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Stability of Delay Impulsive Systems with

Application to Networked Control Systems

Payam Naghshtabrizi, do0 P. Hespanha, Andrew R. Teel

Abstract

We establish asymptotic and exponential stability thearéon delay impulsive systems by employ-
ing Lyapunov functionals with discontinuities. Our comalits have the property that when specialized
to linear delay impulsive systems, the stability tests canfdymulated as Linear Matrix Inequalities
(LMIs). Then we consider Networked Control Systems (NCSsiscsting of an LTI process and a static
feedback controller connected through a communicatiovort Due to the shared and unreliable
channels, sampling intervals become uncertain and variddbreover, samples may be dropped or
experience uncertain and variable delays before arrivinheadestination. We show that the resulting
NCSs can be modeled by linear delay impulsive systems andrexgde conditions for stability of
the closed-loop system in terms of LMIs. By solving these EMine can find a positive constant that
determines an upper bound between each sampling time asdlisequent input update time, for which

stability of the closed-loop system is guaranteed.

Index Terms

Delay Impulsive systems, Stability, Networked Control t8yss, delay hybrid systems

. INTRODUCTION

Impulsive dynamical systems are special class of hybridesys which exhibit continuous

evolutions described by Ordinary Differential Equatio@DES) and instantaneous state jumps
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Fig. 1. NCSs with delay in the feedback loop wheile) = X(s¢), Vt € [sc + Tk, k1 + Tka1)

or impulses. Motivated by systems with delay, we are intetksn studying delay impulsive
systems. We establish stability, asymptotic stability arponential stability theorems for delay
impulsive systems by employing functionals with discouiiies at a countable set of times.

By defining the time lag space and other related conceptgrierifor the uniform stability
and uniform asymptotic stability for Hybrid Dynamical Sgsts (HDSs) with time delays were
constructed in [1, 2] using Razumikhin’s Theorem. The samams apply these results to
analyze the stability of delay impulsive systems and neainsampled-data feedback control
systems with time delay. Michel etal. [3] present Lyapukoasovskii type stability results and
converse theorems for HDSs with time delay. Based on Lyap#masovskii functionals, [4]
analyzes a class of HDSs consisting of delay differentialatigns with discontinuities. The
authors consider a unified framework for wide classes of HEx8$ provide different types of
stability and converse theorems by employing a positivendefidiscontinuous functional. If
the functional is bounded between discontinuities and rayppately” decreases at the point of
discontinuities then one obtains an “appropriate” notidrstability (such as uniform stability,
asymptotic stability or exponential stability).

This paper provides novel sufficient conditions for differ@otions of stability: these condi-
tions require the Lyapunov functional to have a negativevdgve between impulses and to be
non-increase at the points of discontinuity. An advantafjéhese results over those in [3, 4]
is that to verify the conditions in this paper, one does na&dn® compute the solution of the
system between discontinuities. In fact, a distinguisHeegure of the stability conditions in this
paper is that, when specialized to linear impulsive systehesstability tests can be formulated

as LMiIs that can be solved efficiently.
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As a special case of general delay impulsive systems, wg $inehr delay impulsive systems

such as the one in Figure 1, which can be expressed by
X(t) = AX(t) + Bx(s),  tk<t <t keN, 1)

where s denotes thek-th sampling timeandty the so calledk-th input update timewhich is
the time instant at which thk-th sample arrives to the destination. In particular, degoby
T the total delay that th&-th sample experiences in the loop, thgn= s+ 1¢. Figure 1 and
equation (1) can be viewed as modeling an NCS in which a lineargssx(t) = Ax(t) + Byu(t)
is in feedback with a static state-feedback remote coetralith gainK. This would correspond
to B:=ByK in ().

We introduce a newdiscontinuous Lyapunov functiontd establish the stability of (1) based
on the theorems developed here for general nonlinear tamgng delay impulsive systems. The
Lyapunov functional is discontinuous at the input updatees, but its decrease is guaranteed by
construction. We provide an inequality that guaranteesdd@ease of the Lyapunov functional
between the discontinuities, from which stability follawghis inequality is expressed as a set
of LMIs that can be solved numerically using software paéesaguch as MATLAB. By solving
these LMIs, one can find a positive constant that determinepper bound between the sampling
time s¢ and the next input update timg, 1, for which the stability of the closed-loop system is
guaranteed for given lower and upper bounds on the total dgla/Vhen there is no delay, this
upper bound corresponds to the maximum sampling intervailciwis often calledryat; in the
NCS literature. We use theyat| terminology also for the case when there are delays in the
system, which allows us to state our result in the form: th&tesy (1) is exponentially stable
for any sampling-delay sequence satisfyipgs — sx < TmaTi and Tpin < Tk < Tmax for vk € N,
where Tmin, Tmax, and Tyar| appear in our LMIs.

To reduce network traffic in NCSs, significant work has beerotsl to finding values for
TmaT) that are not overly conservative (see [5] and referencesiti)e First we review the related
work in which there is no delay in the control loop. In [GaT iS computed for linear and
nonlinear systems with Round-Robin (static) or Try-OnceeBid (TOD) (dynamic) protocols.
Nesic etal.[7, 8] study the input-output stability propestof nonlinear NCSs based on a small
gain theorem to findyat) for NCSs. [9-11] consider linear NCSs and formulate the prable

of finding TyaT| @s LMIs. In the presence of variable delays in the controp)d&2—14] show
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that for a given lower boundy, on the delay in the control loop, stability can be guaranteed
for a less conservativeyat| than in the absence of the lower bound.

Our stability conditions depends both on the lower boung.j and the upper bound fax) of
the loop delay, which can be estimated (perhaps consegigtior most networks [15]. Through
an example we show that considering a finitgyx can significantly reduce conservativeness.
This improvement is achieved by the use of Lyapunov funeti®nvith discountinuties and the
judicious introduction of slack matrices. The introduatiof discontinuities in the Lyapunov
functionals seems natural in NCSs because sampling andotamtlates lead to state discon-
tinuities. Slack [16, 17] or free weight matrices [18] irdue degrees of freedom that can be
exploited to minimize conservativeness. When the delay enféedback loop is small (i.e., as
Tmin, Tmax — 0), our LMIs reduce to the ones presented in [11], which ase t®nservative than
those in [9, 10]. This observation shows that the resultd i are robust with respect to small
delays.

The remainder of this paper is organized as follows: In $acti we present asymptotic and
exponential stability tests for time-varying nonlineatayeimpulsive systems. In Section Il we
model NCSs as delay impulsive systems and based on the thedn@m Section Il we provide
stability conditions for (linear) NCSs in the form of LMIs. Bection IV we apply our method
to a benchmark example and we compare our results to the orbs iiterature. Section V is
devoted to conclusions and future work.

Notation: We denote the transpose of a matRxby P’ and its smallest and the largest
eigenvalues byAmin(P) and Amax(P), respectively. We writé® > 0 (or P < 0) whenP is a
symmetric positive (or negative) definite matrix and we ®dt partitioned symmetric matrix
[Q g} as [28]. The notations § and Iy are used to denote the< j matrix with zero entries
and thek x k identity matrix, respectively. When there is no confusiomwhthe size of such
matrices we drop the subscript.

A function a € [0,0) — [0,) is of class.#’, and we writea € # when a is continuous,
strictly increasing, andx(0) = 0. If a is also unbounded, then we say it is of clags and
we write a € .. A (continuous) functiorg : [0,) x [0,00) — [0, ) is of class. ¥, and we
write 8 € #.Z when, 3(.,t) is of class.# for each fixedt > 0 and3(s,t) decreases to O as
t — oo for each fixeds.

Given an interval C R, B(I,R") denotes the space of real functions frornto R" with norm
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ol := supg |@(t)],@ € B(I,R"), where|.| denotes any one of the equivalent normsHh.
Given a time functionx : [0,0) — R", x denotes the functiorx : [-r,0] — R" defined by
% (0) =x(t+ 0), wherer is a fixed positive constant. We denote the limit from belovaaignal
X(t) by x~(t), i.e.,x (t) :==lim¢¢ X(7); andX(t) denotes the right-hand side derivativexolvith

respect ta, i.e., X(t) = limq %

[I. STABILITY OF DELAY IMPULSIVE SYSTEMS

Consider the following delay impulsive system
X(t) = fr(x(t),1), Vt#£t, ke N, (2a)
X(ti) = (X (ti), X (k) ) vt =t, KEN, (2b)

where fy and gk are locally Lipschitz functions [19] such thdit(0,t) = 0, gk(0,0,t) =0, WVt €
[0,); {tx: k€ N} is a monotone increasing sequence of times at which the statepdated
through (2b); and s : k € N} is a monotone increasing sequence of times at which the istate
sampled for the update law in (2b). The sequence of updagstismassumed finite or unbounded.
We assume causality in the sense that each samplingsimeust precede the corresponding
update timety (although not necessarily strictly) and célfy :=tx —sx > 0 : k € N} the delay
sequence. We call the system (2) a delay impulsive systeoe $ire reset map (2b) depends on
the past value of state. It should be emphasized that we a@llevdelaysry to grow larger than
the sampling intervals,.; — S, provided that the sequence of input update tiftgs remains
strictly increasing.

We can view (2) as an infinite dimensional system whose statems the past history of -)
so thatx(sc) can be recovered from the statg:= X(tx+ 6), —Tmat1 < 8 <0 in order to apply
the reset map in (2b). This motivates the use of Lyapunows#iskii tools in the analysis of
(2). In this framework, it is possible to analyze (2) even wilge delays grow much larger than
the sampling intervals, which is not easy in methods based discretization of (2) between
update times [20, 21].

We assume that the pair of impulse-delay sequeri¢gs,{1«}) belongs to a given se?
and we consider different notions of stability definitioms {2):

(a) The system (2) is said to l&dobally Uniformly Stabl§GUS) over.7, if there exists some
a € ¢ such that for every paif{s},{1}) € . and every initial conditiong, the solution to
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(2) is globally defined and satisfigs(t)| < o(||x,]|), vt > to.

(b) The system (2) is said to ¥&lobally Asymptotically StabléGAS) over.#, if in addition
to (a), every solution converges to zerotas co.

(c) The system (2) is said to Welobally Uniformly Asymptotically StablgGUAS) over.7,
if there exists som@ € 7. such that for every{sc},{1}) € - and every initial condition
X, the solution to (2) is globally defined and satisfijg&)| < B(||%,]|,t —to), Vt > to.

(d) The system (2) is said to b@lobally Uniformly Exponentially Stabl@gGUES) over.7,

when the functiorg in (c) is of the formB(s,r) = ce *'s for somec,A > 0.

Theorem 1. Suppose that there exigh, Y, € 7o, Y3 € # and a functional V: B([—r,0],R") x
[0,00) — [0,0), such that

Un(le(0)]) <V(o,t) < yn(lloll), YeeB(I,R"),t>0, (3)

and, for every({s},{1}) € -, any solution x to(2) is globally defined for & tg, V(X,t) is
continuously differentiable between update times, and
dV (x,t)

e L ODE t#t, VkeN, (4)
V (%t < ItiTrth(xt,t), vkeN. (5)

Then the syster(2) is GUS over.”. In addition, the following statements hold:

(&) The systen{2) is GUAS over.y if there is a constant kg, > O for which §,1 —tx >
hmin, Vk € N for every ({},{1k}) € -~7.

(b) The systen(2) is GUES overy if the functionsy, > are of the following forms:

1(l(0))) = c1l@(0)°,  ya(llol) = call@]°, (6)

and the following condition holds instead ¢4):

aV (1)
ot

for some positive constants,c,,c3, and b.

< —callx|l°, Wi <t <tep, keN 7

(c) The systenf2) is GUES overy if the functionsy;, Y3 are of the following forms:

Yi(|@(0)]) := ci|@(0)[°,  yi(Ix(t)]) := dalx(t)[",
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and the upper boundi(||@||) in (3) is replaced by

BIPO)P + [ (s

t—r

for some positive constantq,dz,d_z,dg and b. O

Items (b) and (c) in Theorem 1 both provide alternative comas to guarantee GUES over
. The former poses milder conditions on the Lyapunov fumetidghan the latter, but it poses
a more strict condition on the time derivative of the funotib We shall see shortly that item
(c) will lead to sufficient conditions in terms of LMIs for kar impulsive systems.

Proof of Theorem 1:For an arbitrary paif{s},{1«}) € -7, let us define
v(t) :=V(%,t), Vvt>0,

along the corresponding solution to (2). Between updatestjnie) is continuous differentiable

and we haver(t) <0 for vt € (tx,tkr1), k€ N, therefore
Pa(lx(t)]) < v(t) <v(t), te [t ticr). (8)
Based on the conditions (4) and (5), we also have
Vo (ki) S V() <V (&), VkeN. (9)
Combining (8) and (9), we conclude that

(X)) <v(t) <V () <o <V () <V (%, to) < Ya(lXel)), VkeN.  (10)

From (10), Lyapunov stability follows since(t)| < a([|%|)), ¥t > to for a(.) := @y t(wa(.)).
(a) for everye > 0 let &; > 0 be such thailx(d1) < i (€). Then||x, || < & implies that|x(t)| <
g,t > tg because of (10). For thi§ and anyn > 0, we show that there existsTa= T (d1,n)
such that|x(t)| < n for Vvt > to+ T. Choosed, > 0 such thatyn(d) < gsr(n) for t >to+T.
Then it suffices to show thdbx,. | < & which implies |x(t)| < n, vt > 0. By contradiction
we assume that suchTadoes not exist and therefore there exists an infinite sequgnk € N
such that||x || > &. Eachcy is in an intervallty,ty,,) wherety is a subsequence ¢f. Since

ti+1 —t > hmin, YK € N then eitherc, —t, > hLZ'“ orty , —Ck > hLZ'“ We define intervals

. B
Ik:: [Ck_%,(:k] if Ck—tki > %
oo di] o
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whereLy > maxL, ;%) and|[fi(x,t)| < L for vk € N (since fy is Lipschitz, there existk > 0
such that|fg(x,t)| < L). By constructionx(t) is continuous for any € Iy and we can use the

Mean Value Theorem. So for anye Iy there exists & € [0,1] such that

IX(t)] = [x(ci) +X(ck+ B(t — c)) (t — c)|

> ()|~ (0 8t~ G0)] (1t~ G) > &~ Lot > 2.

Thereforev(t) < —L,Ug(%) for any t € Iy and elsewheres cannot increase. By integration we

conclude that

ko,
2L

but this would imply thatV (xg,,cx) < O for a sufficiently largek. By contradiction, we then
conclude that the system is GUAS ovef.

V(XCk7Ck) V(XtovtO) Lll3<52>

(b) Inequalities (3) with the choice of (6) and (7) implies

vt) < —g—iv(t).

By the Comparison Lemma [19] and (5), we conclude t?(a)gV(xto,to)e_i(t_tO). Hence

X(t)[ < < vit >>1/b < (V(Xto,t0>e_§g(t_t0)>l/b

C1 C1
%3 (t—to)

ba7T
< (Gl

1/b 1/b eh(t—to)
) = (O Il

Thus, the origin is GUES ovef”.
(c) Definingw(t) := e#t-)y(t), vt we conclude from (3)—(4) that fort # ti, k e N

W(t) = eeft0y(t) 4 ef-ly(t)

—_
< £ (dx(1) P+ /t X(¥) Pdv) — dae ) x(1)|° (11)

By integration (11) over each intervél,tc.1) and using (5) and (11), we obtain

W(t) —w(ty) < /tt\iv(t)dt—l-(w(tk)—w_(tk))-i— WOt (Wit —w )+ [ W)t

tk1 to

t _ gt ogs t
< £dy / ef(570) |x(s)|Pds+ £dy / / ef(570)|x(0)|Pdods— ds / ef570)|x(s)|Pds  (12)
to tg Js—r to
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By changing the order of integration, one can show that

// £(5t0) |y (g bdads<// £(5-10) |y () Pdsdo+
to to—r J1o

{ t
/ / £(5—%0) | ( )|bdsdagresr/O |x(0)|bdo+re”/ €97 |x(g)[Pdo. (13)
to to—r

to

Combining (12), (13) and the fact that

W(to) < da[(t)|° -+ d / X(9)Pds

to—r

we conclude that

— t
x(0)[Pdo + (edare®” — ds) / ef(97%) |x(g)|do.

to

_ i
W(t) < da|X(to) |°+ da(1 + £res) / ’

to—r
and, for sufficiently smalk > 0, this leads to
_ i
W(t) < da|X(0)|° + dp(1 + eres) / * x(0)Pdo. (14)
to—r

We thus finally conclude that if (14) holds then there exist & 0 such thaw(t) < dg|x,|°

which means that(t) < dse (%)||x||® and consequently(t) < (g—i)l/be‘%(t‘t0)||xto|]. m

[11. NCSS WITH VARIABLE SAMPLING AND DELAY

Consider an NCS consisting of an LTI process with state spaatehwf the formx{t) =
AX(t) +Byu(t), x€ R"ue R™ and a state-feedback controller with constant d&iconnected
through sample and hold blocks. At tirag k € N the process’s statésy) is sent to the controller
and some time after the control commakd(sc) is sent back to the process. This command
should be used as soon as it arrives and held constant uatitekt control command update.
The total delay in the control loop that theth sample experiences is denoted iy We allow
the delaysrty to grow larger than the sampling intervals ;1 — S, provided that the sequence of
input update timegty} remains strictly increasing. In essence, this means thets@mple gets
to the destination out of order (i.e., an old sample gets ¢odibstination after the most recent

one), it should be dropped. The resulting closed-loop systan written as
X(t) = AX(t) + Bx(x), tk <t <tgp1, (15)

wherety := s¢+ Tk, B := ByK and this system is depicted in Figure 1.
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10

As in [12-14], we consider set®” of sampling-delay sequencégs.}, {1«}) characterized by

the following inequalities

Tmin < Tk < Tmax Sk+1+ Tkr1 — S < TMATI, (16)

where Tmin > 0 and Tmax > Tmin denote, respectively, the minimum and maximum delays en-
countered by the samples; amglat) denotes the maximum time spabetween the times, at
which the state is sampled and the titRe; := S 1+ Tk 1 at which thenextupdate arrives at
the controller.

The closed-loop NCS given by (15) can be modeled by the foligvdelay impulsive system

E(t)=F&(1), <t <t (17a)
_ [ X (k)
Etkin) = et keN, (17b)
where
F=[88.  &m=1 2() = x(8), L<t<tor

Consider the Lyapunov functional
t
V= XPx+ /t (P1max—t+ )X (SRuX(S)dst
—P1

t t
/t (P2max—1t + S)X (S)RoX(s)ds+ \ (Tmin —t + )X (S)RaX(s)ds+
—p2 —Tmin
t

/t T otma—t + X (RA(S) IS+ (P1max— Tmin) / X (s)Rax(s)ds+

—P1 t—Tmin

/tt X (S)ZX(S)ds+ (P1max— P1) (X — W)’ X (x—w), (18)

—Tmin

with P, X,Z R;,i =1, ..,4 positive definite matrices and

wt) =x(t), pt)i=t—s,  pt)i=t—t, HW<t<tg,

Prmax:= Suppa(t), P2max = SUPP2(t).
t>0 t>0
1The quantitysc 1 + Tys1 — S can also be viewed as the sum of the defpyincurred by the sample plus the length

tr1 —tk = Ske1 + Tkr1 — Sk — Tk Of the time interval during which the corresponding control is held.
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In Section VI we show that, when the LMIs in the next theorera fmasible, there exists
a constantdz > 0 such that% < —ds|x(t)|2. Since it is straightforward to show that the
Lyapunov functional (18) satisfies the remaining condgiam Theorem 1, we conclude that the
NCS modeled by the delay impulsive system (15) is GUES ovesséte” of sampling-delay

sequences characterized by (16).

Theorem 2. The systenil5)is GUES over the se¥ of sampling-delay sequences characterized
by (16) if there exist positive definite matrices®Z,R;,i € {1,..,4}, (not necessarily symmetric)
matrices Ni € {1,..,4}, and € > 0 that satisfy the following LMIs:

M1+Bmax(M2+M3z) TmaxN1  TminN:

{ tHPman(Mz tMs) Trall - Tmgts 1 <0, (19a)

* * —TminRg

Mi+BmaxM2 TmadN1  TminN3  Bmax(N1+N2)  BmaxNa ]
* —Tmale 0 0 0
* * —TminRs 0 0 <0, (19b)
* * * —Bmax(R1+Rz2) 0
* * * * —BmaxRs |

where
_ P1 _ | 77 Tl 17/ 0 07’
0 0 0 LO 0 I |

— N[t -1 00] - {8'} N7 —Na[10-10]— {_(ﬂ . ooq]—{lg} \A

s [Eese[J

<

3= I]XF_JFF_’X[|0—| 0]. (20)

with F :

[A B 0 0] and Brax = TMAT! — Tmin- O

Remarkl. When the delays are negligible (i.@min, Tmax= 0) we can show that the LMIs (19a)
and (19b) hold if and only if the LMIs in Theorem 2 of [11] holthis shows that in the absence
of delays we recover the results from [11] in which there isdatay in the control loop and

the sampling intervals are variable. To do so, we kR4,Z,N3,Ns =0 and

/ /
N1 = [Nll Nio Nis3 0} ;o No= [N21 No2 No3 0]7
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and we omit the all zero rows and columns. Then we multiplyrdsilted LMIs by[} ¢ °] and

its transpose from the left and the right, respectively, aedchoose

/

N'= N1z +N21 Ni2+Niz+Noo+ Nog| » Ri+R: =R,
to obtain the LMIs in Theorem 2 of [11], O

Often the lower bound on the delay in the network is very ckoseero. This typically occurs
when the load in the network is low and the computation dekrgs small, because in this
scenario the total end-to-end delay in the loop is simplyaéqo the sum of the transmission
and propagation delays which are typically small. This watds considering the special case
Tmin = 0. The stability conditions in the corollary below can beidsdl from the conditions in
Theorem 2 withtyi, = 0 or they can be directly derived from Theorem 1 by employing t

following Lyapunov functional
V = XPx+ /ttpl(plmax—t + )X (S)Rx(s)ds+
/tipz(pZmaX—t + 5)X (S)RoX(S)d S+ (1 max— P1) (X— W) X (X —w).
Corollary 1. The systenil5)is GUES over the se¥’ of sampling-delay sequences characterized

by (16) with iy = O, if there exist positive definite matricesX?Ry, Ry, (not necessarily

symmetric) matrices f\N,, and € > 0 that satisfy the following LMIs:

[M1+Bmax(M2+M3) TmaxN1 ] <0

* —TmaxR1
M1+BmaM2 TmaN1  Bmax(N1+Np)
* —TmaxR1 0 < O,
* * —Bmax(Ri+R2)

where

Pl an g (][4 o[ L]0 4] 4] el
My :=F'(Ry + Ro + Ry)F,

M3::[§I}XF_+F_/X[I 0-1].

with F ;= [A B o}. O
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IV. COMPARISON WITH OTHER RESULTS

Since there are no necessary and sufficient conditions éostidbility of NCSs such as (15),
we will compare our results using the benchmark example 2h f2at has been extensively used

to compare stability conditions. It consists of the follogistate-space plant model

Xl 0 1 X1 0
= —+ u,
Xz 0 -01 X2 0.1

with state feedback gai = — [3_75 115}, for which we have

PO DS x[375 115).
0 —01 01

a) Comparison with exact methods for limiting casés:the absence of delay and with
constant sampling time bne can perform an exact discretization of (17). By checkimg t
eigenvalues off} §] €™ < 0 on a tight grid ofh, we can show that the closed-loop system
remains stable for any constant sampling interval smalantl7, and becomes unstable for
larger constant sampling intervals. Theorem 2 guaranteslisy for sampling times up to
1.1137. However stability is guaranteed for any variable darggime up to this upper bound.

When thesampling interval approaches zerhe system is described by a DDE and we can

find the maximum constant delay for which stability is guéead by looking at the roots of

_ 1-s19/2
— 14s1p/2

to compute the determinant polynomial, we conclude by thetiRblurwitz test that the system

the characteristic function det — A— Be °). Using the Pade approximatiaer 0°

is stable for any constant delay smaller thaB6l Theorem 2 guarantees stability for constant
delay up to 10744.

b) No-delay and variable samplingiVhen there is no delay but the sampling intervals are
variable, yat| determines an upper bound on the variable sampling inesal — s¢. The
upper bound given by [9, 10, 13] (whag,, = 0) is 0.8696 which was improved t0.8871 in
[14]. Theorem 2 and [11] give an upper bound equal tHl37.

c) Variable-delay and samplingFigure 2(a) shows the value aiyar, obtained from
Theorem 2 as a function of the minimum delsy,, for different values of the maximum delay
Tmax The dashed curves in both Figures 2(a) and 2(b) corresmotitetlargest possibleyar)
for different values ofrin, Which is obtained for the constant delay caggx= Tmin. Figure 2(b)
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Fig. 2.

dash line in both plots corresponds to the constant delay Gase= Tmin, Which gives the largest possible value fgaT) that

(a) shows a plot ofyar| versustmn, for different values oftmax € {0,.2,.4,.6,1}, obtained from Theorem 2. The

can be obtained for a given (fixed) delay. (b) shows a platygfr| versustmin for arbitrary delay (bounded below by, and
above bytyart) obtained from results in [13] ') and in [14] ('x’). In this figure we also see plots afyar| vVersustmin
obtained from Theorem 2 formax = Tmin ('0’) and for tmax= tvat) (D). The former is the most favorable case in terms of
getting a large value foryaT Since it corresponds to the smallest variability in delays, whereas the latis fe the smallest

value for yar) Since it allows for the largest variability in the delays.

compares the values obtained from Theorem 2 with thoser@atdrom previous results [12—14].
The values ofryar| obtained from [12] lie between those of [13] and [14] and apé shown
explicitly in the figure. The results in [12—14] do not takéadirtonsideration specific knowledge
on bounds for the delay and guarantee stability for any dataypatible withryat. This results

in more conservative conditions and consequently lowewesfor tyat). In Theorem 2,Tyati

is a function of bothry, and tmax and the results obtained are significantly less consepvativ
when one can explore this extra knowledge. For example,aregtreme case when the delay is
known to be fixed ('0’ plot in Figure 2(b), formax= Tmin), the values forryar obtained from
Theorem 2 are significantly larger than those obtained ir-1#2 However, when nothing is
known about the delay [I' plot in Figure 2(b), for tmax= TmaT1), then Theorem 2 gives little
or no improvement. For most intermediate levels, we do sgeawements with respect to prior
work, which can be confirmed by comparing the plots in Figua ®btained from Theorem 2
with those in Figure 2(b) obtained from prior work.

The solution to these examples shows that none of the slatlxnvariables introduced is
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redundant and that they cannot be omitted without intradypcionservativeness.

V. CONCLUSION

We established stability, asymptotic stability, and exguial stability theorems for delay
impulsive systems. Our stability conditions have the priypéhat when specialized to linear
impulsive systems, the stability tests can be formulated.M$s. Then we considered NCSs
consisting of an LTI process and a static feedback controianected through a communication
network. Due to the shared, unreliable channel that cosrm@ocess and controller, the sampling
intervals and delays are uncertain and variable. We showatthe resulting NCSs can be
modeled by linear delay impulsive systems. We provided itmmd for the stability of the
closed-loop expressed in terms of LMIs. By solving these LMlge can find a positive constant
that determines an upper bound between the sampling timeéhandext input update time, for
which stability of the closed-loop system is guaranteed.

The analysis results presented are less conservative hleaaxisting ones in the literature,
however there might be ways to further reduce the consegerass of the sampling and delay
bounds. For instance numerical results suggest that thpulng functional in (18) with the
constant matriceR;, 1 <i <4 replaced by appropriately selected time-varying magiés), 1 <
i <4 leads to LMI stability conditions that appear to be necgssa at least close to it. This
type of Lyapunov functionals are inspired by the Lyapunonctionals used for théiscretized
methodin the DDE literature [23].

Although in this paper we focused our attention on the is$gability, it is possible to derive
LMI conditions that allow one to determine closed-loop ioed norms, leading tél., designs
[14]. We plan to extend these results to model more generalsNi@&luding two-channel NCSs

with dynamic feedback controllers.

VI. APPENDIX
Proof of Theorem 2 1t is easy to show that the Lyapunov functional (18) satistles
condition (3) with
_ gt
Yu(s) = diS%, w2(llel) := dz!f/)(0)12+0|2/t_r 9(s)|°ds
for dq,do, d_2 > 0. Also the condition (5) is guaranteed by construction efltiiapunov functional.

The only remaining condition of Theorem 1 (part c¢) that isdezkbto guarantee GUES is (4)
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and therefore in the remainder of this proof we derive swffiticonditions folV < —g||x||? to

hold for somee > 0 [condition in (4)]. Along the trajectory of the system (2)e have that

24 (O)P(AXE) + B2) + prma (DRIX(V)

ttpx JRIX(S)dS + Pamadd (RA()

tt X/ )RoX (s dS+Tm|nX/(t)R3X(t)
P2

/ R3X
t—Tmin

+ (P1max— Tmin) (X,(t — Tmin) RaX(t — Tmin))
_ / T (RX(S)dS+ (Drmax— Trin) (X (OReX(t)

t—p1
— X (t = Tmin)RaX(t — Tmin)) + X (t)ZX(t)

— X (t — Trmin) ZX(t — Trmin) — (X(t) — W)’ X(x(t) — w)

—~

+2(p1max— P1) (X— W) X (Ax+ B2). (21)

— /
Defining & (t) := [x’(t) Z W X(t— Tmin)] , for any matricesN;,i = 1,..,4 we have

281 -1 0 0] &+28No[i 0 -1 0]&
t—p:

=28/ (N +No) /tiPZX(s)ds> 28 /t_plZX(s)ds>

< P28/ (N1 4+ N2) (Ry 4+ Ro) LNy + Np)' €

t
+ / % (8)(Ry + Ro)X(5)ds
t—p2

t— 2
+(p1— P2)E'NIR; INGE + / P (s)Rix(s)ds (22)

28Ns 1 0 0 —1]E=2¢ Ng(/t;_X(s)ds>

< TminE_/NSRglNéE_+ /ti | X (s)Rsx(s)ds, (23)
iy = oy t—Tmin
2&'N — — 2&'N «(s)d
¢ 4[0 | O I}E & 4(/ . X(s) s)
t— Tmln
< (o~ T ENR NG+ [ T (SRaX(5)ds (24)
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which relies on the fact that(t) — z(t) = x(t) —x(t — p1) andx(t) —w(t) = x(t) —x(t — p2). The
matrix variablesN;, N2, N3, N4 represent degrees of freedom that can be exploited to naaimi

conservativeness and we call them slack matrix variables.us defineB := p1 — tmin and

Bmax = P1max— Tmin- NOte thatTmin < p1 — P2 < Tmax and

P1max= SEp(Sk-s-l + Tkr1 — S+ Tk — Tk) < P2max+ Tmax,

P2max+ Tmin = stm(skﬂ + Tkt 1 — Sk — Tkt Tmin) < Prmax
so we conclude thatmin < Prmax— P2max < Tmax P2max < PBmax andpz < B. After combining
(21), (22),(23), and (24) and replacifgmax 2, 01 — P2 With Bmax, B, Tmax We get
V(&) +E[X|? < & (W+ Bmax(Mz + M) + B(Ma — M), (25)
W =My + TmasN1 Ry *N{ 4 TminN3R3 N3,
Ma :=(Np + N2) (Ru+ R) (N + N2)' + NaRy Ny,
andMj, My, M3 are defined in (20). A necessary and sufficient condition tisfga¥ + Brnax(M2+
Mz) + B (Mg —Ms) <0 for V3 € [0, Bmay iS
W+ Brax(M2+Mz) <0, W+ PBmax(M2+Ms) <0 (26)

The proof is similar to the proof of Theorem 1 of [11]. By Schwmplement, the matrix
inequalities in (26), can be written as the LMIs in TheoremfZhe LMIs in Theorem 2 are
feasible, then the condition (4) is satisfied wifh(s) := £s* for £ > 0. Hence all the conditions

in Theorem 1 are satisfied so the system (15) is GUES oter
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