

t
ÿ

s“t´L

ηs
`

ys´ gϕps; t´L, xt´L, ut´L:s´1, dt´L:s´1q
˘

,

which is essentially the moving horizon estimation problem
considered in [14, 15].



III. MAIN RESULTS

We now show that both for the infinite-horizon and finite-
horizon cases introduced in Sections II-A and II-B, respec-
tively, the control law (7) leads to boundedness of the state of
the closed-loop system under appropriate assumptions, which
we discuss next.

A necessary condition for the implementation of the con-
trol law (7) is that the outer minimizations in (6) or (9) lead
to finite values for the optima that are achieved at specific
sequences û˚t:8|t P U , t P Zě0. However, for the stability
results in this section we actually ask for the existence of
a saddle-point solution to the min-max optimizations in (6)
or (9), which is a common requirement in game theoretical
approaches to control design [24]:

Assumption 1 (Saddle-point): The min-max optimization
(9) always has a saddle-point solution for which the min
and max commute. Specifically, for every time t P Zě0, past
control input sequence ut´L:t´1 P U , and past measured
output sequence yt´L:t P Y , there exists a finite scalar
J˚t put´L:t´1, yt´L:tq P R, an initial condition x̂˚t´L|t P X ,
and sequences û˚t:t`T´1|t P U , d̂˚t´L:t`T´1|t P D such that

J˚t put´L:t´1, yt´L:tq

“ Jtpx̂
˚
t´L|t, ut´L:t´1, û

˚
t:t`T´1|t, d̂

˚
t´L:t`T´1|t, yt´L:tq

“ min
ût:t`T´1|tPU

max
x̂t´L|tPX ,d̂t´L:t`T´1|tPD

Jtpx̂t´L|t, ut´L:t´1, ût:t`T´1|t, d̂t´L:t`T´1|t, yt´L:tq

“ max
x̂t´L|tPX ,d̂t´L:t`T´1|tPD

Jtpx̂t´L|t, ut´L:t´1, û
˚
t:t`T´1|t, d̂t´L:t`T´1|t, yt´L:tq

(11a)
“ max

x̂t´L|tPX ,d̂t´L:t`T´1|tPD
min

ût:t`T´1|tPU

Jtpx̂t´L|t, ut´L:t´1, ût:t`T´1|t, d̂t´L:t`T´1|t, yt´L:tq

“ min
ût:t`T´1|tPU

Jtpx̂
˚
t´L|t, ut´L:t´1, ût:t`T´1|t, d̂

˚
t´L:t`T´1|t, yt´L:tq

(11b)
ă 8. (11c)

For the infinite-horizon case (6), the integer T in (11a)–(11b)
should be replaced by 8, and the integer t ´ L should be
replaced by 0. l

Assumption 1 presumes an appropriate form of
observability/detectability adapted to the criterion
řt`T´1

s“t cspxs, us, dsq because (11a) implies that, for
every initial condition x̂t´L|t P X and disturbance sequence
d̂t´L:t`T´1|t P D,

cϕpt; t´ L, x̂t´L|t, ut´L:t´1, û
˚
t|t, d̂t´L:t|tq

ď J˚t pu0:t´1, y0:tq `

t`T´1
ÿ

s“t´L

ρspd̂s|tq

`

t
ÿ

s“t´L

ηs
`

ys´gϕps; t´L, x̂t´L|t, ut´L:s´1, d̂t´L:s´1|tq
˘

.

(12)

This means that we can bound the size of the current state
using past outputs and past/future input disturbances. For
the infinite-horizon case, Assumption 1 also presumes an
appropriate form of controllability/stabilizability adapted to
the criterion

ř8

s“t cspxs, us, dsq because (11a) implies that
the future control sequence û˚t:8|t P U is able to keep “small”
the size of future states as long as the noise and disturbance
remain “small”. For the finite-horizon case, a subsequent
assumption is needed to ensure controllability.

A. Infinite-Horizon Online Optimization

The following theorem is the main result of this section
and provides a bound that can be used to prove boundedness
of the state when the control signal is constructed using the
infinite-horizon criterion (5).

Theorem 1 (Infinite-horizon cost-to-go bound): Suppose
that Assumption 1 holds. Then, for every t P Zě0, the
trajectories of the process (1) with control (7) defined by
the infinite-horizon optimization (6) satisfy

cϕpt; 0, x0, u0:t, d0:tq ď J8˚0 py0q `

t
ÿ

s“0

ηspnsq `
t
ÿ

s“0

ρspdsq.

(13)

l

Next we discuss the implications of Theorem 1 in terms of
establishing bounds on the state of the closed-loop system,
asymptotic stability, and the ability of the closed-loop to
asymptotically track desired trajectories.

1) State boundedness and asymptotic stability: When we
select criterion (5), for which there exists a class K8 function
αp¨q and class K functions2 βp¨q, δp¨q such that

ctpx, u, dq ě αp}x}q, ηtpnq ď βp}n}q, ρtpdq ď δp}d}q,

@x P Rnx , u P Rnu , d P Rnd , n P Rnn ,

we conclude from (13) that, along trajectories of the closed-
loop system, the following inequality holds for all t P Zě0:

αp}xt}q ď J8˚0 py0q `

t
ÿ

s“0

βp}ns}q `
t
ÿ

s“0

δp}ds}q. (14)

This provides a bound on the state provided that the noise
and disturbances are “vanishing,” in the sense that

8
ÿ

s“0

βp}ns}q ă 8,
8
ÿ

s“0

δp}ds}q ă 8.

Theorem 1 also provides bounds on the state for non-
vanishing noise and disturbances when we use exponentially
time-weighted functions ctp¨q, ηtp¨q, and ρtp¨q that satisfy

ctpx, u, dq ě λ´tαp}x}q,

2A function α : Rě0 Ñ Rě0 is said to belong to class K if it is
continuous, zero at zero, and strictly increasing and is said to belong to
class K8 if it belongs to class K and is unbounded.



ηtpnq ď λ´tβp}n}q,

ρtpdq ď λ´tδp}d}q, (15)

for all x P Rnx , u P Rnu , d P Rnd , n P Rnn and some
λ P p0, 1q. In this case we conclude from (13) that for all
t P Zě0,

αp}xt}q ď λtJ8˚0 py0q `

t
ÿ

s“0

λt´sβp}ns}q `
t
ÿ

s“0

λt´sδp}ds}q.

Therefore, xt remains bounded provided that the measure-
ment noise nt and the unmeasured disturbance dt are both
uniformly bounded. Moreover, }xt} converges to zero as tÑ
8, when the noise and disturbances vanish asymptotically.
We have proved the following:

Corollary 1: Suppose that Assumption 1 holds and also
that (15) holds for a class K8 function αp¨q, class K
functions βp¨q, δp¨q, and λ P p0, 1q. Then, for every ini-
tial condition x0, uniformly bounded measurement noise
sequence n0:8, and uniformly bounded disturbance sequence
d0:8, the state xt remains uniformly bounded along the
trajectories of the process (1) with control (7) defined by
the infinite-horizon optimization (6). Moreover, when dt and
nt converge to zero as t Ñ 8, the state xt also converges
to zero. l

Remark 3 (Time-weighted criteria): The exponentially
time-weighted functions (15) typically arise from a criterion
of the form

8
ÿ

s“t

λ´scpxs, us, dsq ´
t
ÿ

s“0

λ´sηpnsq ´
8
ÿ

s“0

λ´sρpdsq

that weight the future more than the past. In this case, (15)
holds for functions αp¨q, βp¨q, and δp¨q such that cpx, u, dq ě
αp}x}q, ηpnq ď βp}n}q, and ρpdq ď δp}d}q, @x, u, d, n.

l

2) Reference tracking: When the control objective is for
the state xt to follow a given trajectory zt, the optimization
criterion can be selected of the form
8
ÿ

s“t

λ´scpxs ´ zs, us, dsq ´
t
ÿ

s“0

λ´sηpnsq ´
8
ÿ

s“0

λ´sρpdsq,

with cpx, u, dq ě αp}x}q, @x, u, d for some class K8
function α and λ P p0, 1q. In this case, we conclude from
(13) that, for all t P Zě0,

αp}xt´zt}q ď λtJ8˚0 py0q`

t
ÿ

s“0

λt´sηpnsq`
t
ÿ

s“0

λt´sρpdsq,

which allows us to conclude that xt converges to zt as tÑ8

when both nt and dt are vanishing sequences, and also that,
when these sequences are “ultimately small”, the tracking
error xt ´ zt will converge to a small value.

B. Finite-Horizon Online Optimization

To establish state boundedness under the control (7) de-
fined by the finite-horizon optimization criterion (10), one
needs additional assumptions regarding the dynamics and the
terminal cost qtp¨q.

Assumption 2 (Reversible Dynamics): For every t P Zě0,
xt`1 P X , and ut P U , there exists a state x̃t P X and a
disturbance d̃t P D such that

xt`1 “ ftpx̃t, ut, d̃tq. (16)

l

Assumption 3 (ISS-control Lyapunov function): The ter-
minal cost qtp¨q is an ISS-control Lyapunov function, in the
sense that, for every t P Zě0, x P X , there exists a control
u P U such that for all d P D,

qt`1

`

ftpx, u, dq
˘

´ qtpxq ď ´ctpx, u, dq ` ρtpdq. (17)

l

Assumption 2 is very mild and essentially means that the
sets of disturbances D and past states X are sufficiently rich
to allow for a jump to any future state in X .

Assumption 3 plays the role of a common assumption
in model predictive control, namely that the terminal cost
must be a control Lyapunov function for the closed-loop
[2]. In the absence of the disturbance dt, (17) would mean
that qtp¨q could be viewed as a control Lyapunov function
that decreases along system trajectories for an appropriate
control input ut [28]. With disturbances, qtp¨q needs to be
viewed as an ISS-control Lyapunov function that satisfies an
ISS stability condition for the disturbance input dt and an
appropriate control input ut [29].

Remark 4: When the dynamics are linear, for instance,
Assumption 2 is satisfied if the state-space A matrix has
no eigenvalues at the origin (e.g., if it results from the
time-discretization of a continous-time system). When, the
dynamics are linear and the cost function is quadratic, a
terminal cost qtp¨q satisfying Assumption 3 is typically found
by solving a system of linear matrix inequalities. l

We are now ready to state the finite-horizon counter-part
to Theorem 1.

Theorem 2 (Finite-horizon cost-to-go bound): Suppose
that Assumptions 1, 2, and 3 hold. Then, for every t P Zě0,
there exist vectors d̃s P Rnd , ñs P Rnn , for which

ηspñsq ă 8, ρspd̃sq ă 8, @s P t0, 1, ..., t´ L´ 1u,

and the trajectories of the process (1) with control (7) defined
by the finite-horizon optimization (9) satisfy

cϕpt; t´L, xt´L, ut´L:t, dt´L:tq ď J˚0 py0q`

t´L´1
ÿ

s“0

ηspñsq

`

t´L´1
ÿ

s“0

ρspd̃sq `
t
ÿ

s“t´L

ηspnsq `
t
ÿ

s“t´L

ρspdsq. (18)

l

The terms
řt´L´1

s“0 ηspñsq `
řt´L´1

s“0 ρspd̃sq in the right-
hand side of (18) can be thought of as the arrival cost that
appears in the MHE literature to capture the quality of the
estimate at the beginning of the current estimation window
[14]. For the extended-value extensions in (3), these terms
can be bounded by

t´L´1
ÿ

s“0

sup
nsPN

η̄spnsq `
t´L´1
ÿ

s“0

sup
dsPD

ρ̄spdsq.



Since (13) and (18) provide nearly identical bounds,
the discussion presented after Theorem 1 regarding state
boundedness and reference tracking applies also to the finite-
horizon case, so we do not repeat it here. Proofs of these
results can be found in the technical report [30].

IV. VALIDATION THROUGH SIMULATION

To implement the control law (7) we need to find the
control sequence û˚t:t`T´1|t P U that achieves the outer mini-
mizations in (9). In view of Assumption 1, the desired control
sequence must be part of the saddle-point defined by (11a)–
(11b). It turns out that, from the perspective of numerically
computing this saddle-point, it is more convenient to use the
following equivalent characterization of the saddle-point:

´ J˚t put´L:t´1, yt´L:tq “ min
x̂t´L|tPX ,d̂t´L:t`T´1|tPD

´ Jtpx̂t´L|t, ut´L:t´1, û
˚
t:t`T´1|t, d̂t´L:t`T´1|t, yt´L:tq,

(19a)
J˚t put´L:t´1, yt´L:tq “ min

ût:t`T´1|tPU

Jtpx̂
˚
t´L|t, ut´L:t´1, ût:t`T´1|t, d̂

˚
t´L:t`T´1|t, yt´L:tq (19b)

(see, e.g., [24]). We introduce the “´” sign in (19a) simply to
obtain two minimizations, instead of a maximization and one
minimization, which somewhat simplifies the presentation.

Since the process dynamics (1) has a unique solution for
any given initial condition, control input, and unmeasured
disturbance, the coupled optimizations in (19) can be re-
written as

´J˚t put´L:t´1, yt´L:tq “

min
pd̂t´L:t`T´1|t,x̄t´L:t`T |tqPD̄rut´L:t´1,û

˚
t:t`T´1s

´

t`T´1
ÿ

s“t

cspx̄s, û
˚
s , d̂sq ´ qt`T px̄t`T q

`

t
ÿ

s“t´L

ηs
`

ys ´ gspx̄sq
˘

`

t`T´1
ÿ

s“t´L

ρspd̂sq, (20a)

J˚t put´L:t´1, yt´L:tq “

min
pût:t`T´1|t,x̃t´L`1:t`T |tqPŪrx̄˚t´L,d̂˚t´L:t`T´1s

t`T´1
ÿ

s“t

cspx̃s, ûs, d̂
˚
s q ` qt`T px̃t`T q

´

t
ÿ

s“t´L

ηs
`

ys ´ gspx̃sq
˘

´

t`T´1
ÿ

s“t´L

ρspd̂
˚
s q, (20b)

where

D̄rut´L:t´1, û
˚
t:t`T´1s–

!

pd̂t´L:t`T´1|t, x̄t´L:t`T |tq :

d̂t´L:t`T´1|t P D, x̄t´L:t`T |t P X ,
x̄s`1 “ fspx̄s, us, d̂sq,@s P tt´ L, ..., t´ 1u,

x̄s`1 “ fspx̄s, û
˚
s , d̂sq,@s P tt, ..., t` T ´ 1u

)

, (21a)

Ūrx̄˚t´L, d̂
˚
t´L:t`T´1s–

!

pût:t`T´1|t, x̃t´L`1:t`T |tq :

ût:t`T´1|t P U , x̃t´L`1:t`T |t P X ,
x̃t´L`1 “ fspx̄

˚
t´L, ut´L, d̂

˚
t´Lq,

x̃s`1 “ fspx̃s, us, d̂
˚
s q,@s P tt´ L` 1, ..., t´ 1u,

x̃s`1 “ fspx̃s, ûs, d̂
˚
s q,@s P tt, ..., t` T ´ 1u

)

. (21b)

Essentially, in each of the optimizations in (19) we in-
troduced the values of the state as additional optimization
variables that are constrained by the system dynamics.
While this introduces additional optimization variables, it
avoids the need to explicitly evaluate the solution ϕpt; t ´
L, xt´L, ut´L:t´1, dt´L:t´1q that appears in the original op-
timizations (19) and that can be numerically poorly condi-
tioned, e.g., for systems with unstable dynamics.

While solving either (19) or (20) gives the same results, we
choose to solve the latter because it generally leads to simpler
optimization problems. An efficient primal-dual-like interior-
point method was developed in order to numerically compute
solutions to this min-max optimization. A description of this
algorithm is of interest on its own and can be found in [30].
The following example uses this approach.

Example 1 (Flexible beam): Consider a single-link flexi-
ble beam like the one described in [31], where the control
objective is to regulate the mass on the tip of the beam to a
desired reference trajectory. The control input is the applied
torque at the base, and the outputs are the tip’s position,
the angle at the base, the angular velocity of the base, and
a strain gauge measurement collected around the middle of
the beam, respectively.

An approximate linearized discrete-time state-space model
of the dynamics, with a sampling time Ts – 1 second, is
given by xt`1 “ Axt ` Bput ` dtq, yt “ Cxt ` nt, where
dt is a disturbance, nt is measurement noise, and the system
matrices are given by

A“

»

—

—

—

—

–

1.0 1.016 ´0.676 ´1.084 1.0 0.585 0.233 0.032
0 ´0.665 1.241 1.783 0 0.042 ´0.288 ´0.023
0 0.009 ´0.439 0.143 0 ´0.002 ´0.012 0.007
0 0.001 0.014 0.308 0 ´0.000 0.001 0.001
0 1.264 ´37.070 10.581 1.0 1.016 ´0.676 ´1.084
0 ´2.109 59.920 ´16.883 0 ´0.665 1.241 1.783
0 0.413 9.156 ´3.695 0 0.009 ´0.439 0.143
0 ´0.012 ´0.371 ´3.929 0 0.001 0.014 0.308

fi

ffi

ffi

ffi

ffi

fl

,

B “ r0.800 ´0.797 0.003 0.001 1.327 ´1.163 0.197 ´0.006s
1
,

C “

«

1.13 0.7225 ´0.2028 0.1220 0 0 0 0
1.0 0 0 0 0 0 0 0
0 0 0 0 1.0 0 0 0
0 0.9282 ´12.001 ´35.294 0 0 0 0

ff

. (22)

This matrix A has a double eigenvalue at 1 with a single in-
dependent eigenvector. Therefore this is an unstable system.

The optimal control input is found by solving the follow-
ing optimization problem

min
ut:t`T´1|tPU

max
xt´LPX ,dt´L:t`T´1|tPD

}xt:t`T ´ rt:t`T }
2

` λu}ut:t`T´1}
2 ´ λd}dt´L:t`T´1}

2 ´ λn}nt´L:t}
2,

where } ¨ } is the Euclidean norm, U – tut P R| ´ umax ď

ut ď umaxu, X – R8, and D – tdt P R| ´ dmax ď

dt ď dmaxu. The numerical computation of solutions to the
min-max optimization was performed using the algorithm
described in [30].
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Fig. 1. Simulation results of Flexible Beam example. The reference is in
red, the measured output in blue, the control sequence in green, and the
disturbance sequence in magenta.

The results depicted in Figure 1 show the response of the
closed loop system under the control law (7) when our goal
is to regulate the mass at the tip of the beam to a desired
reference rptq– α sgnpsinpωtqq with α “ 0.5 and ω “ 0.1.
The other parameters in the optimization have values λu “ 1,
λd “ 2, λn “ 100, L “ 5, T “ 5, umax “ 1, dmax “ 1. The
state of the system starts close to zero and evolves with zero
control input and small random disturbance input until time
t “ 6, at which time the optimal control input (7) started to
be applied along with the optimal worst-case disturbance d˚t|t
obtained from the min-max optimization. The noise process
nt was selected to be a zero-mean Gaussian independent
and identically distributed random process with standard
deviation of 0.01.

V. CONCLUSIONS

We presented an output-feedback approach to nonlinear
model predictive control using moving horizon state esti-
mation. Solutions to the combined control and state esti-
mation problems were found by solving a single min-max
optimization problem. Under the assumption that a saddle-
point solution exists (which presumes appropriate forms of
observability and controllability), Theorem 1 gives bounds on
the state of the system and the tracking error for reference
tracking problems. Similar results are given in Theorem 2
for the finite-horizon case under the additional assumptions
of reversible dynamics and a terminal cost that is an ISS-
control Lyapunov function with respect to the disturbance
input.

Directions for future work include investigating under
what conditions, such as controllability and observability,
a saddle-point solution exists. Results specific to certain
types of uncertainty, noise, and disturbances, such as model
uncertainty, may also be investigated.

REFERENCES
[1] M. Morari and J. H Lee, “Model predictive control: past, present and future,”

Computers & Chemical Engineering, vol. 23, no. 4, pp. 667–682, 1999.
[2] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. Scokaert, “Constrained model

predictive control: Stability and optimality,” Automatica, vol. 36, no. 6, pp. 789–
814, 2000.

[3] J. B. Rawlings and D. Q. Mayne, Model Predictive Control: Theory and Design.
Nob Hill Publishing, 2009.

[4] P. J. Campo and M. Morari, “Robust model predictive control,” in American
Control Conference, 1987, pp. 1021–1026, IEEE, 1987.

[5] J. a. Lee and Z. Yu, “Worst-case formulations of model predictive control for
systems with bounded parameters,” Automatica, vol. 33, no. 5, pp. 763–781,
1997.

[6] A. Bemporad and M. Morari, “Robust model predictive control: A survey,” in
Robustness in identification and control, pp. 207–226, Springer, 1999.

[7] L. Magni, G. De Nicolao, R. Scattolini, and F. Allgöwer, “Robust model
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