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1. Simplification of equation (8)

The solution to the minimization in equation (8) provides the precise value for the maximum 

likelihood estimate of the parameters. However, as we shall see below, it can be simplified to 

provide essentially the same estimates more reliably and at lower computational cost (and thus 

more rapidly).

For any physically meaningful values of the relevant parameters, σ
𝑚‖𝒚 ― 𝒚 ― 𝓵 ‖2

2 dominates over  

𝑙𝑜𝑔σ and 𝑏
𝑚‖𝓵‖1 dominates over 𝑙𝑜𝑔𝑏. Given this, we can approximate Eq. 8 as:

𝑎𝑟𝑔min
𝐿,𝒄,𝝀,𝛍,𝓵,σ,𝑏

1
2

σ
𝑚 ‖𝒚 ― 𝒚 ― 𝓵 ‖2

2 +
𝑏
𝑚 ‖𝓵‖1 (9)

The parameter values that minimize this function will not change if we multiply the optimization 

criterion by 
2𝑚
σ  since this quantity is always positive. In view of this, the exact same estimates can 

be obtained by solving

𝑎𝑟𝑔min
𝐿,𝒄,𝝀,𝛍,𝓵,β

‖𝒚 ― 𝒚 ― 𝓵 ‖2
2 + β‖𝓵‖1 ,   β : =

2𝑏
 σ (10)

To reformulate the optimization using the epigraph form only for the β‖𝓵‖1 term, we introduce 

another variable, 𝑡:

𝑎𝑟𝑔min
𝐿,𝒄,𝝀,𝛍,𝓵,β,t

‖𝒚 ― 𝒚 ― 𝓵 ‖2
2 + t11) 

𝑠.𝑡.     ‖𝓵‖1 ≤  α,   α≔
𝑡
 β

Instead of solving this to find the optimal solution of the parameters β and 𝑡, we find a suboptimal 

solution by fixing the value α heuristically. Given this, we can remove the parameter 𝑡, which is a 

constant, from the optimization:

𝑎𝑟𝑔min
𝐿,𝒄,𝝀,𝛍,𝓵

‖𝒚 ― 𝒚 ― 𝓵 ‖2
2(12)

𝑠.𝑡.     ‖𝓵‖1 ≤  𝛼   



The reason we consider this suboptimal solution is that the optimization (Eq. 12) is, at the cost of 

some suboptimality, much more efficient in terms of speed.

2. Noise plots (Figures 4D, 5D, 6D)

In figures 4D, 5D, 6D, we quantify the noise by calculating the “fraction” of the total variance that 

falls above each given frequency 𝑓. This fraction is given by the ratio:

∫∞
𝑓

|𝑥 2𝜋𝑓 |2
𝑑𝑓 

∫∞
0

|𝑥 2𝜋𝑓 |2𝑑𝑓 
(13)

where  𝑥 2𝜋𝑓  denotes the Fourier transform of the estimated concentration 𝑥(𝑡) with its 

frequency-independent component removed. We recall that the denominator is proportional to the 

“energy” of 𝑥(𝑡) by Parseval's theorem, whereas the numerator is proportional to the “energy” of  

𝑥(𝑡) above the frequency 𝑓. In this context, “energy” refers to the mean-square value of 𝑥(𝑡), or 

to be more precise to its L-2 norm (1). 

 



Figure SI1. The fraction of the total variance analysis of the datasets in Figures 8 and 9. The multi-Gaussian with 

Laplacian method out performs our other fitting approaches for all of our examples.
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