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Abstract—The group testing problem is to identify a popula-
tion of K defective items in a set of n items using the results of a
small number of measurements or tests. In this paper, we study
the stochastic threshold group testing problem where the result of
each test is positive if the testing pool contains at least u defective
items, and the result is negative if the pool contains at most ` < u
defective items. The result is random if the number of defectives
lies in the interval (`, u). We leverage tools and techniques from
sparse-graph codes and propose a fast decoding algorithm for
stochastic threshold group testing. We consider the asymptotic
regime that n gets large, K = ω(1) grows with n and K = O(nβ)
for some constant 0 < β < 1, and u = o(K). In this regime, the
proposed algorithm requires Θ

(√
uK log3 n

)
tests and recovers

all the K defectives with a vanishing error probability. Moreover,
our algorithm has a decoding complexity of O

(
u3/2K log4 n

)
.

This is the first algorithm that solves the stochastic threshold
group testing problem with decoding complexity that grows only
linearly in K and poly-logarithmically in n.

I. INTRODUCTION

The classical group testing problem aims to find a set of K
defective items in a population of total n items by carrying out
tests on subsets of the items. The result of each test is positive
if the testing subset contains at least one defective item; and is
negative otherwise. Rooting back in WWII [1], group testing
applications have been arising in a variety of fields since then,
such as biology [2], machine learning [3], computer science
[4], data analysis [5], signal processing [6], and the Internet
of Things [7]. In group testing problem, the goal is to design
algorithms that are able to recover the defective items with
few number of tests and low decoding complexity.

A. Our Contributions

In this paper, we consider a variant of the group testing
problem, namely stochastic threshold group testing. In this
setting as well, we look for fast and efficient algorithms to
test the population and recover the defective items; however,
the result of each test is determined as follows. A test’s result
is negative, if the number of defective items in the testing pool
is no greater than a lower threshold `; is positive, if the number
of defective items is no less than an upper threshold u; and
is random (negative or positive) if the number of defective
items in the testing pool lies in the interval (`, u). Clearly, this
problem is reduced to the classical group testing problem for
the special case of ` = 0, u = 1. In this paper, we consider
the regime that K ∈ O(nβ) ∩ ω(1) for some constant 0 <

β < 1 and u = o(K), and propose an algorithm that requires
Θ(
√
uK log3 n) tests and recovers all the K defectives with

high probability as n gets large. Furthermore, we show that the
decoding complexity of the algorithm is O

(
u3/2K log4 n

)
that

is sub-linear in n and grows only linearly in K. The algorithm
is based on designing the tests via a sparse-graph code, where
the left nodes of the bipartite graph correspond to the items
and the right nodes correspond to bundle of tests.
B. Related Work

The classical group testing problem has been largely stud-
ied in the literature, and we refer the readers to [2], [8] for
a thorough overview of prior work. Most of the proposed
works have a decoding complexity that scales polynomially
in n. Among the sub-linear time algorithms, one can mention
GROTESQUE proposed in [9] that requires Θ(K logK log n)
tests and its decoding complexity is O(K(log n + logK)),
which is sublinear in n. Another sub-linear time algorithm
is SAFFRON proposed [10] that is closer to our framework,
and employs sparse-graph codes to design the tests. SAF-
FRON recovers a close-to-one fraction of the defectives using
Θ(K log n) tests and decoding complexity of Θ(K log n),
which is order-optimal.

Threshold group testing was first considered in [11] where
each test returns 0, if the testing pool contains at most `
defective items; returns 1 if the pool contains at least u
defective items; and arbitrarily returns 0 or 1 otherwise.
The author showed that the defective items can be recov-
ered with

(
n
u

)
tests. [12] showed that the number of re-

quired tests can be reduced to Θ(Ku−`+1 logK log(n/K)).
Later, the number of tests was further improved in [13]
to Θ(K3/2 log(n/K)). Authors in [14] proposed to use
O((K/u)u(K/(K − u))K−uK log(n/K)) tests to recover
the defective items with decoding complexity O(nu log n).
However, all the mentioned algorithms either do not propose
an efficient decoding algorithm, or have decoding complexity
that grow polynomially in n. More recently, [15] proposed
an efficiently decodable non-adaptive group testing scheme,
where the decoding complexity grows polynomially in K, but
the complexity is far from the optimal one that grows only
linearly in K.

In the stochastic threshold group testing problem, if the
number of defective items in the pool is in (`, u), the test
randomly returns 0 or 1. The authors in [16] considered
the stochastic threshold group testing problem, and proposed



a non-adaptive scheme that requires O(log(1/ε)K
√
` log n)

tests to recover the defectives with error probability ε, where
` = o(K) and achieved a decoding complexity of O(n log n+
n log(1/ε)) that is not sub-linear.

C. Notation

In this paper, we will use the following notations. For any
n ∈ N, we denote by [n] the set {1, · · · , n}. For non-negative
functions f and g, we write f(n) = O(g(n)) (or f ∈ O(g))
if there exist n0 ∈ N and c > 0 such that f(n) ≤ cg(n) for
any n ≥ n0; and f(n) = Θ(g(n)) if f(n) = O(g(n)) and
g(n) = O(f(n)). Moreover, we denote by f(n) = o(g(n))
if f(n)/g(n) → 0 when n → ∞; and f(n) = ω(g(n)) if
g(n) = o(f(n)). For any permutation vector s on [n] and any
set D ⊆ [n], we let s(D) = {s(d) : d ∈ D}. We denote
by a · b the element-wise multiplication of the vectors a and
b. For non-negative integers a, b and and integer threshold u,
we denote by a ∨u b the Boolean OR with threshold u, i.e.
a ∨u b = 1 if a+ b ≥ u; and a ∨u b = 0 otherwise.

II. PROBLEM STATEMENT

The group testing (GT) problem aims at finding K defec-
tive items out of n items using the results of t tests. Let the
binary vector x = (x1, ..., xn) ∈ {0, 1}n denote the n items,
where xj = 1 if item j is defective and xj = 0, otherwise. The
threshold group testing problem aims to design a measurement
matrix A ∈ {0, 1}t×n where each row ai = (ai1, · · · , ain)
denotes the items contributing to the ith test; that is, for i ∈ [t]
and j ∈ [n], aij = 1 if item j contributes to the ith test and
aij = 0, otherwise. In stochastic threshold GT, given lower and
upper thresholds ` and u, the result of the ith measurement on
x is a random binary number which we denote by 〈ai,x〉u`
and is obtained as follows:

〈ai,x〉u` =





0, if
∑n
j=1 aijxj ≤ `,

1, if
∑n
j=1 aijxj ≥ u,

Bern(1/2), otherwise.
(1)

The results of the t tests can be aggregated in a binary
vector y ∈ {0, 1}t, i.e.

y = A� x =



〈a1,x〉u`

...
〈at,x〉u`


 . (2)

The operator defined in (1) implies that each test returns
1 if there are at least u defective items in the testing pool; it
returns 0 if there are at most ` defective items in the testing
pool; and the test returns an equally probable random 0 or 1
if the number of defective items in the testing pool lies in the
interval (`, u). In this paper, we consider the asymptotic regime
that the upper threshold grows u = o(K) as n and K � n get
large. The goal of this paper is to design a fast and provably
efficient algorithm that is able to find all the defective items
with high probability as n gets large, and has near-optimal
number of measurements, i.e. t = O(Kpolylog(n)) and a
decoding algorithm that has sub-linear time complexity which
grows only linearly in K and poly-logarithmically in n.

III. MAIN RESULTS

In this section, we propose our algorithm which consists
of the design of the measurement matrix and decoding the
test results. We further provide the main result of the paper
in Theorem 1, and analyze the performance of the proposed
algorithm.

Before describing the measurement matrix design, we first
explain our approach in dealing with the uncertainty in the
test results as defined in (1) and (2). The following lemma
shows that by repeating a test Θ(log n) times, one can obtain
an equivalent but deterministic test result with high probability.
Lemma 1. By r = cr log n repetitions of the stochastic
threshold operation (1) with thresholds (`, u), the test result
is equivalent to a (deterministic) Boolean OR operation with
threshold u, with probability of error no greater than 1

ncr , for
a positive constant cr.

Proof: Let y1, · · · , yr denote the test result 〈a,x〉u` for
r realizations. Consider y = y1 · · · yr, the multiplication
of the r realizations. Then, y differs from the Boolean OR
operation with threshold u, i.e. a1x1 ∨u · · · ∨u anxn only if
` <

∑n
j=1 ajxj < u. Hence,

Pr [y 6= a1x1 ∨u · · · ∨u anxn] ≤ Pr
[
y1 · · · yr 6= 0

]

=

(
1

2

)cr logn
=

1

ncr
.

Next, we present our sparse-graph-based measurement de-
sign and precisely describe the decoding procedure.

A. Multi-ton Only Algorithm for Threshold Group Testing

We define a random bipartite graph with n left nodes
corresponding to the items and M right nodes each associated
with a bundle of tests. Each left node is connected to any right
node with probability p, independent of other connections. Let
G(n,M) denote the random bipartite graph with associated
adjacency matrix TG ∈ {0, 1}M×n. We further design a binary
signature vector of length h for each item that will be explained
shortly. Given a signature matrix U ∈ {0, 1}h×n, we assign
h tests to every right node as follows. For each right node
i ∈ [M ], we denote by ti ∈ {0, 1}n the ith row of the
adjacency matrix TG . The measurement matrix associated with
right node i is defined as Ai = U diag(ti) ∈ {0, 1}h×n. Let
A = [A1; · · · ;AM ] ∈ {0, 1}m×n where m = M × h. We
define the overall measurement matrix as concatenation of r
copies of A, that is A = [A; · · · ;A] ∈ {0, 1}t×n. Therefore,
our algorithm designs a total of t = m× r = M ×h× r tests.
We also propose to merge the results of t tests as follows. Let
y = [y1; · · · ;yr] ∈ {0, 1}t denote the test results as defined
in (2). We then let

y = y1 · · · · · yr ∈ {0, 1}m (3)

be the final test results which will be later used to recover the
defective items.

We design the signature matrix U as concatenation of cp+1



··
·
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<latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit>

n � 2
<latexit sha1_base64="93l/txK2e9tLsZXqNy8JNZFq5ok=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXlVr/bLFbfmLkDWiZeTCuRo9stfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDsjF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXirL6+TVr3muTXvoV5p3OZxFOEMzuESPLiGBtxDE3xgwOEZXuHNkc6L8+58LFsLTj5zCn/gfP4Aaa2Nvw==</latexit><latexit sha1_base64="93l/txK2e9tLsZXqNy8JNZFq5ok=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXlVr/bLFbfmLkDWiZeTCuRo9stfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDsjF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXirL6+TVr3muTXvoV5p3OZxFOEMzuESPLiGBtxDE3xgwOEZXuHNkc6L8+58LFsLTj5zCn/gfP4Aaa2Nvw==</latexit><latexit sha1_base64="93l/txK2e9tLsZXqNy8JNZFq5ok=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXlVr/bLFbfmLkDWiZeTCuRo9stfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDsjF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXirL6+TVr3muTXvoV5p3OZxFOEMzuESPLiGBtxDE3xgwOEZXuHNkc6L8+58LFsLTj5zCn/gfP4Aaa2Nvw==</latexit><latexit sha1_base64="93l/txK2e9tLsZXqNy8JNZFq5ok=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXlVr/bLFbfmLkDWiZeTCuRo9stfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDsjF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXirL6+TVr3muTXvoV5p3OZxFOEMzuESPLiGBtxDE3xgwOEZXuHNkc6L8+58LFsLTj5zCn/gfP4Aaa2Nvw==</latexit>

n � 1
<latexit sha1_base64="L8cGB8Zf0r4BGod1cqvhyLeGQB0=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXnlVfvliltzFyDrxMtJBXI0++Wv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpgujp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzEQ3wZTLNDMo2XJRlAliEjL/nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq17z3Jr3UK80bvM4inAG53AJHlxDA+6hCT4w4PAMr/DmSOfFeXc+lq0FJ585hT9wPn8AaCiNvg==</latexit><latexit sha1_base64="L8cGB8Zf0r4BGod1cqvhyLeGQB0=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXnlVfvliltzFyDrxMtJBXI0++Wv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpgujp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzEQ3wZTLNDMo2XJRlAliEjL/nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq17z3Jr3UK80bvM4inAG53AJHlxDA+6hCT4w4PAMr/DmSOfFeXc+lq0FJ585hT9wPn8AaCiNvg==</latexit><latexit sha1_base64="L8cGB8Zf0r4BGod1cqvhyLeGQB0=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXnlVfvliltzFyDrxMtJBXI0++Wv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpgujp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzEQ3wZTLNDMo2XJRlAliEjL/nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq17z3Jr3UK80bvM4inAG53AJHlxDA+6hCT4w4PAMr/DmSOfFeXc+lq0FJ585hT9wPn8AaCiNvg==</latexit><latexit sha1_base64="L8cGB8Zf0r4BGod1cqvhyLeGQB0=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5jYSO5otCTaWGLiAQlcyN4yBxv29i67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/vtJ1SaJ/LRTFIMYjqUPOKMGiv5VXnlVfvliltzFyDrxMtJBXI0++Wv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpgujp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzEQ3wZTLNDMo2XJRlAliEjL/nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq17z3Jr3UK80bvM4inAG53AJHlxDA+6hCT4w4PAMr/DmSOfFeXc+lq0FJ585hT9wPn8AaCiNvg==</latexit>

n
<latexit sha1_base64="oEwIUNcAXfPrPer+0x5L5aJ7VOk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VVB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB44gjUw=</latexit><latexit sha1_base64="oEwIUNcAXfPrPer+0x5L5aJ7VOk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VVB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB44gjUw=</latexit><latexit sha1_base64="oEwIUNcAXfPrPer+0x5L5aJ7VOk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VVB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB44gjUw=</latexit><latexit sha1_base64="oEwIUNcAXfPrPer+0x5L5aJ7VOk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VVB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB44gjUw=</latexit>

i
<latexit sha1_base64="N/3c58+tWnIAwWfsrRK6AwwABUk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VUB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB4aHjUc=</latexit><latexit sha1_base64="N/3c58+tWnIAwWfsrRK6AwwABUk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VUB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB4aHjUc=</latexit><latexit sha1_base64="N/3c58+tWnIAwWfsrRK6AwwABUk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VUB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB4aHjUc=</latexit><latexit sha1_base64="N/3c58+tWnIAwWfsrRK6AwwABUk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ1VUB+WKW3MXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieO1nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNawGAEz/AKb450Xpx352PZWnDymVP4A+fzB4aHjUc=</latexit>

x = (1, 0, 1, · · · , 0, 1, 0)
<latexit sha1_base64="1SZv7C2gI5r0N3D0FeRgJOLJe7w=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQVKpQy6UY3QtGNywr2Ak0ok+mkHTqZhJmJWELXbnwVNy4UcesTuPNtnKRZaOsPAx//OYc55/ciRqWC8NsorKyurW8UN0tb2zu7e+b+QUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQ6rXfviZA05HdqGhE3QCNOfYqR0tbAPK44AVJjz08eZpdVuwZrds3Bw1DJDOFZZWCWYR1mspbBzqEMcrUG5pczDHEcEK4wQ1L2bRgpN0FCUczIrOTEkkQIT9CI9DVyFBDpJtkpM+tUO0PLD4V+XFmZ+3siQYGU08DTnenecrGWmv/V+rHyL9yE8ihWhOP5R37MLBVaaS7WkAqCFZtqQFhQvauFx0ggrHR6JR2CvXjyMnQadRvW7dtGuXmVx1EER+AEVIENzkET3IAWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/Mj5/ALLBl6s=</latexit><latexit sha1_base64="1SZv7C2gI5r0N3D0FeRgJOLJe7w=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQVKpQy6UY3QtGNywr2Ak0ok+mkHTqZhJmJWELXbnwVNy4UcesTuPNtnKRZaOsPAx//OYc55/ciRqWC8NsorKyurW8UN0tb2zu7e+b+QUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQ6rXfviZA05HdqGhE3QCNOfYqR0tbAPK44AVJjz08eZpdVuwZrds3Bw1DJDOFZZWCWYR1mspbBzqEMcrUG5pczDHEcEK4wQ1L2bRgpN0FCUczIrOTEkkQIT9CI9DVyFBDpJtkpM+tUO0PLD4V+XFmZ+3siQYGU08DTnenecrGWmv/V+rHyL9yE8ihWhOP5R37MLBVaaS7WkAqCFZtqQFhQvauFx0ggrHR6JR2CvXjyMnQadRvW7dtGuXmVx1EER+AEVIENzkET3IAWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/Mj5/ALLBl6s=</latexit><latexit sha1_base64="1SZv7C2gI5r0N3D0FeRgJOLJe7w=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQVKpQy6UY3QtGNywr2Ak0ok+mkHTqZhJmJWELXbnwVNy4UcesTuPNtnKRZaOsPAx//OYc55/ciRqWC8NsorKyurW8UN0tb2zu7e+b+QUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQ6rXfviZA05HdqGhE3QCNOfYqR0tbAPK44AVJjz08eZpdVuwZrds3Bw1DJDOFZZWCWYR1mspbBzqEMcrUG5pczDHEcEK4wQ1L2bRgpN0FCUczIrOTEkkQIT9CI9DVyFBDpJtkpM+tUO0PLD4V+XFmZ+3siQYGU08DTnenecrGWmv/V+rHyL9yE8ihWhOP5R37MLBVaaS7WkAqCFZtqQFhQvauFx0ggrHR6JR2CvXjyMnQadRvW7dtGuXmVx1EER+AEVIENzkET3IAWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/Mj5/ALLBl6s=</latexit><latexit sha1_base64="1SZv7C2gI5r0N3D0FeRgJOLJe7w=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQVKpQy6UY3QtGNywr2Ak0ok+mkHTqZhJmJWELXbnwVNy4UcesTuPNtnKRZaOsPAx//OYc55/ciRqWC8NsorKyurW8UN0tb2zu7e+b+QUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQ6rXfviZA05HdqGhE3QCNOfYqR0tbAPK44AVJjz08eZpdVuwZrds3Bw1DJDOFZZWCWYR1mspbBzqEMcrUG5pczDHEcEK4wQ1L2bRgpN0FCUczIrOTEkkQIT9CI9DVyFBDpJtkpM+tUO0PLD4V+XFmZ+3siQYGU08DTnenecrGWmv/V+rHyL9yE8ihWhOP5R37MLBVaaS7WkAqCFZtqQFhQvauFx0ggrHR6JR2CvXjyMnQadRvW7dtGuXmVx1EER+AEVIENzkET3IAWaAMMHsEzeAVvxpPxYrwbH/PWgpHPHII/Mj5/ALLBl6s=</latexit>
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Fig. 1: An illustration of a right node measurement.

blocks, for some constant positive integer cp as follows:

U =




U1

Ũ1

...
Ũcp


 =




b1 b2 . . . bn
bs1(1) bs1(2) . . . bs1(n)

...
bscp (1)

bscp (2)
. . . bscp (n)


 . (4)

In (4), matrix U1 is a collection of n random binary non-zero
column vectors b1,b2, · · · ,bn each of length c log n for some
constant c > 0. Thus, h = (cp+1)c log n. Any entry of these n
vectors is a Bernoulli random variable with parameter ( 1

2 )1/u,
which is drawn independent of other entries. Each of the matri-
ces Ũ1, · · · , Ũcp contains the same set of columns as in U1,
but ordered with respect to permutation vectors s1, · · · , scp ,
respectively. Vectors s1, · · · , scp are drawn independently and
uniformly at random from the set of all n! permutations of the
numbers in [n].

Thus far, we have described the design of the measurement
matrix A based on random sparse-graph codes, which outputs
the test results y when applied to x, as defined in (1), (2) and
(3). For the sake of notation simplicity, we let zi denote the
observation vector corresponding to right node i ∈ [M ], i.e.

zi := y(i−1)h+1:ih. (5)

According to the signature matrix in (4), each zi consists of
cp + 1 sections which we denote by zi = [z1i ; z̃

1
i ; · · · ; z̃

cp
i ]

for every right node i. Fig. 1 illustrates the measurement of
right node i for cp = 2 which is connected to defective items
1, 3, n−1. As proved in Lemma 1, after repeating the stochastic
threshold operation (1) and merging the test results, w.h.p.
zi can be written as the Boolean OR (with threshold u) of
columns of the signature matrix indexed by 1, 3, n− 1.

In the following, we describe our proposed procedure to
recover the defective items from the test results. First, we
generate the look-up matrix C ∈ {0, 1}c logn×(nu) which
will be used to decode the test results. Each column of
C is the entry-wise multiplication of u different columns
of U1 = [b1,b2, . . . ,bn], i.e. the kth column of C is

ck = bk1 · bk2 · · · · · bku for some distinct indices Dk =
{k1, . . . , ku} ⊆ [n]. Thus, every column of C corresponds to
a set of u items, and there are a total of

(
n
u

)
columns.

Remark 1. Matrices U and C are used for measurement and
decoding, respectively. Therefore, one can generate and store
them once off-line and repeatedly use them for several test
pools. Moreover, columns of C are ordered (increasingly with
respect to their binary representations) to reduce the search
complexity as will be discussed later.

Next, we describe the decoding procedure. We first define
a u-ton right node as follows. A right node of the bipartite
graph is called a u-ton if it is connected to exactly u de-
fective items. Our algorithm iterates through each right node
i once and tries to match the first section of its test results,
i.e. z1i with columns of C. Assume such match exists, i.e.
z1i = ck for some k that corresponds to a set of u items
Dk. Same procedure is applied to the remaining cp sections
of test results, i.e. z̃1i , · · · , z̃

cp
i to obtain cp sets of u items

Dk1 , · · · , Dkcp , respectively, if there exist cp columns of C
that are equal to z̃1i , · · · , z̃

cp
i . We then check whether the set

of items obtained from Dk, Dk1 , · · · , Dkcp are consistent with
permutation vectors s1, · · · , scp . More precisely, we declare
right node i as u-ton if the cp check equations hold, that is
Dk1 = s1 (Dk) , · · · , Dkcp = scp (Dk). Moreover, the u items
in Dk are declared as defectives.
Lemma 2. Our algorithm recovers any certain u-ton with
probability 1−O

(
1

nc−2u

)
. Moreover, for w-tons where w 6= u,

the algorithm wrongly detects an item as defective with prob-
ability no greater than

(
u
n

)cp .

Proof: Let right node i be a u-ton connecting to defective
items Dk = {k1, · · · , ku}. First, we show that there exists a
column ck in C that matches z1i and corresponds to items Dk.
As we showed in Lemma 1, the test result z1i (after repetitions
and w.h.p.) can be written as z1i = bk1 ∨u · · · ∨u bku . In other
words, the jth element of z1i is

z1i,j =

{
1, if bk1,j + · · ·+ bku,j ≥ u,
0, if bk1,j + · · ·+ bku,j < u,

(6)

for all j. This implies that z1i,j = 1 if and only if bk1,j = · · · =
bku,j = 1. Therefore, we can write z1i = bk1 · bk2 · · · · · bku .
This ensures that there exits a column ck in C that matches
z1i and corresponds to items Dk.

Now, we prove that there is only one column in C matching
z1i , with high probability. Assume that there exists k′ 6= k such
that ck = ck′ . Let Dk′ = {k′1, · · · , k′u} 6= Dk denote the items
corresponding to ck′ . We can write

Pr [ck = ck′ ] =

c logn∏

j=1

Pr [ck,j = ck′,j ]

= (Pr [ck,1 = ck′,1])
c logn

=
(
Pr
[
bk1,1 · · · bku,1 = bk′1,1 · · · bk′u,1

])c logn

(a)

≤
(

1

2

)c logn
=

1

nc
. (7)

To prove inequality (a) in (7), assume that Dk′ and Dk′ have



v items in common, e.g. k1 = k′1, · · · , kv = k′v . We can write

Pr
[
bk1,1 · · · bku,1 = bk1,1 · · · bkv,1bk′v+1,1

· · · bk′u,1
]

= Pr
[
bkv+1,1 · · · bku,1 = bk′v+1,1

· · · bk′u,1
]

× Pr [bk1,1 · · · bkv,1 = 1] + Pr [bk1,1 · · · bkv,1 = 0]

(b)
=

(
1

2

) 2(u−v)
u


1−

(
1

2

) (u−v)
u




2(
1

2

) v
u

+ 1−
(

1

2

) v
u

(c)
= θ2 (1− θ)2

(
1

2θ

)
+ 1− 1

2θ
=: f(θ)

(d)

≤ 1

2
.

In above, (b) follows from the fact that all the random
variables bi,j are i.i.d. Bern

(
( 1
2 )1/u

)
. Letting θ =

(
1
2

)(u−v)/u
yields (c) and 1/2 ≤ θ < 1. Finally, (d) follows from the fact
that the function f(·) is increasing in [1/2, 1] and f(1) = 1/2.

The probability of any two columns in C to be equal is then
bounded by

((nu)
2

)
/nc = O

(
1

nc−2u

)
. Putting all pieces together,

reading the first section of test results, i.e. z1i from the look-up
matrix C detects defective items Dk with probability at least
1 − O

(
1

nc−2u

)
. By the same argument, reading z̃1i , · · · , z̃

cp
i

would also result in sets s1 (Dk) , · · · , scp (Dk), respectively
with the same probability. Therefore, items in Dk are declared
as defectives with probability no less than 1−O

(
1

nc−2u

)
.

On the other hand, assume that right node i is not a u-
ton and our algorithm wrongly declares a non-defective as a
defective connected to node i. More precisely, let Dk denote
the set of u items declared by the algorithm as defectives
connected to right node i, where at least one of them, e.g.
k1 ∈ Dk is not actually defective. Therefore, signature vector
indexed by k1 does not contribute to the first section of the
test results, z1i . This implies that neither do signature vectors
indexed by s1(k1), · · · , scp(k1) contribute to the remaining cp
sections of the test results, z̃1i , · · · , z̃

cp
i respectively. It yields

that s1(k1), · · · , scp(k1) are independent of Dk1 , · · · , Dkcp ,
respectively. Our algorithm wrongly declares all of the items
in D as defectives, only if all the check equations Dk1 =
s1 (Dk) , · · · , Dkcp = scp (Dk) hold. The chance of each to
hold is

Pr [Dk1 = s1 (Dk)] ≤ Pr [s1(k1) ∈ Dk1 ]

≤
∑

j∈Dk1

Pr [s1(k1) = j] ≤ u

n
.

The same argument holds for each check equation. Therefore,
for a certain right node which is not a u-ton, our algorithm
wrongly declares a non-defective item as a defective connected
to the right node with probability

(
u
n

)cp .

The following example illustrates the main concepts and
ideas of designing the tests and recovering the defective items
in the proposed algorithm.
Example 1. Consider a set of n = 4 items with k = 3
defective items identified by x = (1, 1, 0, 1), i.e. items 1, 2, 4
are defective. Consider a bipartite graph with adjacency matrix

TG =

[
1 1 1 0
0 1 0 1
1 1 0 1

]
,

where each row corresponds to one of the M = 3 right nodes.
We assign c log n = 4 tests to each right node according to
the following signature matrix (cp = 2)

U =



U1

Ũ1

Ũ2


 =




1 1 0 1
1 1 1 1
0 1 1 1
1 1 1 0
0 1 1 1
1 1 1 1
1 1 0 1
1 0 1 1
1 0 1 1
1 1 1 1
0 1 1 1
1 1 1 0




= [u1,u2,u3,u4] ,

with random permutations s1 = (3, 4, 1, 2) and s2 =
(1, 3, 2, 4) and upper threshold u = 2. Moreover, the columns
of the look up matrix C can be generated and sorted as follows

C =




0 0 0 1 1 1
1 1 1 1 1 1
0 1 1 0 0 1
1 0 1 0 1 0


 ,

whose for instance, the first column is the element-wise
multiplication of the first and third columns of U1. According
to the measurement defined in (2) and the guarantee provided
by Lemma 1, w.h.p. the test result is

y =

[
z1
z2
z3

]
=

[
u1 ∨2 u2

u2 ∨2 u4

u1 ∨2 u2 ∨2 u4

]
,

where the right node measurements are

z1 = (1, 1, 0, 1, 0, 1, 1, 0, 0, 1, 0, 1)>,

z2 = (1, 1, 1, 0, 1, 1, 1, 0, 0, 1, 1, 0)>,

z3 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)>.

Reading z1 from the look up matrix yields that D = {1, 2},
D1 = {3, 4} and D2 = {1, 3}. Since the check equations
D1 = s1 (D) and D2 = s2 (D) hold, our algorithm declares
right node 1 a 2-ton and {1, 2} as defectives connected to it.
Similarly, right node 2 is detected as 2-ton with defectives
{2, 4}. There is no match with result of right node 3 in the
look up matrix, thus the algorithm terminates and outputs items
{1, 2, 4} as defectives.

B. Analysis

As the main theorem of the paper, we evaluate the perfor-
mance of the proposed algorithm in the following.

Theorem 1. With t = e(cp + 1)crcuα
(

2u+cu√
u

)
K log3 n

tests, our algorithm recovers all of the K ∈ O(nβ) ∩
ω(1) defective items (0 < β < 1) with probability 1 −
O
(
K
(

1
nα + K logn√

uncu

)
+ K logn√

uncp(1−β)
+
√
uK log2 n
ncr

)
for posi-

tive constants cp, cr, cu, and α. Moreover, the decoding com-
plexity of the algorithm is Θ(u3/2K log4 n).

Proof: There are three types of error our algorithm might
make, which are

(I) A defective item is not detected.



(II) A non-defective item is wrongly declared as defective.
(III) Test results do not agree with the deterministic threshold

operation.
In the following, we bound the probability of each error type.

Firstly, as we described in Section III-A, our algorithm
iterates through each right node once and detects u-tons
with high probability which was characterized in Lemma 2.
Therefore, a defective item remains unidentified at the end
of the algorithm only if it is not connected to any u-tons;
or it is connected to a u-ton but is missed to detect. To
characterize the former, consider the pruned bipartite graph
consisting of the K defectives and M = 1√

u
eαK log n right

nodes for some positive constant α = Θ(1), where any
edge in the bipartite graph exists with probability p = u/K
independent of other edges. Hence, the average degree of a
right node is λ = Kp = u. Since u = o(K) and K = ω(1),
Poisson approximation for binomial distribution holds as K
gets large. Thus, the probability of a right node being u-ton
is pu = e−λ λ

u

u! = e−u u
u

u! ≥ 1
e
√
u

. Denoted by ε1 is the
probability that a certain defective item k is not connected
to any u-ton, which we can write as

ε1 =

M∑

d=0

(1− pu)d
(
M

d

)
pd(1− p)M−d = (1− ppu)M

≤
(
e−ppu

)M ≤
(
e
− u
K · 1

e
√
u

) 1√
u
eαK logn

=
1

nα
. (8)

On the other hand, Lemma 2 together with the union bound
on the M = Θ

(
1√
u
K log n

)
right nodes shows that if k

is connected to a u-ton, then it remains unidentified with
probability no greater than O

(
K logn√
unc−2u

)
= O

(
K logn√
uncu

)
,

where we picked c = 2u+ cu for a positive tuning parameter
cu = Θ(1). Together with (8), we have

Pr[I] ≤ K Pr[k remains unidentified]

≤ O
(
K

(
1

nα
+
K log n√
uncu

))
. (9)

Secondly, by using the union bound and Lemma 2, we have

Pr[II] ≤ O
(
M
(u
n

)cp)
≤ O

(
K log n√
uncp(1−β)

)
, (10)

where we used the fact that u/n ≤ K/n = O(1/n1−β).
Finally, using Lemma 1 and union bound, we have

Pr[III] ≤ Mh

ncr
= O

(
c√
u
K log2 n

ncr

)
= O

(√
uK log2 n

ncr

)
.

(11)

Therefore, with t = M × h × r = e(cp +

1)crcuα
(

2u+cu√
u

)
K log3 n tests, our algorithm detects all the

defectives with the error probability as claimed in the theorem.
Note that all types of error have vanishing probability by tuning
the constants α, cu and cr, and cp. In particular, type II error
probability in (10) is vanishing for proper pick of cp, e.g.
cp = 2/(1− β).

Regarding the decoding complexity, we note that search-
ing the ordered look-up matrix for a match to each of the
Θ(
√
uK log3 n) test results has time complexity O(log

(
n
u

)
) =

O(u log n), which implies an overall decoding complexity of
O(u3/2K log4 n).

IV. CONCLUSION

In this paper, we proposed a sub-linear time stochastic
threshold group testing algorithm based on random sparse-
graph codes. We considered the asymptotic regime that the
number of items n gets large, K ∈ O(nβ) ∩ ω(1) for some
constant 0 < β < 1, and u = o(K), and proposed a fast
and provably efficient algorithm that has sample complexity
Θ(
√
uK log3 n) tests and recovers all the K defectives with

a vanishing error probability and decoding complexity of
O(u3/2K log4 n).
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