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Abstract We show that the SET operation of a unipolar
memristor could be explained by thermophoresis, or the
Soret effect, which is the diffusion of atoms, ions or va-
cancies in a steep temperature gradient. This mechanism
explains the observed resistance switching via conducting
channel formation and dissolution reported for TiO2 and
other metal-oxide-based unipolar resistance switches. De-
pending on the temperature profile in a device, dilute vacan-
cies can preferentially diffuse radially inward toward higher
temperatures caused by the Joule heating of an electronic
current to essentially condense and form a conducting chan-
nel. The RESET operation occurs via radial diffusion of va-
cancies away from the channel when the temperature is ele-
vated but the gradient is small.

1 Introduction

Nonvolatile resistive switching in metal–oxide–metal
(MOM) devices has been studied for almost 50 years, see
e.g. extensive reviews in Refs. [1–5], with the first observa-
tion in thin films reported in 1962 [6]. Two limiting forms
of such switching have been recognized: bipolar, for which
the switching back and forth from low resistance (SET) to
high resistance (RESET) states requires opposite-polarity
voltages applied across the device, and unipolar, for which
SET and RESET are accomplished by applying different
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magnitudes of either polarity across the device [3, 5]. The
same materials (e.g. TiO2) can be used for both types of
devices, and in fact individual devices have been observed
to display both types of switching phenomena [7, 8]. Bipo-
lar switches were recently identified [9] as examples of the
original definition of the memristor [10], with the switching
mechanism being electric field induced (and often thermally
assisted) drift/diffusion of positively charged oxygen vacan-
cies, which act as dopants, into and out of a thin layer of
semiconductor to modulate its resistance [11, 12].

The mechanism for unipolar switching should be closely
related to that for bipolar switching and, for example, several
papers explain the RESET process [13–15] as temperature-
activated diffusion that dissolves or breaks the conduct-
ing channel in the device. The fact that there is signif-
icant heating during both SET and RESET transitions is
now well supported by numerous direct and indirect obser-
vations. For example, Joule heating during switching has
been experimentally observed in both bipolar and unipo-
lar devices by obtaining an infrared thermal map [16], ther-
mometry of the internal switching region [17, 18] and the
electrodes [19, 20], observation of thermally driven crys-
tallization of as-fabricated amorphous films [21] and from
coupled electrothermal simulations [19, 22, 23]. The fact
that switching occurs at an elevated temperature explains
the large retention-to-write-time ratio (the so-called write-
time/retention dilemma [12, 24–26]) that is routinely ob-
served in metal oxide devices.

However, to date there have not been any atomic-level
mechanisms proposed that can explain the SET operation
of unipolar switching consistently—only phenomenologi-
cal models of various types [14, 15, 27–31]. In principle,
pure drift/diffusion might explain unipolar switching when
a multi-filament model is assumed. For example, one se-
quence of SET and RESET sweeps could result in the
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growth and subsequent rupture/dissolution of a filament,
with the following SET sweep enabling the growth of an-
other filament, etc. Though behavior consistent with such a
mechanism was observed in some experiments [32], it can-
not explain switching in unipolar devices with a high en-
durance. The fact that the applied electric field always has
the same polarity for unipolar switching means that drift
must be negligible in devices with high endurance, since
otherwise vacancies would collect at one of the electrodes
of the device and limit the number of switching cycles.

Here we show that the plausible mechanism of unipolar
switching is thermophoresis/diffusion (or Soret–Fick diffu-
sion) of oxygen vacancies in the metal oxide [33–36]. We
also present a unified model that can explain the coexistence
of bipolar and unipolar switching in the same material. We
note that unipolar switching fits within the original defini-
tion of a memristive system [37], which was intended to be
the generalization of the memristor [10], but, in a recent tu-
torial, Chua [38] has recommended that the nomenclature
be simplified by calling all resistive switches that display a
‘pinched hysteresis loop’ (I–V zero crossing) by the name
memristor.

2 Unipolar switching model

Figure 1 shows simple diagrams that can be used to under-
stand the three main factors that determine the local electro-
chemical potential for mobile species, i.e. the presence of a
concentration gradient, an electric field (for ions) and/or a
temperature gradient. The corresponding fluxes induced by
these gradients in one dimension are (see Appendix A1 for
rigorous derivation)

JFick ≈ −DVdnV/dx, (1)

Jdrift ≈ DVnVEq/(kBT ), (2)

JSoret ≈ −DVSVnVdT/dx, (3)

where nV and T are the density of vacancies and local tem-
perature as a function of x, respectively, DV is the position-
dependent diffusion factor for the vacancies, given by the
expression DV = fesca

2 exp[−UA/(kBT )], E is the electric
field and SV is the Soret coefficient for vacancies. Within the
diffusion factor, fesc is the effective vibrational frequency of
the vacancies within their confining potential wells, a and
UA are the distance and the energy barrier between the po-
tential wells, respectively, and kB is the Boltzmann constant.
The magnitude of the Soret coefficient is often estimated us-
ing thermodynamic arguments, even though it is strictly a
kinetic parameter [39]. The sign of SV can be either posi-
tive or negative, depending on the nature of the species in-
fluenced by the temperature gradient and the host. A mo-
ment’s reflection reveals that for vacancies, the sign of SV

Fig. 1 Schematic illustration of the factors that influence oxygen an-
ion motion for (a) Fick diffusion (concentration gradient), (b) drift
(electrical potential gradient) and (c) thermophoresis (temperature gra-
dient). The effective flux for oxygen vacancies is in the opposite direc-
tion of that for the anions

must be negative, since vacancies will move toward the hot-
ter region of a temperature gradient (they move counter to
the oxygen anions, as shown in Fig. 1c). Thus, we use the
following expression for the Soret coefficient for vacancies:
SV = −UA/(kBT 2). Note that the derivation of Eqs. (1) and
(2) is straightforward and appears in Ref. [12]. Equation (3)
is similar to the one derived in Ref. [40] if one assumes
Q∗/R = UA/kB, where Q∗ is the heat of transport for oxy-
gen vacancies and R is the ideal gas constant. In addition,
Eqs. (1) and (3) are functionally similar to the drift/diffusion
equations for charged vacancies that we have used previ-
ously to model bipolar switching [11]. The axial force of
a potential gradient acting on a positively charged vacancy
is replaced in the present case by the Soret force of a ra-
dial temperature gradient. For charged defects and/or thinner
films and thus large electric fields, the electrostatic force is
the greater. However, for neutral defects (see Appendix A2
for the discussion of this assumption) and/or certain ther-
mal geometries of the device (e.g. thicker films), a large ra-
dial temperature gradient can be created and the Soret effect
can become the dominant factor influencing vacancy mo-
tion. The sign of the applied electrical field is not important
for the Soret effect, and thus the switching that results is
necessarily ‘unipolar’ or independent of applied voltage po-
larity.

Figure 2 presents schematic illustrations of the unipolar
SET transition for two different situations: essentially neu-
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Fig. 2 Unipolar SET switching schematic illustrations for the side
view of the device stack with: (a) neutral vacancies (symmetric channel
formation) and (b) positively charged vacancies (asymmetric channel
influenced by drift). The process is initiated in both cases by a purely
electrical (threshold) transition that creates a radial temperature gra-
dient in the film due to Joule heating. The Soret force attracts vacan-
cies toward the electrical filament, and if the vacancies are positively
charged they will be attracted toward the negative electrode

tral oxygen vacancies and charged vacancies that are subject
to drift as well as thermophoresis. The abrupt onset of the
SET transition is most likely due to a ‘soft electrical break-
down’ discussed by several authors [5, 41] that produces an
electrical current filament and a significant radial tempera-
ture gradient because of Joule heating in the filament. The
exact nature of the ‘soft breakdown’ is still debated, but it
can be modeled by any S-type or current-controlled nega-
tive differential resistance. For example, a thermal instabil-
ity [41, 42], an avalanche breakdown [43] or hot-electron ef-
fects [44] can all explain such behavior. The important point
here is that the SET transition is essentially a two-step pro-
cess: the first a purely electronic effect establishing the hot
electrical filament and the second leading to a change in the
material composition, i.e. the local vacancy concentration.
The electrical filament is established in a very short time
and results in a larger Joule heating and temperature gradi-
ent for the SET compared to the RESET process. A large
thermal gradient is required for a purely unipolar SET pro-
cess, but it also leads to rapid switching because of the high
temperatures that exponentially increase the rate of activated
processes.

The geometry and evolution of the metallic Ti4O7 fila-
ments observed in TiO2-based unipolar devices [45] can be
understood in terms of the competition between the effects
of the temperature and vacancy concentration gradients in
the material. The Soret effect provides a means for attract-
ing vacancies together to effectively condense and form a

Fig. 3 The competition between Soret and Fick diffusion, illustrated
by plotting the absolute value of (dnV/nV)/(dT /T ) vs. T with
UA = 1.2 eV for the case in which |JFick| = |JSoret|. For conditions
below the curve, the Soret effect dominates the vacancy transport. The
inset shows the static radial temperature profiles that were used for
modeling SET and RESET transitions using Eq. (6)

conducting channel in an oxide, and thus is responsible for
the unipolar SET operation; if the vacancies are also influ-
enced by drift the channels will have the truncated triangu-
lar shape [45] as illustrated in Fig. 2b. Outward radial Fick
diffusion is responsible for the RESET transition, e.g. con-
ductive channel dissolution. Both effects are always present
and in opposition, so we need to examine the conditions un-
der which the Soret effect can lead to a net increase in the
concentration of vacancies. Taking the absolute value of the
ratio of Eqs. (1) and (3) yields

|JFick/JSoret| ≈ ∣
∣kBT 2/(UAnV) × dnV/dT

∣
∣

= ∣
∣kBT/UA × (dnV/nV)/(dT/T )

∣
∣, (4)

which provides the conditions for when the Soret vacancy
flux is larger in magnitude than the Fick diffusion flux: the
product of the temperature gradient, which is normalized
with respect to temperature, and the dimensionless factor
UA/kBT should be larger than the concentration gradient,
which is also normalized with respect to concentration. The
factor UA/kBT is about 30 at room temperature and an ac-
tivation energy of UA = 1.2 eV (which would be required
for nonvolatile memory effect [12, 26] and somewhat typ-
ical for oxygen vacancies in crystalline TiO2 [46]) and de-
creases with increasing temperature. Figure 3 shows a plot
of the factor |dnV/nV)/(dT/T )| vs. T for the case in which
|JFick| = |JSoret|, and thus the boundary separating the con-
ditions for which the device will SET or RESET.

In order to completely simulate this mechanism for
unipolar switching, we would need to solve simultaneous

Author's personal copy



D.B. Strukov et al.

differential equations in three dimensions for the Soret, Fick
and drift fluxes of vacancies, the drift/diffusion equations for
electrons and holes, the Poisson equation for all the charged
species and the heat equation. Rather than tackle this chal-
lenge here, we illustrate the plausibility of our theory by
solving the Soret–Fick continuity equation in cylindrical co-
ordinates:

∂nV

∂t
= −

[
UA

kB

1

r

∂

∂r

(

DVr
nV

T 2

∂T

∂r

)

− 1

r

∂

∂r

(

DVr
∂nV

∂r

)]

.

(5)

Instead of using a time-dependent heat equation, we used the
following temperature profiles for SET and RESET, shown
in the inset of Fig. 3:

T (r) = T (RO) + [

T (RF) − T (RO)
]

ln[RO/r]/ ln[RO/RF],
RF < r ≤ RO,

T (r) = T (0) + [

T (RF) − T (0)
]

r2/R2
F, r = RF,

(6)

where Eq. (6) is the solution of the static heat equation in
radial coordinates [23] and the boundary conditions were
chosen to approximate experimental observations. For the
particular solutions of Eq. (5) shown in Fig. 4, the radius
of the conducting channel RF = 5 nm, the outer channel ra-
dius RO = 50 nm and, with T (RO) = 600 K, T (0) = 650 K,
T (RF) = 640 K for RESET and T (0) = 1450 K, T (RF) =
1350 K for SET. The maximum values of temperature cho-
sen for the SET and RESET temperature profiles are close
to previously reported analyses [18, 19, 23, 29]. The accu-
racy of these profiles has a high degree of uncertainty be-
cause of dynamical effects (e.g. the soft electrical break-
down may lead to a rapid discharge of the local junction
capacitance and a transient spike in the heating rate of the
oxide material) and the uncertainty in the initial electri-
cal filament radius, but the fact that the internal tempera-
ture is significantly different for SET and RESET transi-
tions will be demonstrated in the experimental section be-
low.

For the transition to the SET state, the initial vacancy
concentration was assumed to be uniform with nV(r) =
0.1nM, where nM is the critical vacancy concentration at
which a transition from insulator to conductor occurs. Fig-
ure 4a shows snapshots of the vacancy concentration pro-
file for exponentially increasing time steps normalized to the
specific time τ at which the conducting filament radius (de-
fined as the maximum value of the radius for which nV(r) >

nM) reaches 0.1RO. For the RESET transition calculations
(Fig. 4b), the initial concentration profile was chosen to be
that at time τ for the SET transition. The dimensionless units
for concentration were chosen because Eq. (5) can be scaled
by a constant, so it is convenient to express the concentration

Fig. 4 Vacancy concentration profile evolution, shown for conve-
nience in dimensionless units, determined by solving the radial Fick—
Soret diffusion equations for (a) SET and (b) RESET transitions, using
the constant-temperature profiles 1 and 2, respectively, from Fig. 3. The
steady-state solutions, determined by fixed outer cylindrical boundary
conditions, in both panels are shown with dashed black lines

in units of nM. For example, nM = 5×1021 cm−3 could cor-
respond to the metallic Magnelli phase Ti4O7 [45]. On the
other hand, the choice for dimensionless time was chosen to
show the relative time steps with respect to the full SET time
transition. While τ is a strong function of UA, it cannot be
factored from Eq. (6), and thus the simulation is specific for
the cases with the temperature profiles shown in the inset of
Fig. 3 and for UA = 1.2 eV and τ = 10 ms.

The simulation results in Fig. 4a clearly show the forma-
tion of a cylindrical region under SET conditions in which
the vacancy concentration can reach a maximum value two
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orders of magnitude larger than the background vacancy
concentration, and thus form a highly conducting channel
through the oxide film. In the simulation presented here,
there were no attractive or repulsive interactions between
the vacancies; if such forces had been present, there could
have been a maximum value for the concentration that repre-
sents an effective condensed phase of vacancies in the oxide,
such as a Magnelli phase in TiO2. Under RESET conditions,
shown in Fig. 4b, the channel dissolves as the vacancies dif-
fuse laterally back outward into the matrix.

3 Experimental test

To test one of the major aspects of our theory, the influence
of a temperature gradient, we performed a series of unipo-
lar switching experiments with TiO2 devices in which we
studied the effect of an applied triangular voltage pulse du-
ration on a device initially in the SET state. Figure 5a shows
that the device behaved in the usual fashion for a unipolar
switch with the alternating application of SET and RESET
voltage sweeps. As Fig. 5b shows, longer triangular voltage
pulses (4 s–2 ms) applied to a SET device induced a RE-
SET transition, as expected. However, the effect of shorter
pulses (200 µs–2 µs) was significantly different, and the de-
vice actually switched to a slightly lower resistance state for
the shortest pulses.

To understand the effect of pulse duration on the temper-
ature profile in a device, we compared the maximum power
applied to the device when it RESET successfully (6.2 mW,
7.3 mW and 19.3 mW for the 4 s, 200 ms and 2 ms tri-
angular voltage pulse widths, respectively) to that when it
did not reset (72 mW in all three cases). Previous simu-
lations have shown [19] that the peak internal temperature
in a device reaches ∼90 % of the maximum value, which
is approximately proportional to the power (I × V), within
nanoseconds of the application of a voltage, but the area of
the heated region increases with time, or essentially propor-
tional to the total energy deposited in the device. We can
thus understand why the RESET operation occurred at dif-
ferent voltages for the three triangular pulses: the slower the
voltage increase of the triangular pulse, the more time is al-
lowed for vacancies to diffuse from the conducting channel,
and thus the internal temperature does not have to get as high
for the longer pulses to dissolve the conducting channel. For
the three shortest pulses, the maximum internal temperature
spiked to a much higher value at the peak voltage of 3 V and
there was not much time for the heated area to spread—thus
the temperature gradient was much larger for these pulses
and the Soret force not only kept the vacancy channel intact
but even attracted more vacancies, as shown by the decrease
in the resistance of the device for the 20-µs and 2-µs pulses.
In order to show that the device had not become stuck in

Fig. 5 Unipolar switching behavior in TiO2: (a) SET and RESET
transitions by applying the same bias protocol to the device shown in
the inset, and (b) applying nominally RESET triangular voltage pulses
with exponentially smaller duration (inset). The I–V curves are shifted
along the y axis for convenience, but are otherwise drawn with the same
scale. Each curve is labeled with the time duration of the pulse, with
the bottom three curves having successfully RESET but the top three
showing little influence of the applied pulse

the SET state after the application of a short pulse, it was
successfully RESET at a lower voltage with a slower pulse.

4 Discussion

The pulse length experiments shown in Fig. 5b demonstrate
an important issue: the switching in all memristors is depen-
dent on the rate of change of one or more internal state vari-
ables [9, 10, 37] of the device. There are no purely thresh-
old voltages or currents for switching—the apparent abrupt
changes that are often observed in resistive switching are ac-
tually caused by nonlinear current–voltage characteristics,
nonlinear dopant dynamics or both [47]. In the case of the
unipolar switching results of Fig. 5a, the abrupt decrease and
increase of the resistance can be understood by the fact that
the vacancy concentration in the conducting channel either
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exceeded or fell below, respectively, the concentration re-
quired for metallic conductivity. Thus, it is important to al-
ways perform experiments in which the time or rate depen-
dence of switching is explicitly measured in order to expose
the dynamical behavior of the device.

The use of static temperature profiles for analyzing SET
and RESET transitions neglected the dependence of Joule
heating in the device on local changes in electrical conduc-
tance, leakage currents and the cross-sectional area of the
conducting channel (which changes with time). The latter
effect was demonstrated to produce self acceleration during
the RESET process [29]. However, the most important issue
for our model is the fact that the thermal gradients are very
different for SET and RESET transitions, which were illus-
trated in our pulsed switching experiments. The magnitude
of the temperature defines the absolute time scale for the
switching transition (together with the activation energy),
whereas the scale of the temperature gradient in the device
determines if the resistance will increase, decrease or stay
the same.

A more complete picture of memristive switching in ox-
ides must also include drift in the electrical potential gra-
dient. The simultaneous presence and interplay of drift,
thermophoresis and diffusion can explain the coexistence
of unipolar and bipolar switching in a single device (e.g.
Fig. 2b). Depending on the local chemical potential, i.e. the
background doping and/or band bending, the mobile defects
could be neutral or charged in the same material system,
which can control whether the system is in the bipolar or
unipolar switching regime. Moreover, the mechanism de-
scribed for SET switching should be similar to the form-
ing process of both bipolar and unipolar devices. For exam-
ple, thermophoresis explains the observation of a conduct-
ing pillar in the center of a cylindrical hole in the oxide film
of an electroformed TiO2-based device after the top elec-
trical contact has been peeled off [48]. During electroform-
ing, vacancies are created by the drift of oxygen anions to
the positive electrode, where they discharge and combine to
form O2. The resulting oxygen vacancies are drawn together
to form the central pillar by the Soret force in the large radial
temperature gradient created by the power expended during
the electroforming process.

5 Experimental details

The top and bottom contacts for the TiO2 devices had ‘dog
bone’ structures to enable four-point-probe measurements.
The resistance of the electrodes was measured to be ∼80 �,
compared to the total resistance of the electrodes plus TiO2

conducting channel of 200–300 � in the SET state. The ac-
tive area of the device was 1 µm2. An evaporated Ti/Pt bot-
tom electrode (5 nm/35 nm) was patterned by conventional

optical lithography on a Si/SiO2 substrate (500 µm/200 nm,
respectively). Then, a 60-nm TiO2 switching layer was de-
posited by atomic layer deposition at 200 ◦C using titanium
isopropoxide (C12H28O4Ti) and water as reactants. A Pt/Au
electrode (15 nm/25 nm) was evaporated on top of the TiO2

blanket layer. Rapid annealing of the device was performed
at 500◦C in two passes, first with N2 and then with a mix-
ture of 80 % N2 and 20 % O2 at one atmosphere for 5 min to
crystallize the TiO2. The electrical measurements were per-
formed with an Agilent B1500 parameter analyzer in ambi-
ent conditions. Each device was formed with a negative volt-
age sweep from 0 to −15 V (the forming voltage was around
−14 V) and a current compliance of 360 µA. A few sweeps
between 0 and 5 V were applied before obtaining a stable
unipolar behavior of the device. The conventional unipolar
switching I–V loops in Fig. 5a were measured using voltage
control for the RESET transition and current control for the
SET transition in quasi-DC mode (sweep time was around
4 s). The fast I–V measurements were acquired in a two-
probe configuration using the waveform generator and mea-
surement unit capability of the Agilent B1500 that allowed
a sampling rate of 10 ns and a rise/fall time between 0 and
5 V of as low as 80 ns.

6 Conclusion

We proposed a mechanism for the SET operation and more
generally the purely thermal nature of unipolar resistive
switching. The theory was illustrated by the solution of the
radial Soret–Fick diffusion equations to show both SET and
RESET transitions and tested via a simple pulse-length-
dependent experiment to examine how the switching dy-
namics responds to the internal temperature gradient caused
by Joule heating. To the best of our knowledge, this is the
first atomic-scale explanation for the unipolar SET transition
and discussion of the full range of phenomena that control
both unipolar and bipolar switching. This new model pro-
vides opportunities for engineering memristors by designing
structures to have specified temperature gradients that tune
the dynamical properties to match desired resistive switch-
ing characteristics.

Acknowledgements The work at UCSB was supported via NSF
grant CCF-1028336.

Appendix A1: Derivation of Eqs. (1)–(3)

In the spirit of the microscopic hopping model [12, 26,
40, 49], we consider a one-dimensional billiard ball model
with thermal, concentration and potential gradients and de-
rive Eqs. (1)–(3) here to place them all on an equal footing.
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Fig. 6 Notation used for deriving Eqs. (1)–(3) for simplified billiard
ball model

The ion fluxes in the positive (J+) and negative (J−) direc-
tions crossing an imaginary plane in the potential profile at
position x (Fig. 6) are given by the following:

J− = 1

2
af NR exp

[

− U

kTR
− Eqa

2kTR

](

1 − NL

NMAX

)

, (7a)

J+ = 1

2
af NL exp

[

− U

kTL
+ Eqa

2kTL

](

1 − NR

NMAX

)

, (7b)

J = J+ − J−, (7c)

NL = N − a

2

dN

dx
, (8a)

NR = N + a

2

dN

dx
, (8b)

TL = T − a

2

dT

dx
, (9a)

TR = T + a

2

dT

dx
. (9b)

Here J is the total current, while NR, NL, TR, TL are the con-
centrations and temperatures on the right and on the left of
the imaginary plane, respectively. Other notation is similar
to that introduced in Sect. 2 of the paper. In this derivation,
we use the ad hoc formula for the excluded volume effect
(last term in Eqs. (7a) and (7b)), similar to Ref. [26].

Next, we simplify Eq. (7c) by deriving the first-order
approximation (i.e. neglecting higher order terms) of Eqs.
(7a)–(7c) and show that the current in this case can be de-
composed into three independent terms—Soret, Fick and
drift components (Eqs. (1)–(3) of the paper). In particular,
combining Eqs. (7a, 7b, 7c)–(9a, 9b) together we obtain the
following:

J = 1

2
af

(

N − a

2

dN

dx

)

exp[+]
(

1 − (N + a
2

dN
dx

)

NMAX

)

− 1

2
af

(

N + a

2

dN

dx

)

exp[−]
(

1 − (N − a
2

dN
dx

)

NMAX

)

≈ 1

2
af N

(

exp[+] − exp[−])
(

1 − 1

NMAX

)

− 1

4
a2f

dN

dx

(

exp[+] − exp[−]), (10)

where the approximation is due to the omission of the high-
order terms and

exp[−] ≡ exp

[

− U

kTR
− Eqa

2kTR

]

= exp

[

− U

k(T + adT
2dx

)
− Eqa

2k(T + adT
2dx

)

]

, (11a)

exp[+] ≡ exp

[

− U

kTL
+ Eqa

2kTL

]

= exp

[

− U

k(T − adT
2dx

)
+ Eqa

2k(T − adT
2dx

)

]

. (11b)

To further simplify Eq. (10), we define the (exp[+] ±
exp[−]) terms, i.e.

exp[+] ± exp[−] = exp

[

− U ′

1 + β

]

exp

[

− W

1 + β

]

± exp

[

− U ′

1 − β

]

exp

[

− W

1 − β

]

, (12)

where for convenience we denote

U ′ ≡ U

kT
, (13a)

β ≡ a

2T

dT

dx
, (13b)

W ≡ Eqa

2kT
. (13c)

Noting that β 	 1 is always true for any practical range of
thermal gradients and temperatures, we use Taylor’s expan-
sion about β = 0 so that

exp

[

− U ′

1 ± β

]

≈ exp
[−U ′] ± exp

[−U ′]U ′β, (14a)

exp

[

± W

1 + β

]

≈ exp[±W ] + exp[±W ]Wβ. (14b)

Therefore, substituting Eqs. (14a) ands (14b) into Eq. (12),
we obtain

exp[+] + exp[−] ≈ exp
[−U ′](2 cosh[W ] + 2Wβ cosh[W ]

+ 2U ′βsinh[W ] )

, (15a)

exp[+] − exp[−] ≈ exp
[−U ′](2 sinh[W ] + 2Wβ sinh[W ]

+ 2U ′β cosh[W ]), (15b)

where the approximation sign is due to the omission of the
higher order terms in β2. Substituting Eqs. (15a) and (15b)
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into Eq. (4), we obtain

J = 2D

a
N

(

sinh[W ] + Wβ sinh[W ] + U ′β cosh[W ])

×
(

1 − 1

NMAX

)

− D
dN

dx

(

cosh[W ] + Wβ cosh[W ]

+ U ′β sinh[W ]), (16)

where

D = 1

2
a2f exp

[−U ′] (17)

is a typical equation for thermally activated diffusion.
Equation (16) is the general form of the ionic current in

the presence of thermal, concentration and potential gradi-
ents. For small electric fields, W 	 1 so that sinhW ≈ W

and coshW ≈ 1, and for sufficiently low concentrations
N 	 NMAX. In this case, Eq. (16) simplifies to

J ≈ 2D

a
N

(

W + U ′β
) − D

dN

dx

= μNE + DSN
dT

dx
− D

dN

dx
, (18)

which corresponds to classical drift, Fick diffusion and ther-
mophoresis, i.e. Eqs. (1)–() where

μ ≡ qD

kT
, (19a)

S ≡ U

kT 2
(19b)

are ion mobility and Soret coefficient, respectively. Note that
the approximation in Eq. (18) is due to the fact that W 2β and
(1 + U ′)Wβ are higher order terms and much smaller than
the other terms. For example, W 2β 	 U ′β because of the
small electric field assumption, so this term is much smaller
than the thermophoresis current. Likewise, it is easy to show
that (1 + U ′)Wβ ≈ U

kT
Eqa
2kT

a
2T

dT
dx

	 1.

Appendix A2: On the assumption of the neutrality of
mobile defects

In our analysis for Fig. 2a, we assumed that mobile de-
fects, i.e. oxygen vacancies, might be neutral so that we
could neglect the drift of the charged defects in the elec-
tric field. The validity of this assumption largely depends
on the position of energy levels of mobile defects inside the
band gap. In titanium dioxide, some density functional the-
ory calculations predicted very shallow (or even in the con-
duction band) electronic states induced by oxygen vacan-
cies [50], while early experimental work [51] and other the-
oretical investigations predicted rather deep states, i.e. with

Fig. 7 Approximate fraction of ionized donors as a function of their
energy levels for several temperatures

up to 1.1 eV for neutral vacancies, and high sensitivity on
the morphology, nonstoichiometry and the presence of other
dopants [52–55]. Similarly, relatively deep electronic states
of ∼0.3 eV associated with oxygen vacancy defects are pre-
dicted for bulk NiO [56]. In the case of such deep energy lev-
els, the neutrality assumption should be valid even for high
temperatures. For example, Fig. 7 shows the fraction of ion-
ized dopants as a function of the energy difference between
the defects and the bottom of the conduction band for sev-
eral values of temperature. Here we used simple Poisson–
Boltzmann statistics to estimate the probability of the elec-
tron detachment to the conduction band, i.e.

Fraction of ionized dopants ≈ exp
[−(EC − ED)/kBT

]

,

(20)

which is a good approximation for n-type materials with a
large band gap.

Even if the neutrality assumption does not hold, the ther-
mophoresis effect could still play the dominant role in defect
transport given that the radial component of the electric field
is much smaller than the axial component [57]. The switch-
ing dynamics, however, in that case will be most likely de-
fined by the axial drift [31], similar to bipolar memristive
devices—see Fig. 2b and its discussion.
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