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Abstract

We consider the problem of computing the root-mean-square (RMS) gain of switched linear systems. We develop a new
approach which is based on an attempt to characterize the “worst-case” switching law (WCSL), that is, the switching law
that yields the maximal possible gain. Our main result provides a sufficient condition guaranteeing that the WCSL can be
characterized explicitly using the differential Riccati equations (DRESs) corresponding to the linear subsystems. This condition
automatically holds for first-order SISO systems, so we obtain a complete solution to the RMS gain problem in this case.
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1 Introduction

Consider the switched linear system

T = AT + Bypyu, y = Cyrpz, (1)
where & € R”, u € R™, y € R*, and the switching
signal o : Ry — {1,2,...,1} is a piecewise constant
function specifying, at each time instant ¢, the index
of the currently active system. Roughly speaking, (1)
models a system that can switch between the [ linear
sub-systems:

T = A;x + Biu, y =Cix, (2)
fori =1,...,l. Note that we consider subsystems with
no direct input-to-output term. To avoid some techni-
cal difficulties, we assume throughout that each linear
subsystem is a minimal realization.
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Let S denote the set of all piecewise constant switching
laws. Many important problems in the analysis and de-
sign of switched systems can be phrased as follows.

Problem 1 Given S’ C S and a property P of dynamic
systems, determine whether the switched system (1) sat-
isfies property P for every o € §'.

For example, when u = 0, P is the property of asymp-
totic stability of the origin, and &’ = S, Problem 1 spe-
cializes into the following problem.

Problem 2 [1,2] Is the switched system (1) asymptoti-
cally stable under arbitrary switching laws?

Solving Problem 1 is difficult for two reasons. First, the
set 8’ is usually huge, so exhaustively checking the sys-
tem’s behavior for each o € &’ is impossible. Second, it
is entirely possible that each of the subsystems satisfies
property P, yet the switched system admits a solution
that does not satisfy property P. Thus, merely checking
the behaviors of the subsystems is not enough.

A general approach for addressing Problem 1 is based
on studying the “worst-case” scenario. We say that ¢ €
S’ is the worst-case switching law (WCSL) in S’ with
respect to property P, if the following condition holds:
if the switched system satisfies property P for &, then it
satisfies property P for any o € 8’. Thus, the analysis of
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property P under arbitrary switching signals from S’ is
reduced to analyzing the behavior of the switched system
for the specific switching signal &.

The WCSL for Problem 2 (that is, the “most destabi-
lizing” switching law) can be characterized using vari-
ational principles (see the survey paper [3]). This idea
originated in the pioneering work of E. S. Pyatnitskii on
the celebrated absolute stability problem [4,5] (see also
[6-9]). The basic idea is to embed the switched system
in a more general bilinear control system.! Then, the
“most destabilizing” switching law can be characterized
as the solution to a suitable optimal control problem.
For second-order systems, this problem can be explicitly
solved using the generalized first integrals of the subsys-
tems [11,12].

In this paper, we use a similar approach for studying the
root-mean-square (RMS) gain problem. Our main result
shows that if a certain condition holds, then the WCSL
can be obtained by switching between the [ differential
Riccati equations (DREs) corresponding to the [ linear
subsystems. This condition automatically holds for first-
order SISO systems, so we obtain a complete solution to
the RMS gain problem for this case.

We use standard notation. Vectors are denoted by bold-
face letters, and the transpose of a vector v is denoted
by v’. Matrices are denoted by capital letters. If P, Q are
two symmetric matrices, then P > @ means that P — Q
is positive-definite.

2 Preliminaries

In this section, we describe some known results on the
RMS gain of (non-switched) linear systems and the as-
sociated Riccati equations.

Consider the linear system

& = Az + Bu, y =Cuz, (3)

with (A, B) controllable and (A, C') observable. For T' €
(0, 400], let Lo denote the set of functions f(-) such

that [|f]jar = (fOT f’(t)f(t)dt)l/2 < oo0. The RMS

gain over [0,7T] of (3) is defined by g(T) := inf{y > 0:
lyll2,r < Yl|lull2,r, Vu € Lo}, where y is the output
of (3) corresponding to uw with x(0) = 0.

It is well-known that g(co) = [||C(s] — A)7'B||w,
where [[Q(8)|[co := SUPpge(s)>0 [|@()]] is the Hoo norm
of the transfer matrix Q(s) [13].

! For a recent and comprehensive presentation of bilinear
systems, see [10].

The RMS gain can also be computed by solving a suit-
able Riccati equation [14]. This equation arises because
the Hamilton-Jacobi-Bellman equation, characterizing a
suitable dissipation function [15], admits a solution with
a quadratic form for linear systems. Fix T € (0,00), a
symmetric matrix Py € R™"*" and consider the DRE:

P(t) = —=5,(P(t)),  P(T)=Pr, (4)
where S,(P) := PA+ AP+ C'C + v ?PBB'P.
Let I(Pr) C [0,T] denote the maximal time interval for
which the solution P(t) exists.

Theorem 1 [16] g(T) = inf{y > 0:1(0) = [0,T]}.

The next result, which is a special case of [17,
Thm. 4.1.8], provides a sufficient condition for P(t) to
be monotonic.

Theorem 2 If P(T) < 0 then P(t) < 0, for all t €
I(Pr).

The algebraic Riccati equation (ARE) associated with
the DRE (4) is:
$,(P) = 0. (5)

Theorem 3 [16] Consider the linear system (3),
where A is Hurwitz. Fizy > 0 and denote R := v ?BB’.
If v > g(oc0) then the ARE (5) admits symmetric and
positive definite solutions P~, PT € R"™ ", referred to
as the stabilizing and antistabilizing solutions, respec-
tively, such that A+ RP~ and —(A+ RP™) are Hurwitz.
Moreover, PT > P~.

It is possible to express the solution to the DRE (4)
using P~ and PT.

Theorem 4 [16] Suppose that the conditions of The-
orem & hold, and that Pr — PT is nonsingular. De-
fine Q == A+ RP*, and

A(t) :=eQU=T) ((Pp — PT) 4 (PT —
— (Pt —P7) !, t<T.

p—)—l) Q' (t=T)

(1) The solution to (4) is P(t) = PT + (A(t))~!, for
all t € I, where I C (—o0,T] is an interval on
which A is nonsingular.

(2) If Pr — Pt <0, then P(t) exists for allt < T and
limy| oo P(t) = P~

(3) If Pr— Pt £ 0, the solution P(t) has a finite escape
time, ? that is, there exist T € (—o0,T) and z € R™
such that limy |, 2’ P(t)z = +o0.

Theorem 4 implies in particular that g(7") < g(co) for
all T'. Indeed, seeking a contradiction, suppose that there

2 See [17,18] for some related considerations.



exists a time T such that ¢g(T)) > g(co). Fix v such
that g(co) < v < ¢(T). Theorem 3 implies that for
this v the ARE admits solutions P, P* > 0. Part (2)
of Theorem 4 implies that the solution P(t) to the DRE,
with Pr = 0, exists for all ¢ < T. Theorem 1 now
yields g(T') < ~, which is a contradiction.

3 RMS gain of switched systems

The RMS gain of (1), over some set of switching sig-
nals &’ C 8, is defined by

9s5/(T) = m{[lyllor <Allull2r,Yu € Loy, Vo €S}

where y is the solution to (1) corresponding to u,o,
with (0) = 0. This can be interpreted as the “worst-
case” energy amplification gain for the switched system,
over all possible input and switching signals in §’. Com-
puting gs/(7") is an important open problem in the de-
sign and analysis of switched systems [19]. In particular,
calculating induced gains is the first step toward the ap-
plication of robust control techniques to switched sys-
tems [20-22].

By definition, gs(T') > maxi<;<;{g:(T)}, where ¢;(T")
is the RMS gain of the ith linear subsystem. Consider
the switched system (1) with w = 0. It is well-known
that global asymptotic stability of the individual lin-
ear subsystems is necessary, but not sufficient for global
asymptotic stability of the switched system for every o €
S [1]. We assume from here on that the switched sys-
tem with w = 0 is globally uniformly asymptotically
stable (GUAS), that is, there exist A1, A2 > 0 such
that ||z(t)|| < M|jz(0)]le=?2t, for all t > 0, 0 € S,
and x(0) € R™. In particular, this implies of course
that A;, ¢ = 1,...,1, are all Hurwitz. The next exam-
ple, adapted from [23], shows that even in this case, the
RMS gain of the switched system can be very different
from that of the subsystems.

Example 1 Consider the system (1) withl = 2, n =
k=m =1 and a1,a2 < 0. Each subsystem is asymp-

totically stable and since n = 1 the switched system is
GUAS.

Fix T > 0, z(0) = 0, the switching signal o(t) = 1
fort €10,7/2),0(t) =2 fort € [T/2,T), and the control
u(t) =1 fort € [0,7/2), u(t) =0 fort € [T/2,T]. A
calculation yields

_ [eibi(exp(ait) —1)/az, t€0,7/2),
y(t) = {02b1 exp(az(t —T/2))z/a1, te[T/2,T],

where z := exp(a1T/2) — 1. Note that y(t) does not de-
pend on by. Thus, for this particular switching signal and

control

2 T

2,T

=c2b3(3+ Tay + exp(Tay) — dexp(a1T/2))/(Ta})

+ 3B (exp(arT/2) — 1)*(explasT) — 1))/ (Taza?).

Now suppose that c1by = a1, c2 > 0, and by = as/ca. In
this case, g1(00) = ga(00) =1, s0 g1(T"), g2(T) < 1. Yet,
Hyllz.z
lull2,7
enough ca. Thus, gs(T') can be made arbitrarily large,
even though both subsystems have RMS gain < 1. O

we can make arbitrarily large by taking a large

Several authors considered the RMS gain of switched
systems over sets of switching signals with a sufficiently
large dwell time between consecutive discontinuities.
Upper bounds for the RMS gain were derived in [24—
26]. Hespanha [23] provided a complete solution to the
problem of computing gs, (00), where S; is the set of
switching signals with no more than a single switch.

Theorem 5 [25] Fiz v > maxi<;<i{gi(c0)}. If there
existi,j € {1,...,1} such that P;" } P then gs, (o) >
v. If Pt > P} foralli,j then gs,(c0) < 7.

Thus it is possible to determine whether gs, (c0) < 7«
or gs,(00) > v by analyzing the relationship between
the stabilizing and antistabilizing solutions to the AREs
associated with the subsystems.

In this paper, we use a variational approach to address
the problem of computing the RMS gain.

4 Variational approach

For z = (z1,...,21), let A(z) := Y\, 24y, B(z) =
22:1 z;B;, and C(z) := 22:1 2;C;. Our starting point
is to replace (1) with the more general control system:
i = AWe + By, y=Clo)z, veV, (6)
where V is the set of measurable functions of time tak-
ing values in the set W := {z eR : 2, >0, Zﬁc:l 2k =

1}. For v(t) = €', where e! € R! is the ith unit vec-

tor in R!, (6) becomes (2). Thus, every solution of the
switched system (1) is also a solution of (6).

The RMS gain of (6) over [0, 7] is defined by g,(T') :=
inf{y > 0 ¢ [lylloa < 2lfullar, Yu € Lag, Yo € V),
where y is the solution to (6) corresponding to u,wv,
with 2(0) = 0.

For z € W, let S,(P,z) := PA(z) + A'(2)P +



y2PB(z)B'(z)P + C'(2)C(2). We can now state our
main result.

Theorem 6 Fiz arbitrary T € [0,00) and v >
maxi<;<;{g:(T)}. Consider the problem of mazimizing
J(u,v) = fOT(y’(T)y(T) — 724/ (T)u(7))dr along the
trajectories of (6), with x(0) =0, u € Lo andv € V.
Let Py(+) denote the solution of the equation

P(t) = =S8,(P(t), v(t)),

and let Iy C [0, T denote the mazimal time interval for

which the solution Py(t) exists.® If there exists v* € V
such that

S, (Py- (), v*(t)) > Sy (Py-(t), 2), Vt € Iy, V2 € W,
(8)

then the following properties hold.

(1) If Iy- = [0,T], then the problem of mazimiz-
ing J(u,v) is well-defined; (u*(t) = 0, v*) is a
maximizing pair; and gs(T) < go(T) < 7.

(2) If the solution Py-(t) does not exist for allt € [0,T],
then J is unbounded, gy(T) € [y, +o0], and gs(T) €
[, +00].

Remark 1 A calculation yields 88—;257(131;*,2) = 2H,

where H = Y\_ CIC; + v 2Py-(X\_, BiB})Py-.
Since H > 0 this implies that

Py 2) = Py« €'
max S, (Py-, 2) ieg%}&( v, €'),

so if condition (8) holds then there exists a piecewise-
constant v*(t) taking values in {€',... €'} only. Specif-
ically, v*(t) = e' if

Sy (Py-(t), ') = S,(Po-(t), €7), (9)
forallje{1,...1}.

In order to prove Theorem 6, we require the following
result.

Proposition 1 If the conditions of Theorem 6 hold then
there exists av* satisfyingv*(t) € {el,... e} forallt €
Iy« . The corresponding solution Py.(t) is monotonically
non-increasing on Iy« .

Proof. The first statement follows from Remark 1. To
prove the second statement, let 7; € Iy~ denote the
switching times of v* with -+ < 73 < 7 <7 < T.
Since Py«(T) = 0, Pp«(T) = —-S5,(0,v*(T)) =

—C'(v*(T))C(v*(T)), and Theorem 2 implies that Py~ (t) <

3 By solution, we mean an absolutely continuous func-
tion P(t) that satisfies (7) for almost all ¢ € Iyp.

0, for t € (71,T). By (8), Py+(7) < Py-(ri") <0, and
we conclude tha.t Py <0, t € (12,71). Proceeding in
this way yields Py~ (t) <0, for almost all ¢t € Iy-. O

Let x* denote the solution of (6) corresponding to v =
v* and an arbitrary w € Ly 7. Proposition 1 implies
that «* is also a solution of the switched system (1), and
that Py~ (t) is obtained by switching appropriately be-
tween the DREs P = —S;(P), i = 1,...,l, correspond-
ing to the [ linear subsystems (see [27,28] for some re-
lated considerations).

We can now prove Theorem 6. Fix an arbitrary s € Iy~
(so Pp-(t) exists for all t € [s,T]). Fix also u € Lo,
v €V, xg € R”, and let = denote the corresponding
trajectory of (6), with x(s) = =zo. For ¢t € [s,T], de-
note V(x,t) := o' Py~ (t)x, and

m(t) =V (z(t),1) +/ (y'(1)y(r) — 7/ (r)u(r))dr.

(10)
Note that  and y are evaluated along the trajectory
corresponding to (u,v). However, Py~ (t) is the matrix
defined by (7) with v = v*. Then

m = a' Py-x + 22' Py- (A(v)x + B(v)u) + y'y — v*u'u
(w7 2B(0)Py-z) (4 — v 2B (v) Py-)
+ &' (Py- + S, (Py-,v))z
<z'(-S,(Py~,v*) + Sy (Py-,v))x. (11)

admissible pair (u,v), and m(T) = m(s) for v = v*

Using (8) yields mi(t) < 0, so m(T) < m(s) for any
a o
and u = u* 1= v 2B'(v*) Py-xz*.

Combining (10) with the fact that Py«(T) = 0 yields

T
V(Zat)Z/t (' (N)y(r)=7*u'(T)u(r))dr+m(t)—m(T),

(12)
where y : [t,T] — RF is the solution to (6) for the
initial condition x(t) = z. Since the linear subsystems
are controllable, there exists a control taking «(0) = 0
tox(t) = z, for any z € R™, so (12) holds for any z € R".

The analysis of m(t) above and (12) yield
V(z,t) =sup{u € Lo, vEV, x(t) =2

T
/t (' (Ny(r) ="/ (Nu(r))dr},  (13)

for all t € [s,T] and all z € R™. In other words, V is the
finite-horizon “cost-to-go” function [29].

If Iy- = [0,T], then taking s = 0 and ¢ = T in (10),
and using the fact that £(0) = 0 and Py~ (T') = 0 yields



J(u,v) < J(u*,v*) =0 for any u € Y and v € V. By
the definition of J, this implies that g,(T') < ~. Since
every trajectory of (1) is also a trajectory of (6), gs(T") <
96(T), s0 gs(T) <.

Consider now the case where Py~ (t) is not well-defined
for all ¢ € [0, 7). It follows from the absolute continuity
and monotonicity of Py-(t) that there exists s € [0,T]
and z € R™ such that lim; s 2’ Py (t)z = +00. Eq. (13)
implies that for x(s) = z there exist (u*,v*) defined
on [s, T that make fsT (' (7)y (1) —~2u'(7)u(7))dr arbi-
trarily large. Since each linear subsystem is controllable,
there exists a pair (u, v) that takes the state from x(0) =
0 to z(s) = z, with v(t) = e!, t € [0,s] . Summa-
rizing, we can find inputs (u,v) defined on [0,T] that
make J(u,v) arbitrarily large, so v < gp(7T'). It follows
from Proposition 1 that we can actually find such a pair
with v(t) € {e!,...,e!} for all t € [0,T], so v < gs(T).
This completes the proof of Theorem 6. O

Remark 2 [t is possible to give an intuitive explanation
of the WCSL v* as follows. Fix an arbitraryt € int(Iy+)
and € > 0 sufficiently small, and denote T :==t —¢. Then
Py« (7) = Py (t) —€P(t) = Py« (t) + €S (Po- (1), v*(1)).
Thus, when condition (8) holds, the choice v* mazi-
mizes Py«(7). O

The next example demonstrates a simple application of
Theorem 6.

Example 2 Consider the switched system (1) with | =
2, Ao =A1 —al,a >0, Bo =By, and Co = C;. Recall
that we assume that Ay is Hurwitz, so QA; + A1Q = —1
admits a solution Q@ > 0. It is straightforward to verify
that the switched system is GUAS using the common Lya-
punov function V(x) := x'Qx. In this case, Sy(Py, z) =
PpA; + Allpv + ’y_ZPvBlBin + C’{Cl — 2z0aPyp,
so (8) holds for v*(t) = (1,0)". Thus, Theorem 6 implies
that o(t) = 1 is a WCSL, and that g,(T) = g1(T'). This
is, of course, what we may expect for this particular
example. O

5 Thecasen=1

In this section, we show that Theorem 6 provides a com-
plete and computable solution to the RMS gain problem
for first-order SISO switched linear systems

For n = 1, the matrix sign condition (8) becomes an in-
equality between scalars, and it is immediate to deter-
mine v*(t) for which (8) holds. We can integrate py-(t)
backwards in time from ¢ = T to t = 0, and then g; <~
(gb > ) if pv«(¢) exists (does not exist) for all ¢ € [0, 7).
This yields a simple bisection algorithm for determining
the RMS gain of the switched system. It is also possi-
ble to derive a bound on the number of switches in the
WCSL.

Corollary 1 Consider the system (1) with n = 1.
For any T > 0 there exists a WCSL v*(-) : Iy~ —

{el,..., e} that contains no more than 2(5) switches.

Proof. The existence of a WCSL taking valuesin {e?, ..., e'}

follows from Remark 1. To prove the bound on the num-
ber of switches, consider first the case [ = 2. By (9),
every switching in v* corresponds to a zero of the func-
tion d(r) := s,(r,e!)—s,(r, €*), which is a second-order
polynomial in r. Since py-+(t) is monotonous, d(py+(t))
can change sign no more than twice, so the number of
switches is bounded by two. For [ > 2, any switching
point corresponds to a zero of one of (é) functions which
are all second-order polynomials. O

Example 3 Consider the switched system (1) withn =
1,1 =2, a1 = —0.8642, by = 40, ¢; = 1.4402, as =
—0.0622, by = /0.9, c2 = 0.6831, and final time T = 15.

Corollary 1 implies that there exists a WCSL with no
more than 2 switches. Using a bisection algorithm yields
10.7573 < gp < 10.7574. The corresponding WCSL can
be written as v*(t) = (1 — w*(t),w*(t))’. Fig. 1 de-
picts w*(t) for v = 10.7574. Note that w* is piecewise
constant with two switching points.

We now explain the dynamics of this example in de-
tail (see Fig. 2). We use the notation from Theorem 5
and the proof of Corollary 1. A calculation yields: p; =
2.0000, pi = 3.0003, p, = 6.0067, and p; = 9.9886,
and that the roots of the polynomial d(p) := s, (p,e') —
s+(p, €%) are q1 := 1.4375 and g2 := 3.3098. Since d(0) =
e} — & > 0, there exists a minimal time T > 0 such
that d(py~(t)) > 0 for t € (1,T], so v*(t) = (1,0)
fort € (r,T]. We know that py+(t) increases monoton-
ically ast | 7 and that py«(t) — p; > q1 ast | —co.
At time T, we have py-(T) = q1, so d(pv~(t)) changes
sign and the WCSL is v*(t) = (0,1)" for some inter-
val t € (¢, 7). Since py- (1) < p3, the solution tends to-
wardp, > qg ast | —oo. At time ¢, we have py~ () = qa,
and d(py~(t)) changes sign again. Finally, on the inter-
valt € (0,(), pv~(t) continues to increase, so there are
no more sign changes of d fort € (0,¢). O

6 Conclusions

We considered the problem of computing the RMS gain
of a switched linear system. Our main result shows that
if a certain condition holds, then the switching-law that
yields the maximal gain can be described explicitly in
terms of the DREs of the linear subsystems. This condi-
tion automatically holds when n = 1, so our main result
provides a complete solution to the problem in this case.

Topics for further research include the following. More
work is needed in order to characterize the conditions
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under which (8) holds. In this case, efficient numerical
schemes are needed in order to compute the RMS gain
according to the results in Theorem 6.

As noted above, a promising approach for addressing
Problem 2 is based on studying the “most unstable”
switching-law using variational principles. It is possible
to show that certain geometric properties imply that
there exists a WCSL with a bounded number of switches.
The bound on the number of switches is uniform over
any time interval [0, T [30][31]. An interesting problem
is to seek geometric conditions guaranteeing that there
exists a WCSL for the RMS gain problem with a uni-
form bound on the number of switchings. This would
imply that, under these conditions, computing the RMS
gain could be done efficiently using suitable numerical
algorithms (see, e.g., [32,33] for some related considera-
tions).
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