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Abstract— This paper proposes a new algorithm to generate
a super-resolution image from a single, low-resolution input
without the use of a training data set. We do this by exploiting the
fact that the image is highly compressible in the wavelet domain
and leverage recent results of compressed sensing (CS) theory to
make an accurate estimate of the original high-resolution image.
Unfortunately, traditional CS approaches do not allow direct
use of a wavelet compression basis because of the coherency
between the point-samples from the downsampling process and
the wavelet basis. To overcome this problem, we incorporate
the downsampling low-pass filter into our measurement matrix,
which decreases coherency between the bases. To invert the
downsampling process, we use the appropriate inverse filter and
solve for the high-resolution image using a greedy, matchingpursuit algorithm. The result is a simple and efficient algorithm
that can generate high quality, high-resolution images without
the use of training data. We present results that show the improved performance of our method over existing super-resolution
approaches.

I. I NTRODUCTION
Super-resolution (SR) algorithms attempt to generate a
single high resolution (HR) image from one or more lowresolution (LR) images of the same scene. The main challenge
is to recover the high-frequency information that was lost in
the process of generating the low-resolution inputs. If the lowresolution images were directly captured by a camera, for
example, this information was eliminated by the band-limitting
filter of the photographic process due to imperfections in the
optics and integration over the pixels of the sensor. If the lowresolution images were the result of software downsampling,
this information was lost through the filtering process of
anti-aliasing. The goal of the SR algorithms is to recover
this missing information in a way that approximates the
original high-resolution image as closely as possible. This is an
important problem in several communities and has applications
which include object recognition, video transmission, image
compression, etc.
Traditionally, SR approaches have used a set of lowresolution images that were captured with sub-pixel accuracy
to try to solve for the missing high-frequency information [1].
Recently, however, there has been growing interest in recovering this information from a single, low-resolution image,
an area of research also known as image hallucination [2]
or image upsampling [3]. The “single-image super-resolution”
problem is particularly important because there are many
applications in which only a single, low-resolution image
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is available and the upsampling must be applied as a postprocess.
In this paper, we focus on the problem of single-image
super-resolution and present a novel algorithm for reconstructing the high-resolution image based on the recently-introduced
field of compressed sensing (CS). The basic idea is that after
reconstruction, the high-resolution result will be sparse in a
transform domain (e.g., wavelet) and we can therefore use
compressed sensing theory to directly solve for the sparse
coefficients from the low-resolution input. By recovering an
approximation to the wavelet transform of the high-resolution
image, we can then compute the final result in the spatial
domain.
This paper makes two specific contributions to the field
of image super-resolution. First, we pose the super-resolution
problem within the framework of compressed sensing, which
allows us to apply the tools developed for CS (e.g., simple,
greedy algorithms such as ROMP [4]) to solve for the highresolution image. Second, we propose a novel way of using
the wavelet basis (which works well for image compression)
in our formulation by incorporating the blur filter from the
downsampling process into our framework. This allows us to
increase the incoherency between the sampling and compression basis and results in an algorithm that yields better results
than current approaches. We begin by giving a brief overview
of existing upsampling methods in the next section.
II. P REVIOUS W ORK
There has been significant research in super-resolution and
upsampling algorithms in previous years and a complete
description of all of the previous work is beyond the scope of
a conference paper. Many of these algorithms utilize multiple
low-resolution input images which are registered together
and then reconstructed into a high-resolution image using
constraints (e.g., Huber Markov Random Fields (MRF) [1], [5]
and Bilateral Total Variation [6]), which is done through a regularization technique such as maximum a-posteriori (MAP).
In this work, however, we are interested in the problem of
single-image super-resolution. Traditionally, there have been
two kinds of algorithms proposed for this problem:
1) Learning-based super-resolution algorithms which use a
dictionary generated from an image database to invert
the process of down-sampling in a reasonable manner [7], [8], [9], [10], [11].
2) Reconstruction-based super-resolution algorithms which
do not use a training set but rather define constraints for

the target high-resolution image to improve the quality
of the reconstruction [12], [3], [13].
Examples of the first kind of algorithm include Sun et al.’s
work on image hallucination using priors [2], a Bayesian
method which tries to preserve edge continuity in the HR
image by relying on an image database. Another approach
is Chang et al.’s neighbor embedding method [7], which
extracts features from a database of small patches and finds
correspondences between them and the LR image. These
correspondences are used to generate the HR result from their
high-resolution counterparts in the database. Finally, the recent
work of Yang et al. [11] exploits the fact that the patches
in the LR input can be sparse when represented in the basis
of existing patches in the database. Specifically, they use an
optimization algorithm to determine how to linearly combine
the patches in the database to form the low-resolution image.
They then combine their high-resolution counterparts with an
added global reconstruction constraint to generate the final
result.
Traditionally, algorithms of the second type try to reconstruct image details by interpolating the low-resolution input
while making edges sharper. In addition to the standard bilinear and bicubic interpolation techniques, the most well-known
algorithm in this category is the Back Projection (BP) method
[13] which iterates on the image and gradually sharpens the
edges in each iteration. Unfortunately this algorithm often
has the unappealing artifact of ringing or jagginess. Another
example is Dai et al.’s approach [12], which extracts the edges
of the image in order to enforce their continuity and blends
them with the interpolated result to yield the final image.
More recent approaches include the work of Fattal [3], which
uses edge statistics to reconstruct the missing high frequency
information. We compare our approach to Fattal’s in Sec. V.
Our proposed algorithm is of the second type since we do
not require a training data set. Rather, we enforce the constraint
that the high-resolution image be sparse in the wavelet domain
and use this property to solve for the desired image. To do
this, we pose our single-image super-resolution problem in
the framework of compressed sensing (Sec. III) and then use
a greedy algorithm to select the sparse wavelet coefficients
that represent our result.
Our work is similar in spirit to the methods that attempt
to solve the ill-posed problem of SR through regularization
methods such as TV [14], [15]. Indeed, enforcing the sparsity
in the wavelet domain is a form of regularization that gives
us a way to overcome the ill-posedness of the SR problem.
The fundamental difference between our approach and these
previous methods is that by posing it within the framework
of compressed sensing, we have access to an ample set of
new tools to tackle this problem. One of these is the greedy
Regularized Orthogonal Matching Pursuit (ROMP) algorithm
we use in this paper.
We note that the aforementioned work of Yang et al. [11]
also uses sparsity to regularize the problem of super-resolution.
However, the main difference between the two approaches is
that we use a general wavelet basis to sparsify the image, not
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a dictionary of images. This means that our approach does
not require an existing data set and is potentitally more widely
applicable, in the same way wavelet-based image compression
methods are more general than dictionary methods such as
vector quantization. In the next section, we present the key
theoretical results in compressed sensing that form the foundation of our algorithm.
III. C OMPRESSED S ENSING T HEORY
The theory of compressed sensing (CS) demonstrates how
a subsampled signal can be faithfully reconstructed through
non-linear optimization techniques [16], [17]. Suppose that
we represent our desired high-resolution image as an ndimensional vector x ∈ Rn where n is large. In theory, x can
represent any 1-D signal, but for this discussion we assume
it to be an n-pixel grayscale (scalar) image which has been
converted into an n×1 vector (with trivial extension to vectorvalued signals, e.g., RGB images). We want to estimate this
high-resolution signal from the low-resolution input x̃ ∈ Rm ,
where m  n. We assume that x̃ has been acquired from the
original through a linear downsampling measurement process,
written as:
x̃ = Sx,

(1)

where S is a sampling matrix that performs the linear measurements on x. Our goal is to recover the high-resolution x
using only x̃ as input.
Initially, this seems like an impossible feat since the m
samples of x̃ yield a (n − m)-dimensional subspace of
possible solutions for the original x that would match our
given observations. How do we know which one of those
possible solutions is our desired x? This is where we apply
a key assumption of compressed sensing: we assume that the
transformed version of the signal, x̂, is k-sparse under some
basis Ψ, meaning that it has at most k non-zero coefficients
in that basis (e.g., x̂0 ≤ k, where  · 0 denotes the 0
quasi-norm). This is not an unreasonable assumption, since
we know that the high-resolution image will be a “real-world
image” (as opposed to random white noise), and so it will
be compressible in a transform domain, e.g., wavelet. We can
now write our measurement process from Eq. 1 as:
x̃ = SΨx̂ = Ax̂,

(2)

where A = SΨ is a general m × n measurement matrix.
If we can solve for x̂ given the measured x̃, we could then
apply the inverse transform Ψx̂ to get our desired highresolution signal x. Unfortunately, traditional techniques for
solving for x̂ (e.g., inversion, least squares) do not work
because Eq. 2 is severely under-determined (since m  n).
However, recent breakthroughs in compressed sensing have
shown that if m ≥ 2k and A meets certain properties (see
Sec. III-A), then Eq. 2 can be solved uniquely for x̂ by looking
for the sparsest x̂ that satisfies the equation (see complete
proof in [16]). Therefore, we can find the desired x̂ by solving
the following 0 -optimization problem:
min x̂0 s.t. x̃ = Ax̂,

(3)

The solution to this problem, however, involves a combinatorial algorithm in which every x̂ with x̂0 ≤ k is checked
to find the one that results in the measured samples x̃. This
problem is known to be NP-complete [18] and is intractable
for any reasonably-sized signal. However, recent results [16]
have spurred the growing excitement in the area of compressed
sensing by showing that Eq. 2can be solved by replacing the
n
0 with an 1 -norm (x1 = i=1 |xi |):
min x̂1 s.t. x̃ = Ax̂,

(4)

As long as the number of samples m = O(k log n) and
the matrix
A meets the RIC (described next) with parameters
√
(2k, 2 − 1), the 1 optimization of Eq. 4 will solve correctly
for x̂ [19]. This can be done with methods such as linear
programming [16] and basis pursuit [17].
A. Restricted Isometry Condition (RIC)
We cannot solve x̃ = Ax̂ for x̂ with any arbitrary A if m 
n, even if m ≥ 2k. However, we can apply the compressed
sensing framework if matrix A meets the Restricted Isometry
Condition (RIC) [4]:
(1 − )||v||2 ≤ ||Av||2 ≤ (1 + )||v||2 ,

(5)

with parameters (z, ), where  ∈ (0, 1) for all z-sparse vectors
v. Essentially, the RIC states that a measurement matrix will
be valid if every possible set of z columns of A forms an
approximate orthogonal set. In effect, we want the sampling
matrix S to be as incoherent to the compression basis Ψ
as possible. Examples of matrices that have been proven to
meet RIC include Gaussian matrices (where the entries are
independently sampled from a normal distribution), Bernoulli
matrices (binary matrices drawn from a Bernoulli distribution),
and partial Fourier matrices (randomly selected Fourier basis
functions) [20].
In this work, we would like to use wavelets as our compression basis Ψ because they are much better at sparsely
representing images than non-localized bases such as Fourier.
However, in super-resolution the downsampling matrix S
involves point-sampled measurements, which could result in
a measurement matrix A that does not meet the RIC because

point-sampling measurements are not incoherent with the
wavelet compression basis. Intuitively, we can see that the
better a basis is at representing localized features (such as
wavelet), the more coherent it will be to point sampling
because it can represent small spatial features (e.g., point
samples) with only a few coefficients, by definition. Therefore,
in order to successfully apply a wavelet basis to our problem,
we must find a way to increase the incoherence between the
bases. We explain how to do this in Section IV.
B. Greedy Reconstruction algorithms
Although the 1 optimization is considerably more efficient
than the 0 , its running time can still be large because there
is no known strongly polynomial-time algorithm for linear
programming [4]. For this reason, the CS research community
has started to investigate greedy algorithms to solve Eq. 3.
Orthogonal Matching Pursuit (OMP) was one of the first such
algorithms explored [21]. Given the measured vector x̃ and the
measurement matrix A, we can find the coefficient of x̂ with
the largest magnitude by projecting x̃ onto each column of A
and selecting the largest |x̃, aj |, where aj is the j th column
of A. Once we have identified the largest coefficient of x̂,
we then solve a least-squares problem assuming it is the only
non-zero coefficient. We can then use the new estimate for
x̂ to compute the estimated signal x and subtract it from the
original measurements. We then iterate the algorithm, using
the residual to solve for the next largest coefficient of x̂ one at
a time. By iterating k times, we find an k-sparse approximation
of the transform domain vector.
Although it is simple and fast, OMP has a major drawback
because of its weaker guarantee of exact recovery than the 1
methods [4]. To overcome these limitations, a modification
to OMP called Regularized Orthogonal Matching Pursuit
(ROMP) was proposed which recovers multiple coefficients in
each iteration, thereby accelerating the algorithm and making
it more robust to meeting the RIC [4]. In this work, we use the
ROMP algorithm for signal reconstruction and we describe it
in more detail in Sec. IV-A.
C. Applications of Compressed Sensing
Since its inception just a few years ago, compressed sensing
has been applied to problems in video processing [22], medical
imaging [23], [24], bio-sensing [25], wireless channel mapping
[26], and compressive imaging [27], [28], [29], [30], [31].
It is also starting to be used in the computer vision and
graphics communities to solve problems in face recognition
[32] and light transport acquisition [33], [34]. However, posing
the problem of super-resolution within the CS framework by
assuming sparsity in the wavelet domain like we are proposing
is novel and has not been done before.
IV. C OMPRESSIVE I MAGE S UPER - RESOLUTION
As discussed in Section III-A, although wavelet bases are
very good at representing image data sparsely, we cannot use
them directly in compressed sensing because they do not meet
the RIC when combined with point-sampled measurements.

In order to fulfill this condition, we propose to modify Eq. 2
based on the observation that the high resolution image is
filtered before downsampling, which happens both in the
camera when the image is acquired or in software if the image
is downsampled on a computer. In other words, we can write
our desired high-resolution image as xs (the sharp version),
which is then filtered by matrix Φ to result in a blurred, highresolution version xb = Φxs . This blurred version is then
downsampled by Eq. 1:
x̃ = Sxb = SΦxs ,

(6)

In this work, we choose a Gaussian filter as our filter Φ.
Since we can think of this filter as a multiplication by a
Gaussian in the frequency domain we can define Φ = F H GF,
which makes Eq. 6:
(7)
x̃ = SF H GFxs ,
where F is the Fourier transform matrix and G is a Gaussian
matrix with values of the Gaussian function along its diagonal
and zeros elsewhere. With this formulation in hand, we can
now solve for xs by posing it as a compressed sensing problem
by assuming that its transform x̂s is sparse in the wavelet
domain:
min x̂s 0 s.t. x̃ = SF H GFΨx̂s ,

(8)

As we discussed earlier, we can approximate a solution to
this optimization problem using greedy methods. However,
these greedy algorithms require having both the “forward”
matrix A and “backward” matrix A∗ in order to solve
y = Ax, where typically A∗ = AT with the assumption
that AT Av ≈ v [4]. In our formulation, the forward
matrix A = SΦΨ. Because the Gaussian matrix in Φ cannot
be inverted through transpose, i.e., G−1 = GT , we use
the backwards matrix of the form A∗ = ΨT Φ−1 ST =
ΨT F H G−1 FST . We note that G−1 is also a diagonal matrix
that is supposed to have the inversion of the Gaussian function
of G along its diagonal. However, we must be careful when
inverting the Gaussian because of the well-known problem
of noise amplification. To avoid this, we use a linear Weiner
filter to invert the Gaussian function [35], which means that
our inverse matrix G−1 has diagonal elements of the form
2
G−1
i,i = Gi,i /(Gi,i + γ).
To verify that the proposed formulation indeed increases
the incoherence between the measurement and compression
bases, we must compute the coherence with and without the
blurring filter Φ. The coherence between two bases can be
found by taking the maximum
inner product between any two
√
basis elements scaled by n [36]. Without the Gaussian filter,
the coherence is 261.3 for n = 512 × 512. On the other
hand, when the Gaussian filter is introduced the coherence
drops to 158.3. This reduction is enough to enable us to apply
the CS framework to this problem and get the high-quality
results shown in the paper. For comparison, we also show the
results of leaving out the filter in Fig. 4. With this formulation
in place, we are now ready to solve the compressed sensing

Algorithm 1 Modified ROMP algorithm
Input: measured vector x̃ ∈ Rm , target sparsity k, forward matrix A,
backward matrix A∗ , max num of coeffs added each iter q
Output: set of indices I ⊂ {1, ..., n} of non-zero coeffs in x̂
Initialize: I = ∅ and r = x̃
1: while r = 0 do
2:
/* multiply residual by A∗ to approx. larger coeffs of x̂ */
3:
u ⇐ A∗ r, max energy ⇐ 0
4:
J ⇐ set of k largest magnitude coefficients of u
5:
sort (J) in non-increasing order
6:
for i = 0 to k do
7:
j ⇐ largest index where J(j) ≥ J(i)/2 and j − i < q
8:
/* compute energy in J from element i to j */
9:
energy ⇐ ComputeEnergy(J, i, j)
10:
/* replace old set if new energy is greater */
11:
if energy > max energy then
12:
max energy ⇐ energy
13:
J0 ⇐ {i, ..., j}
14:
end if
15:
end for
/* add new indices to overall set */
16:
I ⇐ I ∪ J0
17:
/* find vector of I coeffs that best matches measurement */
18:
y ⇐ argmin ||x̃ − Az||2
z : supp (z)=I

19:
r ⇐ x̃ − Ay
20: end while
21: return I

/* recompute residual */

problem of Eq. 8. We describe our reconstruction algorithm
in the next section.
A. Reconstruction algorithm
Given an initial low resolution image x̃, we would like to
solve for the wavelet transform of the sharp, high-resolution
image x̂s as in Eq. 8. The idea is that once we solve for
x̂s , we can take its inverse wavelet transform Ψx̂s to recover
our desired high-resolution image xs . To do this, we use
the Regularized Orthogonal Matching Pursuit (ROMP) greedy
algorithm we mentioned earlier [4]. ROMP is preferable over
non-linear methods like linear programming [16] or Basispursuit [17] for our experiments because it is faster and can
handle large vectors and matrices, which is necessary when
working with images because the size of the matrices involved
are n × n where n is on the order of 5122 .
ROMP is similar to the OMP algorithm described in Section III-B, in that it approximates the transform coefficients
on every iteration and then sorts them in non-increasing order.
However, the main difference is that instead of only selecting
the largest coefficient, ROMP selects the continuous sub-group
of coefficients with the largest energy, with the restriction that
the largest coefficient in the group cannot be more than twice
as big as the smallest member. These coefficients are then
added to a list of non-zero coefficients and a least-squares
problem is then solved to find the best approximation for
these non-zero coefficients. The approximation error is then
computed based on the measured results and the algorithm
iterates again. In this work, we make the slight modification
in that we limit the number of coefficients added in each
iteration. We found experimentally that setting this limit to
m/60 yielded better results than the conventional ROMP
algorithm. A summary of our modified ROMP algorithm is
shown in the previous page.
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Fig. 1. These two images have been magnified by a factor of 4 and the results of various standard algorithms are compared. The proposed algorithm produces
an upsampled image with more detail and lower RSE than the other approaches.

V. I MPLEMENTATION AND R ESULTS
We implemented the proposed algorithm in C and tested it
with the sample images shown in Figs. 1 – 5. To downsample
the original images, we first blur them with a Gaussian filter
Φ = F H GF to bandlimit them for antialiasing. To avoid
over-/under-blurring, the variance of the Gaussian along the
diagonal of G is a function of the amount of downsampling.
For example, if we downsample the original image by a factor
of 4, we set the variance of G to σ 2 = 1666.7 (spatial-domain
variance of 4).
Once we have computed the blurred, high-resolution image
xb = Φxs , we point-sample it to get low-resolution version
x̃ = Sxb which serves as the direct input to our algorithm
without further transformation. Note that our algorithm only

utilizes x̃ to perform the reconstruction, which makes it
simpler than other SR algorithms which use statistics of
natural images (e.g., [3]) or libraries of patches (e.g., [11]) as
additional input information. Given the input x̃, we recover
a high-resolution approximation by solving Eq. 8 using a
Daubechies-8 wavelet for our compression basis Ψ and ROMP
as the solver to approximate the solution in 30 iterations.
Note that for color images, we solve Eq. 8 three times, once
for each color channel. As mentioned in the last section, our
solver uses a Weiner filter to invert the Gaussian filter, and in
our experiments we set γ = 1. The resulting reconstruction
algorithm is reasonably fast, and takes less than 40 seconds
to upsample a 128 × 128 image to 512 × 512 on a 2.2 GHz
laptop.

original

bi-cubic interp.
(RSE: 28.34)

example-based
(RSE: 33.26)

edge stats
(RSE: 25.87)

our approach
(RSE: 25.76)

Fig. 2. Comparison of our approach with recent work, specifically the example-based SR of Freeman et al. [8] and the edge statistics method of Fattal [3].
Image is being upsampled by 4×. Although Fattal’s method is better than the other approaches, the result has a cartoon-like quality because of the emphasis
on edges. Our result looks more natural and has a lower RSE. Data courtesy of Raanan Fattal.

To compare against more recent research work in superresolution and image upsampling, we test our technique
against the example-based super-resolution of Freeman et
al. [8] and the edge statistics method of Fattal [3] in Fig. 2.
Fattal’s method was presented at SIGGRAPH 2007 and is
known to give very good results as compared to other leading
algorithms and software packages. However, it produces results with a cartoon-like quality because it over-emphasizes the
edges in the image. Our approach on the other hand, produces
high quality results (lower RSE than the other approaches) and
more natural images. We should also note that in this example
the input image was downsampled by a bilinear filter, not by
a Gaussian filter. Therefore, it also shows that our approach
is robust even when the downsampling filter does not match
the one used in Eq. 8.
In Fig. 3 we plot how the RSE error varies with magnification level for various approaches. We can see that our
technique is better than both back-projection [13] and the
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To test our algorithm, we upsample images over a wide
range of magnification factors using various algorithms. However, for clear visual comparison, the images in this paper
are generated with 2, 3, and 4× magnification. In Fig. 1 we
magnify the two test images by a factor of 4 and compare
the results of our technique against the standard approaches:
bicubic interpolation, a “sharpened bicubic” filter computed in
MATLAB by first performing a bicubic interpolation and then
sharpening the result, and the back-projection method [13].
We quantify each algorithm’s accuracy by computing the Root
Square Error (RSE), a measure of the Euclidean distance, of
their output to the original HR image. We note that for both
images in Fig. 1, our algorithm produces results with sharper
details and lower RSE. For example, one can see the freckles
on the child’s face in the image generated by our technique.
Although we do not use an image database, the quality of our
reconstructed image is visually comparable to the ones in [7]
or in [8]. Additional results on more test images are shown in
Fig. 5.
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Fig. 3. Reconstruction error comparison as a function of magnification level
for the given test image. As the magnification is decreased, more information
is available for the algorithms so the error is reduced. The proposed algorithm
works better than sharpened bicubic and back-projection for all magnification
factors.

sharpened bicubic at every level of magnification. Finally,
it is interesting to consider what happens if we do not add
the blur filter Φ we propose in our algorithm. As we said
in Sec. IV, there would not be enough incoherence between
the measurement and compression basis, but it is unclear how
that would affect the quality of the reconstruction. As we can
see in Fig. 4, the quality of the reconstruction is significantly
reduced when the filter is removed, yielding results much
worse than simple bicubic interpolation. This validates our
proposed approach of incorporating the blur downsampling
filter into the CS formulation.
VI. D ISCUSSION
In earlier work, Donoho introduced the concept of image
restoration with the wavelet transform under the name of
Wavelet-Vaguelette Deconvolution (WVD) [37], in which an

to examine applications of compressed sensing in computer
vision which would greatly benefit our community.
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