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Abstract

This paper addresses the problem of controlling a continuous-time linear system with large
modeling errors. We employ an adaptive control algorithm consisting of a family of linear can-
didate controllers supervised by a high-level switching logic. Methods for constructing such con-
troller families have been discussed in the recent paper by the authors. The present paper concen-
trates on the switching task in a multiple model context. We describe and compare two different
switching logics, and in each case study the behavior of the resulting closed-loop hybrid system.

Keywords: Linear system, modeling uncertainty, supervisory control, switching logic, hybrid sys-
tem.

1 Introduction

In this paper we study the problem of controlling a continuous-time SISO linear system in the
presence of large-scale modeling uncertainty, noise, and disturbances. The main idea behind the
supervisory control approach to this problem is to employ logic-based switching among a family of
candidate controllers. The need for switching stems from the fact that typically no single controller
can guarantee a desired behavior when connected with the poorly modeled process. Such switching
schemes provide an alternative to more traditional continuously tuned adaptive control algorithms.
The switching control methodology considered here is “estimator-based”, as it relies on an estimation
procedure in carrying out on-line controller selection. For background on this subject, see [15, 16].

In addition to the given process and a family of candidate controllers, the overall supervisory
control system contains three other subsystems: a multi-estimator, a monitoring signal generator, and
a switching logic. The task of the switching logic is to generate a switching signal which determines,
at each instant of time, the candidate controller that is to be placed in the feedback loop. Controller
selection is based on the values of monitoring signals, which are obtained by taking integral norms
of suitably defined estimation errors produced by the multi-estimator. The basic idea behind the
switching strategy is to determine which of the monitoring signals is the smallest, and then choose
the corresponding candidate controller. This amounts to applying a controller designed for the model
that best fits the available data (“certainty equivalence”).
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This is the second in the series of two papers examining the state-of-the-art of supervisory control
methods for uncertain linear systems. The previous paper [1] has addressed various aspects of the
problem of choosing the family of candidate controllers. The focus of this paper is on switching
between such controllers. The closed-loop systems arising in the supervisory control framework are
hybrid systems, as they combine discrete dynamics associated with the switching logic and continuous
dynamics associated with the rest of the system. In what follows, we describe two different switching
logics, and in each case analyze the behavior of the overall hybrid system. One of these switching
logics is new, and enables us to overcome technical difficulties in those situations where the parameter
space is a continuum.

The supervisory control design procedure outlined above is “modular”, in the sense that the
principles governing the design of the switching logic, of the multi-estimator, and of the candidate
controllers are essentially independent of each other. The analysis of the overall system relies on
basic properties of its different parts, but not on a particular way in which they are implemented.
As a result, one gains the advantage of being able to use “off-the-shelf” control laws, rather than
having to design control laws tailored to the specifics of the switching algorithm. Our goal therefore
is to make maximal use of relevant concepts from non-adaptive control theory. While the class of
systems treated in this paper can also be handled by the control algorithm described in [15, 16] which
uses a different switching logic, the switching control design and analysis tools presented here are
potentially applicable in a broader context; in fact, they have already been applied to certain classes
of nonlinear systems in [6, 7, 10]. In addition, the proofs are considerably simplified compared to
the ones given in earlier work.

2 Problem formulation

We assume that the uncertain process P to be controlled admits the model of a SISO finite-
dimensional stabilizable and observable linear system with control input v and measured output
y, perturbed by a bounded disturbance input d and a bounded output noise signal n. It is assumed
known that the transfer function of P from w to y belongs to a family of admissible process model
transfer functions
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where p is a parameter taking values in some index set P. Here, for each p, F(p) denotes a family
of transfer functions “centered” around some known nominal process model transfer function v, (cf.
below). Throughout the paper, we will take P to be a compact subset of a finite-dimensional normed
linear vector space.

The problem of interest is to design a feedback controller that achieves output regulation, i.e.,
drives the output y of P to zero, whenever the noise and disturbance signals are zero. Moreover,
all system signals must remain (uniformly) bounded in response to arbitrary bounded noise and
disturbance inputs. Everything that follows can be readily extended to the more general problem of
set-point control (i.e., tracking an arbitrary constant reference r) with the help of adding an integrator
in the feedback loop, as in [15, 16]. Such a modification would not introduce any significant changes
as far as the principal developments of this paper are concerned. Control algorithms of the type
described here can also be applied to the problem of disturbance suppression [4].

The set P can be thought of as representing the range of parametric uncertainty, while for
each fixed p € P the subfamily F(p) accounts for unmodeled dynamics. There are several ways of



specifying allowable unmodeled dynamics around the nominal process model transfer functions v,.
For example, take two arbitrary numbers 6 > 0 and A, > 0. Then we can define

Fp) = A{mp(L+0,7) + 05 : 105 loonw <6 19y llcon, <03, peP (1)

where || - | 0,5, denotes the e*!-weighted Ho, norm of a transfer function: ||v||ex, = Sup,er [V (jw—
Au)|. This yields the class of admissible process models treated in [15, 16]. Alternatively, one can
define F(p) to be the ball of radius ¢ around v, with respect to the Vinnicombe metric [20]. Another
possible definition is

ny + oy
my + 0"

Flp) = { N6 oo, < 6,107 lon, <3}, pEP 2)

where v, = n,/m,, is the normalized coprime factorization of v, (see, e.g., [22]). This is more general
than (1) in that it allows for uncertainty about the pole locations of the nominal process model
transfer functions. In the sequel, allowable unmodeled dynamics are assumed to be specified in
either one of the aforementioned ways; we will refer to the positive parameter ¢ as the unmodeled
dynamics bound.

Modeling uncertainty of the kind described above may be associated with unpredictable changes
in operating environment, component failure, or various external influences. Typically, no single
controller is capable of solving the regulation problem for the entire family of admissible process
models. Therefore, one needs to develop a controller whose dynamics can change on the basis of
available real-time data. Within the framework of supervisory control discussed here, this task is
carried out by a “high-level” controller, called a supervisor, whose purpose is to orchestrate the
switching among a parameterized family of candidate controllers

{Cy:qe Q} (3)

where Q is an index set. We require this controller family to be sufficiently rich so that every
admissible process model can be stabilized by placing in the feedback loop the controller C, for some
index ¢ € Q.

In this paper, we will focus exclusively on the case when Q = P (although in some situations it
may be useful to choose Q different from P; see [14]). For each p € P, we take for G, a controller
that stabilizes all the process models in F(p); such controllers should exist if unmodeled dynamics
are sufficiently small. However, P is typically a continuum, and while it is possible to switch among
a continuum of controllers [15, 16], it is often easier to work with a finite controller family. There are
various reasons for considering this alternative, having to do with tractability of implementation and
analysis. For example, parameters may enter in complicated ways, making estimation over a contin-
uum intractable; the step of actually constructing a continuum of high-performance controllers for
a continuum of process models is challenging and certainly constraining, especially if the controllers
are to be designed using linear quadratic or H o, techniques. For linear MIMO or nonlinear systems
these issues become even more severe.

Therefore, one may want to choose a different parameter space which is finite, and absorb the
remaining parameter values into unmodeled dynamics. In carrying out such a program, one is
faced with the problem of constructing a finite family of controllers having the property that every
admissible process model is stabilized by at least one of these controllers. This problem has a solution
if unmodeled dynamics are sufficiently small and if the topologies on the parameter space and on
the space of transfer functions defining unmodeled dynamics are “compatible”, in the sense that v,



is contained in F(p) whenever p and p are sufficiently close in P (see [1, Theorem 5.1]). The last
assumption is always satisfied when unmodeled dynamics are defined via coprime factorizations or
the Vinnicombe metric as outlined earlier, provided that 1}, depends continuously on p. The earlier
work of Pait [17, 18] is also relevant in this regard.

The reader is thus referred to [1] for issues regarding the construction of controller families
like (3), especially finite ones. In the sequel we will assume that a family of controllers is given,
and discuss various ways of carrying out logic-based switching among these controllers to solve the
output regulation problem for the unknown process P.

3 Estimator-based supervisor

The supervisor consists of three subsystems (see Figure 1):

multi-estimator [E —a dynamical system whose inputs are the output y and the input u of the process
P and whose outputs are the signals y,, p € P. Each y, would converge to y asymptotically
if the transfer function of > were equal to the nominal process model transfer function v, and
there were no noise or disturbances.

monitoring signal generator Ml — a dynamical system whose inputs are the estimation errors
€ =Yp— Y, peP (4)

and whose outputs 1, p € P are suitably defined integral norms of the estimation errors, called
monitoring signals.

switching logic S — a switched system whose inputs are the monitoring signals p,, p € P and whose
output is a switching signal o, taking values in P, which is used to define the control law w.
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Figure 1: Supervisory control architecture



The auxiliary input w to IP accounts for the noise, disturbance, and possibly an external reference
signal. We now briefly recall from [15] the key state-space equations for the different subsystems
appearing in Figure 1. As p ranges over P, let

e = Apzc + byy
u = kyrc+rpy

be realizations of the transfer functions of the candidate controllers from (3), all sharing the same
state z¢. We then define the multi-controller C to be the system

zc = Asxc + boy
u=kexc + 710y

Such a multi-controller can be obtained using standard results from realization theory.

We assume that the multi-estimator is also realized in a state-shared fashion, as given by

ig = Apzg + bry + dru
Yp = CpTE , peP

with A a stable matrix. This type of structure is quite common in adaptive control. Note that
even if P is an infinite set, the above dynamical system is finite-dimensional. In this case it formally
has an infinite number of outputs; however, these outputs will only be needed in the minimization
procedure used by the switching logic. Thus, if the associated minimization problem is tractable,
then so is the implementation of the overall supervisory control algorithm.

Denoting by « the composite state (z[;, z()" of the multi-estimator and the multi-controller, and
using (4), we arrive at a system of the form

T =A,r+dye,
y=(cp 0)x —ep= (5)

u = fo + goep~

Here A,, p € P are stable matrices all of whose eigenvalues have real parts smaller than —M\g for
some X9 > 0, and p* is an (unknown) element of P such that the transfer function of P belongs to
F(p*), i.e., a “true” parameter value. In addition, the functions p — Ay, p = cp, p = dp, p = fp,
and p — g, are assumed to be continuous® on P. See Sections IV and V of [15] for details on this
construction.

We will demand that the following condition hold: there exist a positive number A, positive
constants d1,0s that only depend on the unmodeled dynamics bound § and go to zero as § goes to
zero, positive constants Bj, Bo that only depend on the noise and disturbance bounds and go to
zero as these bounds go to zero, and positive constants C1, Cs that only depend on the system’s
parameters and on initial conditions, such that along all solutions of the closed-loop system we have

t t
/0 eQATeZ*(T)dT < B4 0+ 51/0 62)‘Tu2(7')d7' (6)

'The continuity assumption is made here for simplicity, and can be relaxed in most of what follows. It is of course
vacuous if P is a finite set.



and

¢
lep-(£)] < By + Coe™™ + 526_)‘t\//0 ATy (T)dr (7)

The above inequalities represent the basic requirements being placed on the multi-controller and the
multi-estimator, upon which the subsequent analysis depends. Intuitively, they mean that y,- is a
“good” approximation of y, and provide an explicit characterization of the error e,« =y, —y in the
presence of noise, disturbances, and unmodeled dynamics. In the case when unmodeled dynamics
are defined via the formula (1), it was shown in [15, 16] how one can construct a supervisory control
system satisfying these requirements for each A € (0, min{)\,, A\o}); the desired inequalities were
immediate consequences of the equation (28) in [15]. A system with such properties can also be
designed in a similar way for the case when unmodeled dynamics are defined via the formula (2) in
terms of coprime factors (cf. [9]).

The constant A from (6) and (7) will play the role of a “weighting” design parameter in the
definition of the monitoring signals; we assume, with no loss of generality, that A < Ag. Fix an
arbitrary constant e, > 0 (its role will become clear in Section 5.2). We generate the monitoring
signals yi,, p € P by the equations

W = —2\W + (”’f) (”’f)l W(0) >0 .

pp = (cp —1) W (cp —1)’—!—6“, peP

where W (t) is a symmetric nonnegative-definite k& x k matrix, k := dim(zg) + 1. Since cyag —y =
ep Vp € P, this yields

t
up(t) = & Py (0) + / e PEDR(dr 16, peP (9)

where i, (0) := (¢, —1) W(0) (cp —1),. The underlying decision-making strategy employed by the
supervisor basically consists in selecting for o, from time to time, the candidate controller index ¢
whose corresponding monitoring signal p, is the smallest. The origin of this idea is the concept of
certainty equivalence from parameter adaptive control. A precise description of a switching logic
that implements this approach is given next.

4 Scale-independent hysteresis switching logic

So far we have closely followed the set-up of [15, 16]. However, the switching logic that we will consider
here is different from the one employed there. Namely, we will work with the scale-independent
hysteresis switching logic [5, 11], whose functioning is as follows (see Figure 2). Assumed given are
continuous monitoring signals j,, p € P (to define the switching logic, we do not need to require that
they be defined by the above formulas, although this is the case to which we will specialize later).
Let us pick a number h > 0 called the hysteresis constant. First, we set 0(0) = argmin,cp{u,(0)}.
Suppose that at a certain time t; the value of o has just switched to some ¢ € P. We then keep
o fixed until a time ¢;; > t; such that (1 + h) min,ep{p,(tiv1)} < pg(ti+1), at which point we set
o(tiy1) = argminyep{p,(tit1)}. When the indicated argmin is not unique, a particular value for
o among those that achieve the minimum can be chosen arbitrarily. We refer the reader to [15]
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Figure 2: Scale-independent hysteresis switching logic

for a discussion of tractability issues regarding the minimization procedure (especially when P is a
continuum).

Repeating the above steps, we generate a piecewise constant signal ¢ which is continuous from
the right everywhere. The overall supervisory control system is a hybrid system, o being its discrete
state. If all pp,, p € P are bounded below by some positive number, then infinitely fast switching
(chattering) is avoided. In fact, there must be an interval [0, Tyax) of maximal length on which o
exists, and there can only be a finite number of switches on each proper subinterval of [0, Tax); see
[5, 11] for details. In all the cases treated below, it will be clear that Tj,,x = oco. Hybrid systems
having the above property are known as non-Zeno.

One can easily see from the definition of the above switching logic that replacing the signals p,,
p € P by their scaled versions

ip(t) = O)pp(t),  peP

where © is some positive function of time, would have no effect on o; this is where the term “scale-
independent” comes from. In the sequel, we assume that it is possible to choose © in such a way
that the scaled signals fip,, p € P are strictly positive and monotone increasing (we will see later that
the monitoring signals defined in the previous section satisfy this assumption). For analysis purposes
we will always use the signals jip,, p € P that have this property, while the actual monitoring signals
being implemented and used for the switching logic are the original ones yu,, p € P.

The analysis of Section 5 is restricted to the case when P is a finite set. In most situations of
interest, the parameter space P is a continuum. However, it is often possible to work with a different
parameter space which is finite, using the results of [1] (see Section 2). The implications of this
approach, as well as some alternatives, will be discussed later. One reason for requiring P to be
finite is to be able to use the result from [8] stated next. Given arbitrary numbers ¢ > ¢y > 0, we
will denote by N, (t,%p) the number of discontinuities of o on the interval (%o,t) or, more precisely,
on the interval (t9, min{¢, Timax}) if the finiteness of T,y cannot be ruled out a priori.

Lemma 1 [8] Let P = {1,2,...,m} with m a positive integer. For arbitrary t > ty > 0 we have

log ( Pp* (t) ) (10)

Ny(t,to) <1+m+ . —
minyep fip(to)

m
log(1 + h)



and

Na’(t;to)
> (Bo) (trr1) = Ba) (k) < m((1 4 h) - (1) — ;%igﬂp(to)) (11)
k=0

where t1 <ty < -+ < Iy, (14,) ore the discontinuities of o and ty, (4 10)+1 =t

This lemma, expresses a general property of the switching logic, which does not depend on the
structure of the system or on a particular definition of the monitoring signals. Let us now restrict
our attention to the case when the monitoring signals are obtained from the equations (8). Setting
O(t) := €M, we see from the formula (9) that the scaled signals fiy, p € P are indeed monotone
increasing, because they satisfy

t
fp(t) = fip(0) +/ 62)‘7—6]2)(7')(17' + eueZ/\t, peEP (12)
0

Moreover, it is easy to ensure that j,(0) > 0 Vp € P, either by setting €, > 0 or by requiring W (0)
to be positive definite. Therefore, we can apply Lemma 1 and conclude that the inequalities (10)
and (11) are valid. Since in this case the signals fi,, p € P are differentiable, the left-hand side of the
inequality (11) equals the integral ftto Jig(ry(T)dT, which is to be interpreted as the sum of integrals
over intervals on which o is constant. From (12) we have the following formula:

[i,(t) = ePMeX(t) + 2Xe e, peP (13)

5 Analysis: finite P

Take P = {1,2,...,m} as in the previous section. We now proceed to the analysis of the supervisory
control system defined by (5), (8), and the switching logic described above. We will sometimes appeal
to the state of the uncertain process P, which we denote by xp.

5.1 No noise, disturbances, or unmodeled dynamics

We begin by considering the simple situation where there are no unmodeled dynamics (6 = 0),
i.e., the process P exactly matches one of the m nominal process models, and where the noise and
disturbance signals are zero (n = d = 0). In this case, the constants By, By, 01,92 in (6) and (7)
are all zero. Let us take €, in the definition of the monitoring signals to be zero as well (W (0)
must then be taken positive definite; see Section 4). The inequality (6) gives f(f 62/\T612,* (r)dr < Ch,
which together with (12) implies that fi,- is bounded. It follows from (10) that N,(t,tp) is finite
for arbitrary ¢ > to > 0. This means that the switching stops in finite time at some index ¢* € P,
i.e., there exists a time 7™ such that o(t) = ¢* for ¢ > T™*. Since fi, is bounded, we conclude from
the definition of the switching logic that fig« is also bounded. In view of (12), we have in particular
eq € L?. Now it is not hard to see from (5) that, since A, is a stable matrix and ey« — 0 by virtue
of (7), we have y — 0. Therefore, the output regulation problem is solved. In light of (5), (8), and
detectability of P, all the other signals remain bounded for all ¢ > 0 (in fact, here we have zp — 0,
but this would no longer be true in the case of set-point control where y — r # 0). We summarize
this as follows.



Proposition 2 Suppose that the noise and disturbance signals are zero and there are no unmodeled
dynamics, and set €, = 0. Then all the signals in the supervisory control system remain bounded for
every set of initial conditions such that W(0) > 0. Moreover, the switching stops in finite time, and
we have y(t) = 0 as t = oo.

REMARK. Since the evolution of zp and « for t > T™ is described by a linear time-invariant system,
the rate of convergence in the above statement is actually exponential.

5.2 Noise and disturbances, no unmodeled dynamics

We now assume that bounded noise n and disturbance d are present, but there are no unmodeled
dynamics. In this case the switching typically will not stop in finite time. In analyzing the supervisory
control system under persistent switching, the following concept proves useful. Following [12], we
say that a switching signal o has an average dwell time T4p > 0 if there exists a nonnegative number
Ny such that the number of discontinuities of o on an arbitrary interval (¢o,t) satisfies

t —to

Ng(t,to) < NO + .
TAD

It was shown in [12] that if {B, : p € P} is a compact set of stable n x n matrices, then the switched
linear system 2 = B,z, z € R" is uniformly exponentially stable for all switching signals ¢ with a
sufficiently large average dwell time. Moreover, by choosing a large enough 74 p, the stability margin
of this switched system can be made arbitrarily close to the smallest stability margin of the individual
subsystems. This result will be crucial in the analysis given below.

Under the present assumptions, the inequalities (6) and (7) hold with some unknown but finite
constants By, By. The parameters d; and Jo are still zero, and C; and Cs are positive constants as
before. We take €, to be a positive number. From (6) and (12) we have

fip- (t) < jipe(0) + Bre*M + Cy + €, (14)

The formula (10) then yields

fip=(0) + B1e?A + Cy + ¢,e?M t —to
N, (£ 1) < 1 1 ( ) <N
Bt S I gy P SR
where
log(1 + h) m fip=(0) + By +C1 + ¢
=BTV and Ny=1 g (12 “)
TAD = oy e o= LA ) o8 »

The number 74p is the average dwell time of o. It follows from the main result of [12] that if 74p
is large enough, then the switched linear system & = A,z is uniformly exponentially stable, with
stability margin A. This implies that the switched system given by the first equation in (5) has a
finite e*M-weighted Lo-to-Lo induced norm, which means that for some positive constants g, go and
for all £ > 0 we have

t
Ma(t)? < g / e 62 (r)dr + gol(0)]? (15)
0



We can guarantee that 74p is large enough by increasing the hysteresis constant h and/or decreasing
the weighting constant A if necessary. The desired lower bound for 74p can be calculated explicitly
from the proof of the main result in [12]. In the sequel, we assume that h and A have been chosen in
such a way that (15) holds.

Using (11), (13), and (14), we obtain

o(r

t
/0 2T o2 )(T)dT < m((l 'I‘h)(ﬁp* (0) +3162)‘t + 0 +6M€2)‘t) _ 6”62)\t0)

Together with (15) this implies that
()] < (gm(L + h)(fip+ (0) + C1) + gol(0)[*)e N + gm (1 + h)(Bi + ¢,)

Two conclusions can be drawn from the last formula. First, = is bounded, and as in the previous
subsection we can easily deduce from (5), (7), (8), and detectability of P that all system signals
remain bounded. Note that the choice of the design parameters \, h and ¢, did not depend on the
noise or disturbance bounds, in other words, explicit knowledge of these bounds is not necessary (we
are merely requiring that such bounds exist). Second, if n and d equal or converge to zero, then z
will approach a neighborhood of the origin whose size is proportional to ge,. A close examination of
the last quantity (carried out in the appendix for the more general situation of nonzero unmodeled
dynamics) reveals that it decreases to 0 as €, goes to 0, which means that we can make this neigh-
borhood as small as desired by choosing €, sufficiently small. Moreover, e, will converge to zero
because of (7), hence y will also become arbitrarily small in view of (5). We arrive at the following
result.

Proposition 3 Suppose that the noise and disturbance signals are bounded and there are no unmod-
eled dynamics. Then for an arbitrary €, > 0 all the signals in the supervisory control system remain
bounded for every set of initial conditions. Moreover, for every number e, > 0 there is a value of
€y leading to the property that if the noise and disturbance signals converge to zero, then for each
solution there is a time T such that y(t)| < €, for all t > T.

REMARK. We cannot simply let €, = 0, as this would invalidate the above analysis even if W (0) > 0.
However, by decreasing €, on-line (e.g., in a piecewise constant fashion), it is possible to recover
asymptotic convergence of y to zero under the (not very realistic) assumption that the noise and
disturbance signals converge to zero.

5.3 Noise, disturbances, and unmodeled dynamics

If unmodeled dynamics are present, i.e., if the parameter § is positive, then d; and d2 in (6) and
(7) are also positive. In this case, the analysis becomes more complicated, because we can no
longer deduce from (6) that the switched system must possess an average dwell time. However, it is
possible to prove that the above control algorithm, without any modification, is robust with respect
to unmodeled dynamics in the following, “semi-global”, sense.

Theorem 4 For arbitrary bounds on the noise and disturbance signals, the supervisory control sys-
tem has the following properties:

10



1. For every positive value of €, and every number E > 0 there exists a number § > 0 such that if
the unmodeled dynamics bound § is smaller than §, then all signals remain bounded for every
set of initial conditions such that |zp(0)|, |z(0)] < E.

2. For arbitrary positive numbers E and €, there ewxist a value of €, and a number § > 0 such
that if the noise and disturbance signals converge to zero and the unmodeled dynamics bound
§ is smaller than &, then for each solution with |xp(0)|,|z(0)| < E there is a time T such that
ly(t)| < ey forallt >T.

Theorem 4 is proved in the appendix in a constructive manner, via a small-gain argument. The
difficulty in obtaining a global result can be seen from the proof; it stems from the fact that the
gains g and go in (15) depend on the initial conditions (through the chatter bound Ny). This is the
price that one pays for allowing the switching to be slow ounly on the average.

There is an alternative approach which enables one to obtain the same result; it involves modifying
the algorithm by introducing normalized estimation errors, allowing for a somewhat simpler analysis.
Namely, one can define the monitoring signals by using, instead of (8), the equations

W = —2\W + (?) (“"”yE> . W(0)>0
(=-2X+u’,  ((0)>0

1
Mp = m(Cp —].)W(Cp _1),+6”, pGP

This amounts to replacing the estimation errors e,, p € P by their normalized versions €, :=
ep/(L +¢), p € P. The formula (7) can be used to deduce that €, is bounded, which immediately
leads to the existence of an average dwell time as in the previous subsection. To finish the analysis,
one still needs to apply a small-gain argument.

In [15, 16] a different switching logic was used, which ensures the existence of a dwell time
(rather than just an average dwell time) and enables one to prove global stability in the presence of
sufficiently small unmodeled dynamics. However, such an approach has its own disadvantages. First,
the stability and robustness proofs become more complicated. Perhaps even more importantly, dwell
time switching is not suitable for control of nonlinear systems because of the possibility of finite
escape times, whereas the scale-independent hysteresis switching logic has already been successfully
applied to various classes of nonlinear systems [6, 7, 10].

6 Local priority hysteresis switching logic

The analysis given in the previous section relied on the assumption that the controller family is finite.
As discussed in [1], even if the range of parametric uncertainty is originally described by a continuum,
in many cases of interest one can construct a finite family of stabilizing controllers that possess the
desired robustness with respect to unmodeled dynamics. However, we cannot guarantee (at least
with currently available analysis tools) that the switching algorithm proposed here preserves the
robustness margins associated with the individual controllers. The reason for this can be explained
as follows. To establish robustness with respect to unmodeled dynamics, one invariably uses a small-
gain argument. However, in the inequality (11), which in the present case basically characterizes the
eM-weighted induced £y-gain from ep* to e,, the number m of controllers appears on the right-hand

11



side. This implies that if the range of parametric uncertainty is large, which causes m to be large,
then the amount of unmodeled dynamics that the switching controller can tolerate becomes small,
and might not be sufficient to cover the entire family of admissible process models. It is not hard
to see that this problem cannot be overcome by simply increasing the number of controllers being
switched.

The above remarks suggest that when the unknown parameters take values in an infinite set, one
may sometimes be forced to switch among an infinite family of controllers (as opposed to reducing the
problem to that of switching among a finite number of controllers by means of a reparameterization).
This is actually the case even in the absence of noise, disturbances, and unmodeled dynamics. If
P is infinite, Lemma 1 is no longer valid, and the analysis given earlier breaks down (in fact, there
exist examples in which the switching does not stop even though fi,+ is bounded). In what follows,
we propose a new way of dealing with this problem, by means of modifying the switching logic. This
enables us to demonstrate how the behavior of a hysteresis-based supervisory control system can be
analyzed without relying on P being a finite set. There are actually several ways to achieve this goal,
of which the one presented below is probably the simplest (see [13] for an alternative approach).

We now proceed to the description of the local priority hysteresis switching logic. The new
switching logic is scale-independent (see Section 4). Its inputs are continuous monitoring signals i,
p € P. One also needs to specify a positive hysteresis constant A and another positive constant +.
A proper choice of v in the supervisory control context is discussed in the next section. For each
q € P, we define the set

Dy(q):={peP:lg—pl <7}
where | - | stands for the norm in the ambient space of P.

First, we set 0(0) = argmin,ep{p,(0)}. Suppose that at a certain time ¢; the value of o has
just switched to some g € P. We then keep o fixed until a time t;4; > t; such that the following
inequality is satisfied:

1+ h) min t; < min t;
(L4 B minin(ten)} € min p(ti)

at which point we set o(t;+1) = arg minpep{pp(ti+1)}. As with the regular scale-independent hys-
teresis switching, if the argmin is not unique, a particular candidate for the value of o is chosen
arbitrarily. The understanding here is that minimization over D,(g) is computationally tractable if
«y is small.

Repeating the above steps, we generate a piecewise constant signal ¢ which is continuous from
the right everywhere. By the same argument as in [5, 11], one can show that chattering is avoided if
all p1p, p € P are bounded below by some positive number. In fact, there exists a maximal interval
[0, Timax) on which o is defined, and there can only be a finite number of switches on each proper
subinterval of [0, T,ax). As before, in all the cases treated below we will have Tj.x = 0.

We begin to explore the properties of this new switching logic by proving the following result. We
assume again that for some positive function of time © the scaled signals fi,(t) := O(t)u,(t), p € P
are strictly positive and monotone increasing. We also assume that p,(t) depends continuously on p
for every fixed ¢ € [0, Tinax)-

Lemma 5 Suppose that fiy< is bounded on [0, Tiax) for some p* € P. Then the switching stops in

finite time, i.e., there exists a time T* € [0,Tmax) such that o(t) = o(T*) for all t € [T*, Tmax)-
Moreover, fig is bounded on [0, Tmax) for some G € D, (o(T™)).
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ProOF. Let K = min,ep{lim;,7,, fi,(t)}. The hypotheses of the lemma imply that K is well
defined and finite. Take an arbitrary fixed € € (0,h). We claim that there exists a time T, < Tpax
such that fi,(T,) > K/(1 + ¢) for all p € P. Indeed, otherwise there would be a sequence {p,} in P
and a sequence of times {¢,} increasing to Tiyax, with the property that fi,, (¢,) < K/(1+¢€). Since P
is compact, {p,} would contain an accumulation point p for which we would have fi;(t) < K/(1 +¢)
for all ¢ < Tiax, contrary to the definition of K (here we are using the fact that f,, p € P are
monotone increasing).

The sequence of values of o contains a subsequence {g,} which converges to some ¢ € P. Pick a
time T > T, such that |o(T™*) —¢| < 7. Then ¢ is an interior point of D, (o(1T™)) relative to P. Using
the definition of the switching logic, it is straightforward to verify that if at least one more switch
occurs at some ¢ > T, then we must have fi,(f) > K(1+h)/(14+¢) > K for all p € D, (o(T™*)). But
this would imply that the values of o never re-enter D, (c(T™)) after the time ¢, and we arrive at a
contradiction. Therefore, o(t) = o(T™) for all t € [T, Tinax)-

Let us prove that fig(t) < K(1 + h) for some ¢ € D(o(7T™)) and for all ¢ < Tinax. Suppose the
contrary: that for every p € D, (o(T*)) there is a time T, < Tinax such that fi,(7,) > K(1+h). Since
D, (o(T*)) is compact, the same argument as before shows that this would imply the existence of a
time T' < Tinax such that f1,(T) > K(1 4 h) for all p € D (o(T*)). But this would force o to switch
away from, and never re-enter, the set D, (o(7™)), which contradicts the assertion proved earlier. O

7 Analysis: infinite P

Consider again the system (5). Here we assume the index set P to be infinite (typically a continuum),
although all that follows is also valid when P is finite. Suppose that the monitoring signals are defined
via the equations (8), and that the switching signal o is generated by the local priority hysteresis
switching logic described in the previous section. We take the design parameter v for the switching
logic to be small enough so that for every pair of indices p1,p2 € P satisfying |p; —p2| < 7 the matrix

Ap pr = Ap, + dpl(cpl_cpz 0) (16)

is stable. It is not hard to check that in view of stability of A, for each p € P, compactness of P,
and continuity of ¢, with respect to p, such a constant v > 0 is guaranteed to exist.

We restrict our discussion to the case when the noise and disturbance signals are zero (n = d = 0)
and there are no unmodeled dynamics (§ = 0). Then the equations (6) and (7) hold with By, By, 61, d2
equal to zero. Let us take ¢, in the definition of the monitoring signals to be zero as well (the matrix
W (0) must then be positive definite; see Section 4). From (6), (12), and continuity of ¢, with
respect to p, we see that the scaled monitoring signals given by fi,(t) = e**p,(t), p € P satisfy the
hypotheses of Lemma 5. Therefore, the switching stops in finite time at some index ¢* € P, i.e.,
there exists a time 7™ such that o(t) = ¢* for ¢ > T*. Moreover, by the same lemma, iz is bounded
for some g € P satisfying |¢* — g| <. In view of (12), we see that e; € L?.

The first equation in (5) and the formula (16) imply that the evolution of x for ¢t > T™* is given
by

&= Aget + dg-eqr = Agr, g7 + dg-eq.
The matrix A« 4 is stable, hence  converges to 0. Furthermore, since e,« — 0 by virtue of (7), the
output y = (¢, 0) z — )= of the process [P also converges to 0. In light of (5), (8), and detectability
of P, all the other system signals remain bounded for all ¢ > 0 (i.e., Tjhax = 00). We have thus proved
the following counterpart of Proposition 2.
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Proposition 6 Suppose that the noise and disturbance signals are zero and there are no unmodeled
dynamics, and set €, = 0. Then all the signals in the supervisory control system remain bounded for
every set of initial conditions such that W(0) > 0. Moreover, the switching stops in finite time, and
we have y(t) = 0 as t = oo.

REMARK. As in Proposition 2, since the system describing the evolution of zp and x for ¢ > T* is
linear time-invariant, the rate at which y converges to zero must be exponential.

In the recent paper [13], we describe another switching logic for dealing with infinite parameter
sets, which allows a successful treatment of noise, disturbances, and unmodeled dynamics.

8 Concluding remarks

Our goal has been to discuss recent progress in design and analysis of hysteresis-based supervisory
control algorithms for uncertain linear systems. Although the results that we have obtained can
also be achieved by using the methods described in [15, 16], the proofs given here are considerably
simpler. Another important advantage of the present approach is that it is more suitable for control
of nonlinear systems (as explained at the end of Section 5). In fact, we have already applied these
methods to certain classes of nonlinear systems in the absence of noise, disturbances, and unmodeled
dynamics (see [6, 7, 10]). In addressing the issue of robustness in the nonlinear case, the work
on nonlinear extensions of the Vinnicombe metric [2, 21] and on stable factorizations of nonlinear
systems [19, Chapter 5] may prove to be relevant. The Vinnicombe metric may also be useful for
designing “safe” multiple model adaptive control algorithms, capable of guaranteeing that one never
switches to a controller whose feedback connection with the process is unstable (cf. [3]). The new
switching logic described in Section 6 is of interest in its own right, and its properties and implications
are to be investigated further.

A Proof of Theorem 4

From (5) and (6) one obtains
t t t
/ €2>‘T€I2)* (t)dr < B1e®* + Dy |z2(0)]* + 51F/ e (1) |2 dT + 51G/ e2>‘TeI2)* (r)dr
0 0 0

where Z denotes the composite state (zp,z')" of the process, the multi-estimator, and the multi-controller, Dy
is a positive constant, F' := 2maxpep |fp[?, and G := 2max,cp |gp|?. Suppose that d; is small enough so that

601G <1 (].7)
Then we can write
t t
/0 62)‘7—62* (7)dr < B1e** + Dy|z(0)]* + 51F’/0 XA |2 () |2 dr (18)
_ B - Dy _ F
here By i= ——+ Dy = —"t and Fi= — .
e T e T 1maa ™ 1-6,G

Let W (0) = 0 for simplicity. The formula (12) gives

t
fips (1) < €, + Bre® + Dy |2(0)]* + 51F_'/ 27 | (1) |Pdr (19)
0
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For an arbitrary pair of positive numbers C, Cy with C' > 1, we can define the time 7" = T'(C, Cy) := sup{t >

0:|z(t)]> < C|z(0)]> + Coe,} < 00. Forall t < T we have

t - 2
/ 62>‘T|I(T)|2dT < C|l‘(0)| +00€u62>\t
0

2\
hence
fip- (1) < €, Qe
where 5 . ) . o
Q::l—}——l—kM_}_(slﬁm
€u €u 2)\6“

The inequality (10) now implies that for T' > ¢ > ¢ty > 0 we have

(20)

(21)

m 2Am
N, (t,t5) < 1 M jog+ — 2 4t
(bto) Lm0 g ¢ 1)
: . log(1 + h)
Thus on the interval [0, 7] we have the average dwell time 74p = o We know from the results of [12]

that if h is large enough and A is small enough, then the switched system given by the first equation in (5) has
a finite eM-weighted Ls-to-Lo, induced norm on this interval, as expressed by the inequality (15). Moreover,
the gains g and go satisfy the bounds g < D30 and go < D4Q' " for some r € (0,1) and some positive

constants D3, D, that are independent of C' and Cj.
From (11) and (21) it also follows that

o(7)

t
/ e e? (r)dr < m(1+ h)e,Qe?M
0

Combined with (15), this implies that for all ¢t < T we have

lz(t)|* < gm(1+ h)e Q2 + g0|w(0)|2672>‘t <m(l+ h)DgEuQZ + D4 |Z(0)*Q
D55%F2C§€“ D5D651FCOEN D5D% +D1D4 _

me A * e 120

DsDg6, FC
i ();\1

= D5D§6u + *
Dy F2C?
4)\2%¢,
(2D5D1 + D4)51FC
2X e,

Z(0)|* + (2D5 D1 + D4) D |2(0)[? |Z(0)[*

(2D5D1 + D4)(51FCO

| D200
2\

— 14
#(0)/" + =

|Z(0)*

Z(0)*

where D5 := m(1 + h)D3 and Dg := 1 + By /e,.
Suppose that |Z(0)| < E, where E is given. We can choose Cj large enough so that the inequality

Ds;D3 < %

holds, then choose C' large enough so that the inequalities

DsD? + DD, . _
DT P P % and  (2DsD; 4+ Dy4)Dg < %
€u

hold, and finally choose d; small enough so that the inequalities

D553F20E2 - 17 DsDg F < 1, (2D5 D, +D4)51FE2 < 1,

INZe, 7 \ 7 2hes 7
(2D5D1 + D4)51FCO < g D56%F2CO < 1
2A 7’ 2)2 7
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hold. Using the above calculations, it is straightforward to check that this implies |z(¢)|* < C|Z(0)]? + Coe,
for all t < T(C, Cy), thus for these values of C' and Cy we actually have T' = co. It now follows from (5), (7),
(8), (18), (20), and detectability of PP that the solutions remain bounded, which proves the first statement of
the theorem.

Let us use (11) and (19) again, combined with the fact that the switched system has a finite e}-weighted
L>-to-L5 induced norm:

. t
/0 P |z (7)[2dr < g/o e*ATel 1y (r)dr + Golx(0)

where the gains g and gy are of the same type as g and gg above. We obtain
t t
| e mr <m+ w6 + B + DlaOF + 6 F [ o) Par]
0 0
t
gmﬂ+MB@+BQ8“+UZ+&F%Nﬂ®F+&Fq/éhémﬁmﬂ
0

Choose 8, to satisfy the inequalities (17) and (22), and then decrease it if necessary so as to have m(1+h)§; Fg <
1. This implies

(T

/Ot e?ATe? y(T)dT < D7 + Ds(ey + By )e?M
for suitable constants D7 and Dg. It follows from (15) that
|2(t)* < (9D7 + golz(0)[*)e ™" + gDs(eu + Br)
If n and d converge to zero, then B converges to zero. We also have

67‘

_C|7(0)? + Coep L7
e T I

g€N§D3(€N+Bl + Di|z(0)]” + 6. F I\

Since 0 < r < 1, for every given bound E on |Z(0)| and every ¢ > 0 the quantity on the right-hand side
can be made smaller than e by choosing ¢, sufficiently small, selecting Cy, C, d; in accordance with the above
inequalities, and decreasing d; further if needed. Moreover, since Bs in (7) converges to zero, it is not difficult
to verify that |ep- (t)| is bounded by a quantity that converges to

_Clz(0)] + Coe,
F—
52\/ 2

as t — oo. This can be made arbitrarily small by taking d sufficiently small. Thus lim; . |y(t)| =
lim; o0 |(cpr 0) & — €+ | will not exceed a prescribed €, > 0 if the design parameter ¢, and the unmodeled
dynamics bound § are small enough, which proves the second statement of the theorem. O
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