
Cooperative Q-learning for Rejection of Persistent
Adversarial Inputs in Networked Linear Quadratic

Systems
Kyriakos G. Vamvoudakis1, Senior Member, IEEE, João P. Hespanha2, Fellow, IEEE

Abstract—In this paper, a cooperative Q-learning approach is
proposed to enable the agents in large networks to synchronize
to the behavior of an unknown leader by each optimizing a
distributed performance criterion that depends only on a subset
of the agents in the network. The novel distributed Q-functions
are parametrized as functions of the tracking error, control
and adversarial inputs in the neighborhood. In the proposed
approach, the agents coordinate with the neighbors in order
to pick their minimizing model-free policies in such a way to
guarantee convergence to a graphical Nash equilibrium and
also attenuation of maximizing worst-case adversarial inputs.
A structure of 2-actors and a single critic approximators are
used for each agent in the network. This eventually solves
the complexity issues that arise in Q-learning. The 2-actors
are used to approximate the optimal control input and the
worst-case adversarial input while the critic approximator is
used to approximate the optimal cost of each of the coupled
optimizations. Effective tuning laws are proposed to solve the
model-free cooperative game problem while also guaranteeing
closed-loop stability with the use of rigorous Lyapunov-based
stability proofs. Finally, a numerical example is used to illustrate
the effectiveness of the proposed approach.

Index Terms—Cooperative Q-learning, large complex net-
works, games on graphs.

I. INTRODUCTION

Modeling large networks and complex systems [18], [27] is
very difficult and can become very tedious and time consuming
for engineers nowadays in order to create coordinating policies
with cooperative or even conflicting goals. There are numer-
ous examples of complex networked systems, ranging from
traffic/transportation systems [33], network security [1], [24],
human/robot interaction systems [13], internet [7], social net-
works [21] and health-care [26]. Reinforcement learning [28]
algorithms have been shown to overcome several limitations
of supervised and model-based methods.

Game theory [2] is widely used to model multi-agent learn-
ing problems and create cooperative or conflicting policies
[25]. The concept of graphical games was introduced by [14],
as a compact representation scheme for games on graphs
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where the action of each self-interested agent is associated
only to the actions of the agents in her neighborhood. Now,
the complexity of finding a globally optimal joint action can be
reduced assuming that agents do not need to coordinate with
all the agents but with a smaller subset of them. Graphical
games, have gained a lot of attention recently e.g. [8], mainly
because of their interesting theoretic characteristics in net-
works with selfish and not familiar with other nodes strategies
and because they have found application to several real world
environments that involve large networks. One of the main
disadvantages of graphical games and of most game-based [2]
control system design techniques is that they rely on complete
knowledge of the systems to be controlled. This is clearly not
the case in large networks with interacting components since
the subsystems are not modeled exactly or some parameters
are uncertain or completely unknown and for that reason one
has to find more intelligent techniques that can still guarantee
optimal performance, robustness and closed-loop stability.

One of the most popular reinforcement learning algorithms
is known as Q-learning and has been proposed by Watkins in
[35]. The main advantages of Q-learning are its simplicity, its
model-free nature and that convergence to the optimal solution
can be guaranteed in environments that are described by
Markov decision processes. The main problem of Q-learning
is that it is well established only for systems with discrete-time
dynamics however all the events around us are evolving in a
continuous manner. Other major problems of Q-learning are
that the state and action space, scales exponentially with the
number of agents and it suffers from the combinatorial growth
in the time for convergence due to large look-up tables that en-
code global action-pair values. This complexity can be solved
by using universal approximators with adaptive characteristics
in the context of approximate dynamic programming [37] or
neuro-dynamic programming [4] that allow us to eventually
solve difficult distributed optimization problems online and
forward in time.

Related work

There is an extensive research on multi-agent coordination
from several scientific societies including control systems
society [20] and artificial intelligence society [36]. The main
disadvantages of most of the existing work though is that it
requires complete knowledge of the system dynamics and it
cannot provide any formal optimality guarantees. Two recent
surveys are given in [6] from the control system and [5] from



the computational intelligence perspective respectively, where
the authors state that distributed multi-agent optimization is a
challenging task due to computational complexity issues.

The work of [16] extended the work of [10] and proposed
a Q-learning algorithm to learn the coordinated actions of a
group of cooperative agents, using a sparse representation of
the joint state-action space of the agents. The authors of [9]
introduced cooperative learners formed by combining planners
with reinforcement learning algorithms and intelligent coop-
erative control architectures shown through empirical results
and without any theoretical guarantees. In [34] it is shown
that cooperation remains stable by applying a centralized Q-
learning on a variety of random, regular, small-word, scale-
free and modular network models in repeated, multi-agent
Prisoner’s Dilemma and Hawk-Dove games. Also the com-
bination of learning and innovation may help to preserve
cooperation during the re-organization of complex networks.
The authors in [23] have used a form of decentralized Q-
learning, to manage the aggregated interference generated by
multiple wireless regional area networks systems by consid-
ering complete and partial information. In [19], the authors
propose a sparse Q-learning approach by augmenting the
action space of each agent with a coordination action that
attempts to use information from the other agents. However
they do not provide any formal guarantees on the performance
of the algorithm. In our previous work in [30] and [31] we have
proposed an adaptive learning technique to learn the graphical
Nash equilibrium but its dependence on the exact model limits
its application to only small networks with interacting agents
with known dynamics and without any adversarial inputs.

Contributions
The contributions are fourfold. First the synchronization

problem is formulated as a minmax optimization for each
agent, where each control input is minimizing a distributed
performance index while the adversarial input is maximizing
it. Hence, we are eventually interested in finding plug-n-
play model free saddle point solutions for every agent. In
order to avoid the knowledge of the system dynamics (input,
control and adversarial input matrices), and pinning gains
(leader connection) we shall adopt the framework of machine
learning and especially Q-learning to parameterize the problem
as functions of the neighborhood control, adversarial inputs
and the neighborhood tracking errors. Third, we propose
a model-free 2-actor/single-critic approximator structure for
every agent based on integral reinforcement learning along
with appropriate tuning laws. A critic is used to approximate
the distributed Q-function and two actor approximators to
approximate the optimal control and the worst case adversarial
input of each agent. Finally, rigorous proofs provide guarantees
for asymptotic stability of the equilibrium point of the closed-
loop systems, robustness and convergence of the controls and
adversarial inputs to a graphical Nash-equilibrium.

Structure
The remainder of the paper is structured as follows. In

Section 2 we formulate the problem of synchronization agents

in large networks under persistent adversarial inputs by si-
multaneously satisfying distributed performances. Since the
dynamics of the agents are unknown, Section 3 provides a
distributed Q-learning approach along with a graphical Nash
equilibrium existence theorem. In Section 4, we provide a
sparse cooperative learning solution based on a 2-actor/single-
critic integral reinforcement learning technique with rigorous
Lyapunov-based stability proofs. Section 5, provides a nu-
merical example of the proposed model-free distributed Q-
learning algorithm in a network of 10 agents of unknown
dynamics. Finally, Section 5 concludes and discusses future
work challenges.

Notation: The notation used here is standard. R` is the
set of positive real numbers. The superscript ˚ is used to denote
the optimal solution of an optimization, λpAq is the minimum
eigenvalue of a matrix A and λ̄pAq the maximum eigenvalue
of A, }.} denotes the Euclidean norm for a vector and the
Frobenius norm for a matrix, p.qT denotes the transpose of a
matrix and diagr¨s a diagonal matrix. Finally A ľ 0 denotes
that the matrix A is positive semidefinite and the notation
A ą 0 to denote that the matrix A is positive definite. The
half-vectorization, vechpAq, of a symmetric n ˆ n matrix
A is the npn ` 1q{2 column vector obtained by vectorizing
only the upper (or lower) triangular part of A, vechpAq “

rA1,1 ¨ ¨ ¨ An,1 A2,2 ¨ ¨ ¨ An,2 ¨ ¨ ¨ An´1,n´1 An´1,n An,nsT

and mat
`

¨
˘

is the inverse vech operation known as ma-
trization. The colon symbol : can be used to form implicit
vectors from a matrix or vector, i.e. Apj : kq, k ą j is
rApjq Apj ` 1q ¨ ¨ ¨ Apkqs. Finally b denotes the Kronecker
product, and for brevity when the implicit time dependence is
obvious we write x instead of xptq.

Background on Networks and Graphs: Before we
proceed to the problem formulation, we shall give a brief
background on graphs. The multi-agent networked system
interactions are modeled by a fixed topology graph G “

pVG , EGq consisting of nonempty finite set of N nodes VG “

tn1, ..., nNu that represent agents and a set of edges or arcs
EG Ď VG ˆ VG that represent the inter-agent information
exchange links. Denote the connectivity matrix AG “ raijs

of G as

aij

"

ą 0, if pnj , niq P EG
“ 0, otherwise.

We assume the graph is simple, e.g. no repeated edges and
pni, niq R EG ,@i P N no self-loops (aii “ 0). The set of
neighbors of a node ni is Ni “ tnj : pnj , niq P EGu, i.e. the
set of nodes with arcs incoming to ni. Define the degree matrix
as D “ diagpdiq with di “

ř

jPNi
aij the weighted degree of

node i (i.e. ith row sum of AG). The number of neighbors of
agent i is |Ni| which is equal to di.

II. PROBLEM FORMULATION

We consider a networked-system G, consisting of N agents
each modeled @i P N :“ t1, . . . , Nu by the following
dynamics,
d

dt
xiptq “: 9xiptq “ Axiptq `Biuiptq `Diviptq, xip0q “ xi0, t ě 0,

(1)



where xiptq P Rn is a measurable state vector available for
feedback by each agent and known initial conditions xip0q,
uiptq P Rmi , i P N :“ t1, . . . , Nu is each control input (or
minimizing player as we shall see later), viptq P Rli , i P

N :“ t1, . . . , Nu is each adversarial input (or maximizing
player as we shall see later), and A P Rnˆn, Bi P Rnˆmi ,
Di P Rnˆli , i P N are the plant, control input and adversarial
input matrices respectively that will be considered uncer-
tain/unknown. It is assumed that the pairs pA,Biq, @i P N
are stabilizable. We have a total of 2N players/controllers that
select values for uiptq, t ě 0, i P N and viptq, t ě 0, i P N .
The agents in the network seek to cooperatively asymptotically
track the state of a leader node/exosystem with dynamics
9xL “ AxL, i.e. xiptq ´ xLptq Ñ 0,@i P N while simulta-
neously satisfying user-defined distributed performances.

Figure 1 shows one such networked system G consisting of
10 agents with a leader node L pinned to node number 6.

Fig. 1. A networked system G with 10 agents and a leader node L pinned
to agent 6.

Now we shall proceed to the design of the user-defined
distributed performances. For that reason, we shall define the
following neighborhood tracking error for every agent,

ei :“
ÿ

jPNi

aijpxi ´ xjq ` gipxi ´ xLq,@i P N , (2)

where gi P R` is the pinning gain that shows if an agent is
pinned to the leader node (i.e. gi ‰ 0) and it is nonzero for at
least one node.

Definition 1. All agents in a connected graph, asymptotically
synchronize with a leader which is connected to at least one
agent, when ei Ñ 0 ñ xi ´ xL Ñ 0,@i P N . l

The dynamics of (2) are given by,

9ei “ Aei ` pdi ` giqpBiui `Diviq

´
ÿ

jPNi

aijpBjuj `Djvjq,@i P N , (3)

with ei P Rn.
The cost functionals associated to each agent i P N , that

depend on the tracking error ei, the control ui, the controls
in the neighborhood of agent i given as, uNi

:“ tuj : j P

Niu, the adversarial input vi and the adversarial inputs in the
neighborhood of agent i given as vNi :“ tvj : j P Niu, have
the following form,

Jipeip0q;ui, uNi , vi, vNiq “
1

2

ż 8

0

`

eTi Hiei ` puTi Riiui ´ γ2iiv
T
i viq

`
ÿ

jPNi

puTj Rijuj ´ γ2ijv
T
j vjq

˘

dt, @i P N , (4)

with matrices Hi ľ 0, Rii ą 0, Rij ľ 0, @i, j P N
of appropriate dimensions, γii, γij P R`, @i P N and
p
?
Hi, Aq, @i P N are detectable.
Hence, given a strongly connected graph G, we are inter-

ested in finding a graphical Nash equilibrium [2], [30], that is
translated to a saddle point u˚

i , v
˚
i , for every agent i P N in

the sense that,

Jipeip0q;u˚
i , u

˚
Ni
, vi, v

˚
Ni

q ď Jipeip0q;u˚
i , u

˚
Ni
, v˚

i , v
˚
Ni

q

ď Jipeip0q;ui, u
˚
Ni
, v˚

i , v
˚
Ni

q, @ui, vi, @i P N .

This can be expressed by the following coupled distributed
optimization problems,

Jipeip0q;u˚
i , u

˚
Ni
, v˚

i , v
˚
Ni

q “ min
ui

Jipeip0q;ui, u
˚
Ni
, v˚

i , v
˚
Ni

q

“ max
vi

Jipeip0q;u˚
i , u

˚
Ni
, vi, v

˚
Ni

q,

(5)

given the dynamics in (3).
Thus, the ultimate goal is to find the distributed optimal

value functions V ˚
i , @i P N defined by,

V ˚
i peiptqq :“ min

ui

max
vi

ż 8

t

1

2

`

eTi Hiei ` puTi Riiui ´ γ2iiv
T
i viq

`
ÿ

jPNi

puTj Rijuj ´ γ2ijv
T
j vjq

˘

dt, @t,@i P N , (6)

but without any information of the system matrices A, Bi,
Di,@i P N and pinning gains gi, @i P N .
Remark 1. Note that the assumptions that the pairs
pA,Biq, @i P N are stabilizable and the pairs p

?
Hi, Aq, @i P

N are detectable, will guarantee that the coupled algebraic
Riccati equations will have a unique non-negative solution [3].

l

III. GRAPHICAL NASH EQUILIBRIUM

In this section we shall give a brief discussion about the
existence of the graphical Nash equilibrium before we proceed
to the model free Q-learning approach with the use of 3N
distributed adaptation structures, i.e. N critic approximators
to approximate the costs and 2N actor approximators to ap-
proximate the optimal control inputs and worst case adversarial
inputs.

First we will define the Hamiltonian associated with each
agent’s neighborhood tracking error (3) and each V ˚

i given in
(6) as follows,

Hipei, ui, uNi
, vi, vNi

,
BV ˚

i

Bei
q “

BV ˚
i

Bei

T ˆ

Aei



` pdi ` giqpBiui `Diviq ´
ÿ

jPNi

aijpBjuj `Djvjq

˙

`
1

2

ˆ

eTi Hiei ` puTi Riiui ´ γ2iiv
T
i viq

`
ÿ

jPNi

puTj Rijuj ´ γ2ijv
T
j vjq

˙

,@ei, ui, vi@i P N . (7)

After employing the stationarity conditions, in the Hamiltonian
(7) we can find the saddle-point solution, i.e. BHip¨q

Bui
“ 0, and

BHip¨q

Bvi
“ 0. Hence, the optimal control for each i P N can be

found to be,

u˚
i peiq “ argmin

ui

Hipei, ui, uNi , vi, vNi ,
BV ˚

i

Bei
q

“ ´pdi ` giqR
´1
ii B

T
i

BV ˚
i

Bei
, @ei, (8)

and the worst case adversarial input can be found to be,

v˚
i peiq “ argmax

vi

Hipei, ui, uNi , vi, vNi ,
BV ˚

i

Bei
q

“
pdi ` giq

γ2ii
DT

i

BV ˚
i

Bei
, @ei. (9)

The saddle-point solution (8)-(9) should satisfy the appropriate
coupled Hamilton-Jacobi equations,

Hipei, u
˚
i , u

˚
Ni
, v˚

i , v
˚
Ni
,

BV ˚
i

Bei
q “ 0,@i P N . (10)

Remark 2. For every fixed u˚
Ni
, v˚

i , v
˚
Ni

, we have B2Hi

Bu2
i

“

Rii ą 0 and therefore the Hamiltonian is minimized at the
stationarity point (8). Conversely, for every fixed u˚

i , u
˚
Ni
, v˚

Ni
,

we have B2Hi

Bv2
i

“ ´γ2ii ă 0 and therefore the Hamiltonian is
maximized at the stationarity point (9). l

The value functions can be represented as quadratic in the
neighborhood tracking error, i.e. V ˚

i peiq : Rn Ñ R,

V ˚
i peiq “

1

2
eTi Piei, @ei,@i P N , (11)

where Pi P Rnˆn, @i P N are the unique symmetric
positive definite matrices that solve the following complicated
distributed coupled equations,

Hipei, u
˚
i , u

˚
Ni
, v˚

i , v
˚
Ni
, eTi Piq “ 0,@i P N . (12)

By using (11), the optimal control (8) for every agent i P N
can be written as,

u˚
i peiq “ ´pdi ` giqR

´1
ii B

T
i Piei, @ei, (13)

and the worst case adversarial input (9) for every agent i P N
can be written as,

v˚
i peiq “

pdi ` giq

γ2ii
DT

i Piei, @ei. (14)

Remark 3. It is important to note that the equations (12), (13),
(14), are highly coupled, difficult to solve due to the cross
terms eTi ej and require complete knowledge of the system
matrix A, the input matrices Bi, Di, i P N and leader
connection information gi. l

Remark 4. Note that the adversarial input v˚
i peiq in (14) is

not the actual input by the adversary but the worst case input
that she can introduce to our system. The actual adversary has
the freedom to do anything she likes, as long as she remains
stealthy. l

In the following section, we shall propose a new cooperative
Q-learning based approach to solve the graphical Nash game
problem without any information of the system dynamics
while attenuating persistent adversarial inputs, by adjusting
parameters in an adaptive way.

Before we proceed to the model free formulation we shall
provide the following existence theorem for a graphical Nash
equilibrium.

Theorem 1. Let the pairs pA,Biq, @i P N be stabilizable
and p

?
Hi, Aq, @i P N be detectable. Suppose that the graph

G is strongly connected and that there exist unique symmetric
positive definite matrices Pi, @i P N that satisfy the following
coupled Riccati inequalities,

Hipei, ūi, ūNi
, v̄i, v̄Ni

, eTi Piq “ 0 (15)

with V ˚
i p0q “ 0, @i P N ,

BiR
´1
ii B

T
i ą

1

γ2ii
DiD

T
i , @i P N (16)

BjR
´T
jj RijR

´1
jj B

T
j ą

γ2ij
γ4jj

DjD
T
j , @i, j P N , (17)

with optimal control input,

ūipeiq “ ´pdi ` giqR
´1
ii B

T
i Piei,@ei, (18)

and worst case adversarial input,

v̄ipeiq “
pdi ` giq

γ2ii
DT

i Piei,@ei. (19)

Then all the agents synchronize asymptotically to the state of
the leader (exosystem), i.e. the equilibrium point (origin) of
the closed-loop systems (3), with ui “ ūipeiq and vi “ v̄ipeiq
where ūipeiq and v̄ipeiq are given by (18) and (19) @i P N is
globally asymptotically stable and the control and adversarial
policies form a graphical Nash equilibrium by solving the
coupled distributed optimization problems as defined in (6).

Proof: Because of (7), (11) and (12) the time derivative of
Vi, @i P N for t ě 0 along the closed-loop solutions satisfies,

9Vi “
BVi

Bei

ˆ

Aei ` pdi ` giqpBiūi ` Div̄iq ´
ÿ

jPNi

aijpBj ūj ` Dj v̄jq

˙

“ ´
1

2

ˆ

eTi Hiei ` pūT
i Riiūi ´ γ2

iiv̄
T
i v̄iq

`
ÿ

jPNi

pūT
j Rij ūj ´ γ2

ij v̄
T
j v̄jq

˙

, @i P N , (20)

with ūi given by (18) and v̄i given by (19) and since
Pi, @i P N satisfy (12) and after taking into consideration
the conditions (16) and (17), we can upper bound (20) as,

9Vi ď ´
1

2
λpHiq }ei}

2
, @i P N .

Using Vi as a Lyapunov function for every agent, we conclude
that the origin is a globally asymptotically stable equilibrium



point of (3). Since the functions V ˚
i :“ Vi, @i P N are

smooth, zero at zero and converge to zero as t Ñ 8 we can
write (4) with arbitrary ūi, v̄i as follows,

Jipeip0q; ūi, ūNi , v̄i, v̄Niq “

ż 8

0

1

2

ˆ

eTi Hiei ` pūT
i Riiūi ´ γ2

iiv̄
T
i v̄iq

`
ÿ

jPNi

pūT
j Rij ūj ´ γ2

ij v̄
T
j v̄jq

˙

dt

`
1

2
eip0q

TPieip0q `
1

2

ż 8

0

9V ˚
i dt

“

ż 8

0

1

2

ˆ

eTi Hiei ` pūT
i Riiūi ´ γ2

iiv̄
T
i v̄iq

`
ÿ

jPNi

pūT
j Rij ūj ´ γ2

ij v̄
T
j v̄jq

˙

dt

`
1

2
eip0q

TPieip0q `
1

2

ż 8

0

BV ˚
i

Bei

ˆ

Aei ` pdi ` giqpBiūi ` Div̄iq

´
ÿ

jPNi

aijpBj ūj ` Dj v̄jq

˙

dt, @i P N ,

where V ˚
i is defined in (6). Since V ˚

i , i P N derived in (11)
satisfy the coupled Riccati equations (12) given the conditions
in (16)-(17), and by denoting as u˚

i the optimal controls given
by (13) and by denoting as v˚

i the worst case adversarial
input given by (14) we can subtract zero (by using (12)) and
complete the squares to write @i P N ,

Jipeip0q; ūi, ūNi , v̄i, v̄Niq “

ż 8

0

1

2

ˆ

pūi ´ u˚
i q

TRiipūi ´ u˚
i q

´ γ2
iipv̄i ´ v˚

i q
T

pv̄i ´ v˚
i q

`
ÿ

jPNi

pūj ´ u˚
j q

TRijpūj ´ u˚
j q ´

ÿ

jPNi

γ2
ijpv̄j ´ v˚

j q
T

pv̄j ´ v˚
j q

˙

dt

`
1

2
eip0q

TPieip0q

`
1

2

ż 8

0

ˆ

ÿ

jPN
aiju

˚
j
T
Rijpūj ´ u˚

j q ´
BV ˚

i

Bei

ÿ

jPNi

Bjpūj ´ u˚
j q

˙

dt

´
1

2

ż 8

0

ˆ

ÿ

jPN
aijv

˚
j
T
γ2
ijpv̄j ´ v˚

j q ´
BV ˚

i

Bei

ÿ

jPNi

Djpv̄j ´ v˚
j q

˙

dt.

After setting ūNi
“ u˚

Ni
and v̄Ni

“ v˚
Ni

leads to

Jipeip0q; ūi, u
˚
Ni
, v̄i, v

˚
Ni

q “

ż 8

0

1

2

ˆ

pūi ´ u˚
i qTRiipūi ´ u˚

i q

´ γ2iipv̄i ´ v˚
i qT pv̄i ´ v˚

i q

˙

dt

`
1

2
eip0qTPieip0q, @i P N . (21)

Now, setting ūi “ u˚
i , ūNi “ u˚

Ni
and v̄Ni “ v˚

Ni
in (21)

leads to

Jipeip0q;u˚
i , u

˚
Ni
, v̄i, v

˚
Ni

q “ ´
1

2
γ2ii

ż 8

0

pv̄i ´ v˚
i qT pv̄i ´ v˚

i qdt

`
1

2
eip0qTPieip0q,@i P N . (22)

Setting ūNi
“ u˚

Ni
, v̄i “ v˚

i , and v̄Ni
“ v˚

Ni
in (21) leads to,

Jipeip0q; ūi, u
˚
Ni
, v˚

i , v
˚
Ni

q “
1

2

ż 8

0

pūi ´ u˚
i qTRiipūi ´ u˚

i qdt

`
1

2
eip0qTPieip0q, @i P N . (23)

Finally setting ūi “ u˚
i , ūNi

“ u˚
Ni

, v̄i “ v˚
i , and v̄Ni

“ v˚
Ni

in (21) leads to,

Jipeip0q;u˚
i , u

˚
Ni
, v˚

i , v
˚
Ni

q “
1

2
eip0qTPieip0q, @i P N .

(24)

From equations (21), (22), (23), (24) the inequalities (5) follow
@i P N .

Let us take two different non negative matrix solu-
tions Pi and Si. Since both satisfy (12) both differential
games have values equal to 1

2eip0qTPieip0q, @i P N and
1
2eip0qTSieip0q, @i P N respectively, independent of the
length of the time horizon. Under the corresponding policies,
}eiptq} Ñ 0, @i P N as t Ñ 8 and hence in the limit the value
is obtained. Since the value has to be unique for each eip0q,
this contradicts the initial hypothesis that Pi ‰ Si, @i P N .

Remark 5. The cooperative Q-learning problem can be tackled
by an L2 gain synchronization problem where we consider
the systems (3), and performance outputs }zi}

2 “
`

eTi Hiei `

uTi Riiui`
ř

jPNi
puTj Rijuj ´γ2ijv

T
j vjq

˘

. The adversarial input
attenuation is generally defined by following [2] as,

ş8

t
}zi}

2

ş8

t
}vi}2

dt ď γ2ii, @i P N ,

which is the same with (15) in other words we are interested
in finding ui such that the system is stable the the L2 gain
is bounded by a prescribed value γii, see Theorem 7 of [22]
and Section 9.2 in [3]. This condition is a special case of
the general definition of dissipativity and such inequalities are
widely encountered in quadratic optimal control, estimation
theory, and H8 control. l

IV. Q-FUNCTION

The value functions (11) need to be parametrized as func-
tions of the neighborhood tracking error ei, the controls ui
and uNi

and the adversarial inputs vi and vNi
to represent

the distributed Q-function, i.e. sparse cooperative learning, for
each agent in the game. The optimal value given by (11)
after adding the Hamiltonian from (7) can be written as the
following distributed Q-function or action-dependent value
Qipei, ui, uNi

, vi, vNi
q : Rn`mi`li`

ř

jPNi
pmj`ljq

Ñ R,

Qipei, ui, uNi , vi, vNiq :“ V ˚
i peiq

` Hipei, ui, uNi , vi, vNi ,
BV ˚

i

Bei
q

“ V ˚
i peiq `

BV ˚
i

Bei

T ˆ

Aei ` pdi ` giqpBiui `Diviq

´
ÿ

jPNi

aijpBjuj `Djvjq

˙

`
1

2

ˆ

eTi Hiei ` puTi Riiui ´ γ2iiv
T
i viq

`
ÿ

jPNi

puTj Rijuj ´ γ2ijv
T
j vjq

˙

, @ei, ui, uNi , vi, vNi , @i P N ,

(25)



where Hipei, ui, uNi
, vi, vNi

,
BV ˚

i

Bei
q is given by (7) and

the optimal cost is V ˚
i peiq “ 1

2e
T
i Piei,@i P N .

Each agent’s distributed Q-function (25) can be written
in a compact quadratic in the neighborhood tracking er-
ror ei, controls ui, uNi and adversarial inputs vi, vNi dis-
tributed form as in (26) (next page), where, Ui :“
“

eTi uTi uTNi
vTi vTNi

‰T
, 0 are zero matrices of ap-

propriate dimensions, diag
`

Rij

˘

jPNi
, diag

`

γij
˘

jPNi
are

stacked diagonal neighborhood matrices, col
`

aijB
T
j Pi

˘

jPNi
,

col
`

aijD
T
j Pi

˘

jPNi
are stacked column neighborhood matrices,

and row
`

aijPiBj

˘

jPNi
, row

`

aijPiDj

˘

jPNi
are stacked row

neighborhood matrices.
In (26), the equivalences of Qi

p¨q
are straightforward

e.g. Qi
eiei “ Pi ` Hi ` PiA ` ATPi, Qi

eiui
“

pdi ` giqPiBi, Qi
eivi

“ pdi ` giqPiDi, Qi
uiui

“ Rii,
Qi

vivi
“ γ2ii etc. and positive definite matrices Q̄i P

Rpn`mi`li`
ř

jPNi
pmj`ljqqˆpn`mi`li`

ř

jPNi
pmj`ljqq, @i P N .

Remark 6. Note that in (26) and especially in the matrix
Q̄i, @i P N which is the unknown, to be estimated quantity,
we have the information about the system dynamics, the
pinning gains gi (where the leader is pinned to) and the in-
degree information di of each agent i P N . l

The next lemma proves that if ui “ u˚
i , vi “ v˚

i , @i P N
with u˚

i given by (13) and v˚
i given by (14), we can show that

(26) and (6) have the same value.

Lemma 1. Assume that the agents in the graph G are strongly
connected, the neighborhood agents are already optimal, i.e.
uNi

“ u˚
Ni

, vNi
“ v˚

Ni
and that the distributed Q-function

for every agent is given as in (26). Then, the optimal value
V ˚
i peiq “ 1

2e
T
i Piei of each one of the distributed coupled

optimization problems given by (6), where Pi ą 0, @i P N is
the solution to the coupled Hamilton-Jacobi equations (10), is
the same with the values of the following coupled optimization
problems,

Q˚
i pei, u

˚
i , u

˚
Ni
, v˚

i , v
˚
Ni

q “ min
ui

Qipei, ui, u
˚
Ni
, v˚

i , u
˚
Ni

q

“ max
vi

Qipei, u
˚
i , u

˚
Ni
, vi, u

˚
Ni

q, @i P N ,

and as a result all the policies ui, vi, @i P N form a graphical
Nash equilibrium.

Proof: The proof is a substitution of (13) into (25).
Furthermore, since Pi, @i P N are given by the solution
of the coupled Hamilton-Jacobi equations (10) we know that
Hipei, u

˚
i , u

˚
Ni
, v˚

i , v
˚
Ni
,

BV ˚
i

Bei
q “ 0 and hence this yields,

Q˚
i pei, u

˚
i , u

˚
Ni
, v˚

i , v
˚
Ni

q “ V ˚
i peiq, @ei, @i P N ,

from which the result and (5) follow.
A model-free formulation of (13) can be found by solving

BQipei,ui,uNi
,vi,vNi

q

Bui
“ 0 to write,

u˚
i peiq “ argmin

ui

Qipei, ui, uNi
, vi, vNi

q

“ ´pQi
uiui

q´1Qi
uieiei, @i P N , (27)

and a model-free formulation of (14) can be found by solving
BQipei,ui,uNi

,vi,vNi
q

Bvi
“ 0 to write,

v˚
i peiq “ argmax

vi
Qipei, ui, uNi

, vi, vNi
q

“ ´pQi
vivi

q´1Qi
vieiei, @i P N , (28)

Remark 7. The control input (27) and the adversarial input
(28) are completely model free. They do not depend on
any system matrices and furthermore does not need any
information on the in-degree di and any information on where
the leader is connected in the network, i.e. gi. All of this
information will be learned online as will be shown in the
next subsection. l

Since we would like to develop a model-free online tuning
algorithm to learn the parameters of the action-dependent value
function, the next subsection will introduce 2-actor/single-
critic structures to achieve that.

A. Control/Adversarial Actors and Critic Approximators

The critic approximator will approximate the distributed
Q-function (26), the control actor approximator will approx-
imate the optimal controller (27) and the adversarial input
actor approximator will approximate the worst-case adversarial
input (28) of each agent i P N . We shall see that each
agent uses only local in formation for the three approximators.
Specifically Qipei, ui, uNi , vi, vNiq can be written as,

Qipei, ui, uNi
, vi, vNi

q “
1

2
vech

`

Q̄i
˘T `

Ui b Ui

˘

, @i P N .

(29)

Now denote the vech
`

Q̄i
˘

P

R
1
2 pn`mi`li`

ř

jPNi
pmj`ljqqpn`mi`li`

ř

jPNi
pmj`ljq`1q as

a half-vectorization of the matrix Q̄i.
By denoting as Wic :“ 1

2vech
`

Q̄i
˘

we can write (29) in a
compact form as,

Qipei, ui, uNi
, vi, vNi

q “ WT
ic

`

Ui b Ui

˘

, @i P N , (30)

with Wic P R
1
2 pn`mi`li`

ř

jPNi
pmj`ljqqpn`mi`li`

ř

jPNi
pmj`ljq`1q

the ideal weights. The critic approximator is given by,

Q̂ipei, ui, uNi
, vi, vNi

q “ ŴT
ic

`

Ui b Ui

˘

, @i P N , (31)

where Ŵic are estimated critic weights of the optimal weights
in (30); the control actor approximator is given as

ûipeiq “ ŴT
iaei, @i P N , (32)

where Ŵia P Rnˆmi are estimated actor weights of the
optimal weights in (27); and the adversarial actor approximator
is given by,

v̂ipeiq “ ŴT
idei, @i P N , (33)

where Ŵid P Rnˆli are estimated actor weights of the optimal
weights in (28).

We have showed in [32] that the value function (6) for each
agent satisfies the following Bellman equation,

V ˚
i peiptqq “ V ˚

i peipt´ T qq



Qipei, ui, uNi
, vi, vNi

q “
1

2
UT
i

»

—

—

—

—

—

–

Pi `Hi ` PiA`ATPi pdi ` giqPiBi ´row
`

aijPiBjq pdi ` giqPiDi ´row
`

aijPiDj

˘

jPNi

pdi ` giqB
T
i Pi Rii 0 0 0

´col
`

aijB
T
j Pi

˘

jPNi
0 diag

`

Rij

˘

jPNi
0 0

pdi ` giqD
T
i Pi 0 0 ´γ2ii 0

´col
`

aijD
T
j Pi

˘

jPNi
0 0 0 ´diag

`

γ2ij
˘

jPNi

fi

ffi

ffi

ffi

ffi

ffi

fl

Ui

:“
1

2
UT
i

»

—

—

—

—

—

–

Qi
eiei Qi

eiui
Qi

eiuNi
Qi

eivi
Qi

eivNi

Qi
uiei Qi

uiui
Qi

uiuNi
Qi

uivi
Qi

uivNi

Qi
uNi

ei Qi
uNi

ui
Qi

uNi
uNi

Qi
uNi

vi
Qi

uNi
vNi

Qi
viei Qi

viui
Qi

viuNi
Qi

vivi
Qi

vivNi

Qi
vNi

ei Qi
vNi

ui
Qi

vNi
uNi

Qi
vNi

vi
Qi

vNi
vNi

fi

ffi

ffi

ffi

ffi

ffi

fl

Ui :“
1

2
UT
i Q̄

iUi, @i P N , (26)

´
1

2

ż t

t´T

`

eTi Hiei ` pu˚
i
T
Riiu

˚
i ´ γ2iiv

˚
i
T
v˚
i q

`
ÿ

jPNi

pu˚
j
T
Riju

˚
j ´ γ2ijv

˚
j
T
v˚
j q

˘

dτ, @i P N , (34)

where T P R` is a small fixed time interval that defines how
fast the agent measures her own state and the neighboring
states.

By using the result from Lemma 1, we can write (34) as,

Q˚
i peiptq, u

˚
i ptq, u˚

Ni
ptq, v˚

i ptq, v˚
Ni

ptqq “

Q˚peipt´ T q, u˚
i pt´ T q, u˚

Ni
pt´ T q, v˚

i pt´ T q, v˚
Ni

pt´ T qq

´
1

2

ż t

t´T

`

eTi Hiei ` pu˚
i
T
Riiu

˚
i ´ γ2iiv

˚
i
T
v˚
i q

`
ÿ

jPNi

pu˚
j
T
Riju

˚
j ´ γ2ijv

˚
j
T
v˚
j q

˘

dτ, @i P N . (35)

Remark 8. Note that although the value of the small fixed time
interval T does not affect in any way the convergence property
of the algorithm, it is related to the excitation condition
necessary in the setup of a numerically posed least squares
problem and the least squares solution. For more details, please
see [32]. l

B. Cooperative Learning Solution

To find the update law for the critic approximator of each
agent i P N we define the following error Ei P R that we
would like to eventually drive to zero by tuning Ŵic,@i P N
appropriately.This error is defined by the difference between
the left and the right-hand sides of (35) with the actual weights
replaced by Ŵic.

Ei :“ ŴT
ic

`

Uiptq b Uiptq
˘

`
1

2

ż t

t´T

`

eTi Hiei ` pûTi Riiûi

´ γ2iiv̂
T
i v̂iq `

ÿ

jPNi

pûTj Rij ûj ´ γ2ij v̂
T
j v̂jq

˘

dτ

´ ŴT
ic

`

Uipt´ T q b Uipt´ T q
˘

, @i P N .

For each agent’s control actor approximator we can define
the error Eia P Rmi as the difference between the control
(32) that uses the estimated weights and the optimal control

(27) with the matrices Qi
uiui

, and Qi
uiei replaced by the critic

estimates extracted from Ŵic:

Eia :“ ŴT
iaei ` pQ̂i

uiui
q´1Q̂i

uieiei, @i P N .

Similarly for each agent’s adversarial actor approximator we
can define the error Eid P Rli as the difference between the
control (33) that uses the estimated weights and the optimal
control (28) with the matrices Qi

vivi
, and Qi

viei replaced by
the critic estimates extracted from Ŵic:

Eid :“ ŴT
idei ` pQ̂i

vivi
q´1Q̂i

vieiei, @i P N .

To find tuning updates for Ŵic, Ŵia P Rnˆmi , and Ŵid P

Rnˆli such that the errors Ei P R, Eia P Rmi and Eid P Rli

go to zero @i P N we follow adaptive control techniques as
in [11] and define the squared-norm of errors of each agent
i P N , Ei, Eia, and Eid as,

Ki1 “
1

2
}Ei}

2
, @i P N , (36)

Ki2 “
1

2
}Eia}

2
, @i P N , (37)

and

Kie “
1

2
}Eid}

2
, @i P N . (38)

The gradient descent estimate of Ŵic for the critic weights
of each agent can be constructed by differentiating (36) to
yield (39) (next page), where αic P R` is a constant gain that
determines the speed of the critic approximator convergence.
Similarly by using (37), the gradient descent estimate of Ŵia

for the control actor weights can be constructed as,

9̂
Wia “ ´αia

BKi2

BŴia

“ ´αiaeiE
T
ia, @i P N , (40)

where αia P R` is a constant gain that determines the speed
of the actor approximator convergence, and finally by using
(38) the gradient descent estimate of Ŵid for the adversarial
actor weights can be constructed as,

9̂
Wid “ ´αid

BKi2

BŴid

“ ´αideiE
T
id, @i P N , (41)



9̂
Wic “ ´αic

BKi1

BŴic

“ ´αic

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙

ˆ

1 `

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙˙2
Ei, @i P N , (39)

where αid P R` is a constant gain that determines the speed
of the actor approximator convergence.

The dynamics of the weight estimation errors W̃ic :“
Wic ´ Ŵic, W̃ia :“ ´Qi

eiui
pQi

uiui
q´1 ´ Ŵia and W̃id :“

´Qi
eivi

pQi
vivi

q´1 ´ Ŵid are given by (42) (next page),

9̃Wia “ ´αiaeie
T
i W̃ia ´ αiaeie

T
i Q̃

i
eiui

pQ̂i
uiui

q´1, @i P N ,
(43)

9̃Wid “ ´αideie
T
i W̃id ´ αideie

T
i Q̃

i
eivi

pQ̂i
vivi

q´1, @i P N ,
(44)

with Q̃i
p¨q

coming from the matrization (in a sense of an
“inverse” half-vectorization that defined before) of the critic
error vector W̃ic of each agent. Note that, we actually know
the values of Q̂i

uiui
,@i P N and Q̂i

vivi
,@i P N and therefore

we can write (43), (44) as,

9̃Wia “ ´αiaeie
T
i W̃ia ´ αiaeie

T
i Q̃

i
eiui

R´1
ii , @i P N , (45)

and
9̃Wid “ ´αdeie

T
i W̃id ´

αid

γ2ii
eie

T
i Q̃

i
eivi

, @i P N . (46)

The next result shows that the tuning algorithm for the critic
approximator given by (39) is effective under a persistence
of excitation condition, in that the estimated weights Ŵic

converge to the optimal unknown values Wic exponentially
fast.

Definition 2. We define that the vector signal ∆iptq :“
ˆ

UiptqbUiptq´Uipt´T qbUipt´T q

˙

1`

ˆ

UiptqbUiptq´Uipt´T qbUipt´T q

˙T ˆ

UiptqbUiptq´Uipt´T qbUipt´T q

˙

with T P R` is persistently exciting over the interval
rt, t ` TPEs, with TPE P R` if there exists βi, σi P R`

such that βiI ď
şt`T

t
∆ipτq∆T

i pτqdτ ď σiI,@t with I an
identity matrix of appropriate dimensions. This is equivalent
to requiring that the matrix

şt`TPE

t
∆ipτq∆T

i pτqdτ be positive
definite over any finite interval. l

Lemma 2. Let the tuning of the critic approximator of each
agent i P N be given by (39) with fixed control inputs
ui, uNi

, then the critic error dynamics given by (42) have an
exponentially stable equilibrium point satisfying

›

›

›
W̃icptq

›

›

›
ď

›

›

›
W̃icpt0q

›

›

›
ρi1e

´ρi2pt´t0q, for t ą t0 ě 0, for some ρi1, ρi2 P

R` provided that the signal ∆iptq with T P R`, is persistently
exciting over the interval rt, t` TPEs.

Proof: Consider the following Lyapunov function L :

R
1
2 pn`mi`li`

ř

jPNi
pmj`ljqqpn`mi`li`

ř

jPNi
pmj`ljq`1q

Ñ R,

Li “
1

2αic

›

›

›
W̃ic

›

›

›

2

, t ě 0, @i P N . (47)

The time derivative of (47) is given by

9Li “
1

αic
W̃T

ic
9̃Wic, @i P N

and after substituting (42) becomes,

9Li “ ´W̃T
ic∆i∆

T
i W̃ic,@i P N .

Viewing the (42) as a linear-time varying system, the solution
W̃ic is given as,

W̃icptq “ Φipt, t0qW̃icpt0q, @t, t0 ą 0, @i P N , (48)

where the state transition matrix is defined as BΦipt,t0q

Bt :“
´αic∆iptq∆

T
i ptqΦipt, t0q. Then we can prove by following

[11] and [15], that the equilibrium point is exponentially stable
provided that ∆iptq is persistently exciting and therefore for
some ρi1, ρi2 P R` we can write,

}Φipt, t0q} “ ρi1e
´ρi2pt´t0q, @t, t0 ą 0,@i P N . (49)

Finally, by combining (48) and (49) we have,
›

›

›
W̃icptq

›

›

›
ď

›

›

›
W̃icpt0q

›

›

›
ρi1e

´ρi2pt´t0q,@t, t0 ą 0,@i P N ,

from which the result follows.

Remark 9. One can ensure that the signal ∆i is persistently
exciting over the interval rt, t ` TPEs by adding exploration
noise in the control inputs. The exploration noise should be
sinusoids of 1

2 pn`mi ` li `
ř

jPNi
pmj ` ljqqpn`mi ` li `

ř

jPNi
pmj ` ljq ` 1q different frequencies according to [11].

l

A pseudocode that describes the algorithm has the following
form,

Algorithm 1: Proposed Q-learning
1: procedure
2: Start with initial conditions for every agent xip0q, and random

initial weights Ŵicp0q, Ŵiap0q, Ŵidp0q for the critic, actor and
worst case adversarial approximator for each agent.

3: Propagate t, xiptq and xjptq in the neighborhood to compute
ei from (2).

4: Propagate Ŵicptq, Ŵiaptq, Ŵidptq Ź
9̂
Wic as in (39), 9̂

Wia

as in (40) and 9̂
Wid as in (41).

5: Compute the Q function Q̂i from (31), the optimal control
ûi from (32) and the worst case adversarial input v̂i from (33)
for each agent.

6: end procedure



9̃Wic “ ´αic

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T

ˆ

1 `

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙˙2
W̃ic, @i P N ,

(42)

The main Theorem proved in the next subsection, is pre-
sented next and guarantees the closed-loop stability of the
origin of ψi :“

“

eTi W̃T
ic W̃T

ia W̃T
Nia

W̃T
id W̃T

Nid

‰T

where W̃T
Nia

and W̃T
Nid

are the control actor and adversarial
error estimation weights of the neighbors of agent i.

Property 1. According to [12], [17], [29], [32], using the
universal function approximation property for on-line parame-
ter estimation, there exist known positive constants that upper
bound the components Qi

¨ of Q̄i. l

Theorem 2. Suppose that the hypotheses and the statements
of Theorem 1 hold. Assume that the agents are strongly con-
nected in the networked system G. Consider the neighborhood
tracking error dynamics given by (3), the critic approximator
for each agent i P N given by (31), the optimal control for
each agent i P N given by (32), the worst case adversarial
input for each agent i P N given by (33), the tuning law
for the weights of the critic given by (39), for the weights of
the control actor given by (40), and for the weights of the
adversarial actor given by (41). Assume that the tuning laws
for the critic are faster than the tuning laws for the control
and adversarial actors, and

αia ą 1; αid ą 1, (50)

αiaλ̄pR´1
ii q `

αid

γ2ii
ă

2

δi

ˆ

λ
`

Hi `Qi
eiui

R´1
ii pQi

eiui
qT

˘

´
1

2
λ̄

`

Qi
eiui

pQi
eiui

qT `
2

γ2ii
Qi

eivi
pQi

eivi
qT

˘

˙

, (51)

αjaλ̄pR´1
jj q `

αjd

γ2jj
ă

2

δj

ˆ

λ
`

Qj
ejuj

R´1
jj RijR

´1
jj pQj

ejuj
qT

˘

´
1

2
λ̄

`

Qi
eiuj

pQi
eiuj

qT `
γ2ij
γ4jj

Qi
eivj

pQi
eivj

qT
˘

˙

, @j P Ni,

(52)

where δi P p0, 1q. Then the equilibrium point of ψi, @i P N
and for all initial conditions ψip0q is globally asymptotically
stable. l

Remark 10. In order to satisfy the conditions (50), (51), (52)
we have to pick the tuning gains αia, αid,@i P N for each
control and adversarial actor such that all three inequalities
are met simultaneously. l

Remark 11. The necessary conditions given in (51) and (52)
can be satisfied by picking appropriately the user defined
matrices Hi, Rii, Rij , γii, γij @i, j P N and the tuning
gains αic " αia, αic " αid, @i P N without needing to
know the exact values of the submatrices Qi

p¨q
. Moreover by

following Property 1, from the actor approximation errors for
the control and the worst case adversarial inputs W̃ia :“
´Qi

eiui
R´1

ii ´Ŵia and W̃id :“ ´Qi
eivi

γ´2
ii ´Ŵid respectively

one also has known bounds on Qi
eiui

R´1
ii , Qj

ejuj
R´1

jj and
γ´2
ii Q

i
eivi

, γ2ijγ
´4
jj Q

j
ejvj

. Regarding the tuning gains conditions,
as noted in adaptive control [11], large adaptive gains can
cause high frequency oscillations in the control signal and
reduced tolerance to time delays that will destabilize the
system. There are not any systematic approaches to pick a
satisfactory adaptation gain, hence trial and error, intuition or
Monte Carlo simulations can serve as guidelines. l

Remark 12. In our algorithm there are no offline computations,
neither requirements for storage of any data in the memory, but
everything happens as in a plug-n-play framework for every
agent by measuring the system trajectories in the neighbor-
hood. The size of the network N increases the complexity
since we will have more distributed optimization criteria
to optimize but on the other side the position of leader(s)
does not affect the convergence as long as the graph is
strongly connected. The involved computation is as in many
adaptive control algorithms and is dominated by the training
algorithm for Ŵic, Ŵia and Ŵid in order to approximate
Q̂ipei, ui, uNi

, vi, vNi
q, ûipeiq and v̂ipeiq. The complexity of

the scheme for every agent increases with the number of states
n and control inputs and worst case adversarial inputs in the
neighborhood pmi`liq`

ř

jPNi
pmj`ljq. Thus, for every agent

the complexity is O
`

1
2 pn` pmi ` liq `

ř

jPNi
pmj ` ljqqpn`

pmi`liq`
ř

jPNi
pmj`ljq`1q`npmi`liq

˘

. It has been shown
in [12] (c.f. Theorem 4.3.2) and [32] (cf. Chapter 7) that the
convergence rate of gradient descent algorithms of the form
(39) (and of course (40) and (41) that copy the weights of (39))
as shown in Lemma 2 converge exponentially fast with rate
that depends on the level of excitation βi, σi, the size of the

time interval TPE, m0i “ suptě0

"

1`

ˆ

UiptqbUiptq´Uipt´

T q bUipt´T q

˙T ˆ

Uiptq bUiptq ´Uipt´T q bUipt´T q

˙*

and αic. l

The following Corollary shows that convergence to the
graphical Nash equilibrium and synchronization of all the
agents to the leader is achieved asymptotically despite the
presence of persistent adversarial inputs.

Corollary 1. Suppose that the hypotheses of Theorem 2 hold.
Then, the policies ûi, v̂i @i P N given by (32) and (33)
asymptotically form a graphical Nash equilibrium and all the
agents are synchronized to the leader state.

Proof: According to Theorem 2, we have
›

›

›
Wic ´ Ŵic

›

›

›
Ñ



0, @i P N ,
›

›

›
Wia ´ Ŵia

›

›

›
Ñ 0, @i P N and

›

›

›
Wid ´ Ŵid

›

›

›
Ñ

0, @i P N and after taking into consideration (27), (32)
and (28), (33) we have that }u˚

i ´ ûi} Ñ 0, @i P N and
}v˚

i ´ v̂i} Ñ 0, @i P N from which the results follow accord-
ing to (5). Moreover we also conclude that from Theorem 2
that }ei} Ñ 0, @i P N , which means that all the agents
synchronize to the leader state.

C. Proof of Theorem 2

In order to prove stability we shall start with
the following Lyapunov function V : Rn ˆ

R
1
2 pn`mi`li`

ř

jPNi
pmj`ljqqpn`mi`li`

ř

jPNi
pmj`ljq`1q

ˆ

Rnˆmi ˆ Rnˆ
ř

jPNi
mj ˆ Rnˆli ˆ Rnˆ

ř

jPNi
lj Ñ R,

V “

N
ÿ

i“1

ˆ

V ˚
i peiq `

1

2

›

›

›
W̃ic

›

›

›

2

`
1

2
trace tW̃T

iaW̃iau `
1

2

ÿ

jPNi

trace tW̃T
jaW̃jau

`
1

2
trace tW̃T

idW̃idu `
1

2

ÿ

jPNi

trace tW̃T
jdW̃jdu

˙

, t ě 0.

(53)

The time derivative of (53) after computing the derivative of
V ˚
i peiq :“ 1

2e
T
i Piei along the closed-loop trajectories with

controllers ûi, @i P N and adversarial inputs v̂i, @i P N
yields,

9V “

N
ÿ

i“1

ˆ

BV ˚
i peiq

Bei

T ˆ

Aei ` pdi ` giqpBiûi `Div̂iq

´
ÿ

jPN
aijpBj ûj `Dj v̂jq

˙

` W̃T
ic

9̃Wic ` trace tW̃T
ia

9̃Wiau `
ÿ

jPNi

trace tW̃T
ja

9̃Wjau

` trace tW̃T
id

9̃Widu `
ÿ

jPNi

trace tW̃T
jd

9̃Wjdu

˙

, (54)

and after substituting (42), (45), and (46) in (54) we have (55)
(next page).

We can write (55) as four separate terms,

9V “

N
ÿ

i“1

`

Ti1 ` Ti2 ` Ti3 ` Ti4
˘

,

where,

Ti1 :“
BV ˚

i peiq

Bei

T ˆ

Aei ´ pdi ` giqBiW̃
T
iaei ´ pdi ` giqDiW̃

T
idei

` pdi ` giqBiu
˚
i ` pdi ` giqDiv

˚
i `

ÿ

jPN
aijpBjW̃

T
jaej ´Bju

˚
j q

`
ÿ

jPN
aijpDjW̃

T
jdej ´Djv

˚
j q

˙

, (56)

Ti2 is given as (57) (next page), Ti3 is given as,

Ti3 :“ ´αia trace tW̃T
iaeie

T
i W̃ia ` W̃T

iaeie
T
i Q̃

i
eiui

R´1
ii u

´
ÿ

jPNi

αja trace tW̃T
jaeje

T
j W̃ja ` W̃T

jaeje
T
j Q̃

j
ejuj

R´1
jj u,

(58)

and finally, Ti4 is given as,

Ti4 :“ ´αid trace tW̃T
ideie

T
i W̃id ` W̃T

iaeie
T
i Q̃

i
eivi

γ´2
ii u

´
ÿ

jPNi

αjd trace tW̃T
jdeje

T
j W̃jd ` W̃T

jdeje
T
j Q̃

j
ejvj

γ´2
jj u.

(59)

Using the coupled Hamilton-Jacobi equations (10), (12), i.e.
subtracting zero from (56) we have,

Ti1 “
BV ˚

i peiq

Bei

T ˆ

Aei ´ pdi ` giqBiW̃
T
iaei ´ pdi ` giqDiW̃

T
idei

` pdi ` giqBiu
˚
i ` pdi ` giqDiv

˚
i `

ÿ

jPN
aijpBjW̃

T
jaej ´Bju

˚
j q

`
ÿ

jPN
aijpDjW̃

T
jdej ´Djv

˚
j q

˙

´

ˆ

eTi Pi

`

Aei ´ pdi ` giq
2pBiR

´1
ii B

T
i ´

1

γ2ii
DiD

T
i qPiei

`
ÿ

jPN
aijpdj ` gjqpBjR

´1
jj B

T
j ´

1

γ2jj
DjD

T
j qPjej

˘

`
1

2

ÿ

jPNi

pdj ` gjq2eTj PjpBjR
´T
jj RijR

´1
jj B

T
j ´

γ2ij
γ4jj

DjD
T
j qPjej

`
1

2
pdi ` giq

2eTi PipBiRiiB
T
i ´

1

γ2ii
DiD

T
i qPiei `

1

2
eTi Hiei

˙

,

or

Ti1 “ ´
1

2

ÿ

jPNi

pdj ` gjq2eTj PjpBjR
´T
jj RijR

´1
jj B

T
j

´
γ2ij
γ4jj

DjD
T
j qPjej ´

1

2
pdi ` giq

2eTi PipBiRiiB
T
i

´
1

γ2ii
DiD

T
i qPiei ´

1

2
eTi Hiei

`
BV ˚

i peiq

Bei

T
`

ÿ

jPN
aijpBjW̃

T
ja `DjW̃

T
jdqej

´ pdi ` giqpBiW̃
T
ia `DiW̃

T
idqei

˘

. (60)

The term (60) can be upper bounded after using Young’s
inequality by,

Ti1 ď ´

ˆ

λ
`

Hi `Qi
eiui

R´1
ii pQi

eiui
qT

˘

´
1

2
λ̄

`

Qi
eiui

pQi
eiui

qT `
2

γ2ii
Qi

eivi
pQi

eivi
qT

˘

˙

}ei}
2

´
ÿ

jPNi

ˆ

λ
`

Qj
ejuj

R´1
jj RijR

´1
jj pQj

ejuj
qT

˘

´
1

2
λ̄

`

Qi
eiuj

pQi
eiuj

qT `
γ2ij
γ4jj

Qi
eivj

pQi
eivj

qT
˘

˙

}ej}
2

`
1

2

›

›

›
eTi W̃ia

›

›

›

2

`
1

2

ÿ

jPNi

›

›

›
eTj W̃ja

›

›

›

2

`
1

2

›

›

›
eTi W̃id

›

›

›

2

`
1

2

ÿ

jPNi

›

›

›
eTj W̃jd

›

›

›

2

, (61)



9V “

N
ÿ

i“1

ˆ

BV ˚
i peiq

Bei

T ˆ

Aei ´ pdi ` giqBiW̃
T
iaei ´ pdi ` giqDiW̃

T
idei

` pdi ` giqBiu
˚
i ` pdi ` giqDiv

˚
i `

ÿ

jPN
aijpBjW̃

T
jaej ´Bju

˚
j q `

ÿ

jPN
aijpDjW̃

T
jdej ´Djv

˚
j q

˙

´ αicW̃
T
ic

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T

ˆ

1 `

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙˙2
W̃ic

´ αia trace tW̃T
iaeie

T
i W̃ia ` W̃T

iaeie
T
i Q̃

i
eiui

R´1
ii u ´

ÿ

jPNi

αja trace tW̃T
jaeje

T
j W̃ja ` W̃T

jaeje
T
j Q̃

j
ejuj

R´1
jj u

´ αid trace tW̃T
ideie

T
i W̃id `

1

γ2ii
W̃T

ideie
T
i Q̃

i
eivi

u ´
ÿ

jPNi

αjd trace tW̃T
jdeje

T
j W̃jd `

1

γ2jj
W̃T

jdeje
T
j Q̃

j
ejvj

u

˙

, t ě 0. (55)

Ti2 :“ ´αicW̃
T
ic

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T

ˆ

1 `

ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙T ˆ

Uiptq b Uiptq ´ Uipt´ T q b Uipt´ T q

˙˙2
W̃ic, (57)

Now the term (57) can be upper bounded to write,

Ti2 ď ´
αic

4

›

›

›
W̃ic

›

›

›

2

. (62)

According to Lemma 2 and (62) we have proved that the critic
weights

›

›

›
W̃ic

›

›

›
Ñ 0, @i P N . Since the actor error dynamics

is based on the critic error dynamics of each agent in a form of
a cascaded system, one needs to establish convergence of the
critic way faster than the control actor and adversarial input
actor approximators. This means that we need to pick αic "

αia, αic " αid @i P N . This can also be tackled similarly
in view of Lemma 4.7 from [15] and treat the whole system
of (42), (45), and (46) as input-to-state stable systems with
W̃ic as an input in (45) and (46). Following the result of these
developments we can upper bound (58), after using Young’s
inequality and also that the entry-wise norm or Frobenius norm
of each submatrix of a matrix is less than the entry-wise norm

of the matrix it is part of, i.e.
›

›

›

›

Q̃ì

¨

˘

›

›

›

›

ď

›

›

›
W̃ic

›

›

›
, as follows,

Ti3 “ ´αia trace tW̃T
iaeie

T
i W̃iau ´ αia trace tW̃T

iaeie
T
i Q̃

i
eiui

R´1
ii u

´
ÿ

jPNi

αja trace tW̃T
jaeje

T
j W̃ja ` W̃T

jaeje
T
j Q̃

j
ejuj

R´1
jj u

ď ´
αia

2

›

›

›
eTi W̃ia

›

›

›

2

`
αiaδi
2

λ̄pR´1
ii q }ei}

2

´
ÿ

jPNi

αja

2

›

›

›
eTj W̃ja

›

›

›

2

`
ÿ

jPNi

αjaδj
2

λ̄pR´1
jj q }ej}

2
, (63)

with δip0, 1q, @i P N . Similarly for the adversarial actor
approximator we have for (59),

Ti4 “ ´αid trace tW̃T
ideie

T
i W̃idu ´ αid trace tW̃T

ideie
T
i Q̃

i
eivi

γ´2
ii u

´
ÿ

jPNi

αjd trace tW̃T
jdeje

T
j W̃jd ` W̃T

jdeje
T
j Q̃

j
ejvj

γ´2
jj u

ď ´
αid

2

›

›

›
eTi W̃id

›

›

›

2

`
αidδi
2γ2ii

}ei}
2

´
ÿ

jPNi

αjd

2

›

›

›
eTj W̃jd

›

›

›

2

`
ÿ

jPNi

αjdδj
2γ2jj

}ej}
2
. (64)

Finally, by combining the terms (61), (62), (63) and (64)
we have that,

9L ď

N
ÿ

i“1

ˆ

´

ˆ

λ
`

Hi `Qi
eiui

R´1
ii pQi

eiui
qT

˘

´
1

2
λ̄

`

Qi
eiui

pQi
eiui

qT `
2

γ2ii
Qi

eivi
pQi

eivi
qT

˘

´
αiaδi
2

λ̄pR´1
ii q ´

αidδi
2γ2ii

˙

}ei}
2

´
ÿ

jPNi

ˆ

λ
`

Qj
ejuj

R´1
jj RijR

´1
jj pQj

ejuj
qT

˘

´
1

2
λ̄

`

Qi
eiuj

pQi
eiuj

qT `
γ2ij
γ4jj

Qi
eivj

pQi
eivj

qT
˘

´
αjaδj
2

λ̄pR´1
jj q ´

αjdδj
2γ2jj

˙

}ej}
2

´
αic

4

›

›

›
W̃ic

›

›

›

2

´
1

2
pαia ´ 1q

›

›

›
eTi W̃ia

›

›

›

2

´
1

2

ÿ

jPNi

pαja ´ 1q

›

›

›
eTj W̃ja

›

›

›

2

´
1

2
pαid ´ 1q

›

›

›
eTi W̃id

›

›

›

2

´
1

2

ÿ

jPNi

pαjd ´ 1q

›

›

›
eTj W̃jd

›

›

›

2
˙

,

and after taking into account the conditions (50), (51), and
(52) the result follows.



V. NUMERICAL EXAMPLE

In order to show the effectiveness of the proposed dis-
tributed Q-learning model-free approach we use a connected
graph G with 10 agents as shown in Figure 1. The system
dynamics are given in the form of (1) with a marginally

stable matrix A “

„

0 1
´1 0

ȷ

, and B1 “

„

1
´1

ȷ

, B2 “

„

2
´2

ȷ

,

B3 “

„

0.6
´4

ȷ

, B4 “

„

2
´3

ȷ

, B5 “

„

1
´3

ȷ

, B6 “

„

4
´3

ȷ

,

B7 “

„

3
´3

ȷ

, B8 “

„

5
´3

ȷ

, B9 “

„

0.5
´2

ȷ

, B10 “

„

5
´0.5

ȷ

and D1 “

„

2
1

ȷ

, D2 “

„

1
´1

ȷ

, D3 “

„

1.2
´2

ȷ

, D4 “

„

1
´3.7

ȷ

,

D5 “

„

3
´3

ȷ

, D6 “

„

0.8
´4.2

ȷ

, D7 “

„

1
´1

ȷ

, D8 “

„

2.2
´0.4

ȷ

,

D9 “

„

3.5
1.12

ȷ

, D10 “

„

1
0.9

ȷ

and a leader given as 9xL “ AxL.

The user-defined matrices in the distributed performances
are given as Hi “ 10I2,@i P t1, 2, . . . , 10u, Rii “ 5,@i P

t1, 2, . . . , 10u, Rij “ 1,@i ‰ j P t1, 2, . . . , 10u, γii “ 6,@i P

t1, 2, . . . , 10u, γij “ 2,@i ‰ j P t1, 2, . . . , 10u and the tuning
gains of the algorithm in Theorem 2 are picked as αic “

50, αia “ αid “ 5,@i P t1, 2, . . . , 10u and T “ 0.01sec. The
initial actor and critic weights are picked randomly in r0, 5s

and the initial positions of the agents are shown with circles
in Figure 2. For 0 ď t ď 0.5 second we add exponentially
decreasing exploration noise in the control inputs to ensure
persistence of excitation and state exploration (see Remark 9).

Figure 2 shows the phase plane plot of the synchronization
of the agents.

Fig. 2. Phase-plane plot of the states of agents that shows synchronization
to the Lissajous curve of the leader.

VI. CONCLUSION AND FUTURE WORK

This work proposes a model-free distributed Q-learning
algorithm to learn the graphical Nash equilibrium while at-
tenuating worst case adversarial inputs. In order to achieve
this, we write a distributed Q-function for each agent as a
parametrization of the neighborhood tracking error, and the
control and adversarial inputs in the neighborhood. It is shown
that all the agents pick their control and adversarial actions

in order to form a graphical Nash equilibrium by solving
N -coupled distributed optimization problems. In general, Q-
learning functions need to store a lot of data throughout learn-
ing, we use an approximate dynamic programming framework,
which is based on a 3N approximators structure that are
tuned based on a distributed information available to every
agent. The approximators are tuned in an adaptive manner such
that they can guarantee closed-loop stability and the control
and adversarial policies form a graphical Nash equilibrium,
without requiring any information of the system dynamics
while their states are being synchronized to the leader state.
A numerical example is provided to show the effectiveness of
the proposed method.

Future research efforts will focus on extending the results to
nonlinear networked uncertain/unknown multi-agent systems
with output feedback.
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