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Abstract
In rendering applications, we are often faced with the problem of computing the integral of an unknown function. Typical
approaches used to estimate these integrals are often based on Monte Carlo methods that slowly converge to the correct answer
after many point samples have been taken. In this work, we study this problem under the framework of compressed sensing and
reach the conclusion that if the signal is sparse in a transform domain, we can evaluate the integral accurately using a small
set of point samples without requiring the lengthy iterations of Monte Carlo approaches. We demonstrate the usefulness of our
framework by proposing novel algorithms to address two problems in computer graphics: image antialiasing and motion blur. We
show that we can use our framework to generate good results with fewer samples than is possible with traditional approaches.
Categories and Subject Descriptors (according to ACM CCS): I.3.3 [Computer Graphics]: Picture/Image Generation—
Antialiasing

1. Introduction
Many algorithms in computer graphics must take definite integrals of an unknown signal, or of a signal that is known
but impossible to describe in analytic form suitable for integration. We encounter this problem in a variety of application areas, from algorithms that compute the illumination
in a scene to those that calculate effects such as antialiasing
or motion blur for image synthesis. A common approach for
solving these integrals is Monte Carlo integration, wherein
a large number of random point samples of the function are
used to estimate the value of the integral with some probability. As we take more samples, the variance of our estimate
is reduced as O(1/N) and the integral is estimated more accurately. Unfortunately, Monte Carlo methods theoretically
require an infinite number of samples to fully converge. In
practice, these methods require a large set of samples or we
risk getting noisy results.
In this work, we study the problem of estimating and integrating unknown functions under the framework of compressed sensing (CS), a growing area of research in the applied mathematics community. Compressed sensing theory
states that we can perfectly reconstruct a signal from a small
set of linear measurements if the signal is sparse in a transform domain that is incoherent with the measurement basis. Compressed sensing is not new to computer graphics
and has been applied to problems mostly in the area of light
transport acquisition [GNG∗ 08, PML∗ 09, SD09], although a
more recent application was demonstrated by the authors for
rendering [SD10a]. We take a different approach than previous work by demonstrating that a better use of CS is to
estimate signals for the purpose of integration during rendering. Specifically, our paper makes the following two contributions:
1. We pose the problem of calculating the integral of an unc 2010 The Author(s)

c 2010 The Eurographics Association and Blackwell Publishing Ltd.
Journal compilation 
Published by Blackwell Publishing, 9600 Garsington Road, Oxford OX4 2DQ, UK and
350 Main Street, Malden, MA 02148, USA.

known function for rendering applications in the framework of compressed sensing, which reveals that it is possible to accurately approximate the integral with a fixed
set of point samples if the function is sparse in a transform domain.
2. We demonstrate the effectiveness of our proposed approach by demonstrating two new algorithms for antialiasing and rendering motion blur.
2. Previous Work
Researchers in the past have proposed to fit parametric models to signals before integration to reduce the variance noise
of Monte Carlo integration. One example is the work of
Meyer and Anderson [MA06], which fits a linear approximation to the signal using PCA to reduce noise for indirect
illumination. However, traditional methods for parametric fitting such as PCA typically provide the least-squares fit to the
problem, which cannot capture information with frequency
larger than half the sampling rate. The compressed sensing
theory upon which our work is founded, on the other hand,
offers us a new way to recover some of the higher-frequency
information in the signal, even beyond the sampling rate.
There is also related work that, like our own, uses sparsity
in a transform domain to reduce the sampling rate or ameliorate the Monte Carlo noise. One example is the work of Bolin
and Meyer [BM95], which takes a set of ray-traced samples
and solves for the Discrete Cosine Transform (DCT) coefficients which fit the given data. This is another example of
parametric fitting, although here they fit the signal with cosine basis functions. However, because they use least-squares
to solve for these coefficients, they are limited to the range
of frequencies they can recover in the result. Another example of exploiting sparsity in the transform domain to reduce
Monte Carlo noise is the adaptive algorithm of Egan et al. for
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motion-blur [ETH∗ 09]. This algorithm evaluates the multidimensional signal in the transform domain to determine where
to position samples. More recently, Overbeck et al. [ODR09]
published an algorithm that uses wavelets for acceleration of
the multidimensional integrals. Our algorithm also uses the
wavelets to compress the image function for the antialiasing
application, but unlike these papers it is not an adaptive algorithm in that it does not evaluate new samples based on
the state of the algorithm. Rather, our rendering system simply picks the sample positions randomly, without any knowledge of the scene information, and then uses the sparsity in
the transform domain to estimate the signal. These other approaches are therefore orthogonal to our own and it would be
interesting future work to combine these adaptive sampling
algorithms with our approach.
Finally, as mentioned in the introduction there have been
recent papers in the computer graphics community that make
use of compressed sensing. Most of the work focuses on applying compressed sensing to the problem of light-transport
acquisition [GNG∗ 08, PML∗ 09, SD09]. Although these papers introduced compressed sensing to computer graphics,
their algorithms do not apply to our problem because of
the fundamental differences between light transport measurement and rendering. When measuring light transport, it is
possible to use structured illumination to measure integral
projections of fairly arbitrary functions against the signal we
are trying to estimate, which makes the application of CS
fairly straightforward. In our rendering application, however,
this is much more difficult to do because the cost of evaluating a single pixel is not the same as that of evaluating the sum
of a thousand of them (which comes for free in light transport
measurement, since you can turn on one projector pixel or a
thousand and measure their collective sum just as easily).
A formulation that addresses this issue was recently introduced by the authors in a method called compressive rendering [SD10a]. In that work, we used CS to accelerate rendering by only computing a fraction of the pixels in the image
and then filling in the remaining ones with CS. In order to
make the compressed sensing framework compatible with
the random point-sampled basis, we introduced a blurred
wavelet compression basis to reduce the coherence with point
sampling. In this work, we use a similar framework to apply
CS to the problem of integrating the image for antialiasing
and motion-blur, and our approach can indeed be considered
a form of compressive rendering. However, there are several
fundamental differences between the two techniques.
First, the addition of our filter in the antialiasing application both increases the compatibility with the point-sampled
basis as well as bandlimits the signal for downsampling. Second, we propose to estimate the signal using CS for integration rather than for direct viewing, so the slight artifacts from
the reconstruction are not directly visible because we integrate over the resulting signal at the end. We find this to be
a more suitable rendering application for compressed sensing. Finally, the application of our technique to motion blur
demonstrates that these approaches might be better suited for

rendering of animated scenes, rather than the static images
rendered in the original compressive rendering work. Our results suggest that the benefit of CS for rendering applications
is increased as we change the dimensionality from 2-D for a
static image to 3-D for an animated sequence. This is an important observation that had not been made in previous work.
3. Compressed Sensing
Since compressed sensing (CS) is not new to computer
graphics, we will only summarize the key aspects of the
theory in this section. A more thorough explanation from
a graphics perspective can be found in papers by Peers et
al. [PML∗ 09] and by the authors themselves [SD09, SD10a].
Readers seeking more background on CS are directed to the
seminal papers in the field [CRT06, Don06].
The theory of compressed sensing allows us to reconstruct
a signal from a few linear samples if it is sparse in a transform domain. Suppose there is a k-dimensional discrete signal f ∈ Rk we want to estimate with a set of N random samples, a process which can be written by the linear system
y = Sf, where y is the set of measured samples and S is
an N × k sampling matrix. In our case we are doing random
point-sampling, so this matrix has zeros everywhere except
for single 1’s in each row at the position of the random samples. If the number of samples N is a lot smaller than the signal size k, the system will be severely undetermined which
makes it difficult to solve for f with conventional techniques.
Compressed sensing theory shows it is possible to solve
for the original f if its transform f̂ is sparse (has very few
non-zero values) in a basis Ψ, where f̂ = ΨH f. By adding the
compression basis Ψ into our measurement equation, we get
y = SΨf̂. Compressed sensing theory states that we can solve
for f̂ uniquely [CRT06] as long as N is greater than twice the
sparsity of f̂ by searching for the sparsest f̂ that solves
(1)
min f̂0 s.t. y = Af̂,
where A = SΨ is a measurement matrix that must meet the
Restricted Isometry Condition (RIC) [NV07]. The RIC effectively requires that sampling basis S and compression basis
Ψ be as incoherent as possible. Partial Fourier matrices (randomly selected Fourier basis functions) are often used in CS
research, for example, because they meet the RIC [CT06].
While we can use the simple Fourier basis for the reconstruction of a video stream in our motion-blur application,
in our antialiasing application we need wavelet transforms
to give us enough compression of the 2-D image. Unfortunately, the point-samples measured by the rendering system
and wavelets are not incoherent, so we need to modify the
wavelet basis to increase this incoherency (see Sec. 5.1).
The solution of the 0 problem in Eq. 1 unfortunately requires a brute-force combinatorial search of all f̂ vectors with
sparsity less than m, which is intractable for anything other
than very small problems. For this reason, the CS research
community has been developing fast algorithms that find approximate solutions to the 0 problem or its 1 equivalent. In
this paper, we leverage two different solvers, ROMP [NV07]
(for antialiasing) and SpaRSA [WNF09] (for motion-blur).
c 2010 The Author(s)
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Unfortunately, space limitations prevent us in going into detail on how these solvers work. Readers interested in implementation details should read the technical report available
on the authors’ website [SD10b]. The key idea is that these
algorithms iteratively explore the search space of vectors f̂
that have sparse coefficients until they find a solution that
approximates y = Af̂ with f̂ being as sparse as possible.
4. A framework for compressive integration
We now return to the problem of integrating an unknown
function. Suppose signal f (x) is a real-world signal (a scene,
an image, etc.) which we want to integrate over some interval. Signals like this are typically compressible in a transform domain, so the logical conclusion of CS theory is that
we only need a few samples to evaluate the integral accurately. We begin by projecting f (x) into a set of basis functions ψi (x), so we can reconstruct it as
f (x) =

(2)

If we use this basis expansion for f (x), we write the integral
as
 b
a

f (x) dx =

 b k

∑ ai ψi (x) dx =

a i=0

k

∑ ai

i=0

 b
a

ψi (x) dx,

(3)
where we integrate f (x) from a to b. Given that the realworld signal is sparse in domain ψi (x), only a few of the
coefficients ai will be non-zero. We can therefore write the
integral as:
I = ab0

 b
a

ψb0 (x)dx+ab1

 b
a

(a)

pixel to integrate

(b)

(c)

(d)

Figure 1: Illustration of our antialiasing algorithm. (a) Original
continuous signal f (x) to be antialiased over the 4 × 4 pixel grid
shown. (b) In our approach, we first take N samples of the signal
aligned on an underlying grid of fixed resolution k. This is equivalent
of taking N random samples of discrete signal f. (c) The measured
samples form our vector of measurements y, with the unknown parts
of f shown in green. Using ROMP, we solve y = Af̂ for f̂, where
A = SΨ. S is the sampling matrix corresponding to the samples
taken, Ψ is the blurred-wavelet basis described in Sec. 5.1. (d) Our
approximation to f, computed by applying the synthesis basis to f̂
(i.e., f = Ψf̂). We integrate this approximation over each pixel to get
our antialiased result.

k

∑ ai ψi (x).

i=0

I=

pixel to integrate

ψb1 (x)dx+...+abm

 b
a

ψbm (x)dx,

(4)
where the b0 ...bm ’s represent the index positions of the
m non-zero coefficients. Since the basis functions ψi ’s are
known and available in analytic form, their integrals are easy
to pre-compute. However, we still have to determine the values of the m non-zero coefficients abi without knowing the
entire function f (x). We can do this by leveraging the theory of compressed sensing, but we first have to transform our
problem to the discrete domain.
We approximate the unknown function f (x) with a discrete vector f of size k by taking uniform samples of f (x).
This approximation is reasonable as long as k is large
enough, since it is equivalent to discretizing f (x). When doing so, our uniform samples must ensure periodicity so that
the sparsity of f (x) in the transform domain is preserved.
More details on this can be found in the associated technical
report [SD10b]. Note that we do not explicitly sample f (x)
to create f (since we do not know f (x) a priori), but rather we
assume a k-length vector f exists which is the discrete version
of the unknown f (x) and which we will solve for through CS.
We can now take N random measurements of f, as given
by y = Sf where S is the N × k sampling matrix, by pointsampling the original function f (x) at the appropriate discrete locations. Therefore, unlike traditional Monte Carlo approaches, our random samples do not occur arbitrarily along
the continuous domain of f (x), but rather at a set of discrete
c 2010 The Author(s)
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locations that represent the samples of f. Once the set of samples that form measurement vector y have been taken, we use
compressed sensing to solve Eq. 1 for the coefficients that
correspond to the non-zero basis functions f̂. These can then
be used to evaluate our integral by Eq. 4.
Before we conclude this section, we note that computing
integrals in this manner introduces two sources of bias. The
first is due to the discretization of f (x). Clearly, summation
over a discrete function could have a slightly different value
than the integral over the original signal. The second is related, but more subtle. The sampling of f (x) to form the
vector f theoretically happens at uniform intervals, and so
it could be prone to aliasing since frequencies in f (x) could
be unbounded. Although CS can handle the reconstruction of
frequencies in f̂ which are higher than the sampling rate, the
higher frequencies of f (x) might be irrevocably lost through
aliasing when we discretized it to f. Therefore, the f we are
solving for using compressed sensing is not an exact representation of the original f (x), which is another source of bias.
We will revisit this issue again when discussing our antialiasing application in Sec. 5.2. These two sources of bias can be
significantly reduced by making k as large as possible.
5. Application to antialiasing
In our first application, we use our framework for compressive integration to evaluate the integral of the continuous
scene representation over the footprint of a pixel in order
to perform box-filtered antialiasing. The basic idea is simple
(see overview in Fig. 1). We first take a few random point
samples of scene f (x) per pixel. These samples are positioned on an underlying grid that matches the size of the unknown discrete function f and is aligned with its samples. We
then use ROMP to approximate a solution to Eq. 1 which can
then be used to calculate f. Once we have f, we can integrate it
over the pixel to perform our antialiasing. The observation is
that if f is sparse in the transform domain, we will need only
a small set of samples to evaluate this integral accurately.
As discussed in Sec. 4, bias can be introduced by the discretization of f (x) in order to solve the problem with the
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framework of compressed sensing. Of specific concern to
this application is the aliasing that can occur when uniformly
sampling f (x) to get the vector f. To avoid this, the size k of f
must be large enough to support twice the highest frequency
of f (x). This is interesting, because it is different than the
traditional cause of aliasing in image synthesis. Normally,
aliasing is caused by insufficient sampling with respect to the
highest frequency contained in the signal. In our case, however, the number of samples N does not make a difference
as long as it is enough to support the sparsity of the signal,
not the highest frequency. Rather, the size of the problem we
are solving with CS must be large enough to accommodate
all the frequencies. In most examples we tested this is not a
problem, but it is easy to construct cases where f (x) contains
unbounded frequencies (see Fig. 7). In these cases, our algorithm will still converge quickly but there will be bias in the
estimator caused by aliasing.
5.1. Suitable basis for images in point-sampled CS
Unfortunately, the Fourier basis commonly used in CS research is not suitable for our antialiasing application because images are actually not very sparse in the Fourier domain. Since the quality of our algorithm depends on the sparsity of f̂, we would like a basis that is extremely efficient
at representing natural images. For this reason, we use the
Daubechies-8 (DB-8) wavelet in this work. Unfortunately,
this is not as easy as simply plugging in the wavelet for Ψ,
since wavelets are not incoherent with the point-sampling basis S we use to take measurements of f as required by the
Restricted Isometry Condition (RIC) mentioned in Sec. 3.
To overcome this, we observe that in our application we
should bandlimit (antialias) the signal based on the final image resolution. Therefore, we modify the measurement equation y = Sf to include a filter that is sized according to the
final resolution, which serves to both bandlimit the signal
based on the downsampling rate as well as reduce the coherency between the point-samples and our wavelet basis.
Essentially, we assume that there is a blurred signal fb which
can be sharpened by the reversible filter Φ−1 to obtain f,
the signal sampled by the rendering system (in other words
f = Φ−1 fb ). We can then substitute this into our measurement
equation as: y = Sf = SΦ−1 fb . Since this blurred image is
also compressible in the wavelet domain, we add the wavelet
compression basis to the equation to get y = SΦ−1 Ψf̂b . We
can now solve for f̂b using CS by assuming it is sparse:
(5)
min f̂b 0 s.t. y = Af̂b ,
where A = SΦ−1 Ψ. In our implementation, we use a Gaussian filter for Φ. To compute the application of the filter (convolution), we observe that the filtering process is equivalent
to multiplication in the frequency domain and we can write
Φ = F H GF , where F is the Fourier transform matrix and G
is a diagonal matrix with values of a Gaussian function along
its diagonal.
We use the amount of downsampling between our reconstructed estimate of f and the final antialiased image to set
the variance of the Gaussian function of G. Specifically, for

Algorithm 1 Compressive Antialiasing algorithm
Input: size of problem k, number of samples N, and final resolution p
Output: antialiased image of target size
1: Set Ψ ← k × k DB-8 basis matrix
2: Set G ← diagonal matrix with a Gaussian functionon the diagonal, with standard
deviation σG = k/(2πσΦ ) where σΦ = 1.1 × (1/4) k/p
3: Set Φ ← F H GF , where F is a Fourier matrix.
4: Pick a set of random sample positions with Poisson-disk distribution aligned with grid
of f and create sampling matrix S
5: Set A ← SΦ−1 Ψ and A† ← Ψ−1 ΦST
6: Use ray tracer to render samples y at selected sample positions S
7: Run ROMP with measured samples y, matrices A and A† , to get f̂b
8: Compute fb ← Ψf̂b which is the estimated high-resolution filtered image and integrate
over each pixel to get AA version of size p
9: return final image

a given final image resolution p (final width × height) we
compute how much we will need to downsample our estimate of f by taking the square-root of the ratio between the
size of the ROMP problem
k (also width × height) and the

final resolution p, or k/p. This determines how much we
must downsample f in one dimension to compute a pixel in
the final result. We then size the spatial-domain Gaussian filter Φ so that the footprint of two standard deviations (2σΦ )
is slightly larger (10%) than the size of the block that 
will be
filtered together. Therefore, we set 2σΦ = 1.1 × (1/2) k/p,
where the division by 2 is needed because we place the Gaussian in the middle of the block.
For example, suppose ROMP is run on a problem of size
k = 1024×1024 so that we reconstruct a discrete approximation f of the continuous image at 1024 × 1024. If our goal is
to produce an antialiased image of size 256 × 256 (like many
of the results in this paper), we will average down 4 × 4 values of this reconstruction to compute a single pixel of the
final image. If we place the Gaussian kernel at the center
of the pixel sample, we
 want the 2σΦ boundary to extend
just a little over (1/2) 10242 /2562 = 2, so we set it 10%
more at 2σΦ = 2.2. To set the variance for the frequencydomain Gaussian G, we recall the relationship between the
standard deviations in the spatial and the frequency domain:
σG = k/(2πσΦ ). Therefore, given the size of the ROMP
problem we are solving k and our target image size p, it is
straightforward to compute the variance of the Gaussian σ2G .
We must also compute the inverse of the filter Φ−1 since
A = SΦ−1 Ψ. Here, Φ−1 = F H G−1 F , where G−1 is also
a diagonal matrix that should have values G−1
i,i along its
diagonal. We must be careful when inverting the Gaussian
function because of noise amplification, so we use a linear
Wiener filter to do this [SD10a]. This means that the diago2
nal elements of G−1 have the form G−1
i,i = Gi,i /(Gi,i + λ).
In our experiments, we use λ = 0.3. Since the ROMP algorithm also requires a pseudoinverse matrix A† , we set
A† = Ψ−1 ΦST = Ψ−1 F H GF ST . We can now summarize
our entire antialiasing algorithm. First, we take N random
samples of the scene with a ray tracer to form our measurement vector y, and then use ROMP to solve for f̂b , the wavelet
transform of the estimate of the high-resolution image which
has been adequately filtered for downsampling. We then take
the inverse wavelet transform to compute fb = Ψf̂b . Once
c 2010 The Author(s)
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Random samples Stratified sampling

Our approach

Figure 2: Visual comparison for T RAIN scene. The top row has 1
sample/pixel, the bottom has 4.

Random samples Stratified sampling

Figure 3: Visual comparison for G ARDEN scene. The top row has
1 sample/pixel, the bottom has 4.
Reference image

we have our filtered image in the spatial domain, we downsample it with a box filter to compute our final image. Pseudocode for our entire algorithm is listed in Alg. 1.
The addition of the blurring filter Φ means that our measurement matrix A is now composed of two parts: the pointsamples S and the blurred wavelet matrix Φ−1 Ψ which acts
as our compression basis. This is related to the our earlier
approach [SD10a], where we used a similar formulation to
reduce the overall coherence between the point-samples and
the compression basis. However, there are a two subtle, but
important, differences between the approaches. First, in this
work we size our Gaussians based on the size of the final
image, while earlier we did so empirically based on the sampling rate. This new approach is better for antialiasing since
it enables proper filtering of the signal before downsampling.
The second difference is that while our original work applies
an inverse filter to fb to get a sharp, high resolution result for
direct viewing, we simply use the filtered result fb for downsampling because it has been appropriately bandlimited. This
gives us better results than the previous approach.
5.2. Results of antialiasing algorithm
To test our algorithm, we integrate it into two Monte Carlo
rendering systems: PBRT [PH04] and LuxRender [Lux].
This process is straightforward, since we simply modify the
code to render the image at the specified sample positions and
then feed the measured values y to the ROMP solver, which
we implemented in C based on the MATLAB code provided
by the ROMP authors [NV07]. The samples selected from
the underlying grid are distributed in a Poisson-disk distribution to provide better reconstruction.
To evaluate our results, we compare against a traditional
antialiasing technique using random samples with Monte
Carlo integration and another that uses jittered, stratified
sampling to reduce variance. We run these three algorithms
on several test scenes: three simple ones (TRIANGLE, BUD DHA , and CHECKERBOARD ) and two more sophisticated
ones (TRAIN and GARDEN) to demonstrate that we can handle complex textures and geometry. The images for TRAIN
and GARDEN are rendered at 256 × 256 and the others at
128 × 128 in order to highlight the antialiasing process.
c 2010 The Author(s)
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Our approach

Stratified sampling

Our approach

Figure 4: Comparison to reference image. Insets from the T RAIN
image (top) and the G ARDEN image (bottom) compare traditional
stratified sampling and our approach at 4 samples/pixel to a reference image, rendered at 16 stratified samples/pixel.

First, we examine the visual quality of our technique on
the two scenes rendered with LuxRender. Figs. 2 and 3 compare the three different algorithms using a different number of samples per pixel for each row. We can see that even
with one sample per pixel, our algorithm begins to produce
softer edges, something that is not possible with the other
techniques. When we have 4 samples per pixel, we get a
result which is comparable to the 9-sample/pixel result for
stratified sampling. To see this effect more clearly, we direct the reader’s attention to Fig. 4 which shows a comparison of stratified and our approach to a reference image rendered with 16 samples per pixel for insets in the two images.
The visual quality can also be appreciated when we zoom out
slightly from the images (on the pdf). The images from random and stratified Monte Carlo integration show more jagginess than those of our approach.
Next, we study the effectiveness of our technique in reducing the variance of the estimated pixel values after integration. Fig. 5 shows the variance curves for three different pixels in two simple scenes, each rendered with PBRT at
128 × 128. To make these plots, we repeated the experiment
50 times for each sampling rate and computed the variance
of a grayscale version of the RGB pixel. Our algorithm results in a substantial reduction in variance for these pixels,
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Figure 5: Variance vs. number of samples. For two simple scenes (T RIANGLE and B UDDHA), we plot the per-pixel variance as a function of
the number of samples for all three antialiasing algorithms for the three selected pixels shown.
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Figure 6: Mean Square Error vs. the number of samples. We compare the MSE of the antialiased image with the ground truth AA (16 × 16
stratified samples) for the three algorithms for four of the scenes. Note that these are log plots.

something we observed for most pixels in these images (with
exception of the constant-colored pixels, of course).
Although our algorithm is biased, the bias is small as seen
in the mean-squared error (MSE) curves of each technique
compared to a reference image antialiased using stratified
sampling with 256 samples (see Fig. 6). The MSE is computed for the entire image, not just the edge pixels, so the
curves are a little closer than they would be if we only compared the regions that needed antialiasing. Nevertheless, we
can see that our algorithm has an overall lower MSE than
the other techniques, especially considering that this is a log
plot. Therefore, our algorithm not only converges faster, but
its answer is also closer to that of the reference rendering.
In terms of run-time, our unoptimized ROMP reconstruction takes about 130 seconds to compute for the two images for Figs. 2 and 3 when we reconstruct the signal for
k = 10242 with one sample per pixel using a desktop with
an Intel Core i7 860 2.8 GHz CPU with 4 GB RAM. For
comparison, the 4-sample per pixel TRAIN scene takes 20.7
minutes to render at 256 × 256 and the GARDEN scene 37.6
minutes. The reference images used for the MSE calculations
were rendered at 128×128 at 256 samples/pixel and took approximately 5 hours and 10 hours respectively for these two
scenes. In terms of memory consumption, we avoid storing
the A matrix in memory for the ROMP algorithm by using a
functional representation to describe A in the solver, which

has dimensions N × k and can be quite large for normal image sizes. This makes the memory overhead of our algorithm
negligible and it is dominated by the memory required for the
rendering system.
Finally, we note that the aliasing that can occur by discretizing the function f (x) to solve it with ROMP is independent of the number of samples measured N, so we can
increase the size of the problem k without changing the sampling rate in order to ameliorate this effect. Fig. 7 shows
the result of applying our algorithm on the CHECKERBOARD
scene. If we use a ROMP reconstruction of 1024 × 1024
to produce a 128 × 128 pixel image, we get some aliasing
near the horizon because of the discretization of f. However, if we increase the size of the problem we are solving to 2048 × 2048 but keep the number of samples exactly
the same (36 samples/pixel), the aliasing is substantially reduced. The only thing that changes when we do this is the
size of the matrix A and vector f̂ in our ROMP formulation. Of course, the time to solve the ROMP problem also increases by n log n, as shown in our earlier work [SD10a]. It is
interesting that the aliasing is not dependent on the sampling
rate but rather on the resolution of the underlying conceptual
problem we are trying to solve.
6. Application to Motion Blur
We now describe the application of our framework to a second problem: the rendering of motion blur. Motion blur occ 2010 The Author(s)
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Figure 7: Problem with aliasing when discretizing the signal. In the
CHECKERBOARD scene, the frequencies near the horizon are so high
that we introduce aliasing when discretizing f (x) in order to solve
it with CS there is aliasing. (a) Ground-truth AA image computed
with 2, 500 stratified samples per pixel. (b) Image produced by our
compressive antialiasing technique, using 36 samples per pixel and
solving the CS problem with k = 10242 . Although the pixel variance
is greatly reduced, the bias results in visible aliasing artifacts near
the horizon. (c) If we simply increase the size of the problem to k =
20482 but keep the number of samples the same, we see that the
aliasing is substantially reduced.

Figure 8: Visual comparison of motion blur results for the T RAIN
scene. The reference image was rendered with 70 temporal samples/pixel, while the other two where rendered with a single random
sample per pixel in time. Our result was reconstructed assuming a
spatio-temporal volume of 24 frames. Images were rendered at a resolution of 1000 × 1000.
Reference image

Our approach

Algorithm 2 Compressive Motion Blur Algorithm
Input: size of problem k (k = width × height × length of spatio-temporal volume f),
number of samples N
Output: motion-blurred image
1: Set Ψ ← k × k 3-D Fourier basis matrix
2: Pick a set of N random sample positions aligned with grid of f and create sampling
matrix S
3: Set A ← SΨ and A† ← Ψ−1 ST
4: Use ray tracer to render samples y at selected sample positions S
5: Run SpaRSA with measured samples y, matrices A and A† to get f̂
6: Compute f ← Ψf̂ and integrate over time to get the motion-blurred result
7: return motion blurred image

curs in dynamic scenes when the projected image changes as
it is integrated over the time the camera aperture is open. Traditionally, Monte Carlo rendering systems emulate motion
blur by randomly sampling rays over time and accumulating
them together to estimate the integral [CPC84]. Recently, a
few adaptive algorithms have been proposed (e.g., Hachisuka
et al. [HJW∗ 08] and Overbeck et al. [ODR09]) that can render motion blur effects. Since these techniques are considered state-of-the-art techniques in rendering, we compare our
approach against them in this section.
Conceptually, our approach is very similar to that of our
antialiasing algorithm. We first take a set of samples of the
scene y, except that now the measurements are also spaced
out in time to sample the discrete spatio-temporal volume
f, which represents a set of video frames over the time the
aperture was open. We then use compressed sensing to reconstruct f̂, the representation of the volume in transform domain Ψ. After applying the inverse transform to recover an
approximation to the original f, we can then integrate it over
time to achieve our desired result.
However, there are two important differences from our antialiasing algorithm. First, recall that the reconstruction of the
static image for antialiasing required the addition of a filter to
the wavelet basis to make it compatible with point-sampling.
Since we are now dealing with a volume of pixel data, the
correlation between pixels has been increased by an extra dimension (the image data is now correlated not only in x and
y but also in t). We have found experimentally in the scenes
c 2010 The Author(s)
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Figure 9: Comparison with other algorithms. Here we render the B ILLIARDS scene using our approach, as well as the
MDAS [HJW∗ 08] and adaptive wavelet rendering (AWR) [ODR09]
algorithms, all at 4 samples per pixel. The reference image was rendered with 128 samples/pixel. Images were rendered at a resolution
of 500 × 500.

that we tested that the sparsity of the signal in the Fourier domain is now sufficient to allow for adequate reconstruction by
CS algorithms from a small set of point samples. This means
that we can use the Fourier basis for Ψ, which is compatible
with point-sampling and so we do not need the more complex
formulation we introduced in Sec. 5.1 for this application.
Second, because we are dealing with a simple Fourier basis,
we found that the SpaRSA solver worked more robustly and
faster for reconstructing the video data sets. Readers looking for the implementation details for SpaRSA are referred
to the associated technical report [SD10b]. This report also
contains implementation details for the overall algorithm to
achieve the results shown in the paper. A summary of the
overall algorithm is given in Alg. 2.
First, we test the motion blur on the train scene in Fig. 8 by
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moving the camera. We see that even with one sample/pixel
we get a reasonable motion blur for this image, especially
when compared to the simple Monte Carlo approach. To test
against more sophisticated algorithms, we run our algorithm
on the BILLIARDS scene used in previous papers and compare its results against traditional Monte Carlo, the multidimensional adaptive sampling (MDAS) method of Hachisuka
et al. [HJW∗ 08], and Overbeck et al.’s adaptive wavelet rendering (AWR), all at 4 samples per pixel (see Fig. 9). For
MDAS and AWR we used the code provided by the respective authors. We notice that both MDAS and AWR have
strong artifacts in the motion blur regions as shown by the
insets. The MDAS has piecewise constant regions (due to the
nearest-neighbor interpolation they use in the time domain)
while the AWR has noticeable wavelet artifacts. Although
our approach does have some artifacts because of the Fourier
compression, these are much more reduced than those of the
two other approaches.
6.1. Extensions to rendering of animated scenes
One interesting observation is that the quality of the reconstructed frames of the spatio-temporal volume is actually
quite high. This suggests compressed sensing could also be
used to render animated scenes using our approach, which
is an important difference from our earlier work [SD10a].
This is also a significant advantage over the more complex adaptive approaches that have been proposed (e.g.,
MDAS [HJW∗ 08] or AWR [ODR09]) which are difficult to
extend to animated scenes because of their complexity. This
is the reason that these previous approaches have dealt exclusively with the rendering of static imagery. To generate
an animated sequence, these approaches render a set of static
frames by evaluating each frame independently and do not
take into account their temporal coherence. Our approach, on
the other hand, uses compressed sensing to evaluate a sparse
version of the signal in x, y, and t, so it fully computes the
entire spatio-temporal volume which we can view as frames
in the video sequence.
To demonstrate this, we show individual frames in Fig. 10
from the dynamic TRAIN scene of Fig. 8. For comparison, we
implemented an optimized linear interpolation using a 3-D
Gaussian kernel, which is the best convolution methods can
do when the sampling rate is so low. We also compare against
our earlier compressive rendering work [SD10a], which reconstructs the set of static images individually using sparsity
in the wavelet domain. The second column of Fig. 10 shows
the missing samples in green, which results in an image that
is almost entirely green when we have a 1% sampling rate
(only 1/100 pixels in the spatio-temporal volume are calculated). It is remarkable that our algorithm can reconstruct a
reasonable image even at this extremely low sampling density, while the other two approaches fail completely.
This suggests that our technique could be useful for previsualization for high-end rendering, since we get a reasonable pre-viz quality image with 100× less samples. The reconstruction time is less than a minute per frame using the

unoptimized MATLAB SpaRSA implementation available
from the authors website [WNF09], while the rendering time
is 8 minutes per frame on an Intel Xeon 2.93 GHz CPU-based
computer with 16 GB RAM. This means that the groundtruth reference 128-frame video would take over 17 hours to
compute. On the other hand, using our reconstruction with
only 1% of samples we get a video with a frame shown in
Fig. 10 (top-right image) in less than 2 hours.
It is worth noting that we also experimented with reconstructing images with a Fourier basis in our earlier work on
compressive rendering [SD10a], but obtained poor results.
It seems that increasing the dimensionality of the problem
(from 2-D to 3-D) in this work has improved the sparsity of
these scenes in the Fourier domain enough to have successful reconstructions using the Fourier basis. This suggests that
perhaps higher dimensional problems might compress even
better and work better with this framework.
7. Limitations and future work
One limitation of our approach is that we assume that the
signals we are integrating are sparse. Real-world signals are
typically compressible in a transform domain but not actually
sparse, and therefore we cannot guarantee the exact recovery
of the integral since the CS theory is applicable only to sparse
signals. For example, we will fail to compute the integral in
a pixel for antialiasing if our samples happen to miss a small
white object in a black background, since this signal is not
sparse in either the Fourier or the blurred wavelet domain.
However, these artifacts tend to be small; the smaller the object the more likely we are to miss it with our samples but
also the less contribution it will have to the over all integral.
So overall there is benefit to using our approach.
This work also raises interesting directions for future
work. In the short term, we need to study better basis functions Ψ that compress the pixel data while maintaining incoherency with the point samples for both static images as well
as video sequences. In addition, although we focused on antialiasing and motion blur in this paper, there are many other
situations in computer graphics where we want to integrate
over a sparse function, such as illumination and reflection.
Our framework could be used to significantly improve the
quality of these other algorithms as well.
8. Conclusion
In this paper, we have proposed a novel framework for integrating unknown functions based on the theory of compressed sensing. By assuming that the signal is sparse in a
transform domain, the framework can solve for the most significant transform coefficients and use them to compute the
integral. We demonstrate two practical examples of our approach by proposing new algorithms for antialiasing and motion blur for ray tracing renderers. In the antialiasing application, our results are better than either random or stratified
jittered sampling, common approaches for antialiasing. For
motion blur, we have less artifacts at a given sampling rate
than state-of-the-art approaches. This is just the beginning of
c 2010 The Author(s)
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Figure 10: Reconstructing frames in an animated sequence. We apply our approach to the rendering of individual frames in an animated
sequence by leveraging the coherence both spatially and temporally in the Fourier domain. The rows represent different frames in the TRAIN
sequence with 1% sampling rate for the top row, 10% for the bottom. The first column shows the reference frame of the fully-rendered sequence, the second column shows the samples available for this particular frame (unknown samples shown in green), the third column shows
a reconstruction by convolving the samples with an optimized 3-D Gaussian kernel with variance adjusted for the sampling rate (best possible
linear filter), the fourth column shows the results of the author’s earlier compressive rendering algorithm which only uses 2-D static images to
reconstruct the result, and the last column is our approach. These images are rendered at 512 × 512 with 128 frames in the sequence.

the exploration of this research area, which seems to have a
lot of potential applications in computer graphics.
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