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Abstract

The author describes a model for Stochastic Hybrid Syst&HS§) where transitions between discrete modes are
triggered by stochastic events. The rate at which thessitiams occur is allowed to depend both on the continuous
and the discrete states of the SHS. Several examples of StitsBgyarom a varied pool of application areas are
discussed. These include modeling of the Transmissionr@loRtotocol’s (TCP) algorithm for congestion control
both for long-lived and on-off flows; state-estimation fatworked control systems; and the stochastic modeling of
chemical reactions. These examples illustrate the use &sStd a modeling tool.

Attention is mostly focused on polynomial stochastic hgbslystems (pSHSs) that generally correspond to
stochastic hybrid systems with polynomial continuous eefields, reset maps, and transition intensities. For pSHSs
the dynamics of the statistical moments of the continucatestevolve according to infinite-dimensional linear oagyn
differential equations (ODEs). We show that these ODEs eaagproximated by finite-dimensional nonlinear ODEs
with arbitrary precision. Based on this result, a procedorbuild this type of approximations for certain classes of
pSHSs is provided. This procedure is applied to several plesrand the accuracy of the results obtained is evaluated

through comparisons with Monte Carlo simulations.

I. INTRODUCTION

Hybrid systems are characterized by a state-space thategraritioned into a continuous domain (typically
R™) and a discrete set (typically finite). For the stochastibrid/systems considered here, both the continuous and
the discrete components of the state are stochastic pesceBe evolution of the continuous-state is determined
by a stochastic differential equation and the evolutiorhef discrete-state by a transition or reset map. The discrete
transitions are triggered by stochastic events much likasitions between states of a continuous-time Markov

chains. However, the rate at which these transitions ocay depend on the continuous-state. The model used
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here for SHSs, whose formal definition can be found in Seawdls introduced in [1] and is heavily inspired by

the Piecewise-Deterministic Markov Processes (PDPs)]irAlernative models can be found in [3-5].

The extended generator of a stochastic hybrid system abboedo compute the time-derivative of a “test function”
of the state of the SHS along solutions to the system, and eaielwed as a generalization of the Lie derivative for
deterministic systems [1, 2]. Polynomial stochastic hylsgsistems (pSHSs) are characterized by extended generators
that map polynomial test functions into polynomials. Thégpens, e.g., when the continuous vector fields, the reset
maps, and the transition intensities are all polynomiatfioms of the continuous state. An important property of
pSHSs is that if one creates an infinite vector containingpttedabilities of all discrete modes, as well as all the
multi-variable statistical moments of the continuousestéhe dynamics of this vector are governed by an infinite-
dimensional linear ordinary differential equation (ODE}ich we call theinfinite-dimensional moment dynamics

and define formally in Sec. IV.

SHSs can model large classes of systems but their formaysisadresents significant challenges. Although it is
straightforward to write partial differential equatiorBXEs) that express the evolution of the probability disttiitm
function for their states, generally these PDEs do not admétytical solutions. The infinite-dimensional moment
dynamics provides an alternative characterization fordiséribution of the state of a pSHS. Although generally
statistical moments do not provide a description of a steiih@rocess as accurate as the probability distribution,
results such as Tchebycheff, Markoff, or Bienaymé ineitjeal[6, pp. 114—115] can be used to infer properties of

the distribution from its moments.

In general, the infinite-dimensionkhear ODEs that describe the moment dynamics for pSHSs are stikbasy
to solve analytically. However, sometimes they can be ately approximated by a finite-dimensiomanlinear
ODE, which we call theruncated moment dynamidale show in Sec. IV that, under suitable stability assumystion
it is in principle possible for a finite-dimensional nonlareODE to approximate the infinite-dimensional moment
dynamics, up to an error that can be made arbitrarily smdilis Tesult is based on a Taylor series expansion that
is used to prove that the difference between the solutiotisedinite- and infinite-dimensional ODEs can be made
arbitrarily small on a compact time intervdl, T]. Subsequently, this is extended to the unbounded timevaiter

[0,00) using an argument similar to the one found in [7] to analyze time scale systems.

Aside from its theoretical interest, the above mentionexliitenotivates a procedure to actually construct finite-
dimensional approximations for certain classes of pSHB®& firocedure, which is described in Sec. V, is applicable
to pSHSs for which the (infinite) matrix that characterizes tnoment dynamics exhibits a certain diagonal-band
structure and appropriate decoupling between certain mtmeé distinct discrete modes. The details of this struetur

can be found in Lemma 1.

To illustrate the applicability of the results, we considewreral systems that appeared in the literature and that
can be modeled by pSHSs (cf. Sec. Ill). For each example, weteat in Sec. VI truncated moment dynamics
and evaluate how they compare with estimates for the monahitined from a large number of Monte Carlo

simulations. The examples considered include:



1) The modeling of the sending rate for network traffic und€PTcongestion control. We consider two distinct
cases: long-lived traffic corresponding to the transferlesfvith infinite length; and on-off traffic consisting
of file transfers with exponentially distributed lengthfiemnated by times of inactivity (also exponentially
distributed). These examples are motivated by [1, 8].

2) The modeling of the state-estimation error in a networkedtrol system that occasionally receives state
measurements over a communication network. The rate atwthi&e measurements are transmitted depends
on the current estimation error. This type of scheme was shoveut-perform periodic transmission and can
actually be used to approximate an optimal transmissiorrseh[9, 10].

3) Gillespie’s stochastic simulation algorithm (SSA) fdreenical reactions [11], which describes the evolution
of the number of particles involved in a set of reactions. Témctions analyzed were taken from [12, 13]

and are particularly difficult to simulate due to the existemf two very distinct time scales.

A few other academic examples with tutorial value are alstuthed. A subset of the results and examples presented

here appeared in [14].

Il. STOCHASTICHYBRID SYSTEMS MODELING

A SHS is defined by a stochastic differential equation (SDE)

x = f(q,x,t) + g(q,x, t)n, [ @ xR"x[0,00) = R", 1)

g:QxR"x[0,00) = R"™F
a family of m discrete transition/reset maps
(q,%) = ¢e(q,x ", 1), o QxR"x[0,00) > QxR", Ve{l,...,m}, 2)
and a family ofm transition intensities

Ae(q,x,t), Ae: @ X R™ x [0,00) = [0,00), Ve{1,...,m}, ?3)

wheren denotes &-vector of independent Brownian motion processes @nd (typically finite) discrete set. A
SHS characterizes a jump procesgs [0, 00) — Q called thediscrete statpa stochastic process: [0,00) — R"™
with piecewise continuous sample paths called ¢hatinuous stateandm stochastic counter®, : [0,00) — N

called thetransition countersin this paperR denotes the set of real numbers anthe set of nonnegative integers.

In essence, between transition counter increments theetlisstate remains constant whereas the continuous
state flows according to (1). At transition times, the cambins and discrete states are reset according to (2).
Each transition counteN, counts the number of times that the corresponding discratesition/reset ma,
is “activated.” The frequency at which this occurs is deteed by the transition intensities (3). In particular,
the probability that the countéN, will increment in an “elementary interval(t,t + dt], and therefore that the

corresponding transition takes place, is given\ayq(t), x(t), t)dt. In practice, one can think of the intensity of a



transition as the instantaneous rate at which that transiticcurs. The reader is referred to [1] for a mathematically

precise characterization of this SHS.

It is often convenient to represent SHSs by a directed grapin &igure 1, where each node corresponds to a
discrete mode and each edge to a transition between disnmgtes. The nodes are labeled with the corresponding
discrete mode and the vector fields that determines the tawolof the continuous state in that particular mode.
The start of each edge is labeled with the probability of git\an in an elementary interval and the end of each

edge is labeled with the corresponding reset-map.

)‘(1 (Q3,X7 t)dt (Qi’nx) = stl (q37X7 t)

)‘Zz (q17 X, t)dt (Ch, X) — ¢f2 (qla X, t)

Fig. 1. Graphical representation of a stochastic hybridesgs

The following result can be used to compute expectationsherstate of a SHS. For briefness, we omit a few
technical assumptions that are straightforward to vewfythe SHSs considered here:

Theorem 1 ([1]): Given a functiony) : Q x R™ x [0,00) — R that is twice continuously differentiable with
respect to its second argument and once continuously efiffiable with respect to the third one, we have that

dE[p(a(t),x(?), t)]

at = E[(Ly)(a(t), x(t), 1)), @
whereV(q, z,t) € Q x R™ x [0, 00)
(Lw)(%%t) = Wf(q, T, t) + W—F
0%1(q, )

+ %trace ( 922 g(g, , t)g(q, > t) )

—|—Z( gbg q,2,t), t) —w(q,x,t))/\g(q,:c,t), (5)

(=1

and 61"(;;””’“, 61"(51;”’“, and % denote the partial derivative af(q, z,t) with respect tot, the gradient of

¥(q, z,t) with respect tox, and the Hessian matrix af with respect tox, respectively. The operataf — L

defined by (5) is called thextended generatasf the SHS. 0

We say that a SHS igolynomial (pSHSIf its extended generatat is closed on the set of finite-polynomials in
z, i.e., (LyY)(q, z,t) is a finite-polynomial inx for every finite-polynomiak)(q, x,t) in x. By afinite-polynomials
in © we mean a function)(q, z,t) such thatr — (g, z,t) is a (multi-variable) polynomial of finite degree for
each fixedy € Q, ¢t € [0,00). A pSHS is obtained, e.g., when the vector fiefdandg, the reset mapg,, and the

transition intensities\, are all finite-polynomials inc.



dt dt
2e 2€

X = x — by/e X = x+ by/e

Fig. 2. Random walk SHS in Example 1

Ill. EXAMPLES OF POLYNOMIAL STOCHASTICHYBRID SYSTEMS

Example 1 (Random walk):et x € R denote the velocity of a particle moving in a viscous medihat every
so often is instantaneously increased or decrease by a firedr#tb\/e, with b € R, ¢ > 0. The interval of time
between increases (as well as between decreases) is eXplynatistributed with mear2e > 0. The procesx
can be generated by a SHS (represented graphically in FRjuvgth continuous dynamick = —ax and two
reset mapx — ¢ 2(x) := x £ by/e both with constant transitions intensitias »(x) := % The constant > 0
accounts for viscous friction. This SHS has a single discnebde that we omitted for simplicity and its generator
is given by

(L)) = a2 | $EH DA F Ul — b/ - 2le)

which is closed on the set of finite-polynomials:n It is well known that as — 0, x approaches the solution
to the SDEx = ax + bn, wheren is a Brownian motion process. This SDE is easy to solve ainaligt, at least
when the initial distribution ok is Gaussian. Our (somewhat academic) goal here would bedy sthat happens

whene is not necessarily close to zero and when the distributiothefinitial state is arbitrary. O

pwdt
RTT

Fig. 3. TCP long-lived SHS in Example 2

Example 2 (TCP long-lived [15])The congestion window sizes € [0,00) of a long-lived TCP flow can be
generated by a SHS (represented graphically in Figure 3) @ontinuous dynamicsr = ﬁ and a reset map
w — 3, with intensity \(w) := £=%. The round-trip-timeRT'T" and the drop-ratg are parameters that we assume
constant. This SHS has a single discrete mode that we omdirfgulicity and its generator is given by

(L)) = o 20 pww(w}@T— v(w)

which is closed on the set of finite-polynomialsin O
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dt

W\
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RTT

Fig. 4. TCP on-off SHS in Example 3

Example 3 (TCP on-off [15]):The congestion window sizes € [0,00) for a stream of TCP flows separated
by inactivity periods can be generated by a SHS (represeagrgohically in Figure 4) with three discrete modes
Q := {ss,ca,off}, one corresponding to slow-start, another to congestiamidance, and the final one to flow

inactivity. Its continuous dynamics are defined by

S a=ss
WEYmET A=<
0 q = off;

the reset maps associated with packet drops, end of flowsstandof flows are given by
W
(q7 W) = ¢1 (q7 W) = (Ca’v 5)7 (q7 W) = ¢2(q7 W) = (Oﬂv O)? (qa W) = ¢3(q3 W) = (SS, wo)
respectively; and the corresponding intensities are

1

pwW . w _ _

£ q € {ss,ca} —— q=ca — q = off
A(q,w) = e A2(q, W) := RRTT As(q,w) = F

0 q = off 0 q = {ss,off} 0 q € {ss,ca}.

The round-trip-timeRT'T', the drop-ratep, the average file sizé (exponentially distributed), the average off-time
7ot (also exponentially distributed), and the initial windowzesw, are parameters that we assume constant. The
generator for this SHS is given by

(log 2w du(ss,w) | pw(W(camw/2)—p(ssw)) +w(w<oﬂ:o>7w<ss,w>)

RIT 0w T RTT % RIT =8s
(Lu)(qw) = { 1 ovtean) | polvican/s vicaw) g=ca
w(ss,wo‘)ro—f:/}(off,w) g = off,
which is closed on the set of finite-polynomialsin O

Example 4 (Networked control system [9]puppose that the state of a stochastic scalar linear system x +

bn is estimated based on state-measurements received theonghwork. For simplicity we assume that state



e2rdt

Fig. 5. Networked control system SHS in Example 4

measurements are noiseless and delay free. The corresgostdie estimation errar € R can be generated by

a SHS (represented graphically in Figure 5) with continudyusamicsé = ae + bn and one reset map — 0

that is activated whenever a state measurement is recdiveds conjectured in [9] and later shown in [10]
that transmitting measurements at a rate that depends ostdteeestimation error is optimal when one wants to
minimize the variance of the estimation error, while peziafj the average rate at which messages are transmitted.
This motivates considering a reset intensity of the foxte) := e?*, for somep € N. This SHS has a single

discrete mode that we omitted for simplicity and its germra given by

Ope) % 9%(e)
ac Oe 2 9e? +

which is closed on the set of finite-polynomialsdn O

(Ly)(e) :=

%x(x —1)dt

X X—2

Fig. 6. Decaying reaction SHS in Example 5

Example 5 (Decaying reaction)fhe number of particles of a speciesS; involved in a decaying reaction
251 — 0

can be generated by a SHS (represented graphically in F@)ungth continuous dynamicg = 0 and reset map

x — x — 2 with intensity A\(x) := $x(x — 1). Since the number of particles takes values in the discrete s
of integers, we can regarg as either part of the discrete or the continuous state. Westhto regard it as a
continuous variable because we are interested in studigrgiatistical moments. In this case, the SHS has a single
discrete mode that we omit for simplicity. This model is elgequivalent to(author ?)’s [11] stochastic simulation

algorithm (SSA) and its generator is given by

(L4)(x) = 5a(e = 1)(U(x - 2) - ¥(a)),

which is closed on the set of finite-polynomialsan O
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X1F—>X172

X1P—>X1—1 Xgl—>X2+1

X9 — X9 — 1 X1~ X1 +2

X3 — x3+ 1 Xo — Xg — 1

caXodt c3Xodt

Fig. 7. Decaying reaction SHS in Example 6

Example 6 (Decaying-dimerizing reaction set [12, 13])he number of particlex := (x1,x2,x3) of three

species involved in the following set of decaying-dimerizreactions
S1 —0, 251 25 So, Sy —2 254, Sy —5 S5 (6)

can be generated by a SHS (represented graphically in Fiungth continuous dynamicg = 0 and four reset

maps
X1 — 1 X1 — 2 X1 + 2 X1

x = ¢1(x) == | x9 X ¢a(x) = |xp 41 X d3(x) = |xp — 1| X du(x) = |x; — 1

X3 X3 X3 x3+1

with intensities

C
/\1(X) = C1X1, )\Q(X) = 52}(1 (Xl — 1), /\3(X) = C3X2, )\4(X) = C4X2,

respectively. Also here we choose to regard fheas continuous variables because we are interested in studyi

their statistical moments. The generator for this SHS igmgiby

(Lw)(,f) = C171 (w(:vl — 1,$2,$3) — w(:v)) + %%1(1’1 — 1)(¢($1 — 2,:@2 + 1,1’3) — ’L/J(SC))

+ csma (V(w1 + 2,32 — 1, 03) — (@) + caza (Y(21, 22 — 1,23 + 1) — (),

which is closed on the set of finite-polynomialsan O

IV. MOMENT DYNAMICS

To fully characterize the dynamics of a SHS one would like &tedmine the evolution of the probability
distribution for its statdq, x). In general, this is difficult so a more reasonable goal isetieignine the evolution of

(i) the probability ofq(¢) being on each mode and (ii) the momentsx¢f) conditioned toq(t). In fact, often one



can even get away with only determining a few low-order matme@md then using results such as Tchebycheff,

Markoff, or Bienaymé inequalities [6, pp. 114-115] to infaoperties of the overall distribution.

Given a discrete statgc Q and a vector of: integersm = (mq,ma,...,m,) € N*, we define theest-function
associated withj andm to be

(m) — g
m M g=gq .
wé N(g,2) := Vge Q,z €R

0 q#q,

and the(uncentered) moment associated wijtland m to be

g () =B [ (a(t), x(1)] vt >0. )

i ’ [ T1,XL2y...,Tp ), i €T oo qMn,
Here and in the sequel, given a vectos y T2y, we usez(™ to denote the monomial}’* x5 m

n

PSHSs have the property that if one stacks all moments infamiténvectoru.., its dynamics can be written as
fise = Aso(Dfioe V>0, (8)

for some appropriately defined infinite matri¥.(¢). This is becaus&'q € Q,m = (m1,...,m,) € N”, the
expressior(Lwém))(q,:c,t) is a finite-polynomial inz and therefore can be written as a finite linear combination
of test-functions (possibly with time-varying coefficishtTaking expectations on this linear combination andgisin
(4), (7), we conclude thalf{”) can be written as a linear combination of uncentered monients,, leading to (8).

In the sequel, we refer to (8) as tlinite-dimensional moment dynamidsnalyzing (and even simulating) (8)
is generally difficult. However, as mentioned above one dé®noget away with just computing a few low-order
moments. One would therefore like to determine a finite-dismnal system of ODESs that describes the evolution

of a few low-order models, perhaps only approximately.

When the matrixA, is lower triangular (e.g., as in Example 1 and Example 4 with 0), one can simply
truncate the vector., by dropping all but its firs& elements and obtain a finite-dimensional system that gxactl
describes the evolution of the moméntslowever, in generall., has nonzero elements above the main diagonal

and therefore if one defings € R* to contain the top: elements ofu.,, one obtains from (8) that
ft = Tpxoo A (t) oo = A(t)pn + B(t)i1, f= Clico, (9)

where I« o, denotes a matrix composed of the fikstows of the infinite identity matrixiz € R” contains all the
moments that appear in the filsselements ofA (¢) 1 but that do not appear in, andC is the projection matrix
that extractsu from u... Our goal is to approximate the infinite dimensional syst@&nhbly a finite-dimensional

nonlinear ODE of the form

U= Aty + Bl)o(t), v=qpt), (10)

10ther truncations are possible, but it is often convenieriteiep the low-order moments af as the states of the truncated system because
these are physically meaningful.
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where the mag : R* x [0, 00) — R” should be chosen so as to keefp) close tou(t). We call (10) thetruncated
moment dynamicand ¢ the truncation function We need the following two stability assumptions to estdbli
sufficient conditions for the approximation to be valid.

Assumption 1 (Boundednesdjhere exist set§,, and(2, such that all solutions to (8) and (10) starting at some
time ¢y, > 0in Q, and(,,, respectively, exist and are smooth s co) with all derivatives of their first: elements
uniformly bounded. The se®, is assumed to be forward invariant. O

Assumption 2 (Incremental StabilityYhere exists a functidn3 € KL such that, for every solutiop., to (8)
starting in{2, at some timefy > 0, and everyt; > to, 11 € {, there exists som@..(t1) € Q, whose firstk

elements matchy; and

[u(t) = 4Ol < BUlplt) = At t =), VE =1, (11)

wherepn(t) and/i(t) denote the firskt elements of the solutions to (8) startingiat, (¢1) and fi«(t1), respectively.
O

Remark 1: Assumption 2 is essentially a requirement of uniform sigbifbr (8), but it was purposely formulated
without requiring(,, to be a subset of a normed space to avoid having to choose aummten which the (infinite)
vectors of moments are bounded. It is important to emphabiea certain “richness” of?,, is implicit in this
assumption. Indeed, for the existence/nf (t1) € Q, whose first components match an arbitragye 2, one

needs(2, to be contained in the projection 6f, into its firstk components. O

The result that follows establishes that the differencevben solutions to (8) and (10) converges to an arbitrarily
small ball, provided that a sufficiently large biinite number of derivatives of these signals match point-wise. To

state this result, the following notation is needed: We deffre matrice<”*(¢), i € N recursively by

oo (t) = C, CHL(t) = CU(t) A (1) + C(2), Yt >0, i €N,
and the family of functiond.’y : R¥ x [0,00) — R", i € N recursively by

(L)1) = p(00), o)1) = 2EDED (a0, 1 Bieyp, ) + 2L,

vt >0, v € R¥, i € N. These definitions allow us to compute time derivativeg@f and(¢) along solutions to
(8) and (10), respectively, because

d'(t)
dtt

d'o(t)
dté

= C'(t) oo (1), = (L'p)(v(t),1), ¥t >0, i€eN. (12)

Theorem 2 (cf. Appendix)or everys > 0, there exists an integéy sufficiently large for which the following

result holds: Assuming that for evety> 0, p € 2,

CU (T oo = (L'0)(p, T), Vi€ {0,1,...,N}, (13)

2A function B : [0, 00) x [0,00) — [0, 00) is of classK L if B(0,t) = 0, V¢ > 0; B(s, t) is continuous and strictly increasing envt > 0;
andlim; oo B(s,t) =0, Vs > 0.
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where ., denotes the firsk elements ofu.., then
[u(t) = v(@)] < Bllu(to) — v(to)ll,t —to) +0, Vi =t >0, (14)

along all solutions to (8) and (10) with initial conditiops, (to) € ©,, andv(ty) € €, respectively, where.(t)

denotes the firsk elements ofuq (t). O

The proof of this theorem is technical and therefore we ldafer the appendix. The idea behind it is that
the conditions (13) guarantees that when the solutignto the infinite-dimensional system (8) starts(y, the
N + 1 derivatives of its firstt elementsy match those of the solution to the truncated system (10). Using a
standard argument based on a Taylor series expansion, wednglude that these two solutions will remain close
in a bounded interval of lengt’. To extend this to the unbounded interya) o), we use the stability of the
infinite-dimensional (8): After the first intervad, T'|, we can start another solutigh,, to (8) on€,, whose first
k elementsi matchv at timeT', and conclude from (13) thdt and v will remain close onT, 27]. But because
of stability . and /i will converge to each other and therefqreand v also remain close. This argument can be
repeated to obtain the bound (14) on the unbounded timevaitir, oo). A similar argument was used in the proof
of [7, Theorem 1] to analyze two time scale systems. It is irtgpd to emphasize that for this argument to hold,
2, need not be forward invariant because we only use (13) fosthations/; that are always “re-started” if?,,.
This explains why one may get good matches between the atigimd the truncated systems, even if (13) only

holds for fairly small subset&,, of the overall infinite-dimensional state-space.

V. CONSTRUCTION OFAPPROXIMATE TRUNCATIONS

Given a constant > 0 and sets(2,,, €, it may be very difficult to determine the integé¥ for which the
approximation bound (14) holds. This is because, althobgtptoof of Theorem 2 is constructive, the computation
of N requires explicit knowledge of the functighe KL in Assumption 2 and, at least for most of the examples
considered here, this assumption is difficult to verify. Biekieless, Theorem 2 is still useful because it provides
the explicit conditions (13) that the truncation functiprshould satisfy for the solution to the truncated system to
approximate the one of the original system. For the probleomsidered here we require (13) to hold fer=1,

which corresponds to a second Taylor expansions of theisolutlote that forN = 1, (13) simply becomes

dp(p, dp(p, 7
Clico = @(i,7), CAxo(T) oo = SDST)IIMOOAOO (T)too + SD(T)a (15)

Voo € 2, 7> 0. Lacking knowledge of3, we will not be able to explicitly compute for which values ®{14)
will hold, but we will show by simulation that the truncatiabtained provides a very accurate approximation to
the infinite-dimensional system (8), even for such a smalieghof N. We restrict our attention to functionsand

sets(2,, for which it is simple to use (15) to explicitly compute trated systems.
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a) Separable truncation functionsFor all the examples considered, we consider functipro the form

Y11, Y12 Y1k
Vl V2 PR Vk
Y21, Y22 .., Y2k
(1) VT Vg Vi
o, t) = A" = A _ , (16)
Yri o Yr2 Yrk
Vl 1/2 PR I/k

for appropriately chosen constant matrides= [v;;] € R™** andA € R™", with A diagonal. In this case,

ViYHV;m . V};Ylk,yllyl—l V¥11V;12 .. .V];Ylk,712y2—l V¥11V;12 . V};Ylk,ylkyk—l
690(V) Vivzl V;zz . Vg2k721V;1 V1Y21V;'22 .. -I/g% 722V51 . V1Y21V;'22 . V};sz,th];l
ov
s i T _1 e i T _1 i i T _1
. r . -1 -1 -1
= Adiag[v DT diaglvy Y, vyt vt
and therefore (15) becomes
Cpice = A ™, (172)
. . -1, -1 -1
CAoo(T)poo = Adlag[clufoo]l—‘dlag[:ufl s Mg sy ]Ikxovoo (7) poo- (17b)
k

This particular form foryp is convenient because (17a) often uniquely defitiesnd then (17b) provides a linear

system of equations oR, for which it is straightforward to determine if a solutiori&s.

b) Deterministic distributions:A set(2,, that is particularly tractable corresponds to determimdistributions
Faer :={P(-; ¢,z) : © € Qu,q € Q}, whereP(-; ¢, z) denotes the distribution ofq, x) for which q = ¢ and
x = x with probability one; and?, a subset of the continuous state sp@e For a particular distribution

P(-; ¢, x), the (uncentered) moment associated wjitandm € N" is given by

o™ q=q
W = [0 @ 9Pz g,2) = o g 0) =
0 q#q
and therefore the vectors,, in Q,, have this form. Although this family of distributions mayese very restrictive,
it will provide us with truncations that are accurate everewlthe pSHSs evolve towards very “nondeterministic”
distributions, i.e., with significant variance. For thig §g,, (17) takes a particularly simple form and the following
result provides a simple set of conditions to test if a trtioceais possible.
Lemma 1 (cf. Appendix)Let 2, be the set of deterministic distributiodg;.; with 2, containing some open
ball in R™ and consider truncation functiogs of the form (16). The matriced andI" must satisfy:
1) A must be the identity matrix.
2) For every momenpsz“ in g and every momerym(]j”) in p for which ¢; # g¢, one must havey ; = 0.
3) For every momen,nf{f@) in i, one must hav{k;il Ve,iM; = My
Moreover, the following conditions are necessary f(gr_za'estemce of a functiorp of the form (16) that satisfies
(15):
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4) For every moment{"™ in fi the polynomial 32°%_; a,; (™) must belong to the linear subspace generated
qi=qze
by the polynomials

oo
{3 agaatmemitmd 1< <k, g5 = af.
=1
qi=qze

5) For every momenpé@"") in & and every momenﬂg’i’”) in poo With g¢; # g¢, we must haves, ; = 0. Here

we are denoting by, ; the jth row, ith column entry ofA.. O

Condition 4 imposes a diagonal-band-like structure on titemstrices ofA., consisting of the rows/columns
that correspond to each moment that appeays ifhis condition holds for Examples 2, 3, and 4. It does notequi
hold for Examples 5 and 6 but their moment dynamics can beldiethbso as to satisfy this condition without

introducing a significant error.

Condition 5 imposes a form of decoupling between differentles in the equations fgr. This condition holds
trivially for all examples that have a single discrete mdtidoes not hold for Example 3, but also here it is possible

to simplify the moment dynamics to satisfy this conditiortheiut introducing a significant error.

VI. EXAMPLES OF TRUNCATIONS

We now present truncated systems for the several examplesdened before and discuss how the truncated
models compare to estimates of the moments obtained frontéM@arlo simulations. All Monte Carlo simulations
were carried out using the algorithm described in [1]. Eata#s of the moments were obtained by averaging a large
number of Monte Carlo simulations. In most plots, we usedfficgntly large number of simulations so that the
99% confidence intervals for the mean cannot be distingdi$toen the point estimates at the resolution used for
the plots. It is worth to emphasize that the results obtathealigh Monte Carlo simulations required computational

efforts orders of magnitude higher than those obtainedgutia truncated systems.

Example 1 (Random walk)Eor this system we consider test functions of the fabfft) (z) = 2™, ¥m € N, for
which
(& +b/O)™ + (& = by/™ — 2a™
2¢

=-—maz™+ g <m>bi€i22w(mi)($)v
1
1=2

1 even

(L™ (z) = —maz™ +

SWe are considering polynomials with integer (both positarel negative) powers.
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yielding

o] To]l [=a o - 1 [u]
[ b 0 —2a 0 u
(3 0 3. 0 -3¢ 0 .- s
d Tl o e 0 —4a 0 - o)
15 0 50% 0 106 0 —5a 0 ---| [u®

Sincep(©)(t) = 1, vVt > 0 we excludedu(®) from the vectoru, resulting in an affine system (as opposed to linear).

Because the infinite-dimensional moment dynamics are lbsgargular, this system can be truncated without

introducing any error. For example, a third order truncaty@éelds

s —a 0 0 p 0
Pl =10 =2 0 | [p®]+|b
3 3 0 —3al| [u® 0

which can be solved explicitly:

—a b —2 ~2a
PO @) = e (0), p® () = S-(1 = e 4 e 20 0),

3b

S (7 = e ¥t (0) + e u(0),

p® (1) =
for a # 0, and
pM () = uM(0), p A (t) = bt + p@(0), p () = 3btpD(0) + 1) (0),

for a = 0. It is interesting to note that these equations do not dependbecause this parameter only appears in
the equation fop:(*). This means that up to the third order moments this pSHS istinduishable from the SDE
X = ax + bn. O

Example 2 (TCP long-lived)For this system it is particularly meaningful to considermemts of the packet

sending rater := 7. We therefore choose the test functions to be of the fof) (w) = R?%, Vm € N, for
which
m—1 om _ pmerl m1/)(m71)(1U) om _
L™ _muw _ - _ (m+1)
(LY W) = pppmt ~ —om RTTwIT RTT? P—gm ¥ (W),
yielding
At 7T 0 -3 0 p
s 0 ﬁ 0 _%P 0 e p?
a3 = 0o |+ 0 ﬁ 0 _% 0 e u3
s 0 0 0 ﬁ 0 _% 0 | [p@®
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Fig. 8. Comparison between Monte Carlo simulations and twocated models for Example 2, wifRT"T" = 50ms and a step in the drop-rate

p from 2% to 10% at timet = 5sec.

Sincep(9)(t) = 1, vVt > 0 we excludedu(®) from the vectoru, resulting in an affine system (as opposed to linear).

We consider a truncation whose state contains the first asmhdemoments of the sending rate. In this case, (9)

can be written as follows:

(1) 0 _P 1) 0
fi p )
ol = ? . o | o (18)
H rrrz H -
wherefi := 1® evolves according t@(® = ;‘;(;)2 — % 5 this case, (17) has a unique solutipnresulting
in a truncated system given by (18) and
(2))3
_ p?))z
= (D, @) = Y (19)

(nt1)2”

Figure 8(a) shows a comparison between Monte Carlo sinomlstand this truncated model. The dynamics of the
first moment of the sending rate is very accurately preditidhe truncated model and there is roughly a 10%
error in the steady-state value of the standard deviatiorthé simulations, a step in the drop probability was
introduced at time = 5sec to show that the truncated model also captures welligrainsehavior. Figure 8(b)

refers to a somewhat more accurate truncated model propogét which corresponds to
2)

=, u®) = (%)3 (20)
Its construction relied on the experimental observatiat the steady-state distribution of the sending rate agpear
to be approximately Log-Normal. It turns out that this modelld also have been obtained using the procedure
described in Sec. IV by requiring (13) to hold only fof = 0 but for a setQ2,, consisting of all Log-Normal

distributions, which is richer than the s&t.; of deterministic distributions used to construct (19). ]
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Example 3 (TCP on-off)For this system we consider moments of the sendingirate 77 on thess andca

modes, and therefore we use the following test functions

m m

Waw={ T =TT ITT g - {ET 1T
0 ¢ € {ca,ss} 0 q € {ca,off} 0 q € {ss,off},
for which
0 ~1.,(0 1 a 1
(48 w) = ~regt 68, w) + 9D (g w) + 19l (g,w)
P wo mlog2 1)
(ngm)(q,wrﬁw (g,0) + 5282 4 (g, w) — (p+ 7 )0 g, )
1 p
1 1 1
(L1/)£;n))(q,w) = 2_m 1/}:5:714’ )(q,'LU) + RTT2¢(m )(qvw) - (E +p 2m)1/)(m+ )(Qaw)a
yielding
[~ 00 & F o o 0 I
[T S0 0 —L-p o0 0 0 0 RO
250 0O 0 o0 p -3 0 0 0 A
KOS o B o b o o o i
Hg) 0 1 0 0 P _1_p 0 0 IJ«(:;)
iy -1,2 RTT ? b 2
p2 | = | ko o 0 0 i o 1., o &)
g 0 0 0 0 gEm oo 0§ 4% o ol
e Tott D 0 0 0 0 0 log 8 o -1 o . "
fiea RTT3 RTT k Hss
: 0 0 o 0 0 2z O 0 1.9 He)

Sinceug%), uég), andugg) are the probabilities thaj is equal tooff, ss, andca, respectively, these quantities must

add up to one. We could therefore exclude one of them from

We consider a truncation whose state contains the zeragh, dind second moments of the sending rate. In this

case, (9) can be written as follows:

Q] [ 0o 7 : 0 0 | |ui| .
/(0 1 . (0) 0 0
[hss Toft 0 0 -z =D 0 0 0 Uss 0 0
e 0 0 0 P -t 0 | |u
W= |2 0 0 ez L 0 o 4] " e @
fiss' | = | “®pT RTT —% P Hss 0 0 s
:u((tjé) 0 0 RT}T2 0 0 g _% - % ,LL((tjéL) 1 0
(2) et Wa log 4 2) A
[lss Rfjf,TQO 0 0 0 0 RIg’T 0 Mss » 1 3
_ug? | 0 0 0 0 e 0 0 | _ug?_ L 4 k4
r ’
wherefi:= |3 43| evolves according to
3) _ Toff Sw (0) log8 (3) (l ) (4) 22a
fiss' = T Hoft T o Hss TP s, (22a)
3 P 1 7p
(3) = @ 4 P ( _) (). 22b
lLl’Ca RTT2 ILLCa + 8 SS k: —"_ 8 /’Lca ( )
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Fig. 9. (left) Comparison between Monte Carlo simulatiosali¢l lines) and the truncated model (21), (24) (dashed)ifer Example 3, with
RTT = 50ms, 7o = 1sec,k = 20.39 packets (corresponding to 30.58KB files broken into 150&bytackets, which is consistent with the
file-size distribution of the UNIX file system reported in [L6and a step in the drop-raefrom 10% to 2% att = 1sec.

However, (22) does not satisfy condition 5 in Lemma 1 bec#usdifferent discrete modes do not appear decoupled:
;zg? depends omfnocf), andﬂgi) depends omgg). For the purpose of determining, we ignore the cross coupling

terms and approximate (22) by

. log 8 1 . 3 1 7p
(3) o, 08° (3) _ (2 ) (4) (3) A @ _ (2 ) (4)
fiss” A prrss ( w Hp)uss fica X prraHea ( w5 Hea (23)

The validity of these approximations generally depends lon rietwork parameters. When (23) is used, it is

straightforward to verify that (17) has a unique solutipnresulting in a truncated system given by (21) and

_ (0)(,(2))3 O IO
i=pp) = {“ I )2} : (24)
Since u((féf), ug?, and HQSJ correspond to the probabilities thatis equal tooff, ss, and ca, respectively, these

guantities must add up to one and we can exclude one of themtfre state.

Figure 9 shows a comparison between Monte Carlo simulatiadghe truncated model (21), (24). The dynamics
of the first and second order moments are accurately predigteéhe truncated model. There is some steady-state
error in the probabilities of each mode, especially after thop-ratep dropped to 2%. This corresponds to a
situation in which the sending rate in the mode exceeds that of the mode and therefore theé;‘) term dropped
from (23) in theug;) equation may actually have a significant effect. Somewhgirgingly, even in this case
the first and second order moments are very well approximétedreparing this paper, several simulation were
executed for different network parameters and initial d¢bos. Figure 9 shows typical best-case (before 1)

and worst-case (after= 1) results.

The average file size used to produce Fig. 9 is consistentthétlone observed in the UNIX file system reported

in [16]. It should be emphasized that the overall distribntof the UNIX file system and more importantly of files
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transmitted over the Internet is not well approximated byegponential distribution. More reasonable distributions
are Pareto or mixtures of exponentials. Both could be madiejepSHSs, but for simplicity here we focused our

attention on the simplest case of a single exponentialiligion. O

Example 4 (Networked control systenBor this system we consider test functions of the fapfif) (¢) = e™,

Vm € N, for which

—1)p?
(Lyp™)(e) = ame™ + % m—2 _  m+2p
m(m — 1)b? _ m
= amp(e) + P 2 o) i),
yielding
sy ap) — p(1+20)
(2 b% + 2apu® — p(2+20)
u(3) 3b2u(1) + 30/’“(3) — M(3+2P)
A1 6620 4 dap® — [ (4+20)
15 106213 + 5apu®) — 1, (5+20)
In particular, forp = 0 we get
—ﬂ(l)_ [ 0 1 —a -1 0 1 _M(l)_
02 -2 0 2a — 1 0 e u
(3 0 —3b2 0 3a—1 0 p3
= +
s 0 0 —6b° 0 4a—-1 0 - s
5 0 0 0 —10b2 0 5a—1 0 | [p®
and forp =1 we get
_ﬂ(l)_ [ 0 ] i a 0 -1 0o --- 1 —M(l)_
(2 —b? 0 2a o -1 0 - pu?
3 0 -32 0 3¢. 0 -1 0 - p3)
= +
s 0 0 —6b? 0 4a 0 -1 0 --- pu®
) 0 0 0 —1002 0 5a 0 —-1 0 ---| |p®

Sincep(9)(t) = 1, vVt > 0 we excludedu(®) from the vectoru, resulting in an affine system (as opposed to linear).

For p = 0, the infinite-dimensional dynamics have a lower-triangstaucture and therefore an exact truncation
is possible. However, this case is less interesting beci#usaresponds to a reset-rate that does not depend on
the continuous state and is therefore farther from the @dti® 10]. We consider herg = 1. In this case, the

odd and even moments are decoupled and can be studied imdeplgnlit is straightforward to check that if the
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Fig. 10. (right) Comparison between Monte Carlo simulaigsolid lines) and the truncated model (25), (26) (dasheek)i for Example 4,

with a = 1, ¢ = 1, and a step in the parameteifrom 10 to 2 at timet = 0.5sec.

initial distribution of e is symmetric around zero, it will remain so for all times ahdrefore all odd moments are
constant and equal to zero. Regarding the even momentantiéest truncation for which condition 4 in Lemma 1

holds is a third order one, for which (9) can be written ascfol:

[ 2¢ —1 0| [p® b2 0
pO =162 4a 1| |p@®|+]0|+]|0]|R (25)
(6 0 150> 6a| |p® 0 —1

wherefi := u® evolves according t@® = —28b%1(%) + 8au® — (19, It is straightforward to verify that (17)
has a unique solutiop, resulting in a truncated system given by (25) and

o= (i@, y @ 0 = @ (%)3 (26)
Figure 10 shows a comparison between Monte Carlo simukatmid the truncated model (25), (26). The dynamics
of the all the moments are accurately predicted by the ttedcanodel. The nonlinearity of the underlying model
is apparent by the fact that halvirgat time¢ = 0.5sec, which corresponds to dividing the variance of the noise

by 4, only results in approximately dividing the variancetloé estimation error by 2. O

Example 5 (Decaying reaction)For this system we consider test functions of the farftt) (z) = 2™, Ym € N,
for which

m+k+1
m—k+1

c

(Lw(m))(l') _ gx(x . 1)(($ —o)m xm) _ -3 ( _ w(m-i—l) + Z (C’Z) (—2)m—kw(k+l))’ (27)
k=0
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yielding

_ll(l)_ [ 1 -1 0 . 1 _,u(l)_
(2 —2 4 —9 0 . u®
L3 4 —-10 9 -3 0 .- p®
s s 24 —28 16 -4 0 .- '
(%) 16 —-56 8 —60 25 -5 0 --- p(®)

For this example it is not possible to find a functignfor which (17) holds exactly for any finite truncation.
However, findingy becomes possible if we ignore some of the lowest-order powkt in the summation in (27)
that defines the generator of the system. This is reasondi#a the number of particles is significantly larger than
one. In the extreme case, for which we only leave the highestraerm, a first-order truncation is possible and

(9) can be written as follows:

/’L(l) = _CFL7
wherei := u(® evolves according t@(?) = —2¢u®). In this case, (17) has a unique solutipnresulting in the
following truncated system
vV = —¢(vM)2,

which would also be obtained using the deterministic foatiah of chemical kinetics. However, by leaving more
terms one can obtain approximations that should be moreaegiespecially for smaller number of particles. For
example, if one would keep the two highest powerscdh the summation in (27), a second-order truncation is

possible and (9) can be written as follows:

(1) c —c ) 0

“ o= N i,

) 0 4c| |p® —2¢
wherefi := (3 evolves according ta®) = 9¢u®) — 3cu?. In this case, (17) has a unique solutipnresulting

in the following truncated system

v

v c —c| [vW 0 v(2)\3

) 0 dc| [v®@ * —2c ( )
The relationship between the first three moments expressétidiy is exact for Log-Normal distributions. It turns
out that if we had kept a larger number of higher-order povedrs in the summation in (27), we would have
obtained higher-order truncation for whighthat would also be exactly compatible with Log-Normal digttions.
This observation has been further explored in [17]. For x@mess, we omit the comparison between Monte Carlo

simulations and the truncated model for this very simpletiea. O
Example 6 (Decaying-dimerizing reaction seBor this system we consider test functions of the form

mi,ma,m _.mi,,ma,_m
1/)( 1,2 2)(17)—1:115022:1:33, Vmy, mo, m3 € N,
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for which

(Lm0 () = ey (o — )™ — )y 2y
c m m m m m
+?2:c1(:01—1)((xl—2) Yoo+ 1) — 2" ay?)xg™

+ cama((z1 +2)™ (w2 — 1) — 2" 20"?) 2™ + cawa((w2 — 1) (w3 + 1) — 2722} )]

mi—1

= 3 () (Fm ()
=0

mi,mo
c " i . L
3 2 UH(F)EmTETITE) -t @)
1,7=0
(iyj)#(Jml,WQ)
my,ma
+es Z ("{1 ) ("JLQ ) 27n1*i(_1)m2*j,¢}(i»j+1»m3)(:C)
i,j=0
(4,5)#(m1,m2)
mo,m3
ter D () () ()T @), (28)
1,7=0
(4,5)#(m2,m3)

where the summations result from the power expansions ofetimes (x; — ¢)™:. Therefore

M (1,0,0) 7
(0,1,0)
r(1,0:0) 7 - —cidtea 23 0 —co 0 0 0 0 0 0 0 0 07 [Foon
2(0:1,0) -2 —c3—eq0 2 0 0 0 0 0 0 0 0 0- K 2.0.0)
2(0,0,1) 0 cy O 0 0 0 0 0 0 0 0 0 O0- o
(2,0,0) c1—2cy  4dcz 0 —2cqtdco 0 des —2co 0 0 0 0 0 O0- 0(0:2,0)
b 0.2.0) —2 c3tes 0 2 —2e3-2¢4 —c2 0 ca 0 0o 0 0 0- p(1:1.0)
I = :
a0 | s 23 0 -3 25 —citea—cg—ea L —ca 0 0 0 0 0- u(3:0:0)
(3,0,0) —ci+4cs  8cz 0 3c1—10co 0 12¢5 —3c1+9cs 6eg 0 —3¢3 0 0 O - p(21,0)
;.14(2,1’0) —2co —4c3 0 4co 4c3 c1—2co—4c3 7‘)22 0 —2ci+4co—c3—cqg 4c3 CT2 —2¢c3 0 - H(1’2’0)
2 14(4:0,0)
L I IGEED)

For this example we consider a truncation whose state eentl the first and second order moments for the
number of particles of the first and second species. To keefottmulas small, we omit from the truncation the
second moments of the third species, which does not appeareectant in any reaction and therefore its higher

order statistics do not affect the first two. In this case,a@) be written as follows:

ﬂ(l,0,0) —c1+4c2 2cs3 0 —ca 0 0 #(1’010)
2010 —2 —c3—cq 0 2 0 0 p(01,0 8 8
;,(0,0,1) 0 cq 0 0 0 0 (0,0,1) 0 0 _
Z(z,o,o) = | c1—2c2  4dcz  04c2—2c 0 des Z(z,o,o) + _%02 0 Hy (29)
02,0 -2 ezt O ?2 —2c3—2c¢4 —ca £(0:2.0) Py _czz
(110 c2 —2c3 0 —32 2c3 ca—c1—C3—C4 p (1.0 2
/
wherefi := [u(&o,o) M(271x0>} evolves according to
(300 — (et 4 dep)u00) 4 8e5u 010 4 (3¢, — 1062)u 200 4 12651 10)
+ (=3c1 4 9¢2) 300 4 63310 — 3oy (4:0:0) (30a)
ﬂ(z,l,()) — —202;1,(1’0’0) _ 40311,‘(071’0) + 402;1(2’0’0) + 403;1(0’2’0) + (c1 — 2¢o — 403);1,(1’1’0)
5o 2(3:0,0) (4,0,0) ,
_ % + (4cg —2¢1 — 3 — C4)H(2’1’0) + 403H(1’2’0) + % _ 202#(371’0). (30b)

This system does not satisfy condition 4 in Lemma 1 becauseuth®?), ;019 terms in the right-hand

sides of (30) lead to monomials in; and x5 in > .2, ar; (™) that do not exist in any of the polynomials
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TABLE |
COMPARISON BETWEEN ESTIMATES OBTAINED FROMVMIONTE CARLO SIMULATIONS AND THE TRUNCATED MODEL FOREXAMPLE 6. THE

MONTE CARLO SIMULATION DATA WAS TAKEN FROM [13].

Source for the estimatesE[x1(0.2)] E[x2(0.2)] StdDev[x1(0.2)] StdDev[x2(0.2)]
10,000 MC. simul. 387.3 749.5 18.42 10.49
model (29), (32) 387.2 749.6 18.54 10.60

{Zf; aj glme—mj+mi) . 1 < j < 6}. These terms can be easily traced back to the lowest-ordas @ power
expansions in (28) and disappear if we only keep the threleelsigpowers of:; in the expansion ofz; — 1)™
that corresponds to the first reaction and the two highesepowfz, and z, in the expansions ofz; + 2)™!
and(z2 £ 1)™2 that correspond to the second and third reactions. In pedtis leads to the following simplified

version of (29)

5(1,0,0) £(1:0,0)

0

=

|
Q
A%
+
Q
N
N
)
w
o

|

Q
M

;,(0,1,0) ca co 0 (0,1,0) 0 0

M( ) —% —C3—C4 0 5 0 0 l"( N 0 0

2 (0,0,1 0,0,1

1(0:0 o 0 cs O 0 0 0 IS 9 0 =

(2,000 | = 1 0 04ca—2cy 0 4es ,(2,0,0) | 22 0 | [y (31)
H(0,2,0) 0 ca 0 0 —2c3—2c4 —co I(o,z,o) 602 Cc2

- (1,1,0) ca —2c3 0 73% 2c3 co—c1—c3—cy (1,1,0) z ¢

B e

/
where nowf := [u(&o-ﬂ) u(ll-ﬂ)} evolves according to

(300) = 361 (200 1 (Z3e1 4 3ep)u300) 4 6z (210 _ 30y (4:00)

_ 59 1(3:0:0)
(L0 = 96,2000 4 (o) — 45)p(1LO) N2

4,0,0
cap ) (3,1,0)
K

+ (=2¢1 4 2co — c3 — ea)p P10 4 degp120) 4 — 2cap

for which condition 4 in Lemma 1 does hold, allowing us to findrague solutiony to (17), resulting in a truncated

system given by (29) and

_ (2,0,0) \ 3 (2,0,0) ,,(1,1,00 277
p=eln = [(f5)" e (drew)] (32
Ignoring the lowest-order powers afi and z- in the power expansions is valid when the populations ofehes

species are high. In practice, the approximation still seémyield good results even when the populations are

fairly small as shown by the Monte Carlo simulations.

Figure 11 shows a comparison between Monte Carlo simukatamd the truncated model (29), (32). The
coefficients used were taken from [13, Example d]:= 1, ¢ = 10, cs = 1000, ¢4 = 10~ L. In Fig. 11(a),

we used the same initial conditions as in [13, Example 1]:
x1(0) = 400, x2(0) = 798, x3(0) = 0. (33)

The match is very accurate, as can be confirmed from Table d. vEfues of the parameters chosen result in a
pSHS with two distinct time scales, which makes this pSHS matationally difficult to simulate (“stiff” in the

terminology of [13]). The initial conditions (33) start ih& “slow manifold’x, = ﬁxl(xl — 1) and Fig. 11(a)
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essentially shows the evolution of the system on this m&hiféigure 11(b) zooms in on the intervi@l, 5 x 10~4]

and shows the evolution of the system towards this manifdiémit starts away from it at
x1(0) = 800, x2(0) = 100, x3(0) = 200. (34)
Figures 11(c)-11(d) shows another simulation of the saraetigns but for much smaller initial populations:
x1(0) = 10, x5(0) = 10, x3(0) = 5. (35)

The truncated model still provides an extremely good appraton, with significant error only in the covariance

betweenx; andx» when the averages and standard deviation of these varigbtdselow one. This happens in

spite of having used (31) instead of (30) to compyte O
population means
" 800 T T T
population means
1000 . : : : : 6001 ]
E[x,] Elx,]
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Fig. 11. Comparison between Monte Carlo simulations (siatiels) and the truncated model (29), (32) (dashed linesgf@mple 6.
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VII. CONCLUSIONS ANDFUTURE WORK

We showed that the infinite-dimensional linear moment dyinarof a pSHS can be approximated by a finite-
dimensional nonlinear ODE with arbitrary precision. Moreq we provided a procedure to build this type of
approximation. The methodology was illustrated using aeebpool of examples, demonstrating its wide applica-
bility. Several observations arise from these examplesgtwpoint to directions for future research:

1) The algorithm proposed to compute the truncation funatioes not directly take into account the steady-state
distribution of the pSHS. This is desirable because fortadléaxamples presented it is difficult to compute the
steady-state values of the moments. However, when stdateydistributions are available, they can improve
the steady-state accuracy of the truncated system. Thisdaas in Example 2, for which experimental
observations indicate that the steady-state distributiothe sending rate appears to be approximately Log-
Normal. However, it would be desirable to devise constamgithat improve the steady-state accuracy even
when this type of insight is not readily available.

2) In all the examples presented, we restricted our attertiotruncation functionsy of the form (16) and
we only used deterministic distributions to compuyte Mostly likely, better results could be obtained by
considering more general distributions, which may reqm@e general forms fop.

3) The truncation of pSHSs that model chemical reactionsqat@specially accurate. This motivates the search
for systematic procedures to automatically construct acted system from chemical equations such as (6).
This issue has been pursued in [18]. Another direction faururesearch consists of comparing the truncated
models obtains here with those in [19].

An additional direction for future research consists ofabBshing computable bounds on the error between

solutions to the infinite-dimensional moments dynamics tanits finite-dimensional truncations.

APPENDIX

Proof of Theorem 2For a givend > 0, let T > 0 and N > 0 be sufficiently large so that for every solutign,

andv to (8) and (10) starting at sonmtg > 0 in ,, and(2,,, respectively, we have

1)
B(llu(tr) —v(t1)],7) < 3 Vr>1T, t1 >t (36)
(2T)NJr2 dN+2‘LL(T) dN+2V(T) 1)
. S - _"\/ < Z. 37
V21 2 || Tamre || TR | Tamre ) <9 (37

The existence of " is guaranteed by the fact thate £ and by the boundednesswfandy, as per Assumption 1.
For the chosefT’, the existence ofV is guaranteed by Assumption 1 and the fact thaty . % = 0. The

justification for these definitions will become clear shortl

Let 1o andv be solutions to (8) and (10) starting i, and(?,, respectively, at some timg > 0. For a given

t1 > to, sincef?, is forward invariantyy, := v(t1) € Q, and therefore, because of Assumption 2, there exists some

4The left-hand-sides of (36) and (37) need to add up tmt other options are possible.
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fiso (t1) € 2, whose firstk elements matchy; and for which (11) holds. Therefore

(t) = v@OI < @) =A@ + llat) —v(@)l]
< Blu(tr) = vt t —t) +1a@) —v@, Vi =t (38)

We now show by induction on that

di,&(tl) _ diV(tl)
dti det

The base of inductioni (= 0) holds trivially by the wayji(¢;) was selected. Suppose now that the statement hold

vie{0,1,...,N+1}. (39)

for somei < N. Takingi + 1 derivatives ofi(t) — v(t) with respect tot, one obtains
A () — () dig.
(dti-i—l ) = (N(t) - V(t))

= ;_; (A(t) (A(t) - u(t))) + j—; (B(t)(Cﬂoo(t) - ,;(t)))

dIAR) & () — v(t)) = (1 I B(t) A (Clioo (t) — (1))
- Z <J) de*= dti +JZ:; <3) dti= dti - (40)

in the first summation are equal to zerotat t; because of the induction hypothesis.

@ (a(t)—v(1))

All the terms 10

Moreover, from (12) and (13) we conclude that

dj C:&oo (tl )
ded

:owm%ag:@Wmemﬁ4ﬂw@wﬂﬂ:wip'

This means that all the termsw in (40) are also equal to zero at= t;, which finishes the proof of
(39).

Expandingii(t) andv(t) as anNth-order Taylor series around the point> 0 and using (39) and (37), conclude
that || a(t) — v(t)|| < &, Vt € [t1,t1 + 2T)]. From this and (38), we obtain
é
() = vl < Blllu(t) = vt —t) + 5, Vi€ [ty +2T]. (41)
We show next by induction that for every integep 1,

) —v(t)]| <6,  Vtel[to+iT,to+ (i +1)T). (42)

The basis of inductioni(= 1) is a direct consequence of (41) with := ¢, and (36). Assuming now that (42)

holds for some > 1, we conclude from (41) with; := tg + T that
. . . 1)
l(8) = v < Blllulto +iT) = v(to +4T)|,t —to —iT) + 5 <4,

Yt € [to + (i + 1)T, to + (¢ + 2)T], which finishes the proof of (42). From (41) with := ¢, and (42) if follows
that

l(t) = v(@®I < Bllulto) — v(to)ll,t —to) +6,  Vt>to,

which completes the proof. ]
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Proof of Lemma 1Take a vectoru., € €, corresponding to the distributio®(-; ¢,«) and IetuéTi) be the
moment corresponding to théh row of ... Considering a particular row @' that has a one at thé&h columns
and zero at every other column, the corresponding row in dutov equality (17a) can be written as

1 Ye,i =0
(my) k (mi)\ve. i z(me) e=1q : M)
pa =X [ g0 & =[] qa0eimd 5,540, 9=q
i=1 0 q #q i=1
0 Ye,i #0, i #q

where )\, # 0 is the diagonal entry of\ that corresponds this particular row 6% For g, = ¢ andz # 0 the left-
hand-side is nonzero and therefore we must have= 0 wheneverg; # ¢, because otherwise the right-hand-side

would be zero, which proves 2. Moreover, we must also have

p(me) — /\Z;C(Zle,qizqz miw’i), Vo € Qy,

which proves 1 and 3. Consider now the corresponding rowénviittor equality (17b), which can be written as

[e'S) k [e%S)
P D D rw DILAT (43)
i=1 j=1Haq; *" i=1
For ¢, = g, sincev, ; = 0 wheneverg; # q = ¢, (because of 2), we conclude that
[e%S) k [e'S)
Z a; x(mi) — Z Ve Z i x(mefmﬁrmi)’ YV € Q.
i=1 j=1 i=1
qi=q q;=4 qi=4q
which proves 4. Foy, # ¢, the right-hand-side of (43) is zero and therefdr8%; a,; (™) = 0, Yz € Q, which
qi=4q
proves 5. [ ]
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