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Keywords: pursuit games; controlled Markov processds [1], heuristic-inspired “greedy” pursuit policies were
with partial information; dynamic programming; value itproposed. Under these policies, at each time step the pur-

eration; greedy policies. suers move so as to maximize the probability of catching
an evader right at the next time step or within a short look-
Abstract ahead time horizon. Such policies were shown to guaran-

In this paper we address the control of a group of ageit€ that an evader is captured in finite time with proba-
in the pursuit of one or several evaders that are movinghility one and that the expected time to capture is finite.
a non-accurately mapped terrain. We use the framewdtkwever, no claims were made regarding the optimality
of partial information controlled Markov processes to d@f such policies. In this paper, we utilize dynamic pro-
scribe this type of games. This allows us to combine mgpamming to compute optimal pursuit policies that mini-
building and pursuit into a single stochastic optimizatiomize the expected time to capture.

problem, where the cost function to minimize is the timg/e assume that the policy used by the evaders to con-
to capture. We show that an optimal policy exists angbl their motion is known. However, the evaders may not
suggest a value iteration algorithm to compute it. Sinegwe full information, and therefore they may adopt a con-
in general this algorithm is computationally very intentrol policy that is a function of a sequence of observations
sive, we also consider a “greedy” solution that scales walbt available to the pursuers. In this setting, pursuit can
with the dimension of the problem. Under this policy, aje recast as a stochastic shortest-path/minimum-time op-
each time step the pursuers move towards the locatigigization problem under partial information. However,
that maximize the probability of finding an evader at th@e standard tools available in the literature to solve these
next time. We determine conditions under which this jsroblems (cf., e.g., [3]) cannot be applied directly because

actually optimal. (i) the evaders’ motion is not Markovian and (i) the ter-
) minal condition that defines when an evader is caught is
1 Introduction not state dependent but observations dependent. In Sec-

This paper addresses the problem of controlling a swation 3, we show that these facts generally lead to optimal
of autonomous agents in the pursuit of one or sevelicies that cannot be expressed solely as a function of
evaders, in the probabilistic framework originally prothe information state, unless additional structure is im-

posed in [1]. A probabilistic framework avoids the conposed on the evaders’ motion (cf. Section 3.2). To prove
servativeness of worst case deterministic approaches #ig, we adapt to our setting the solution to the partial-

allows us to use stochastic models for the motion of tigformation shortest-path problem proposed in [4].

pursuers/evaders and the devices they use to sense fAeYection 3.3 we show how optimal pursuit policies can
surroundings. Also, partial knowledge of obstacles in thgy computed using value iteration [5]. To achieve this,
pursuit region can be incorporated througpriori prob- e consider a parameterized set of cost-to-go functions
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Markov chain (information state). We then show that, utions of the obstacles are represented by a binary-valued
der suitable assumptions, there exists a rescaled versamdom field defined on the collection of ceffsand the

of the value iteration operator that is closed on this sdiscrete time setZ. In particular, a random variable

of cost-to-go functions, in the sense that when appliedntc,t) taking value in{0,1} is associated to each cell

a function of the form (1) it produces a function of the € C and time instant € 7, andm(c,t) is equal to 1 if
same form but with a distinct (and possibly larger) send only if cellc contains an obstacle at timeHere, we

of vectors?’. This result permits the construction of amssume that the obstacles are fixed, ng¢,t) = m(c),
algorithm—inspired by the ones in [6, 7]—that converge# € 7, c € C. The obstacle configuration can then be
to the optimal cost-to-go. Unfortunately, this value iterepresented by the random vector= [m(c)|ccc, which
ation procedure can be computationally very costly btakes values i/ := {0, 1}".

cause the size of the s@tin (1) typically increases very e definex(t) := {xP(t),x8(t),m} to be thestate of the
fast as the iteration proceeds. gameat timet € 7. x(t) takes values in the sef :=

In the light of the above results, in Section 4 we revisif® x X® x M and the initial state(0) is assumed to be
the computationally attractive greedy policies proposétiependent of all the other random variables at tire

in [1] and determine conditions under which they are of- !n general, when the game starts the positions of the
timal. In Section 5, we illustrate the theoretical results fvaders and the obstacles are only known through an
the context of a simple pursuit problem. For this exanRriori distribution pinit () := P(x(0) = ), Vx € X.

ple, we express the conditions for optimality of the greedyt €ach timet € 7, the pursuers can execute a motion

policies in terms of the observation and evaders’ moti§?ntrol actionu(t) € ¢ that will affect their positions at
models the next time instarit4- 1. Here, we denote by the finite

set of control actions. We assume a controlled Markov

Notation: We denote by(Q, F) the relevant measurablechain-like model for the motion of the pursuers, in that, at
space. Bold face symbols are used to denote random v&#ich timet € 7, the random variable&P(t + 1) is con-
. . ; i i p .
an eventA € F. Given a random variable: Q — 2, times no larger that givenxP(t), u(t), andm. The pur

we write Rz = z|A) for the' conditional probability of the ;Lrjc?l;ZbTi?;l?Jln::Stiézeg g;?ﬂiﬁ%yby a stationansition
event{w e Q : z(w) = z} givenA. We denote by E] the

expected value of and by Hz|A] the expected value & py(x”;xP,u,m) :=

conditioned to the eve®k. Given a sefs, we write S* for P(xP(t+1)=x”[xP(t) =xP,ut) =u,m=m), (2)
the set of all finite sequences of elementsdfncluding

P/ xP p
the empty sequends. VX' xPe xXPue UmeMteT.

The pursuers have sensors for detecting the presence of

2 Problem Formulation evaders/obstacles an¢t) can be selected based on which

measurements were collected up to tim&Ve denote by

We consider a game where a group of pursuers attempi§ the collection of all measurements taken by the pur-
to find one or more evaders. The vectors containiRg@ers at time. Everyy(t) is a random variable that takes
the positions of the pursuers and evaders are denoted/alpies in a finite measurement spaxeand is assumed
xP andx®, respectively. Both pursuers and evaders cém be conditionally independent of all the other random
move and therefore? andx® are time-dependent quanYariables at times no larger thangivenx(t). Its condi-

tities. For simplicity we assume the game is quantizn%iamal distribution is given by aobservation probability

both in space and time: the region in which the purl—mtIon y defined by
suit takes place consists of a finite collection of cells py(y;X) :=P(y(t) =y|x(t) =), 3
C:={1,2,...,n:} and all events take place on a discre
set of times7 :={0,1,2,...}. Ateach time € 7, xP(t)
andx®(t) are random variables taking valuei? := C"

andx®:= (C", respectively.

t§ye Y., xe X,t € T. For each timg € 7, we denote
by Y: the sequence of measuremeft§0),...,y(t)} col-
lected up to timd. Y, takes values iy and is said to
havelength t which we write asZ(Y¢) :=t.

Some cells in the pursuit region contain obstacles ttgy a pursuit policywe mean a functiop: 9* — € that
limit the motion of pursuers and evaders. The actual posiaps the measuremenYs available at timet into the



control actionu(t) applied at timd, i.e., by a known stationaryransition probability functionpe
defined by
u(t) = (Yo, ted. @)
Pe(x¥;x8,Y,m) :=

Formally, each pursuit policy leads to a distinct prob- P(X®(t+1) =x*|x%(t) =x%, Yy =Y,m=m), (7)

ability measure. In the following we use the subscri@xe, X EXeY €y me M, t e T. We also assume
p in the probabi.lity measure P t(_) denote the prOba_bi"%atxp(t+1) andx®(t+ 1) are conditionally independent,
measure associated with the policyWhen an assertion _.

givenx(t), u(t), andYs;.

holds true with respect to,fndependently oft, we sim- Remarkl. A model like (7) arise, e.g., when the evaders’

ply use the notation P. Similarly, for the expected Vallhqotion is governed by a stationary transition probability

operator E. According to this notatioinit, Pp, a1dPy  function pe analogous to (2), and the evaders use a feed-
introduced above are independentiof back policyd that, at each timee 7', maps the measure-

Because the sensors used by the pursuers are probangdtsZ; collected up to time into a control actior(t).
tic, in general it may not be possible to guarantee witA this case,

robability 1 that an evader was found. In practice, we
an that a{1 evader wésund at time t€ T whenpthe con- P2, m) = Z Pe(x;x%,8(Z). m)
ditional probability of one of the pursuers being located P(Zi = Z|X%(t) =, Yy =Y, m = m),
in the same cell as one of the evaders, given the measure-
mentsY; taken by the pursuers up to exceeds a cer-assuming that Z; = Z|x®(t) =x% Y=Y, m=m) is
tain thresholdpround € (0,1]. This can be formalized asindependent of the pursuers’ poligy This would hap-
follows: Let us denote by; those configurations i  hen e.g., under an observation model analogous to (3) if
that correspond to one of the pursuers being located in {g .5 osey, to include all past control actions of the pur-

same cell as an evader. For agiven pursuit pgiicyre suers. Note also that, when the evaders select an action
say that an evader wédsund at time { if the set of mea- ) . i
d(t) based only on their current positions, i.8(Z) =

surementy € 9 collected by the pursuers up to tirhe

satisfies 3(xE(t)), thenPe(x®; X%, Y, m) = pe(x*;x%,8(x%),m) does
not dependent o. d

> T(Y)lx = Pround: () From the motion models introduced above for pursuers
XeG and evaders, it is straightforward to show that esght-

1),t € T is conditionally independent of all other random
variables at times no larger thangivenx(t), u(t), Y,
with conditional distribution

wheret(Y)|x is the element of the conditional distribu
tion

(YY) = [Pux(t) =x| Ye=Y)] ., U=L(Y), (6) Pxt+1) =X |x(t)=x u=u, Yi=Y)=p(X;xuY),
VX, xe X,ue U,Y e 9* teT,where

0 m #m
We denote byl * the first time instant € 7" at which one Pp (XP xP, U, m) Pe(x* x4, Y,m) ' =m
of the evaders is found, i.e., (5) holds with= Y. If with ¥ := {x” x¥', M} andx := {xP,xe,m}. This and (4)
no evader is found in finite time we s&t = +c. The jmply that, given a policyy, X(t+ 1) is conditionally in-

expected value of * provides a good performance meagependent of all other random variables at times no larger

sure for a pursuit policy. In the next section, we computgant, givenx(t) andYy, with conditional distribution
pursuit policies that are optimal in the sense that they min- y -
imize the expected value af". Pux(t+1) =Xx(t) =x Yt =Y) = p (XX u(Y), Y).

We consider here the case where a model for the motfjQreover, the information stam, defined by (6) evolves
of the evaders is known to the pursuers or can be e&fcording to

that corresponds ta The distributior,(Y) is known as

theinformation stateof the game.
Px(X;%,u,Y) =

mated based on the collected observations. We assume Py (Y X) Y P (X% U(Y), Y)TR(Y)x
that for each time € 7, xX8(t + 1) is conditionally inde- Y.y} = X ®)
pendent of all other random variables at times no larger > By (VX P (3%, U(Y), Y)TR(Y) [x

XX

thant, givenx®(t), Y, andm, and that the conditional Xex

distribution ofx®(t + 1) givenx&(t), Y, andm is given VY € 9™* )y e 9 (cf. [8]).



3 Optimal pursuit policies It is also straightforward to show that, for eadhe

* —fnd i I
In this section we determine a pursuit poligghat min- 2 +Tt€ M7, the cost-to-go can be written recursively

imizes the expected value of the first time instaritat

which one of the evader is found. (Y, 1) = 1+ Z Vu({Y,yh ()

Denoting byl17™d the set of distributionstin the simplex yeo it (yjen-fd
[0,1]* that correspond to an evader being captures, i.e., S By (X P (KX (Y), Y)Ty,  (10)
for which XXX

> Tix < Pround (9) where the distributiomt (y) € [0,1]* is given by (8) with

XeG m,(Y) replaced byrt In fact, 77(y) would be equal to the
information statem,({Y,y}) if Twere equal to the infor-
mation statet,(Y). Equation (10) essentially shows that,
while no evader is found, the additional expected cost to
be incurred by the pursuers after timés the sum of two
contributions: an immediate cost of 1 plus the additional
expected costs to be incurred after titael for those val-
rz_esy € 9 of y(t+ 1) for which no evader is found &t-1

we conclude from (5) thal* = min{t € 7 : 1y,(Y+) ¢
M~™d}. Our objective is then to determine a poligyhat
minimizes

Ju = Ey[T*] = Eymin{t € T : (Y1) ¢ N9y,

Th:f]/ c.>p.t|m|zaf[|.on pt;')b!err:. resembleﬁ Iéf shortt.eslle.’ for whichm,({Y,y}) € MM, each cost weighted
path/minimum-time optimization on a partial informatio y the probability of the corresponding observation:

controlled Markov chain with state and control input

u (cf., e.g., [3]). However, (i) the evolution of is not  Pu(y(t+1) =y|Yi=Y) = _z Py (¥; X) Px (6 X, 1Y), Y) T
exactly Markov because of the model used for the motion XxeX

of the evaders and (i) the terminal condition that defineSefining the square matrix

when an evader is caught is not state dependent but

observations dependent. We shall see shortly that these ~ AUY,Y) = [y (Vi X) Pe(Xi XU Y) ]y e i

facts lead to opt.lmal pollc!es that .cannot be express&de U ye 7, Y € 9%, and viewing and thert(y) as
solely as a function of the information state, but deper&%lumn vectorsyt (y) can be written as

explicitly on the observations.
) = AHY) 3Yn

(LAMY),y,Y)m’

where 1 denotes a column vector of appropriate di-
mension consisting solely of ones aid-) the inner
product operator. Because of (9) and the fact that
S vex T (Y)|x = 1, the conditiorn (y) € M~™d can be writ-

ten as(c, 1 (y)) < O for an appropriately defined vectar

or even written agc, A(L(Y),Y,Y)1) < 0 because of (11).
We can therefore rewrite (10) as

3.1 Dynamic Programming Solution 11)

Fix a policy p and suppose that we are at a titreZ for
which no evader has yet been found. Giver [0,1]*
andY € 9 with L(Y) =t, let us denote by,(Y,m) the
cost-to-go for policy pdefined to be

Vu(Y,m) = S Eulmin{t—t > 1:m(Yy) ¢ 17

XeX

whentte MM andV,(Y,m) := 0 whenttg M. The  Vu(¥:T 21;( N (ZY) Y?/;;({OYJ}»TI'(Y)) (LAMY),y,Y)m).
cY(c, YY) )m<
cost-to-goV,,(Y, ) should be regarded as the additional ’ o

expected cost (time in this case) to be incurred by thespired by this, we define the following operators
pursuers after timg, having collected a set of observa-

tionsYy =Y for which i, (Y) = 1. Note that the cosl, (HMW)(Y.m =1+ 2 (LAWY, % Y)m

yeY {CAM(Y).y.Y)m) <0

associated with the poligy can be easily computed from AWY),Y,Y)Tt
the cost-to-ge,,. Indeed, using the fact that the probabil- W({Y»y}7 LAWYy, Y)T0 )
ity distribution ofy(0) is independent of the poliay, we (HW) (Y, 1) := 1+ min T (LAUYY)T
conclude that YU ye o (e AlTy.Y ) <0

A(u,y,Y)T
3= EM({yO)}L m({y)h)]. W Ty )



vY € o, te M~Md, which map into itself the set’ of i) For every uniformly bounded function gA\e W,
functions fromy* x MM to RU{+co}. Shortly we shall  limy_c [|H{Mb —W,|e = O.
establish the precise relationship between these operaﬁ?rgor every Y € 9 such thatP,(Y; =Y) > 0, t :

and the cost-to-go. (Due to space limitations, the proo SL(Y) and T,(Y) € n-Md \we have WY, T5,(Y)) =
of the results in this subsection are omitted. The reader i%(Y mw(Y)). ’

referred to [8] for detalils.) i 3 E W 0 0
The following Lemma shows that the two operators dgl-) w=E WY} m{y(O)})].

fined above are non-expansive: We are now ready to state the main result of this section,
Lemma 1. For any pursuit policy y, uniformly boundedWhich shows how to compute a poligy that minimizes
functions W,W, € %/, and integer m> 0, we haveé Ju, using the operatds.
[HIWL — HME o < (1—p) Wi —Wa oo, Theorem 1. There exists a unique uniformly bounded
[H™ — H™b || < (1—p) WL —Wo |0, fixed point W of H in /. Moreover,

wherep € [0, 1] is any constant such that for any&Y9™, i) For every uniformly bounded function A& W,
e N7 u® u®, . u™Y e liMieo [|H W — W*||oo = O.

p<1-— py (™ x(M) ii) For every policy W, J > J,+, where [i denotes any pol-
X0 xMex y@®  ymecoy: icy that satisfies
(c,n)) <0, ke{1,...,m}
P (XM XM-D) y(m-1) y(m-y g Dy (D)) (HW)(Y, 1 (Y)) = (He W) (Y, 1 (), (13)
pe(xV:x O uO YOO 0. (12)  for every Ye 9% such thay (Y =Y) > 0, t := L(Y)
with YO — {yyD 0} @ — g phen = andme(Y)en
(9 yikrD) y i(kfy Y, ’
A 2 ’Y . . .
<17,§1(1u(k)¥y(k+1),Y(kz)n(k)>’ ke{0,1,....,m—1}. Remark2. In the context of shortest-path optimization,

The right-hand-side of (12) can be interpreted as the cdhiS shown in [4] how an assumption similar to 1 can
ditional probability thafT* <t +m, t := £(Y), given that be relaxed by simply requiring the existence of a policy
Y. =Y, when the controlai©®,u®. ... u™Y are used for which the probability of termination in any interval of
from timet to timet - m— 1 andrtis the conditional dis- '€NgthT be bounded below by a positive constant (instead
tribution of x(t) givenY; = Y. In this section, we assume®f réquiring every policy to have this property). \We con-
that there exists a time interval such that for every dis- J€cture that the technique used in [4] can also be applied
tribution T, there is always a probability no smaller thah®re to relax Assumption 1. O

p > 0 that an evader will be found before or attimeT, Before proceeding we should point out that there is al-
no matter what controls are used in the inteftal+T). ways a policyy* that satisfies (13). Such policy can be
This can be stated formally as: computed recursively, starting from sequences of length

Assumption 1. There exists an integd > 0 such that 1 and progressing towards sequences of larger lengths.

the constanp in Lemma 1 can be chosen positive foe= Indeed, the value o (Y) in (13) depends only on the
T values thapt* takes for sequences of length smaller than

t := L(Y) (cf. equation (11)). Note that, in general, an
The following Lemma establishes the precise relationshiptimal policyp* obtained from (13) depends of ex-
between the operatdy, the cost-to-gd/,, and the cost plicitly, and not only through the information stati .
Jy of policy . We consider next pursuit problems where (i) the evolu-
Lemma 2. Under Assumption 1, for every policy p theréon of x only depends on the observations through the
exists a unique uniformly bounded fixed poiptdf/H, in  information state (thetructured gamesf Section 3.2);

. Moreover, or (ii) does not depend at all on the observations, hence,
1Given a scalar-valued functioh we denote by ||« the infinity- !S Markov (theMarkov gam“’f Sgchon _3'3)' However,
norm of f, i.e., the supremum of the absolute valuef déken over its 1N DOth cases the terminal condition still depends on the

domain. observations. For these types of games, we showdthat




depends oiY; only through the information statg:. For 3.3 Markov games: a value iteration algorithm
Markov games we are also able to provide a value iteM¢hen py(X;x,u,Y) does not depend orY, i.e.,
tion algorithm for computing the optimal cost-to-g¢*  px(X;X,u,Y) = px(X;x,u), then

(and hence the optimal policy). AWLY) = [py () (X% u)]x,x’ex’ veUyey
3.2 Structured games: information-state policies
Suppose thapy(X;x,u,Y) only depends orY through
m(Y). Then,A(u,y,Y) also only depends o¥i through
m,(Y) and we can write

and the results in Section 3.2 remain valid. However, now
we conclude from (13) that an optimal poliggy can be
computed by

ALY, Y) =AUy, T(Y)), UETUYEY  yeY, (14) W (Y)ecargmin )3 (LAUY)TR (Y))

ueu
. . = YEY H(CAUY)Tx (Y))) <0
for some appropriately defined functidn For structured "

: AU, y)The (Y)
games, the operatét can be redefined as WH — =),
( (LAY (Y)) )
HW)(Y, 1) := 1+ min 1,A(u,y, )10 . . ..
(HW)(Y, ™ +ueuyey:c/%mn<o< (Y. where the inclusion accounts for the fact that the mini-
A(U,y, Tt mum may not be unique. Note that since _the fixed-point
(1,A(U,y, )T n)n>)> W of H does not depend or\, we fcim restrict our atten-
. , . tion to functionswW simply fromMn "% to RU {4-oco}.
Y € o,te N4, |n this case, the fixed poiw* of H _ Py o ,{+ }
For computational purposes, it is convenient to represent

does not depend ov, but only ontt. This is because, if . .
. ) W using the set’ of homogeneous functions that map
one takes a uniformly bounded functidgw that does not [0,00)% to RU {+w}, where[0,0)* denotes the set of

depend ory, HWo will also not depend ol but only on yectors with positive entries with dimension equal to the

mand, by induction, so wilH*W, for any integetk. By ~ size ofX. This can be achieved by mapping each function
makingk — o we conclude thatV* = limy_... H*Wp will W € %/ to the functionV € W defined by

indeed not depend ovi. Thus, the optimal policy* can _ X
be chosen to depend ahsolely throughm: (Y) and the W(m = {1 W(m/(1,m), TE [0,00)7\ {0},

w({Y.y},

following can be stated: andw/(0) = 0. Note that’ andW match over the simplex
Corollary 1. Suppose than there exists a functipp: [0,1]*. We shall denote this (invertible) transformation
X x X x Ux[0,1* — [0,1] such that by 7. Defining the operatard from 7/ into itself as
pX(X,;Xa U,Y) = ISX(XI;XauaT[H(Y))a (15) ("TVV)(T[) = <1,T[>+m|2 Z W(A(U,y)n),
ue

X, Xx€ X, ue U, Y €*. Then, there exists an optimal Y {cA(uy)T) <0

li f the f
policy £ of the form vrie [0,0)%, we have that

HE(Y) = 1 (e (Y), Yeor,

_ . : , THW)(m) = (1, 1) + mi 1A(u,
vyhereu* :10,1]* — U is an appropriately defined func- (THW)(m = {11 umelgyey:<cﬁ,\z(wy)m<o< (WY)m
tion. w( Ayt )
Policiesp such thatu(Y) = p(u(Y)), Y € 9*, are very (LA(uy)m
desirable because in order to implement them one does = (1, 1) +min > W (A(u,y)T),
not need to store all the past observations. Instead, it is U ye o (e Aliy)m <0

sufficient to keep track of the information state. In fact, _ _
because of (14)1 equation (8) becomes Ve [O, 1]'X, which shows thaﬂ;H = H(ZT We therefore

— conclude thatv* € 7/ is a fixed point o if and only if
A Y P A Y Y —_ . . . —_— J—
m({Y,y}) = (u(_n“( )3 1)) Tu(¥) : (16) W*:=Z/W* is a fixed point ofH. Moreover,H*Z;Wy =
(LARmY)), Y, T(Y)) TR(Y))
Ty H*Wp therefore ifH*W, converges to a fixed poily/*

which shows thatg,({Y,y}) depends ol only implicitly ¢ H, thenHXZW converges to a fixed poir§W* of H.
throughy(Y). This is the case for the usual shortesip,o following was proved:

path problems in controlled Markov chains with partial
information. However, for the problem considered her€orollary 2. There exists a unique uniformly bounded
the structural assumption (15) is required. fixed pointW* of H in ". Moreover,




i) For every uniformly bounded functioMp € W,
limy_e [[H"Wo — W], = 0.

Yi =Y andm. (Y), which evolves according to an equa-
tion similar to (11).

if)y For every policy W, ] > J,-, where i denotes any pol- In the remaining of this section, we restrict our attention

icy that satisfies

H(Y) € argmin W* (A(U,Y) T (Y)),
U e (c Ay (Y))<0

for every Ye 9 such thatP,- (Y
andy,(Y) € m-d,

=Y)>0,t:=L(Y)

We callW* thehomogeneous optimal cost-to-go

to games for which the conditiafg{x°), A(x, u,y)T) < 0

can be tested independentlym@f. These are games with
unambiguous endor which there exists a subséfyer

of the possible measurements that unambiguously signify
that an evader was found. For these games,

(HW) (@, 1) =

+min
ued

(1,7

W (' AR, u ), (17)
y={x".y' } ¢ Yover

Often, part of the state can be directly determined from

the measurements.

directly observable, whereas' € X, is not.

This can be used to simplify tid
computation of the optimal policy. To see how, let us
partition the state ax := {x°,xY}, wherex® € X, is
This is

W* (X ACC, u,y) T (Y)) .
y={x"y’ } ¢ Yover

K (Y) € argmin

ueu

(18)

modeled by taking/ := {x°y}. To reduce the domainwe now introduce a parameterized set of cost-to-go func-
of the functions in%/, we represent the informationtions with the property that the rescaled operatois

statery(Y), Y € 9, as the element ok, compatible closed on it.

This result permits the construction of

with the Iatest observatioypand the probability distribu- an algorithm—inspired by the ones in [6, 7]—that con-

€ [0, 1%,

tion nﬁ

= [Pu(X¥(t) =X | Yy = Y)]Xu X,

verges to the optimal homogeneous cost-tdAgo For

t = L(Y). With some abuse of notation we shall write® € Xo, T € [0,00)%, let us define

= [, (Y

be interpreted as

Y =
Tu(Y) 0 otherwise

{T,l‘j(Y)lxu X=[e,x}

XeX

In this cased can be viewed as the set of homogeneous
functions that map, x [0,0)% to RU {+} andH is

defined by
(HW) (e, 1) = (1,7t')
+min W (X A(, u,y)Tt)
vet y:B"ZY}ey:
(C(x°),A(X0,uy) )y <0

X° € Xo, ! € [0,00)%, where

A, UY) = [Py (¥ DX ) (X3 DX, U)o
with y = {x”,y’}, andc(x®) = [Cly— o]
An optimal policy is then given by

A% (O 0
W(Y) € argmin W* (X, ACC, u, )T (Y)
y={x"y}eo:
(E0) ADC YT (¥))<0

wherex® the only value ok°(t) compatible withY; =Y

for everyY € 9* such thatr,-(Y) € N7 and R: (Y =
As expectedy” is a function
of Y through the only value® for x°(t) compatible with

Y) >0, witht ;= L(Y).

)4, Y = {Y,x° y} € 9*, which should

WO, ) 1= min (v.1t),

vE U (XO)

(19)

where4(x°) denotes a collection of vectors with the size
of xY. Then, because of (17),

("T\M()(Xoﬂ T[u) =

4+ min
ueu

(1,1
min (A, u,y)'v, ).
y:{xo/y}¢%verveq/k(xm)

Since minajj = min Za., , we conclude that
T ies j‘E]IEI i
(HW) (x°, 1) = (1,7
+min  min (AGC,u,y)' vy, T)

ue Uvye 1 (x%)
y={x" ¥ }¢Yover

<V7T[u>7

Y& Yover

= min
VE Uy 1(x°)

where U 10€) == {1+ Fyan o AGC LYV 1 U €
U, vy € U(X),y = {X”,¥} ¢ Yover}. This means that
if we start a value iteration algorithm with a function of
the form (19), after successive applicationfofthe iter-
ated function will still have the same form. The algorithm
in Table 1 can then be used to compute the fixed point of
H.
Unfortunately, the algorithm in Table 1 can be computa-
tionally very costly because the size of the sktypically
increases very fast as the iteration proceeds. In the worst



1. Initializek = 0 and75H(x°), ¥x° € Xo, In the sequel, we characterize a class of games for which
2 Ui (0) = {14 AGC UV U € TV € greeply pursuit qu|C|es are optlmal_. To this effect, we
,V‘;*(;E,) )y: {i‘” )—,'}zggﬁovjﬁ s g)x:' g restrict our attention to “all-or-nothing” games that are
3 R ’ . q/’ o t, that do not ch e “permutation invariant.” We shall see in Section 5 exam-
- Remove fromfli;1(x%) vectors that do not change the oo ¢ 1 1ch games. A game is said toaltleor-nothingif

VaIEe Owil()(o,ﬂj) = mierE:Vk+l()(o) <V,T[u> = Xu and

4. If W1 # W, setk=k+1 and go to 2. B

5. The optimal homogeneous cost-to-go and policy agre ACC,uy) = LA (X, Y),
given by —

VX0 € Xo, UE U, Y ¢ YoverSuch thatA(x°, u,y) # 0, where
WO, ) = min (), X0 e X, e [0,00)%, eachA(X°,y), X° € Xo, Y ¢ Yoven iS an appropriately de-

VE Voo (X°) 3 fined matrix, and each,, u € U, denotes a matrix ob-
w(Y) € argmin gino, > (W AN uy)m(Y)) | tained from the identity by removing from the main diag-
y:‘fyxﬁ/g}(;ylveryﬁé%ver onal the one corresponding to the elemert X;,. Since
A(X°,u,y) maps the current information state to the next
where?, is the set to which “converged.” information state whely is the added observation, this

corresponds to a situation in which, at each time step,
the control action is responsible for either finishing the
Table 1:Value iteration algorithm game or driving to zero the probability of a single com-

ponent of the (non-observable) information state, without

case, i.e., when Step 3 fails to remove any vector froﬂﬁfecting the others. An all-or-nothing game is said to be

Y+1(X°), the number of vectors in this set is given bs[;ermutatlon-lnvarlant/vhen

|Yiera0€)] = [ U] x maxer |U(x)|1 717w, which corre- AOC,y)alit] = alAGC,y)t],

sponds to an extremely large growth for the size of the

(x°). This motivates the use of the computationally’ € Xo, Tt € [0, 1%, y € Yoven for every permutatiow
convenient greedy policies proposed in [1]. Under miff Xu- Here, given a permutation := {o; : i € X,} of

assumptions, these policies were shown to guarantee tlatVe denote byo[rt], T := {1t}i : i € X} € [0, o
the permuted vectas[t'] := {1|g, : i € X, }. It turns out

an evader is found in finite time with probability one. In o . . .
that permutation invariant games result in optimal homo-

the next section, we give conditions under which they aGaneous costs-to-go that are ghssmutation-invarianin
tually minimize the expected time to capture. the sense that

4 Greedy policies for Markov games W, o[m]) =W, ),  x° € X, T € [0, 1]

By agreedy pursuit policyve mean a policyy : 9 — U

that at each timé € 7 selects the control actiome 7/ for every permutatiow of X (cf. [8]).

that maximizes the probability that the game will be ovetonsider an all-or-nothing game that is permutation in-
in the next time step, based on the collected observatiq@giant and take a particularc 1, X° € X,, T € [0, 00) %,
Yi=Y € 9. For Markov games with unambiguous endfhen,

this can be precisely formalized as follows:

w* (xo’,g(xo, u,y)m')

: o /
Hg(Y) & argmin g (LACC,uy)m(Y),  (20) Y=Y} Fover B
o = 5 WAy
wherex® is the only value fox°(t) compatible withY = yi&ﬁ&ﬁf%ﬁ“
Y, t:= L(Y). Note thaty is a function ofY through the e
information statgx®, 1 (Y)}, very much like the optimal = WS (X : \u) (21)

policy p*. However, in general greedy policies are not y:%i;zifﬁvef:
optimal, unless for alll € U, € [0, 1] x° € X, -

_ _ _ ro i Xu\{u} i -

(1.A6C, Uyt — 5 W (', AGC,uy)TE) yvheren“\u is a vector in[0, 1] obtalneq by remov

V5 over y={x"Y} ¢ Yover ing from A(X°,y)T the entry corresponding ta and
_ W (x?,-) is a function defined by

where W* is the optimal homogeneous cost-to-go

(cf. equations (18) and (20)). WO, ) = W*(3°, 0y), ¢ € [0, 1\ u}



whered, € [0,1]"v is a vector obtained fror by insert- i.e., the pursuer knows exactly its own position but not
ing a zero at thaith component ofp. When the cost- that of the evader.

to-go is permutation-invariant, the functiong are also The pyrsuer can decide which cell to move to by select-
permutation invariant and independentaf 7. The per- ng a control actiom € 1 := (. Its motion is constrained
mutation invariance follows directly from the permutatiof, tnat in one time step it can only move from its current
invariance ofV*. The independence afc U stems from positionxP to a cell in the set(xP) C ¢ (includingxP).

the fact that given two distinaly, uz € 7 Wi (X°.,0) = The evader either stays in the same place or moves with a
W (%, u,) = W* (X, 01w, ]) = W* (°, bu) = WE 0, 9), certain probabilitya from its current positiorx® to some

whereo is the permutation that mags,, to ¢,,,. Such a randomly chosen cell belonging to the SEX®) C C (ex-
permutation always exists singg, and¢,, only differ by cludingx®), i.e.

where the zero was inserted.

To determine whiclu € ¢ minimizes (21), take two dis- - Pe(X¥;x®) u=xP" e U(xP)

tinct ug,up € U and assume that the entry &fx°,y)mt (% W) = 0 otherwise
corresponding tai; is larger than that corresponding to o . o -
uz. Thentt! , andm{ only differ by one entry (mod- a X5 € A(X7), u=xP" e U(XP)
ulo a permutation) since the former has the entry of = 1—0a]A(x®)| x¥=x% u=x" e U(xP)
A(X°,y)T corresponding tas, (but not the one corre- 0 otherwise

sponding tou;) and the later has the entry correspond-
ing to u; (but not the one corresponding ). We wherex = {xP' x¥} andx = {xP,x®}, with a not exceed-
then conclude that there exists a permutatiosuch that ing 1/ maxe | 4(x°)|.

o[r{,,] < 1, By the monotonicity oM/; we con- At each timet € 7, the pursuer takes a measurement
clude thatu; leads to a smaller value of (21). Therey(t) in 9 := CU0 according to the following observation
fore, (21) will be minimized fou that corresponds to theprobability function:
largest entry ofA(x°,y)Tt, i.e., the value ofi that mini-

MIzesy o, (L IuA(X%,y)T), which is consistent with a . .
greedy policy. The following was proved: Py (x93 P x%}) =

1 X =xP, =P, y= e}
1 XM =xP, x®£XP, y=0

0 otherwise

Theorem 2. Greedy pursuit policies are optimal for all-

or-nothing games that are permutation invariant. This means thay takes values inC if and only if the
evader has been found and the game is over, otherwise

Remark3. In general, both the optimal and the greedy = 0. Therefore, in this casg ¢ Yyer if and only if
policies require the computation of the information statg = {x’,0} for somex” € C, and

which can be done recursively, e.g., using (16). How-

ever, the seiX can be very large, e.g., because of a very A_\(Xp,u, {x”.0}) = {
large number of possible obstacle configurations. It turns

out that it is often possible to iterate directly the “evade

WA u=xP" e U(xP)

. (22)
0 otherwise

Wherelu denotes a matrix obtained from the identity by

. e
;rlform:\tl\(()n sta*te ﬁf(h e = Pt;l()lgl( )= p X2 |bYt Y), removing the one in the main diagonal corresponding to
€ X%, Y € *, which is a probability distribution over entryu € C, andA := [Pe(; )]

a much more reasonable set. In[9, 10], a procedure is de-
scribed for computlng@j efficiently in the multi-evader 5.1 Optimal policy

X®' Xe€Xe'

case. U For this game, Step 2 of the value iteration algorithm in

Table 1 can be rewritten as
5 Example

Consider a pursuit game where a single pursuer is tryingtk+1(x") : {1+/\’|uV ue UXP),ve H(u )}, xPec.
to find an evader that is moving in a region with no obsta-

cles. For this gameP € XP :— ¢ corresponds to the pur- | Nerefore, an optimal policy is given by

suer’s position ana® € X®:= ( to the evader’s position. W(Y)€arg min min (14Nl Tt (Y

We assumethaf =xP c Xy := C,andx" =x®c X, := C, UE U(xP) ve Veo (u)



whereY = {Y,xP,y} € 9*, or equivalently by 6 Conclusions
Ww(Y)arg min  min (I ATt (Y)), 23) Ir] this pz.ip.er we addres.s.ed.the proplem of computing op-
UE U(XP) ve Veo (u) timal policies for probabilistic pursuit games. We showed
When 2(xP) is independent ofx? (e.g., when the that, under appropriate assumptions, optimal policies can

pursuer motion is unconstrained, which means ﬂ%? c_omputed using value iteration._However, the value it-
UKXP) = C, VxP € XP), Vu(xP) is also independenterat'on procedu.re can be computatlongllyvery costly. We
of X and, because of (23), we have that(Y) e have then considered a greedy solution and determined
conditions under which it is optimal. We illustrated the
Jise of the theoretical results in the context of a simple
example.

arg minye ¢ Minye ;. (o, AT (Y)), which only depends
onY throughtt,.. We shall see shortly that this is als
the case with the greedy policy.
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